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Abstract. The aim of this paper is to prove new common fixed point theorems on intuitionistic fuzzy metric spaces.

Our main result, bring into play the concept of the E.A. property, complete subspaces and weakly compatible

mappings. An example is furnished which demonstrates the validity of our main results. We also apply our results

to integral types contraction conditions to identify the unique fixed point of four self mappings on intuitionistic

fuzzy metric spaces.
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1. Introduction

The contraction mapping principle on complete metric spaces first appeared in Banach thesis

[1]. While dealing with natural world with uncertainty, we find that classical techniques do

not suffice and thus some techniques with some specific logic are necessitated. In his seminal

paper, Zadeh [2] introduced the notion of fuzzy sets for broad applications. Fuzzy set theory is

one of the uncertainty approaches which help to build up mathematical models well suited to

concrete real life situations. Fuzziness is further explored as an alternative to randomness for

describing uncertainty. Shortly after the appearance of fuzzy set, Kramosil and Michalek [3]
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introduced the concept of fuzzy metric space. The relationships between the fixed point theory

and the geometry of fuzzy metric spaces have been very close and cohesive. Following this

concept, the notion of the continuous t-norm is pertains to George and Veeramani [4]. Seesa

[5] introduced the notion of weakly commuting maps in metric spaces. Jungck [6] further

generalized it to compatible maps.

Afterward, Jungck and Rhoades [7] introduced weakly compatible maps and proved that

compatible maps are weakly compatible but the converse is not true. Later on, many research-

es contributed towards the development of fixed point theory on metric spaces. Aamri and

Moutawakil [8] generalized the concept of non compatibility by defining the E.A. property for

self mappings. It contained the class of non-compatible mappings in metric spaces. Subse-

quently, a number of fixed point results were proved for contraction mappings satisfying the

E.A. property.

In 2009, Vijayaraju and Sajath [9] proved following theorem on two self mappings using the

E.A. property:

Theorem 1.1. [9] Let S and T be two weakly compatible self mappings of a fuzzy metric space

(X ,M,∗) with t ∗ t ≥ t such that for each x 6= y, 0 < q < 1,

(1) S and T satisfy the E.A. property,

(2) M(T x,Ty,qt)≥min{M(Sx,Sy, t),M(Sx,Ty, t),M(T x,Sy, t),M(T x,Sx, t),M(Ty,Sy, t)} ,

(3) T (X)⊃ S(X),

(4) T (X) or S(X) is a complete subspace of X .

Then S and T have a unique common fixed point.

The idea of an intuitionistic fuzzy set is initiated by Atanassov [10]. Using this theory, Alaca

et al. [11] defined the notion of intuitionistic fuzzy metric spaces with the help of the continuous

t-norm and the continuous t-conorm. Further, they introduced the notion of Cauchy sequences

in intuitionistic fuzzy metric spaces.

The following result on intuitionistic fuzzy metric spaces for two self mappings satisfying

contractive condition is proved by Turkoglu et al. [12]:
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Theorem 1.2. [12] Let (X ,M,N,∗,�) be a complete intuitionistic fuzzy metric spaces. Let

f ,g : X → X be self mapping satisfying the following conditions:

(1) g(X)⊂ f (X),

(2) f is continuous,

(3) there exists k ∈ (0,1) such that for every x,y ∈ X , t > 0,


M(gx,gy,kt)≥M( f x, f y, t),

N(gx,gy,kt)≤ N( f x, f y, t).

Then f and g have a unique common fixed point in X provided f and g commute.

In 2009, Sharma et al. [13] proved common fixed point theorems on intuitionistic fuzzy

metric spaces without using the continuity and compatibility. Some significant results on fuzzy

and intuitionistic fuzzy metric spaces were proved by Beg et al. [14, 15].

In 2002, Branciari [16] gave an analogue of Banach contraction principle by defining Le-

besgue-integrable function and proved a fixed point theorem satisfying contractive conditions

of integral type.

Lemma 1.3. [16] (Branciari-Integral contractive type condition) Let (X ,d) be a complete

metric space, c ∈ (0,1), and let f : X → X be a mapping such that for each x,y ∈ X

∫ d( f x, f y)
0 g(t)dt ≤ c

∫ d(x,y)
0 g(t)dt,

where g : [0,∞)→ [0,∞) is a Lebesgue-integrable mapping which is summable on each compact

subset of [0,∞), non-negative and such that for each ε > 0,
∫

ε

0 g(t)dt > 0, then f has a unique

fixed point a ∈ X such that for each x ∈ X , limn→∞ f nx = a.

Thus, Branciari-Integral contractive type condition is a generalization of Banach contraction

condition if g(t) = 1 ,∀t ≥ 0.

Some other useful fixed point theorems satisfying the E.A. property and generalized weak

con-tractive condition of integral type on fuzzy metric space are proved by Gupta et al. [17,18,19].

2. Preliminaries
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Definition 2.1. [20] A binary operation ∗ : [0,1]× [0,1]→ [0,1] is called continuous t-norm if

∗ satisfies following conditions:

(1) ∗ is commutative and associative,

(2) ∗ is continuous,

(3) a∗1 = a, ∀a ∈ [0,1],

(4) a∗b≤ c∗d whenever a≤ c and b≤ d for all a,b,c,d ∈ [0,1].

Definition 2.2. [20] A binary operation � : [0,1]× [0,1]→ [0,1] is called continuous t-conorm

if � satisfies following conditions:

(1) � is commutative and associative,

(2) � is continuous,

(3) a�0 = a, ∀a ∈ [0,1],

(4) a�b≤ c�d whenever a≤ c and b≤ d for all a,b,c,d ∈ [0,1].

Definition 2.3. [11] A 5-tuple (X ,M,N,∗,�) is said to be intuitionistic fuzzy metric space(IFM

space) if X is an arbitrary set, ∗ is a continuous t -norms, � is a continuous t-conorm. M and N

are fuzzy sets in X×X× [0,∞) satisfying following conditions for all x,y,z ∈ X and s, t > 0,

(1) M(x,y, t)+N(x,y, t)≤ 1,

(2) M(x,y,0) = 0,

(3) M(x,y, t) = 1 for all t > 0 if and only if x = y,

(4) M(x,y, t) = M(y,x, t)

(5) M(x,y, t) = 1 as t→ ∞,

(6) M(x,y, t)∗M(y,z,s)≤M(x,z, t + s),

(7) M(x,y, ·) : [0,∞)→ [0,1] is left continuous,

(8) N(x,y,0) = 1,

(9) N(x,y, t) = 0 for all t > 0 if and only if x = y,

(10) N(x,y, t) = N(y,x, t)

(11) N(x,y, t) = 0 as t→ ∞,

(12) N(x,y, t)�N(y,z,s)≥ N(x,z, t + s),

(13) M(x,y, ·) : [0,∞)→ [0,1] is right continuous.
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Here, M(x,y, t) and N(x,y, t) denote the degree of nearness and the degree of non near-ness

between x and y with respect t, respectively. In intuitionistic fuzzy metric space, M(x,y, t) is

non-decreasing and N(x,y, t) is non-increasing.

Definition 2.4. [11] Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric space(IFM space) then

(1) A sequence {xn} in X is said to be convergent to a point x ∈ X if

limn→∞ M(xn,x, t) = 1, limn→∞ N(xn,x, t) = 0,∀ t > 0.

(2) A sequence {xn} in X is said to be a Cauchy sequence if

limn→∞ M(xn+p,xn, t) = 1, limn→∞ N(xn+p,xn, t) = 0,∀ t > 0 and p > 0.

Definition 2.5. [11] Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric space in which every

Cauchy sequence is convergent, then (X ,M,N,∗,�) is said to be a complete fuzzy metric space.

Definition 2.6. [21] Two self maps P and Q from an intuitionistic fuzzy metric space (X ,M,N,∗,�)

into itself are said to be compatible maps if

lim
n→∞

M(PQxn,QPxn, t) = 1, lim
n→∞

N(PQxn,QPxn, t) = 0,

whenever {xn} is a sequence in X such that limn→∞ Pxn = limn→∞ Qxn = z for some z ∈ X .

Definition 2.7. [7] Two self maps P and Q on a set X are said to be weakly compatible if they

commute at coincidence points.

Definition 2.8. [8] Two self maps P and Q on a set X are said to satisfy the E.A. property if

there exists a sequence {xn} in X such that limn→∞ Pxn = limn→∞ Qxn = x for some x ∈ X .

Lemma 2.9. [22] Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric space and for a number

k ∈ (0,1) and for all x,y∈ X , t > 0, M(x,y,kt)≥M(x,y, t) and N(x,y,kt)≤N(x,y, t), then x = y.

The above definitions and results motivated us to prove new common fixed point theorems

for six self mappings on intuitionistic fuzzy metric spaces by using the E.A. property. In this

paper, we have given an example, which justifies our result.

3. Main results
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Theorem 3.1. Let P,Q,R,S,T and U be self mappings on an intuitionistic fuzzy metric spaces

(X ,M,N,∗,�) with t-norm a∗b = min{a,b} and t-conorm a�b = max{a,b} such that

T1: P(X)⊂ SU(X), Q(X)⊂ RT (X),

T2: the pair (P,RT ) or (Q,SU) satisfies E.A. property,

T3: there exists k ∈ (0,1) such that for every x,y ∈ X , t > 0,
M(Px,Qy,kt)≥M(RT x,SUy, t)∗M(Px,RT x, t)∗M(Qy,SUy, t)∗M(Px,SUy, t),

N(Px,Qy,kt)≤ N(RT x,SUy, t)�N(Px,RT x, t)�N(Qy,SUy, t)�N(Px,SUy, t),

if one of P(X),Q(X),RT (X),ST (X) is a complete subspace of X, then (P,RT ) and (Q,SU)

have a coincident point. Further, if (P,RT ) and (Q,SU) are weakly compatible, then P, Q, RT

and SU have a unique common fixed point in X.

Proof. Suppose (Q,SU) satisfies the E.A. property. Then there exists a sequence {xn} such that

xn ∈ X , such that

lim
n→∞

Qxn = lim
n→∞

SUxn = l, l ∈ X . (3.1)

Also Q(X)⊂ RT (X), then there exists {yn} in X such that

Qxn = RTyn. (3.2)

We get, limn→∞ RTyn = l.

Step - I: We claim that limn→∞ Pyn = l.

For this, put x = yn, y = xn in (T3) and from (3.1),(3.2), we get
M(Pyn,Qxn,kt)≥M(RTyn,SUxn, t)∗M(Pyn,RTyn, t)∗M(Qxn,SUxn, t)∗M(Pyn,SUxn, t),

N(Pyn,Qxn,kt)≤ N(RTyn,SUxn, t)�N(Pyn,RTyn, t)�N(Qxn,SUxn, t)�N(Pyn,SUxn, t).

Taking n→ ∞, we get


M(Pyn, l,kt)≥M(l, l, t)∗M(Pyn, l, t)∗M(l, l, t)∗M(Pyn, l, t),

N(Pyn, l,kt)≤ N(l, l, t)�N(Pyn, l, t)�N(l, l, t)�N(Pyn, l, t).

Then

lim
n→∞

Pyn = l = lim
n→∞

SUyn. (3.3)
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Step - II: Let SU(X) is a complete subspace of X , then l = SU(m) for some m ∈ X .

This gives

lim
n→∞

Pyn = lim
n→∞

RTyn = lim
n→∞

Qxn = lim
n→∞

SUxn = l = RT (m). (3.4)

Now we show that, P(m) = RT (m). Taking x = m, y = xn in (T3), we have
M(Pm,Qxn,kt)≥M(RT m,SUxn, t)∗M(Pm,RT m, t)∗M(Qxn,SUxn, t)∗M(Pm,SUxn, t),

N(Pm,Qxn,kt)≤ N(RT m,SUxn, t)�N(Pm,RT m, t)�N(Qxn,SUxn, t)�N(Pm,SUxn, t).

By considering n→ ∞ and using (3.4), we get

P(m) = RT (m). (3.5)

This implies (P,RT ) have coincident point m ∈ X .

Step-III: The weak compatibility of (P,RT ) implies that PRT (m) = RT P(m).

Thus

PP(m) = PRT (m) = RT P(m) = RT RT (m). (3.6)

As P(X)⊂ SU(X), there exists p ∈ X such that

P(m) = SU(p). (3.7)

We claim that SU(p) = Q(p). Taking x = m,y = p in (T3), and from (3.5) and (3.7), we obtain
M(Pm,Qp,kt)≥M(RT m,SU p, t)∗M(Pm,RT m, t)∗M(Qp,SU p, t)∗M(Pm,SU p, t),

N(Pm,Qp,kt)≤ N(RT m,SU p, t)�N(Pm,RT m, t)�N(Qp,SU p, t)�N(Pm,SU p, t).

So we have 
M(Pm,Qp,kt)≥M(Pm,Qp, t),

N(Pm,Qp,kt)≤ N(Pm,Qp, t).

Hence, one can get Pm = Qp. Thus we have

Pm = RT m = SU p = Qp. (3.8)

The weak compatibility of (Q,SU) implies that QSU p = SUQp. This gives, QSU p = SUQp =

QQp = SUSU p.
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Step -IV: Claim that Pm is the common fixed point of P,Q,RT,SU . Again taking x = Pm,y=

p in (T3)
M(PPm,Qp,kt)≥M(RT Pm,SU p, t)∗M(PPm,RT Pm, t)∗M(Qp,SU p, t)∗M(PPm,SU p, t),

N(PPm,Qp,kt)≤ N(RT Pm,SU p, t)�N(PPm,RT Pm, t)�N(Qp,SU p, t)�N(PPm,SU p, t).

Therefore, one get 
M(PPm,Qp,kt)≥M(PPm,Qp, t),

N(PPm,Qp,kt)≤ N(PPm,Qp, t).

This gives PPm = Qp = Pm. Therefore,

Pm = PPm = RT Pm (3.9)

is common fixed point of P and RT . Similarly, we can prove that Qp is the common fixed point

of SU and Q. Since Pm = Qp. So, Pm is the fixed point of P,Q,RT,SU.

Step- V: Finally, we show the uniqueness of the common fixed point. If possible, let x0 and

y0 be two different fixed point of P,Q,RT,SU. By taking x = x0,y = y0 in (T3), one has
M(Px0,Qy0,kt)≥M(RT x0,SUy0, t)∗M(Px0,RT x0, t)∗M(Qy0,SUy0, t)∗M(Px0,SUy0, t),

N(Px0,Qy0,kt)≤ N(RT x0,SUy0, t)�N(Px0,RT x0, t)�N(Qy0,SUy0, t)�N(Px0,SUy0, t).

By using the definition of fixed points and fuzzy metric spaces, we get x0 = y0. Thus, the

mappings P,Q,RT,SU have a unique common fixed point.

Theorem 3.2. Let P,Q,R and S be self mappings on an intuitionistic fuzzy metric spaces

(X ,M,N,∗,�) with t-norm a∗b = min{a,b} and t-conorm a�b = max{a,b} such that

i: P(X)⊂ S(X), Q(X)⊂ R(X),

ii: the pair (P,R) or (Q,S) satisfies the E.A. property,

iii: there exists k ∈ (0,1) such that for every x,y ∈ X , t > 0,
M(Px,Qy,kt)≥M(Rx,Sy, t)∗M(Px,Rx, t)∗M(Qy,Sy, t)∗M(Px,Sy, t),

N(Px,Qy,kt)≤ N(Rx,Sy, t)�N(Px,Rx, t)�N(Qy,Sy, t)�N(Px,Sy, t),
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if one of P(X),Q(X),R(X),S(X) is a complete subspace of X, then (P,R) and (Q,S) have a

coincident point. Further, if (P,R) and (Q,S) are weakly compatible, then P, Q, R and S have a

unique common fixed point in X.

Proof. If we put T =U = IX (the identity map on X) in Theorem 3.1, then we have above result.

Example 3.3. Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric spaces X = [1,7] with t-norm

a∗b =min{a,b} and t-conorm a�b =max{a,b}. M and N are fuzzy set on X2×(0,∞) defined

by

M(x,y, t) =
t

t +d(x,y)
, N(x,y, t) =

d(x,y)
t +d(x,y)

,

where d(x,y) = |x− y|, ∀x,y ∈ X , t > 0. Define P,Q,R,S : X → X by

P(x) =


1 i f x = 1,

3 i f 1 < x < 7,
Q(x) =


1 i f x = 1,

4 i f 1 < x < 7,

R(x) =


1 i f x = 1,

4 i f 1 < x≤ 5,

x−5, i f 5 < x≤ 7,

S(x) =


1 i f x = 1,

x−1 i f 1 < x≤ 5,

3 i f 5 < x≤ 7.

Clearly, (P,R) and (Q,S) are weakly compatible. Let sequence {xn} be defined as

xn = 5+
1
n
,n≥ 1.

Then, we have limn→∞ Qxn = limn→∞ Sxn = 4. Hence (Q,S) satisfy the E.A. property. Thus

P,Q,R and S satisfies all the conditions of Theorem 3.2, then x = 1 is unique common fixed

point of P,Q,R and S in X.

Corollary 3.4. Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric spaces. Let P,Q,R and S be

mappings from X into itself satisfying (i) - (ii) of Theorem 3.2 such that
M(Px,Qy,kt)≥M(Rx,Sy, t)∗M(Px,Rx, t)∗M(Qy,Sy, t)∗M(Qy,Rx,2t)∗M(Px,Sy, t)

N(Px,Qy,kt)≤ N(Rx,Sy, t)�N(Px,Rx, t)�N(Qy,Sy, t)�N(Qy,Rx,2t)�N(Px,Sy, t)
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for every x,y ∈ X , t > 0. If one of P(X),Q(X),R(X),S(X) is a complete subspace of X, then

(P,R) and (Q,S) have a coincident point. Further, if (P,R) and (Q,S) are weakly compatible,

then P, Q, R and S have a unique common fixed point in X.

Proof. Since
M(Px,Qy,kt)≥M(Rx,Sy, t)∗M(Px,Rx, t)∗M(Qy,Sy, t)∗M(Qy,Rx,2t)∗M(Px,Sy, t),

N(Px,Qy,kt)≤ N(Rx,Sy, t)�N(Px,Rx, t)�N(Qy,Sy, t)�N(Qy,Rx,2t)�N(Px,Sy, t).

By using definition of an intuitionistic fuzzy metric spaces, on has M(Px,Qy,kt)≥M(Rx,Sy, t)∗

M(Px,Rx, t)∗M(Qy,Sy, t)∗M(Qy,Rx,2t)∗M(Px,Sy, t)

≥M(Rx,Sy, t)∗M(Px,Rx, t)∗M(Qy,Sy, t)∗M(Rx,Sy, t)∗M(Sy,Qy, t)∗M(Px,Sy, t),

N(Px,Qy,kt)≤ N(Rx,Sy, t)�N(Px,Rx, t)�N(Qy,Sy, t)�N(Qy,Rx,2t)�N(Px,Sy, t)

≤ N(Rx,Sy, t)�N(Px,Rx, t)�N(Qy,Sy, t)�M(Rx,Sy, t)�M(Sy,Qy, t)�N(Px,Sy, t).

Thus by using Theorem 3.2 one can show that P, Q, R and S have a unique fixed point in X .

Corollary 3.5. Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric spaces. Let P,Q,R and S be

mappings from X into itself satisfying (i)- (ii) of Theorem 3.2 such that

M(Px,Qy,kt)≥M(Rx,Sy, t) and N(Px,Qy,kt)≤ N(Rx,Sy, t) for every x,y ∈ X , t > 0.

If one of P(X),Q(X),R(X),S(X) is a complete subspace of X, then (P,R) and (Q,S) have a

coincident point. Further, if (P,R) and (Q,S) are weakly compatible, then P, Q, R and S have a

unique common fixed point in X.

Proof. Here, we have
M(Rx,Sy, t) = M(Rx,Sy, t)∗1 = M(Rx,Sy, t)∗M(Px,Px,5t),

N(Rx,Sy, t) = N(Rx,Sy, t)�0 = N(Rx,Sy, t)�M(Px,Px,5t).

By using the definition of intuitionistic fuzzy metric spaces, we have

M(Rx,Sy, t)∗M(Px,Px,5t) ≥M(Rx,Sy, t)∗M(Px,Sy, t)∗M(Qy,Sy, t)∗M(Qy,Rx,2t),

∗M(Px,Rx, t),

N(Rx,Sy, t)�M(Px,Px,5t) ≤ N(Rx,Sy, t)�N(Px,Sy, t)�N(Qy,Sy, t)�N(Qy,Rx,2t)

�N(Px,Rx, t).
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From Corollary 3.4, we obtained the result immediately.

Let S and R be identity mappings on X in Corollary 3.5. Then we get the following results.

Corollary 3.6. Let (X ,M,N,∗,�) be a complete intuitionistic fuzzy metric spaces. Let P and

Q be mappings from X into itself satisfying (i)- (ii) of Theorem 3.2 such that M(Px,Qy,kt) ≥

M(x,y, t) and N(Px,Qy,kt) ≤ N(x,y, t) for every x,y ∈ X , t > 0. Then P and Q have aunique

fixed point in X.

Remark 3.7. In Corollary 3.6, if we take P = Q, then following result becomes the Banach

contraction theorem on intuitionistic fuzzy metric space.

Corollary 3.8. Let (X ,M,N,∗,�) be a complete intuitionistic fuzzy metric spaces. Let P be

mapping from X into itself such that

M(Px,Py,kt) ≥ M(x,y, t) and N(Px,Py,kt) ≤ N(x,y, t) for every x,y ∈ X , t > 0. Then P has a

unique fixed point in X.

Now we extend Theorem 3.1 for finite number of mappings in the following way:

Theorem 3.9. Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric spaces. Let R1,R2,R3, · · · ,Rz,

S1,S2,S3, · · · ,Sz, P and Q be mappings from X into itself such that

i: P(X)⊂ S1S2S3 · · ·Sz(X), Q(X)⊂ R1R2R3 · · ·Rz(X),

ii: the pair (P,R1R2R3 · · ·Rz) or (Q,S1S2S3 · · ·Sz) satisfies the E.A. property,

iii: there exists k ∈ (0,1) such that for every x,y ∈ X , t > 0,

M(Px,Qy,kt) ≥M(R1R2R3 · · ·Rzx,S1S2S3 · · ·Szy, t)∗M(Px,R1R2R3 · · ·Rzx, t)

∗M(Qy,S1S2S3 · · ·Szy, t)∗M(Px,S1S2S3 · · ·Szy, t),

N(Px,Qy,kt) ≤ N(R1R2R3 · · ·Rzx,S1S2S3 · · ·Szy, t)�N(Px,R1R2R3 · · ·Rzx, t)

�N(Qy,S1S2S3 · · ·Szy, t)�N(Px,S1S2S3 · · ·Szy, t),

if one of P(X),Q(X),R1R2R3 · · ·Rz(X) and S1S2S3 · · ·Sz(X) is a complete subspace of X, then

(P,R1R2R3 · · ·Rz) and (Q,S1S2S3 · · ·Sz) have a coincident point. Further, if (P,R1R2R3 · · ·Rz)

and (Q,S1S2S3 · · ·Sz) are weakly compatible, then P, Q, R1R2R3 · · ·Rz and S1S2S3 · · ·Sz have a

unique common fixed point in X.
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Proof. Since (Q,S1S2S3 · · ·Sz) satisfies the E.A. property, there exists a sequence {xn} in X such

that limn→∞ Qxn = limn→∞ S1S2S3 · · ·Szxn = l ∈ X . Also, Q(X)⊂ R1R2R3 · · ·Rz(X), there exists

{yn} in X such that Qxn = R1R2R3 · · ·Rzyn. By using the method of proof of Theorem 3.1, one

can easily get the result.

Now, we give a fixed point theorem on fuzzy metric spaces which satisfies the integral types

contractive condition for four self mappings.

Theorem 3.10. Let (X ,M,N,∗,�) be an intuitionistic fuzzy metric spaces. Let P,Q,R and S be

mappings from X into itself such that

i: P(X)⊂ S(X), Q(X)⊂ R(X),

ii: the pair (P,R) or (Q,S) satisfies E.A. property,

iii: there exists k ∈ (0,1) such that for every x,y ∈ X , t > 0,


∫ M(Px,Qy,kt)

0 ψ(t)dt ≥
∫U(x,y,t)

0 ψ(t)dt,∫ N(Px,Qy,kt)
0 ψ(t)dt ≤

∫V (x,y,t)
0 ψ(t)dt,

where, ψ : R+→ R is Lebesgue- integrable mapping which is summable and non-negative

and U(x,y, t)=M(Rx,Sy, t)∗M(Px,Rx, t)∗M(Qy,Sy, t)∗M(Px,Sy, t),V (x,y, t)=N(Rx,Sy, t)�

N(Px,Rx, t)�N(Qy,Sy, t)�N(Px,Sy, t).

If one of P(X),Q(X),R(X),S(X) is a complete subspace of X, then (P,R) and (Q,S) have a

coincident point.

Further, if (P,R) and (Q,S) are weakly compatible, then P, Q, R and S have a unique common

fixed point in X.

Proof. Suppose (Q,S) satisfies the E.A. property. Then there exists a sequence {xn} in X , such

that

lim
n→∞

Qxn = lim
n→∞

Sxn = l, l ∈ X . (3.10)

Also Q(X)⊂ R(X), then there exists {yn} in X such that

Qxn = Ryn. (3.11)
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We get

lim
n→∞

Ryn = l. (3.12)

We show that limn→∞ Pyn = l. For this, put x = yn, y = xn in (iii), from (3.11) and (3.12), this

implies 
∫ M(Pyn,Qxn,kt)

0 ψ(t)dt ≥
∫U(yn,xn,t)

0 ψ(t)dt,∫ N(Pyn,Qxn,kt)
0 ψ(t)dt ≤

∫V (yn,xn,t)
0 ψ(t)dt,

where, U(yn,xn, t)=M(Ryn,Sxn, t)∗M(Pyn,Ryn, t)∗M(Qxn,Sxn, t)∗M(Pyn,Sxn, t),V (yn,xn, t)=

N(Ryn,Sxn, t) �N(Pyn,Ryn, t) �N(Qxn,Sxn, t) �N(Pyn,Sxn, t). By using (3.10), (3.11), (3.12)

and Lemma 1.3 and Lemma 2.9, we have

lim
n→∞

Pyn = l = lim
n→∞

Syn.

Suppose S(X) is a complete subspace of X . Then l = S(m) for some m ∈ X .

lim
n→∞

Pyn = lim
n→∞

Ryn = lim
n→∞

Qxn = lim
n→∞

Sxn = l = R(m). (3.13)

Now we show that, P(m) = R(m). Taking x = m, y = xn in (iii), by using (3.13), we have
∫ M(Pm,Qxn,kt)

0 ψ(t)dt ≥
∫U(m,xn,t)

0 ψ(t)dt,∫ N(Pm,Qxn,kt)
0 ψ(t)dt ≤

∫V (m,xn,t)
0 ψ(t)dt,

where U(m,xn, t) = M(Rm,Sxn, t)∗M(Pm,Rm, t)∗M(Qxn,Sxn, t)∗M(Pm,Sxn, t),V (m,xn, t) =

N(Rm,Sxn, t) �N(Pm,Rm, t) �N(Qxn,Sxn, t) �N(Pm,Sxn, t). As n→ ∞, using Lemma 1.3 and

Lemma 2.9, we get P(m) = R(m). This implies (P,R) have coincident point m ∈ X . The weak

compatibility of (P,R) implies that PR(m) = RP(m). Thus

PP(m) = PR(m) = RP(m) = RR(m). (3.14)

As P(X)⊂ S(X), there exists p ∈ X such that

P(m) = S(p). (3.15)

Next, we claim that S(p) = Q(p). Taking x = m,y = p in (iii), we get
∫ M(Pm,Qp,kt)

0 ψ(t)dt ≥
∫U(m,p,t)

0 ψ(t)dt,∫ N(Pm,Qp,kt)
0 ψ(t)dt ≤

∫V (m,p,t)
0 ψ(t)dt,
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where U(m, p, t) = M(Rm,Sp, t) ∗M(Pm,Rm, t) ∗M(Qp,Sp, t) ∗M(Pm,Sp, t), V (m, p, t) = N

(Rm,Sp, t)�N(Pm,Rm, t)�N(Qp,Sp, t)�N(Pm,Sp, t). By considering (3.15) and using Lemma

1.3 and Lemma 2.9, we obtain Pm = Qp. Thus we have

Pm = Rm = Sp = Qp. (3.16)

The weak compatibility of (Q,S) implies that QSp = SQp. Thus,

QSp = SQp = QQp = SSp. (3.17)

Next, we prove that Pm is the common fixed point of P,Q,R and S. Again taking x = Pm,y =

p in (iii) 
∫ M(PPm,Qp,kt)

0 ψ(t)dt ≥
∫U(Pm,p,t)

0 ψ(t)dt,∫ N(PPm,Qp,kt)
0 ψ(t)dt ≤

∫V (Pm,p,t)
0 ψ(t)dt,

where U(Pm, p, t)=M(RPm,Sp, t)∗M(PPm,RPm, t)∗M(Qp,Sp, t)∗M(PPm,Sp, t),V (Pm, p, t)

= N(RPm,Sp, t) �N(PPm,RPm, t) �N(Qp,Sp, t) �N(PPm,Sp, t). From (3.14), (3.17) and by

using Lemma 1.3 and Lemma 2.9 one can get Pm = PPm = RPm is common fixed point of P

and R. Similarly, we can prove that Qp is the common fixed point of S and Q. Since Pm = Qp,

therefore, Pm is the fixed point of P,Q,R and S. Finally, we can easily show the uniqueness of

the common fixed point by using condition (iii) of Theorem 3.10.
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