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Abstract. In this article, we establish some strong convergence theorems of three-step iteration processes with

errors for approximating common fixed points for generalized asymptotically quasi-nonexpansive mappings and

also establish a weak convergence theorem for the proposed iteration scheme and mappings in the framework of

Banach spaces.
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1. Introduction

It is well known that the concept of asymptotically nonexpansive mappings was introduced

by Goebel and Kirk [4] who proved that every asymptotically nonexpansive self-mapping of

nonempty closed bounded and convex subset of a uniformly convex Banach space has fixed

point. In 1973, Petryshyn and Williamson [13] gave necessary and sufficient conditions for

Mann iterative sequence [11] to converge to fixed points of quasi-nonexpansive mappings. In

1997, Ghosh and Debnath [3] extended the results of Petryshyn and Williamson [13] and gave

necessary and sufficient conditions for Ishikawa iterative sequence to converge to fixed points

for quasi-nonexpansive mappings.
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Liu [10] extended results of [3, 13] and gave necessary and sufficient conditions for Ishikawa

iterative sequence with errors to converge to fixed point of asymptotically quasi-nonexpansive

mappings. In 2002, Xu and Noor [22] introduced and studied a three-step scheme to approxi-

mate fixed points of asymptotically nonexpansive mappings.

In 2005, Quan et al. [14] studied finite steps iterative sequences with errors for asymptoti-

cally quasi-nonexpansive mappings. In 2006, Quan [15] studied some necessary and sufficient

conditions for three-step Ishikawa iterative sequences with error terms for uniformly quasi-

Lipschitzian mappings to converge to fixed point. The results presented in [15] extend and

improve the corresponding results of Liu [9, 10], Xu and Noor [22] and many others.

In 2007, Saluja [17] gave the necessary and sufficient condition for the convergence of the

modified Ishikawa iterative sequence with errors in the sense of Liu [8] involving two asymp-

totically quasi-nonexpansive mappings in a real Banach spaces.

Very recently, Imnang and Suantai [5] have studied multi-step iteration process for a finite

family of generalized asymptotically quasi-nonexpansive mappings and gave a necessary and

sufficient condition for the said scheme and mappings to converge to the common fixed points

and also they established some strong convergence theorems in the frame work of uniformly

convex Banach spaces.

The aim of this paper is to give necessary and sufficient condition for three-step iterative

sequence with errors to converge to common fixed points for generalized asymptotically quasi-

nonexpansive mappings in the setting of Banach spaces. Also we establish some strong conver-

gence theorems and a weak convergence theorem for said iteration scheme and mappings. The

results obtained in this paper extend and improve the corresponding results of [3, 9, 10, 15, 16,

17, 22] and many others.

2. Preliminaries

Definition 2.1. Let E be a real Banach space, C be a nonempty convex subset of E and F(T )

denotes the set of fixed points of T . Let T : C→C be a given mapping. Then



GENERALIZED ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS 3

(i) T is said to be asymptotically nonexpansive if there exists a sequence {rn} ⊂ [0,∞) with

rn→ 0 as n→ ∞ such that

‖T nx−T ny‖ ≤ (1+ rn)‖x− y‖, ∀x, y ∈C and n≥ 1.(1)

(ii) T is said to be asymptotically quasi-nonexpansive if F(T ) 6= /0 and there exists a sequence

{rn} ⊂ [0,∞) with rn→ 0 as n→ ∞ such that

‖T nx− p‖ ≤ (1+ rn)‖x− p‖, ∀x ∈C, p ∈ F(T ) and n≥ 1.(2)

(iii) T is said to be generalized asymptotically quasi-nonexpansive [5] if there exist sequences

{rn}, {sn} in [0,∞) with limn→∞ rn = 0 = limn→∞ sn such that

‖T nx− p‖ ≤ (1+ rn)‖x− p‖+ sn, ∀x ∈C, p ∈ F(T ) and n≥ 1.(3)

If sn = 0, then T is known as an asymptotically quasi-nonexpansive mapping.

(iv) T is said to be asymptotically nonexpansive mapping in the the intermediate sense [2]

provided that T is uniformly continuous and

limsup
n→∞

sup
x,y∈C

(
‖T nx−T ny‖−‖x− y‖

)
≤ 0.(4)

(v) T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

‖T nx−T ny‖ ≤ L‖x− y‖, ∀x,y ∈C and n≥ 1.(5)

Remark 2.1. Let T be asymptotically nonexpansive mapping in the intermediate sense. Put

Gn = supx,y∈C

(
‖T nx−T ny‖−‖x− y‖

)
∨0,∀n≥ 1.

If F(T ) 6= /0, we obtain that ‖T nx− p‖ ≤ ‖x− p‖+Gn for all x ∈C and all p ∈ F(T ). Since

limn→∞ Gn = 0, therefore T is generalized asymptotically quasi-nonexpansive mapping.

Definition 2.2. Let E be a normed linear space, C be a nonempty convex subset of E, and

T : C→C a given mapping. Then for arbitrary x1 ∈C, the iterative sequences {xn}, {yn}, {zn}
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defined by

(6)


zn = (1− γn−νn)xn + γnT n

3 xn +νnun, n≥ 1,

yn = (1−βn−µn)xn +βnT n
2 zn +µnvn, n≥ 1,

xn+1 = (1−αn−λn)xn +αnT n
1 yn +λnwn, n≥ 1,

where {un}, {vn}, {wn} are bounded sequences in C and {αn}, {βn}, {γn}, {λn}, {µn}, {νn}

are appropriate sequences in [0,1], is called the three-step iterative sequence with error terms of

T .

We note that the usual modified Ishikawa and Mann iterations are special cases of the above

three-step iterative scheme. If γn = νn = 0 and T1 = T2, then (6) reduces to the usual modified

Ishikawa iterative scheme with errors,

(7)


yn = (1−βn−µn)xn +βnT nxn +µnvn, n≥ 1,

xn+1 = (1−αn−λn)xn +αnT nyn +λnwn, n≥ 1,

where {vn}, {wn} are bounded sequences in C and {αn}, {βn}, {λn}, {µn} are appropriate

sequences in [0,1].

If βn = µn = 0, then (7) reduces to the usual modified Mann iterative scheme with errors,

(8)


x1 ∈C,

xn+1 = (1−αn−λn)xn +αnT nxn +λnwn, n≥ 1,

where {wn} is a bounded sequence in C and {αn}, {λn} are appropriate sequences in [0,1].

We say that a Banach space E satisfies the Opial’s condition [12] if for each sequence {xn}

in E weakly convergent to a point x and for all y 6= x

liminf
n→∞

‖xn− x‖< liminf
n→∞

‖xn− y‖.

The examples of Banach spaces which satisfy the Opial’s condition are Hilbert spaces and all

Lp[0,2π] with 1 < p 6= 2 fail to satisfy Opial’s condition [12].

Let K be a nonempty closed convex subset of a Banach space E. Then I−T is demiclosed

at zero if, for any sequence {xn} in K, condition xn → x weakly and limn→∞ ‖xn− T xn‖ = 0

implies (I−T )x = 0.
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In the sequel, we shall need the following lemma.

Lemma 2.1. [20] Let {an}, {bn} and {δn} be sequences of nonnegative real numbers satisfying

the inequality an+1≤ (1+δn)an+bn, n≥ 1. If ∑
∞
n=1 δn < ∞ and ∑

∞
n=1 bn < ∞, then limn→∞ an

exists. In particular, if {an} has a subsequence converging to zero, then limn→∞ an = 0.

3. Main results

In this section, we prove weak and strong convergence theorems of three-step iteration scheme

with errors for generalized asymptotically quasi-nonexpansive mappings in a real Banach space.

Theorem 3.1. Let E be a real Banach space and C be a nonempty closed convex subset of

E. Let Ti : C → C, (i = 1,2,3) be uniformly L-Lipschitzian and generalized asymptotically

quasi-nonexpansive mappings with {rn},{sn} ⊂ [0,∞) such that ∑
∞
n=1 rn < ∞ and ∑

∞
n=1 sn < ∞.

Suppose that F = ∩3
i=1F(Ti) 6= /0. Let {xn} be the sequence defined by (6) with the restrictions

∑
∞
n=1 αn < ∞ and ∑

∞
n=1 λn < ∞. Then {xn} converges to a common fixed point of the mappings

T1, T2 and T3 if and only if liminfn→∞ d(xn,F) = 0, where d(x,F) = infp∈F d(x, p).

Proof. The necessity is obvious. Thus we only prove the sufficiency. Let p ∈ F . Using (3) and

(6), we have that

‖zn− p‖ ≤ (1− γn−νn)‖xn− p‖+ γn‖T n
3 xn− p‖+νn‖un− p‖

≤ (1− γn−νn)‖xn− p|+ γn[(1+ rn)‖xn− p‖+ sn]+νn‖un− p‖

≤ (1+ rn)‖xn− p‖+ γnsn +νn‖un− p‖.(9)

Again, using (6) and (9), we have

‖yn− p‖ ≤ (1−βn−µn)‖xn− p‖+βn‖T n
2 zn− p‖+µn‖vn− p‖

≤ (1−βn−µn)‖xn− p‖+βn[(1+ rn)‖zn− p‖+ sn]+µn‖vn− p‖

≤ (1−βn−µn)‖xn− p‖+βn(1+ rn)
[
(1+ rn)‖xn− p‖+ γnsn

+νn‖un− p‖
]
+βnsn +µn‖vn− p‖

≤ (1+ rn)
2‖xn− p‖+2βnsn(1+ rn)+(1+ rn)νn‖un− p‖+µn‖vn− p‖.(10)
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Now using (6) and (10), we have

‖xn+1− p‖ ≤ (1−αn−λn)‖xn− p‖+αn‖T n
1 yn− p‖

+λn‖wn− p‖

≤ (1−αn−λn)‖xn− p‖+αn[(1+ rn)‖yn− p‖+ sn]

+λn‖wn− p‖

≤ (1+ rn)
3‖xn− p‖+(1+ rn)

2
αnsn(1+2βn)+αnνn(1+ rn)

2

‖un− p‖+αnµn(1+ rn)‖vn− p‖+λn‖wn− p‖

≤ (1+ rn)
3‖xn− p‖+3αnsn(1+ rn)

2 +αn(1+ rn)
2‖un− p‖

+αn(1+ rn)‖vn− p‖+λn‖wn− p‖

≤ (1+An)‖xn− p‖+Hn,(11)

where An = r3
n +3r2

n +3rn and

Hn = 3αnsn(1+ rn)
2 +αn(1+ rn)

2‖un− p‖+αn(1+ rn)‖vn− p‖+λn‖wn− p‖.

Since by hypothesis ∑
∞
n=1 rn < ∞, ∑

∞
n=1 sn < ∞, ∑

∞
n=1 αn < ∞, ∑

∞
n=1 λn < ∞ and {un}, {vn},

{wn} are bounded in C, it follows that

∞

∑
n=1

An < ∞,
∞

∑
n=1

Hn < ∞.

From (11) and Lemma 2.1, we have limn→∞ ‖xn− p‖ exists. Also from (11), we obtain

d(xn+1,F) ≤ (1+An)d(xn,F)+Hn,(12)

for all n≥ 1. From Lemma 2.1 and (12), we know that limn→∞ d(xn,F) exists. Since liminfn→∞

d(xn,F) = 0, we have that limn→∞ d(xn,F) = 0.
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Now, we shall prove that {xn} is a Cauchy sequence. With the help of inequality 1+ x≤ ex,

x≥ 0. For any integer m≥ 1, we have from (11) that

‖xn+m− p‖ ≤ (1+An+m−1)‖xn+m−1− p‖+Hn+m−1

≤ eAn+m−1‖xn+m−1− p‖+Hn+m−1

≤ eAn+m−1eAn+m−2‖xn+m−2− p‖+ eAn+m−1Hn+m−2

+Hn+m−1

≤ . . .

≤ e∑
n+m−1
k=n Ak‖xn− p‖+ e∑

n+m−1
k=n Ak

n+m−1

∑
k=n

Hk

≤ e∑
∞
n=1 An‖xn− p‖+ e∑

∞
n=1 An

n+m−1

∑
k=n

Hk

= Q‖xn− p‖+Q
n+m−1

∑
k=n

Hk, where Q = e∑
∞
n=1 An .(13)

Since liminfn→∞ d(xn,F) = 0, without loss of generality, we may assume that a subsequence

{xnk} of {xn} and a sequence {pnk} ⊂ F such that ‖xnk − pnk‖ → 0 as k→ ∞. Then for any

ε > 0, there exists kε > 0 such that

‖xnk− pnk‖<
ε

4Q
and

∞

∑
k=nkε

Hk <
ε

4Q
∀k ≥ kε .(14)

For any m≥ 1 and for all n≥ nkε
, by (13), we have

‖xn+m− xn‖ ≤ ‖xn+m− pnk‖+‖xn− pnk‖

≤ Q‖xnk− pnk‖+Q
∞

∑
k=nkε

Hk

+Q‖xnk− pnk‖+Q
∞

∑
k=nkε

Hk

= 2Q‖xnk− pnk‖+2Q
∞

∑
k=nkε

Hk

< 2Q.
ε

4Q
+2Q.

ε

4Q
= ε.(15)
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This implies that {xn} is a Cauchy sequence. Since C is a nonempty closed convex subset of

Banach space E, so there exists a q ∈ C such that xn → q as n→ ∞. Finally, we prove that

q ∈ F . In fact, notice that d(q,F) = 0. Therefore, for any ε1 > 0, there exists a p2 ∈ F such that

‖p2−q‖< ε1. Then for i = 1,2,3, we have

‖Tiq−q‖ ≤ ‖Tiq− p2‖+‖p2−q‖

≤ (L+1)‖p2−q‖< (L+1)ε1.(16)

By the arbitrariness of ε1 > 0, we have Tiq = q for all i = 1,2,3, that is, q is a common fixed

point of the mappings T1, T2 and T3. This completes the proof.

Theorem 3.2. Let E be a real Banach space and C be a nonempty closed convex subset of

E. Let Ti : C → C, (i = 1,2,3) be uniformly L-Lipschitzian and generalized asymptotically

quasi-nonexpansive mappings with {rn},{sn} ⊂ [0,∞) such that ∑
∞
n=1 rn < ∞ and ∑

∞
n=1 sn < ∞.

Suppose that F = ∩3
i=1F(Ti) 6= /0. Let {xn} be the sequence defined by (6) with the restrictions

∑
∞
n=1 αn < ∞ and ∑

∞
n=1 λn < ∞. Then {xn} converges to a common fixed point p of the mappings

T1, T2 and T3 if and only if there exists some infinite subsequence of {xn} which converges to p.

Proof. The proof of Theorem 3.2 follows from Lemma 2.1 and Theorem 3.1.

Theorem 3.3. Let E be a real Banach space satisfying Opial’s condition and C be a weakly

compact subset of E. Let Ti : C→C, (i = 1,2,3) be uniformly L-Lipschitzian and generalized

asymptotically quasi-nonexpansive mappings with {rn},{sn} ⊂ [0,∞) such that ∑
∞
n=1 rn < ∞

and ∑
∞
n=1 sn < ∞. Suppose that F = ∩3

i=1F(Ti) 6= /0. Let {xn} be the sequence defined by (6)

with the restrictions ∑
∞
n=1 αn < ∞ and ∑

∞
n=1 λn < ∞. Suppose that T1, T2 and T3 have a common

fixed point, I− Ti for i = 1,2,3 is demiclosed at zero and {xn} is an approximating common

fixed point sequence for Ti for i = 1,2,3, that is, limn→∞ ‖xn−Tixn‖ = 0, for i = 1,2,3. Then

{xn} converges weakly to a common fixed point of the mappings T1, T2 and T3.

Proof. First, we show that ωw(xn) ⊂ F = ∩3
i=1F(Ti). Let xnk → x weakly. By assumption, we

have limn→∞ ‖xn− Tixn‖ = 0 for i = 1,2,3. Since I− Ti for i = 1,2,3 is demiclosed at zero,

x ∈ F = ∩3
i=1F(Ti). By Opial’s condition, {xn} possesses only one weak limit point, that is,
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{xn} converges weakly to a common fixed point of the mappings T1, T2 and T3. This completes

the proof.

For our next result we need the following definition.

Definition 3.1. A mapping T : C→C is said to be semi-compact if for any bounded sequence

{xn} in C with ‖xn−T xn‖→ 0 as n→ ∞, there is a convergent subsequence of {xn}.

Theorem 3.4. Let E be a real Banach space and C be a nonempty closed convex subset of

E. Let Ti : C → C, (i = 1,2,3) be uniformly L-Lipschitzian and generalized asymptotically

quasi-nonexpansive mappings with {rn},{sn} ⊂ [0,∞) such that ∑
∞
n=1 rn < ∞ and ∑

∞
n=1 sn < ∞.

Suppose that F = ∩3
i=1F(Ti) 6= /0. Let {xn} be the sequence defined by (6) with the restric-

tions ∑
∞
n=1 αn < ∞ and ∑

∞
n=1 λn < ∞. Then the sequence {xn} converges to p ∈ F provided

limn→∞ ‖xn−Tixn‖ = 0 for (i = 1,2,3), and one member of the mappings {T1,T2,T3} is semi-

compact.

Proof. By Theorem 3.1, we know that the sequence {xn} is bounded. Without loss of generality,

we assume that T1 is semi-compact. Then, there exists a subsequence {xn j} of {xn} such that

xn j → q ∈C. Hence, for any i = 1,2,3, we have

‖q−Tiq‖ ≤ ‖q− xn j‖+‖xn j −Tixn j‖+‖Tixn j −Tiq‖

≤ (1+L)‖q− xn j‖+‖xn j −Tixn j‖→ 0.

Thus q ∈ F . By Lemma 2.1 and Theorem 3.1, xn→ q. This completes the proof.

Finally, applying Theorem 3.1, we obtain the following strong convergence theorem.

Theorem 3.5. Let E be a real Banach space and C be a nonempty closed convex subset of

E. Let Ti : C → C, (i = 1,2,3) be uniformly L-Lipschitzian and generalized asymptotically

quasi-nonexpansive mappings with {rn},{sn} ⊂ [0,∞) such that ∑
∞
n=1 rn < ∞ and ∑

∞
n=1 sn < ∞.

Suppose that F = ∩3
i=1F(Ti) 6= /0. Let {xn} be the sequence defined by (6) with the restrictions

∑
∞
n=1 αn < ∞ and ∑

∞
n=1 λn < ∞. Suppose that the mappings T1, T2 and T3 satisfy the following

conditions:

(i)

lim
n→∞
‖xn−T1xn‖= 0, lim

n→∞
‖xn−T2xn‖= 0, lim

n→∞
‖xn−T3xn‖= 0;
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(ii) there exists a constant A > 0 such that

{
‖xn−T1xn‖+‖xn−T2xn‖+‖xn−T3xn‖

}
≥ Ad(xn,F), ∀n≥ 1.

Then {xn} converges strongly to a common fixed point of the mappings T1, T2 and T3.

Proof. From conditions (i) and (ii), we have limn→∞ d(xn,F) = 0, it follows as in the proof of

Theorem 3.1, that {xn} must converges strongly to a common fixed point of the mappings T1,

T2 and T3. This completes the proof.

Example 3.1. Let E be the real line with the usual norm |.| and K = [−1,1]. Define T1,T2,T3 : K→

K by

T1x = sinx, x ∈ [−1,1],

T2x = x/3, x ∈ [−1,1],

T3x = x/2, x ∈ [−1,1],

for x ∈ K. Obviously T1(0) = 0, T2(0) = 0 and T3(0) = 0, that is, 0 is a common fixed point

of T1, T2 and T3, that is, F = F(T1)∩ F(T2)∩ F(T3) = {0}. Thus T1, T2 and T3 are quasi-

nonexpansive mappings. It follows that T1, T2 and T3 are asymptotically quasi-nonexpansive

mappings with the constant sequence {1}. Also T1, T2 and T3 are uniformly continuous on [-

1,1]. Thus they are asymptotically quasi-nonexpansive in the intermediate sense mappings and

hence are generalized asymptotically quasi-nonexpansive mappings by Remark 2.1.

Remark 3.1. The main result of this paper can be extended to a finite family of generalized

asymptotically quasi-nonexpansive mappings {Ti : 1 ≤ i ≤ N} by introducing the following

iteration scheme:
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Let T1,T2 . . . ,TN : C→C be N generalized asymptotically quasi-nonexpansive mappings. Let

x1 ∈C be a given point. Then the sequence {xn} defined by

xn+1 = (1−an1−bn1)xn +an1T n
1 yn1 +bn1un1,

yn1 = (1−an2−bn2)xn +an2T n
2 yn2 +bn2un2 ,

...(17)

yn(N−2) = (1−an(N−1)−bn(N−1))xn +an(N−1)T
n

N−1yn(N−1)

+bn(N−1)un(N−1),

yn(N−1) = (1−anN −bnN )xn +anN T n
N xn +bnN unN , n≥ 1,

is called N-step iterative sequence with errors of T1,T2, . . . ,TN , where {uni}∞
n=1, i = 1,2, . . . ,N,

are N bounded sequences in C, and {ani}∞
n=1, {bni}∞

n=1, i = 1,2, . . . ,N, are N appropriate se-

quences in [0,1].

Remark 3.2. Theorem 3.1 extends, improves and unifies the corresponding results of [3, 9,

10, 13, 16, 17, 18]. Especially Theorem 3.1 extends, improves and unifies Theorem 1 in [9],

Theorem 1 and 2 in [10], Theorem 2.0.3 in [17] and Theorem 3.2 in [18] in the following ways:

(1) The asymptotically quasi-nonexpansive mapping in [9], [10], [17] and [18] is extended to

more general generalized asymptotically quasi-nonexpansive mapping.

(2) The usual Ishikawa iteration scheme in [9], the usual modified Ishikawa iteration scheme

with errors in [10] and the usual modified Ishikawa iteration scheme with errors for two map-

pings in [17] and [18] are extended to the three-step iteration scheme with errors for three

mappings.

Remark 3.3. Theorem 3.2 extends, improves and unifies Theorem 3 in [10] and Theorem 3.3

extends, improves and unifies Theorem 3 in [9] in the following aspects:

(1) The asymptotically quasi-nonexpansive mapping in [9] and [10] is extended to more

general generalized asymptotically quasi-nonexpansive mapping.
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(2) The usual Ishikawa iteration scheme in [9] and the usual modified Ishikawa iteration

scheme with errors in [10] are extended to the three-step iteration scheme with errors for three

mappings.

Remark 3.4. Our results also extend the corresponding results of Quan [15] to the case of more

general class of uniformly quasi-Lipschitzian mapping considered in this paper.

Remark 3.5. Our results also extend the corresponding results of Xu and Noor [22] to the case

of more general class of asymptotically nonexpansive mappings considered in this paper.

Remark 3.6. Theorem 3.3 extends and improves Theorem 2.6 and 2.7 of Sahu and Jung [16]

to the case of more general class of asymptotically nonexpansive type mappings and modified

three-step iteration scheme with errors considered in this paper.

4. Conclusion

The mappings used in this article is more general than that of asymptotically nonexpansive,

asymptotically quasi-nonexpansive and asymptotically quasi-nonexpansive mappings in the in-

termediate sense. Thus the results obtained in this paper are good improvement and generaliza-

tion of several known results from the existing literature; see [3, 9, 10, 13, 16, 17, 18] and the

references therein.
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