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WIENER-HOPF EQUATIONS METHODS FOR GENERALIZED VARIATIONAL
INEQUALITIES

CHANGQUN WU

School of Business and Administration, Henan University, China

Abstract. In this paper, the solvability of generalized variational inequalities is investigated in the framework

of Hilbert spaces. The convergence criteria of iterative methods under some mild conditions are obtained. Our

results include the previous results as special cases and can be considered as an improvement and refinement of

the previously known results.
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1. Introduction

Variational inequalities and hemi-variational inequalities have significant applications in var-

ious fields of mathematics, physics, economics, and engineering sciences. The solvability of

variational inequalities based on iterative methods has been extensively investigated; see [1-19]

and the references therein. Recently, relaxed monotone operators have applications to con-

strained hemi-variational inequalities. Since in the study of constrained problems in reflexive

Banach spaces E the set of all admissible elements is non-convex but star-shaped, corresponding

variational formulations are no longer variational inequalities. Using hemi-variational inequal-

ities, one can prove the existence of solutions to the following type of non-convex constrained

problems (P): find u in C such that
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〈Au−g,v〉 ≥ 0, ∀v ∈ TC(u), (1.1)

where the admissible set C ⊂ E is a star-shaped set with respect to a certain ball BE(u0,ρ) and

TC(u) denotes Clarke’s tangent cone of C at u in C. It is easily seen that when C is convex, (1.1)

reduces to the variational inequality of finding u in C such that

〈Au−g,v〉 ≥ 0, ∀v ∈C. (1.2)

Example. [8] Let A : E → E∗ be a maximal monotone operator from a reflexive Banach s-

pace E into E∗ with strong monotonicity and let C ⊂ E be star-shaped with respect to a ball

BE(u0,ρ). Suppose that Au0− g 6= 0 and that distance function dC satisfies the condition of

relaxed monotonicity

〈u∗− v∗,u− v〉 ≥ −c‖u− v‖2, ∀u,v ∈ E,

and for any u∗ ∈ ∂dC(u) and v∗ in ∂dC(v) with c satisfying 0 < c < 4a2ρ

‖Au0−g‖2 , where a is the

constant for strong monotonicity of A. Here ∂dC is a relaxed monotone operator. Then the

problem (P) has at least one solution.

It is well known that the variational inequalities are equivalent to the fixed point problems.

This alternative equivalent formulation is very important from the numerical analysis point of

view and has played a significant part in several numerical methods for solving variational

inequalities and complementarity. In particular, the solution of the variational inequalities can

be computed using the iterative projection methods. Now we have a variety of techniques to

suggest and analyze various numerical methods including projection technique and its variant

form, auxiliary principle and Wiener-Hopf equations for solving variational inequalities and

related optimization problems. In this papers, using the projection technique, one can show that

variational inequalities are equivalent to the Wiener-Hopf equations, the origin of which can

be traced back of Shi [9]. It has been shown that the Wiener-Hopf equations are more flexible

and general than the projection methods. Noor [1] and Wu and Li [10] has used the Wiener-

Hopf equations technique to study the sensitivity analysis, dynamical systems as well as to

suggest and analyze several iterative methods for solving variational inequalities. In this article,
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we consider, based on the Wiener-Hopf equations method, the problem of finding a common

element of fixed points of nonexpansive mappings and the set of solution of the variational

inequalities. Results proved in this paper may be viewed as significant and improvement of

previously known results.

Let PC be the projection of a separable real Hilbert space H onto the nonempty closed convex

subset C. We consider the variational inequality problem which denoted by V I(C,A): find u∈C

such that

〈Au+w,v−u〉 ≥ 0, ∀v ∈C,w ∈ Tu, (1.3)

where A and T are two nonlinear mappings. Related to the variational inequalities, we have

the problems of solving the Wiener-Hopf equations. To be more precise, Let QC = I− SPC,

where PC is the projection of H onto the closed convex set C, I is the identity operator, S is a

nonexpansive mapping. We consider the problem of finding z ∈ H such that

ASPCz+w+ρ
−1QCz = 0, ∀w ∈ T SPCz, (1.4)

which is called the generalized Wiener-Hopf equation. Next we denote the solution of (1.4)

by WHE(H,A,S), which includes the original Wiener-Hopf equation, introduced by Shi [9] as

a special case. It is well know that the variational inequalities and Wiener-Hopf equations are

equivalent. This equivalent has played a fundamental and basic role in developing some effi-

cient and robust methods for solving variational inequalities and related optimization problems.

Recall the following definitions. A mapping A of C into H is called monotone if

〈Au−Av,u− v〉 ≥ 0, ∀u,v ∈C.

A is called r-strongly monotone if there exists a constant r > 0 such that

〈Ax−Ay,x− y〉 ≥ r‖x− y‖2, ∀x,y ∈C.

This implies that ‖Ax−Ay‖ ≥ r‖x−y‖, ∀x,y∈C, that is, A is r-expansive and, when r = 1,

it is expansive. A is said to be µ-cocoercive if there exists a constant µ > 0 such that

〈Ax−Ay,x− y〉 ≥ µ‖Ax−Ay‖2, ∀x,y ∈C.
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Clearly, every µ-cocoercive mapping A is 1
µ

-Lipschitz continuous. A is called relaxed γ-

cocoerceive if there exists a constant γ > 0 such that

〈Ax−Ay,x− y〉 ≥ (−γ)‖Ax−Ay‖2, ∀x,y ∈C.

A is said to be relaxed (γ,r)-cocoercive if there exist two constants u,v > 0 such that

〈Ax−Ay,x− y〉 ≥ (−γ)‖Ax−Ay‖2 + r‖x− y‖2, ∀x,y ∈C.

For γ = 0, A is r-strongly monotone. This class of mappings is more general that the class of

strongly monotone mappings. It is easy to see that we have the following implication: r-strongly

monotonicity⇒ relaxed (γ,r)-cocoercivity.

T : H → 2H is said to be a relaxed monotone operator if there exists a constant k > 0 such

that

〈w1−w2,u− v〉 ≥ −k‖u− v‖2,

where w1 ∈ Tu and w2 ∈ T v.

A multivalued operator T is Lipschitz continuous if there exists a constant λ > 0 such that

‖w1−w2‖ ≤ λ‖u− v‖,

where w1 ∈ Tu and w2 ∈ T v.

S : C→C is said to be nonexpansive if

‖Sx−Sy‖ ≤ ‖x− y‖, ∀x,y ∈C.

S : C→C is said to be strictly pseudocontractive if there exists a constant κ ∈ [0,1) such that

‖Sx−Sy‖2 ≤ ‖x− y‖2 +κ‖(I−S)x− (I−S)y‖2, ∀x,y ∈C.

It is clear that strictly pseudocontractive mappings include nonexpansive mapping as a special

case. Next, we shall denote the set of fixed points of S by F(S).

In order to prove our main results, we need the following lemmas and definitions.

Lemma 1.1. The element of u ∈C is a common element of V I(C,A)∩F(S) if and only if z ∈H

satisfies the Wiener-Hopf equation (1.2), where u = SPCz and z = u−ρ(Au+w), where ρ > 0

is a constant.
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Proof. Since u ∈V I(C,A), from (1.5), we have

u = PC[u−ρ(Au+w)].

Since u is also a fixed point of nonexpansive mapping S, we have

u = Su = SPC[u−ρ(Au+w)].

Let z = u−ρ(Au+w). That is, 
u = SPCz,

z = u−ρ(Au+w),

from which it follows that z= SPCz−ρ(ASPCz+w), which is exactly the Wiener-Hopf equation

(1.4). This completes the proof.

Lemma 1.2 [18] Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1−λn)an +bn, ∀n≥ n0,

where n0 is some nonnegative integer, {λn} is a sequence in [0,1] with ∑
∞
n=1 λn = ∞, bn = o(λn),

then limn→∞ an = 0.

Lemma 1.3. For any z ∈ H, u ∈C satisfies the inequality:

〈u− z,v−u〉 ≥ 0, ∀v ∈C,

if and only if u = PCz.

Lemma 1.4. [10] u ∈C is a solution of the V I(C,A) if and only if u satisfies

u = PC[u−ρ(Au+w)], (1.5)

where w is in Tu and ρ > 0 is a constant.

2. Algorithms
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Algorithm 2.1. For any z0 ∈ H, compute the sequence {zn} by the iterative processes:
un = (αI +(1−α)T )PCzn,

zn+1 = (1−αn)zn +αn[un−ρ(Aun +wn)], n≥ 0,
(2.1)

where {αn} is a sequence in [0,1] for all n≥ 0 and S is a strictly contractive mapping.

(I) If S = I, the identity mapping, in Algorithm 2.1, then we have the following algorithm:

Algorithm 2.2. For any z0 ∈ H, compute the sequence {zn} by the iterative processes:
un = PCzn,

zn+1 = (1−αn)zn +αn[un−ρ(Aun +wn)], n≥ 0,
(2.2)

where {αn} is a sequence in [0,1] for all n≥ 0.

(II) If S = I, the identity mapping, and {αn}= 1 for all n≥ 0, in Algorithm 2.1, then we have

the following:

Algorithm 2.3. For any z0 ∈C, compute the sequence {zn} by the iterative processes:
un = PCzn,

zn+1 = un−ρ(Aun +wn), n≥ 0,
(2.3)

which was basically considered by Verma [7].

3. Convergence Analysis

Theorem 3.1. Let C be a closed convex subset of a separable real Hilbert space H. Let A : C→

H be a relaxed (γ,r)-cocoerceive and µ-Lipschitz continuous mapping and let S be a κ-strictly

psuedocontractive mapping from C into itself such that F(S)∩V I(C,A) 6= /0. Let T : H →

2H be a multi-valued relaxed monotone and Lipschitz continuous operator with corresponding

constant k > 0 and m > 0. Let {zn} and {un} be sequences generated by Algorithm 2.1. {αn}

is a sequence in [0,1] satisfying the following conditions:

(i) ∑
∞
n=0 αn = ∞;

(ii) α ∈ [κ,1);
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(iii) 0 < ρ < 2(r−γµ−k)
(µ+m)2 , r > γµ + k,

then the sequences {un} and {zn} converge strongly to u∗ ∈F(S)∩V I(C,A) and z∗ ∈WHE(H,A,S),

respectively.

Proof. Let R : αI+(1−α)S. In view of the restriction (ii), we find that R is nonexpansive with

F(R) = F(S). Letting u ∈C be the common elements of F(S)∩V I(C,A), we have
u∗ = RPCz∗,

z∗ = (1−αn)z∗+αn[u∗−ρ(Au∗+w∗)],

where w∗ ∈ Tu∗ and z∗ ∈WHE(H,A,S). Observing (2.1), we obtain

‖zn+1− z∗‖

= ‖(1−αn)zn +αn[un−ρ(Aun +wn)]− z∗‖

= ‖(1−αn)zn +αn[un−ρ(Aun +wn)]

− (1−αn)z∗+αn[u∗−ρ(Au∗+w∗)]‖

≤ (1−αn)‖zn− z∗‖+αn‖un−u∗−ρ[(Aun +wn)− (Au∗+w∗)]‖.

(3.1)

Now, we consider the second term of rightside of (3.1). By the assumption that A is relaxed

(γ,r)-cocoercive, µ-Lipschitz continuous and T is relaxed monotone, m-Lipschitz continuous,

we obtain

‖un−u∗−ρ[(Aun +wn)− (Au∗+w∗)]‖2

= ‖un−u∗‖2−2ρ〈(Aun +wn)− (Au∗+w∗),un−u∗〉

+ρ
2‖(Aun +wn)− (Au∗+w∗)‖2

= ‖un−u∗‖2−2ρ〈Aun−Au∗,un−u∗〉−2ρ〈wn−w∗,un−u∗〉

+ρ
2‖(Aun +wn)− (Au∗+w∗)‖2

≤ ‖un−u∗‖2−2ρ(−γ‖Aun−Au∗‖+ r‖un−u∗‖)+2ρk‖un−u∗‖

+ρ
2‖(Aun +wn)− (Au∗+w∗)‖2

≤ ‖un−u∗‖2 +2ρ(γµ− r+ k)‖un−u∗‖+ρ
2‖(Aun +wn)− (Au∗+w∗)‖2.

(3.2)
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Next, we consider the third term of right-side of (3.2).

‖(Aun +wn)− (Au∗+w∗)‖= ‖(Aun−Au∗)+(wn−w∗)‖

≤ ‖Aun−Au∗‖+‖wn−w∗‖ ≤ (µ +m)‖un−u∗‖.
(3.3)

Substitute (3.3) into (3.2) yields that

‖un−u∗−ρ[(Aun +wn)− (Au∗+w∗)]‖2

≤ ‖un−u∗‖2 +2ρ(γµ− r+ k)‖un−u∗‖+ρ
2(µ +m)2‖un−u∗‖2

= [1+2ρ(γµ− r+ k)+ρ
2(µ +m)2]‖un−u∗‖2

= θ
2‖un−u∗‖2,

(3.4)

where θ =
√

1+2ρ(γµ− r+ k)+ρ2(µ +m)2. From condition (ii), we have θ < 1. Substitut-

ing (3.4) into (3.1), we have

‖zn+1− z∗‖ ≤ (1−αn)‖zn− z∗‖+αnθ‖un−u∗‖. (3.5)

Since R is nonexpansive, we find that

‖un−u∗‖= ‖RPCzn−RPCz∗‖ ≤ ‖zn− z∗‖. (3.6)

Substituting (3.6) into (3.5), we arrive at

‖zn+1− z∗‖ ≤ (1−αn)‖zn− z∗‖+αnθ‖zn− z∗‖

≤ [1−αn(1−θ)]‖zn− z∗‖.
(3.7)

Observing condition (i) and applying Lemma 2.1 into (3.7), we can obtain limn→∞ ‖zn−z∗‖= 0.

On the other hand, observing (3.6), we have limn→∞ ‖un−u∗‖= 0. This completes the proof.

From Theorem 3.1, the following results are not hard to derive.

Corollary 3.2. Let C be a closed convex subset of a separable real Hilbert space H. Let

A : C→ H be a relaxed (γ,r)-cocoerceive and µ-Lipschitz continuous mapping and let S be a

nonexpanive mapping from C into itself such that F(S)∩V I(C,A) 6= /0. Let T : H → 2H be a

multi-valued relaxed monotone and Lipschitz continuous operator with corresponding constant

k > 0 and m > 0. Let {zn} and {un} be sequences generated by Algorithm 2.1. {αn} is a

sequence in [0,1] satisfying the following conditions:
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(i) ∑
∞
n=0 αn = ∞;

(ii) 0 < ρ < 2(r−γµ−k)
(µ+m)2 , r > γµ + k,

then the sequences {un} and {zn} converge strongly to u∗ ∈F(S)∩V I(C,A) and z∗ ∈WHE(H,A,S),

respectively.

REFERENCES

[1] M.A. Noor, Wiener-Hopf equations and variational inequalities, J. Optim. Theory Appl. 79 (1993), 197-206.

[2] M.A. Noor, Sensitivity analysis for quasi variational inequalities, J. Optim. Theory Appl. 95 (1997), 399-407.

[3] M.A. Noor, A Wiener-Hopf dynamical system for variational inequalities, New Zealand J. Math. 31(2002),

173-182.

[4] M.A. Noor, Some developments in general variational inequalities, Appl. Math. Comput. 152 (2004), 199-

277.

[5] M.A. Noor, Y.J. Wang, N. Xiu, Some new projection methods for variational inequalities, Appl. math. Com-

put. 137(2003), 423-435.

[6] X. Qin, M. Shang, Generalized variational inequalities involving relaxed monotone mappings and nonexpan-

sive mappings, J. Inequal. Appl. 2007 (2007), 20457.

[7] R.U. Verma, Generalized variational inequalities involving multivalued relaxed monotone operators, Appl.

Math. Lett. 10 (1997), 107-109.

[8] Z. Naniewicz, P.D. Panagiotopoulos, Mathematical Theory of Hemivariational Inequalities and Applications,

Marcel Dekker, New York, (1995).

[9] P. Shi, Equivalence of variational inequalities with Wiener-Hopf equations, Proc. Amer. Math. Soc. 111

(1991) 339-346.

[10] C. Wu, Y. Li, Wiener-Hopf equations techniques for generalized variational inequalities and fixed point prob-

lems, 2011 4th International Congress on Image and Signal Processing IEEE, (2011), 2802-2805.

[11] H. Zhou, Convergence theorems of fixed points for k-strict pseudo-contractions in Hilbert spaces, Nonlinear

Anal. 69 (2008), 456-462.

[12] X. Qin, S.S. Chang, Y.J. Cho, Iterative methods for generalized equilibrium problems and fixed point prob-

lems with applications, Nonlinear Anal. 11 (2010), 2963-2972.

[13] X. Qin, Viscosity approximation methods for generalized equilibrium problems and fixed point problems

with applications, Nonlinear Anal. 72 (2010), 99-112.

[14] J. Shen, L.P. Pang, An approximate bundle method for solving variational inequalities, Commn. Optim.

Theory, 1 (2012), 1-18.



10 C. WU

[15] J. Shen, L.P.. Pang, A bundle-type auxiliary problem method for solving generalized variational-like inequal-

ities, Comput. Math. Appl. 55 (2008), 2993-2998.

[16] H. Zegeye, N. Shahzad, A hybrid approximation method for equilibrium, variational inequality and fixed

point problems, Nonlinear Anal. 4 (2010), 619-630.

[17] Z.M. Wang, Y. Su, S.Y. Cho, W. Lou, A new iterative algorithm for equilibrium and fixed point problems of

nonexpansive mapping, J. Global Optim. 50 (2011), 457-472.

[18] L.S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly accretive mappings in Banach

spaces, J. Math. Anal. Appl. 194 (1995), 114-125.

[19] H. Yang, L. Zhou, Q. Li, A parallel projection method for a system of nonlinear variational inequalities, Appl.

Math. Comput. 217 (2010), 1971-1975.


