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ITERATIVE METHODS FOR A FINITE FAMILY OF MONOTONE OPERATORS
AND A NONEXPANSIVE MAPPING

SUN YOUNG CHO

Department of Mathematics, Gyeongsang National University, Jinju 660-701, Korea

Abstract. The aim of this paper is to study an iterative method for a finite family of monotone operators and a

nonexpansive mapping. Applications to variational inequality and fixed point problems are also provided in the

framework of Hilbert spaces.
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1. Introduction

Monotone variational inequality theory, which was introduced in sixties, has emerged as an

interesting and fascinating branch of applicable mathematics with a wide range of application-

s in industry, finance, economics, optimization, social, regional, and medicine. This field is

dynamic and is experiencing an explosive growth in both theory and applications; as a conse-

quence, research techniques and problems are drawn from various fields. The ideas and tech-

niques of variational inequalities are being applied in a variety of diverse areas of sciences and

prove to be productive and innovative. It has been shown that this theory provides the most

natural, direct, simple, unified and efficient framework for a general treatment of a wide class

of unrelated linear and nonlinear problems, see, for example, [1-7] and the references there-

in. Among several iterative algorithms, mean valued iterative algorithms for finding numerical

solutions of variational inequalities are very useful and quite effective methods. Mean valued

iterative methods, in particular, the Halpern iterative method, have played a significant part in
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developing various iterative methods for solving variational inequalities and fixed point prob-

lems; see, for example, [8-16] and the references therein.

In this paper, inspired and motivated by the recent results, we consider a Halpern-like iterative

method for a finite family of monotone operators and a nonexpansive mapping. Applications

to variational inequality and fixed point problems are also provided in the framework of Hilbert

spaces.

2. Preliminaries

In this paper, we always assume that H is a real Hilbert space, whose inner product and norm

are denoted by 〈·, ·〉 and ‖ ·‖, respectively. Let C be a nonempty closed and convex subset of H.

Let S be a mapping on C. Recall that S is said to be nonexpansive iff

‖Sx−Sy‖ ≤ ‖x− y‖,∀x,y ∈C.

If C is bounded, then the set of fixed points of S is not empty. From now on, we use F(S) to

denote the solution set of S.

Recall that a mapping A : C→ H is said to be monotone

〈Ax−Ay,x− y〉 ≥ 0, ∀x,y ∈C.

A : C→ H is said to be α-strongly monotone iff there exists a real number α > 0 such that

〈Ax−Ay,x− y〉 ≥ α‖x− y‖2, ∀x,y ∈C.

A : C→ H is said to be α-inverse-strongly monotone iff there exists a real number α > 0 such

that

〈Ax−Ay,x− y〉 ≥ α‖Ax−Ay‖2, ∀x,y ∈C.

It is clear that inverse-strongly monotone operators are monotone and Lipschitz continuous.

Recall that the classical variational inequality problem, denoted by V I(C,A), is to find u ∈C

such that

〈Au,v−u〉 ≥ 0, ∀v ∈C. (2.1)
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Let PC denote the metric projection from H onto C. It is known that projection PC is firmly

nonexpansive. That is,

‖PCx−PCy‖2 ≤ 〈x− y,PCx−PCy〉, ∀x,y ∈C.

One can see that variational inequality problem (2.1) is equivalent to a fixed point problem.

That is, an element u ∈C is a solution of the variational inequality (2.1) if and only if u ∈C is a

fixed point of the mapping PC(I−λA), where λ > 0 is a constant and I is the identity mapping.

Lemma 2.1. [17] Let C be a closed convex subset of a Hilbert space H. Let {Ti}r
i=1, where r

is some positive integer, be a sequence of nonexpansive mappings on C. Suppose ∩r
i=1F(Ti) is

nonempty. Let {µi} be a sequence of positive numbers with ∑
r
i=1 = 1. Then a mapping S on C

defined by

Sx =
r

∑
i=1

µiTix

for x ∈C is well defined, nonexpansive and F(S) = ∩r
i=1F(Ti) holds.

Lemma 2.2 [18] Let {xn} and {yn} be bounded sequences in a Banach space E and let {βn}

be a sequence in [0,1] with

0 < liminf
n→∞

βn ≤ limsup
n→∞

βn < 1.

Suppose xn+1 = (1−βn)yn +βnxn for all integers n≥ 0 and

limsup
n→∞

(‖yn+1− yn‖−‖xn+1− xn‖)≤ 0.

Then limn→∞ ‖yn− xn‖= 0.

Lemma 2.3. [19] Let H be a real Hilbert space, C be a nonempty closed convex subset of H

and S : C→C be a nonexpansive mapping. Then I−S is demiclosed at zero.

Lemma 2.4. [20] Assume that {αn} is a sequence of nonnegative real numbers such that

αn+1 ≤ (1− γn)αn +δn,

where {γn} is a sequence in (0,1) and {δn} is a sequence such that

(i) limn→∞ γn = 0 and ∑
∞
n=1 γn = ∞;

(ii) limsupn→∞ δn/γn ≤ 0 or ∑
∞
n=1 |δn|< ∞.
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Then limn→∞ αn = 0.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let Ai :

C→H be a µi-inverse-strongly monotone mapping for each 1≤ i≤ r, where r is some positive

integer. Let S : C→C be a nonexpansive mapping with a fixed point and let u be a fixed element

in C. Assume that F := ∩r
i=1V I(C,Ai)∩F(S) 6= /0. Let {λi} be real numbers in (0,2µi). Let

{αn}, {βn} and {γn} be real sequences in (0,1). Let {xn} be a sequence defined by the following

manner:


x1 ∈C,

yn,i ≈ PC(xn−λiAixn),

xn+1 = αnu+βnxn + γnS∑
r
i=1 ηiyn,i, n≥ 1,

where the criterion for the approximate computation of yn,i is ‖yn,i−PC(xn−λiAixn)‖ ≤ en,i,

where limn→∞ ‖en,i‖ = 0 for each 1 ≤ i ≤ r. Assume that the above control sequences satisfies

the following conditions:

(a) αn +βn + γn = ∑
r
i=1 ηi = 1, ∀n≥ 1;

(b) limn→∞ αn = 0,∑∞
n=1 αn = ∞;

(c) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1.

Then sequence {xn} converges in norm to p = PF u.

Proof. First, we show mapping I−λiAi is nonexpansive. Indeed, for any x,y ∈C, we see that

‖(I−λiAi)x− (I−λiAi)y‖2

= ‖x− y‖2−2λi〈Aix−Aiy,x− y〉+λ
2
i ‖Aix−Aiy‖2

≤ ‖x− y‖2−λi(2µi−λi)‖Aix−Aiy‖2.
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Since, for each 1 ≤ i ≤ r, λi ∈ (0,2µi), we see that I−λiAi is nonexpansive. For any x∗ ∈F ,

we have

‖xn+1− x∗‖ ≤ αn‖u− x∗‖+βn‖xn− x∗‖+ γn‖S
r

∑
i=1

ηiyn,i− x∗‖

≤ αn‖u− x∗‖+βn‖xn− x∗‖+ γn

r

∑
i=1

ηi‖yn,i−PC(x∗−λiAix∗)‖

≤ αn‖u− x∗‖+βn‖xn− x∗‖+ γn

r

∑
i=1

ηi‖en,i‖+ γn

r

∑
i=1

ηi‖PC(xn−λiAixn)− x∗‖

≤ αn‖u− x∗‖+(1−αn)‖xn− x∗‖+ γn

r

∑
i=1

ηi‖en,i‖

≤max{‖u− x∗‖,‖xn− x∗‖}+
r

∑
i=1

ηi‖en,i‖

≤max{‖u− x∗‖,‖x0− x∗‖}+
r

∑
i=1

ηi(‖e0,i‖+ ...+‖en−1,i‖+‖en,i‖)

≤max{‖u− x∗‖,‖x0− x∗‖}+
r

∑
i=1

ηi(
∞

∑
n=0
‖en,i‖)

This shows that the sequence {xn} is bounded. Note that

‖yn+1,i− yn,i‖ ≤ ‖yn+1,i−PC(xn+1−λiAixn+1)‖+‖PC(xn+1−λiAixn+1)−PC(xn−λiAixn)‖

+‖PC(xn−λiAixn)− yn,i‖

≤ ‖en+1,i‖+‖xn+1− xn‖+‖en,i‖.

Putting yn = ∑
r
i=1 ηiyn,i, we have

‖yn+1− yn‖ ≤
r

∑
i=1

ηi‖yn+1,i− yn,i‖

≤
r

∑
i=1

ηi(‖en+1,i‖+‖xn+1− xn‖+‖en,i‖)

≤
r

∑
i=1

ηi(‖en+1,i‖+‖en,i‖)+‖xn+1− xn‖.

(3.1)

Put κn =
xn+1−βnxn

1−βn
, for all n≥ 1. That is,

xn+1 = (1−βn)κn +βnxn, ∀n≥ 1. (3.2)
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Note that

κn+1−κn

=
αn+1u+ γn+1Syn+1

1−βn+1
− αnu+ γnSyn

1−βn

=
αn+1

1−βn+1
u+

1−βn+1−αn+1

1−βn+1
Syn+1−

αn

1−βn
u− 1−βn−αn

1−βn
Syn

=
αn+1

1−βn+1

(
u−Syn+1

)
+

αn

1−βn

(
Syn−u

)
+Syn+1−Syn.

It follows that

‖κn+1−κn‖ ≤
αn+1

1−βn+1
‖u−Syn+1‖+

αn

1−βn
‖Syn−u‖+‖Syn+1−Syn‖

≤ αn+1

1−βn+1
‖u−Syn+1‖+

αn

1−βn
‖Syn−u‖+‖yn+1− yn‖.

From (3.1), we arrive at

‖κn+1−κn‖−‖xn+1− xn‖ ≤
αn+1

1−βn+1
‖u−Syn+1‖+

αn

1−βn
‖Syn−u‖

+
r

∑
i=1

ηi(‖en+1,i‖+‖en,i‖).

Hence limsupn→∞(‖κn+1−κn‖−‖xn+1−xn+1‖)< 0. Using Lemma 2.2, we obtain limn→∞ ‖κn−

xn‖= 0. Using (3.2), we find

lim
n→∞
‖xn+1− xn‖= 0. (3.3)

Note that

‖xn+1− x∗‖2 ≤ αn‖u− x∗‖2 +βn‖xn− x∗‖2 + γn‖Syn− x∗‖2

≤ αn‖u− x∗‖2 +βn‖xn− x∗‖2 + γn‖
r

∑
i=1

ηiyn,i− x∗‖2

≤ αn‖u− x∗‖2 +βn‖xn− x∗‖2 + γn

r

∑
i=1

ηi‖en,i‖+ γn

r

∑
i=1

ηi‖PC(xn−λiAixn)− x∗‖2.

(3.4)
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This implies that

‖xn+1− x∗‖2

≤ αn‖u− x∗‖2 +βn‖xn− x∗‖2 + γn

r

∑
i=1

ηi‖en,i‖+ γn

r

∑
i=1

ηi‖PC(xn−λiAixn)− x∗‖2

≤ αn‖u− x∗‖2 +βn‖xn− x∗‖2 + γn

r

∑
i=1

ηi‖en,i‖+ γn

r

∑
i=1

ηi(‖xn− x∗‖2

−2λi〈Aixn−Aix∗,xn− x∗〉+λ
2
i ‖Aixn−Aix∗‖2)

≤ αn‖u− x∗‖2 +‖xn− x∗‖2 + γn

r

∑
i=1

ηi‖en,i‖− γn

r

∑
i=1

ηiλi(2µi−λi)‖Aixn−Aix∗‖2.

It follows that

γn

r

∑
i=1

ηiλi(2µi−λi)‖Aixn−Aix∗‖2

≤ αn‖u− x∗‖2 +‖xn− x∗‖2−‖xn+1− x∗‖2 + γn

r

∑
i=1

ηi‖en,i‖

≤ αn‖u− x∗‖2 +(‖xn− x∗‖+‖xn+1− x∗‖)‖xn− xn+1‖+ γn

r

∑
i=1

ηi‖en,i‖.

Using conditions (b) and (c), one obtains

lim
n→∞
‖Aixn−Aix∗‖= 0, ∀1≤ i≤ r. (3.5)

Since PC is firmly nonexpansive, one has

‖PC(I−λiAi)xn− x∗‖2

≤ 〈(I−λiAi)xn− (I−λiAi)x∗,PC(I−λiAi)xn− x∗〉

=
1
2
(
‖(I−λiAi)xn− (I−λiAi)x∗‖2 +‖PC(I−λiAi)xn− x∗‖2

−‖(I−λiAi)xn− (I−λiAi)x∗− (PC(I−λiAi)xn− x∗)‖2)
≤ 1

2
(
‖xn− x∗‖2 +‖PC(I−λiAi)xn− x∗‖2

−‖xn−PC(I−λiAi)xn−λi(Aixn−Aix∗)‖2)
=

1
2
(
‖xn− x∗‖2 +‖PC(I−λiAi)xn− x∗‖2−‖xn−PC(I−λiAi)xn‖2

+2λi〈Aixn−Aix∗,xn−PC(I−λiAi)xn〉−λ
2
i ‖Aixn−Aix∗‖2).
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It follows that

‖PC(I−λiAi)xn− x∗‖2 ≤ ‖xn− x∗‖2−‖xn−PC(I−λiAi)xn‖2 +Mi‖Aixn−Aix∗‖, (3.6)

where Mi is an appropriate constant such that Mi = max{2λi‖xn−PC(I−λiAi)xn‖ : ∀n ≥ 1}.

On the other hand, we have

‖yn− xn‖ ≤ ‖
r

∑
i=1

ηiyn,i−
r

∑
i=1

ηiPC(I−λiAi)xn‖+‖
r

∑
i=1

ηiPC(I−λiAi)xn− xn‖

≤
r

∑
i=1

ηi‖en,i‖+
r

∑
i=1

ηi‖PC(I−λiAi)xn− xn‖2.

Using (3.6), one has

r

∑
i=1

ηi‖PC(I−λiAi)xn− x∗‖2 ≤ ‖xn− x∗‖2−‖yn− xn‖+
r

∑
i=1

ηi‖en,i‖+
r

∑
i=1

ηiMi‖Aixn−Aix∗‖.

From (3.4), we see that

‖xn+1− x∗‖2 ≤ αn‖u− x∗‖2 +‖xn− x∗‖2 + γn

r

∑
i=1

ηi‖en,i‖− γn‖yn− xn‖+ γn

r

∑
i=1

ηi‖en,i‖

+ γn

r

∑
i=1

ηiMi‖Aixn−Aix∗‖.

Hence, one has

γn‖yn− xn‖2 ≤ αn‖u− x∗‖2 +‖xn− x∗‖2−‖xn+1− x∗‖2 + γn

r

∑
i=1

ηiMi‖Aixn−Aix∗‖

+2γn

r

∑
i=1

ηi‖en,i‖

≤ αn‖u− x∗‖2 +(‖xn− x∗‖+‖xn+1− x∗‖)‖xn− xn+1‖

+ γn

r

∑
i=1

ηiMi‖Aixn−Aix∗‖+2γn

r

∑
i=1

ηi‖en,i‖.

It follows from (3.3) and (3.5) that limn→∞ ‖yn−xn‖= 0. On the other hand, one has limn→∞ ‖Syn−

xn‖= 0. Since

‖Sxn− xn‖ ≤ ‖xn−Syn‖+‖Syn−Sxn‖ ≤ ‖xn−Syn‖+‖yn− xn‖,

one finds

lim
n→∞
‖Sxn− xn‖= 0. (3.7)
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Next, we show

limsup
n→∞

〈u− p,xn− p〉 ≤ 0,

where p = PF u. To show it, we can choose a sequence {xni} of {xn} such that

limsup
n→∞

〈u− p,xn− p〉= lim
i→∞
〈u− p,xni− p〉. (3.8)

Since {xni} is bounded, there exists a subsequence {xni j
} of {xni} which converges weakly to e.

Without loss of generality, we can assume that xni ⇀ e. Define a mapping W : C→C by

Wx =
r

∑
i=1

ηiPC(I−λiAi)x, ∀x ∈C.

Using Lemma 2.1, we see that W is nonexpansive such that F(W ) = ∩r
i=1F(PC(I− λiAi)) =

∩r
i=1V I(C,Ai). Since limn→∞ ‖xn−Wxn‖= 0, we can obtain that e ∈ F(W ). Using Lemma 2.3,

we see that e ∈ F(S). This proves that e ∈ F(W )∩F(S) = ∩r
i=1V I(C,Ai)∩F(S). It follows that

limsupn→∞〈u− p,xn− p〉 ≤ 0. Note that

‖yn− p‖ ≤
r

∑
i=1

ηi‖en,i‖+‖xn− p‖.

It follows that

‖xn+1− p‖2 = αn〈u− p,xn+1− p〉+βn〈xn− p,xn+1− p〉

+ γn〈Syn− p,xn+1− p〉

≤ αn〈u− p,xn+1− p〉+βn‖xn− p‖‖xn+1− p‖+ γn‖Syn− p‖‖xn+1− p‖

≤ αn〈u− p,xn+1− p〉+βn‖xn− p‖‖xn+1− p‖+ γn‖yn− p‖‖xn+1− p‖

≤ αn〈u− p,xn+1− p〉+ 1−αn

2
‖xn− p‖2 +

1
2
‖xn+1− p‖2 + γn

r

∑
i=1

ηi‖en,i‖‖xn+1− p‖.

which implies that

‖xn+1− p‖2 ≤ (1−αn)‖xn− p‖2 +2αn〈u− p,xn+1− p〉+2γn

r

∑
i=1

ηi‖en,i‖‖xn+1− p‖.

Using Lemma 2.4, one has limn→∞ ‖xn− p‖= 0. This completes the proof.

If S is the identity operator, one has the following result.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let

Ai : C→ H be a µi-inverse-strongly monotone mapping for each 1 ≤ i ≤ r, where r is some
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positive integer. Let u be a fixed element in C. Assume that F := ∩r
i=1V I(C,Ai) 6= /0. Let {λi}

be real numbers in (0,2µi). Let {αn}, {βn} and {γn} be real sequences in (0,1). Let {xn} be a

sequence defined by the following manner:


x1 ∈C,

yn,i ≈ PC(xn−λiAixn),

xn+1 = αnu+βnxn + γn ∑
r
i=1 ηiyn,i, n≥ 1,

where the criterion for the approximate computation of yn,i in (2.1) is ‖yn,i−PC(xn−λiAixn)‖≤

en,i, where limn→∞ ‖en,i‖ = 0 for each 1 ≤ i ≤ r. Assume that the above control sequences

satisfies the following conditions:

(a) αn +βn + γn = ∑
r
i=1 ηi = 1, ∀n≥ 1;

(b) limn→∞ αn = 0,∑∞
n=1 αn = ∞;

(c) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1.

Then sequence {xn} converges in norm to p = PF u.
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