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Abstract. In this article, a two-step iterative algorithm is investigated for a fixed point problem of a strict pseu-
docontraction and an equilibrium problem of a bifunction. Strong convergence theorems of common solutions are

established in the framework of Hilbert spaces.
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with the inner product
(-,-) and the norm || - ||. Let C a nonempty closed convex subset of H and let Pc be the metric

projection from H onto C.

Let A : C — H be a mapping. Recall that A is said to be monotone if
(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be strongly monotone if there exists a constant & > 0 such that

<Ax—Ayax_y> > OC”X—yHZ, Vx,y eC.
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For such a case, A is also called an ¢-strongly monotone mapping. A is said to be inverse-

strongly monotone if there exists a constant & > 0 such that
<Ax—Ay7x_y> Z(XHAX_Asz? VXJ’EC-

For such a case, A is also called an a-inverse-strongly monotone mapping. From the definition,
we see that A is inverse-strongly if and only if the inverse of A is strongly monotone. From the
definition, we also have A is Lipschitz continuous.

Recall that a set-valued mapping T : H — 2/ is said to be monotone if for all x,y € H,
f€Txand g€ Tyimply (x—y, f —g) > 0. A monotone mapping T : H — 2/ is maximal if the
graph Graph(T) of R is not properly contained in the graph of any other monotone mapping.
It is known that a monotone mapping 7 is maximal if and only if, for any (x,f) € H X H,
(x—y,f—g) >0forall (y,g) € Graph(T) implies f € Tx. Let A be a monotone mapping of C

into H and let Ncv be the normal coneto C atv € C, i.e.,
Nev={weH: (wyv—u) >0, VYuecC}
and define a mapping R on C by

0, véC,
Tv =

Av+ Ncv, veC.

Then T is maximal monotone and 0 € Ry if and only if (Av,u —v) > 0 for all u € C; see [1]
and the references therein. Gradient methods are popular and efficient to study zero points of
monotone operators.

Let S: C — C be a mapping. In this paper, we use F(S) to denote the fixed point set of S.

Recall that the mapping S is said to be nonexpansive if
152 = Syl| < [lx=yll,  Vx,yeC.
S is said to be k-strictly pseudocontractive if there exists a constant k € [0, 1) such that
1 = Sy[I* < e = yI> + &l (x = Sx) = (y=Sy)I*,  ¥x,yeC.

The class of strictly pseudocontractive mappings was introduced by Browder and Petryshyn

[2] in 1967. It is easy to see that the class of strictly pseudocontractive mappings includes the
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class of nonexpansive mappings as a special case. If k = 1, then it called a pseudocontractive
mapping. It is also easy to see that if A is an inverse-strongly monotone mapping, then the
mapping / — A is a strictly pseudocontractive mapping. Let I denote the identity operator on
H and A : H — 2! be a maximal monotone operator. Then we can define, for each r > 0, a
nonexpansive single valued mapping J, : H — H by J, = (I +rA)~!. It is called the resolvent
of A. We know that A=10 = F(J,) for all » > 0 and J, is firmly nonexpansive.

The classical variational inequality problem is to find u € C such that
(Au,v—u) >0, VYveC.

We denoted by VI(C,A) the set of solutions of the variational inequality. For a givenz € H,u € C
satisfies the inequality (u —z,v—u) >0, Vv € C, if and only if u = Projcz. It is known that
projection operator Pc is firmly nonexpansive. It is also known that Projcx is characterized by
the property: Projcx € C and (x — Projcx, Projcx—y) > 0 for all y € C. One can see that the
variational inequality problem is equivalent to a fixed point problem, that is, an element u € C
is a solution of the variational inequality if and only if u € C is a fixed point of the mapping
Projc(I—AA), where A > 0 is a constant and [ is the identity mapping.

Let T : C — H be monotone mapping and let F' be a bifunction of C x C into R, where R
denotes the set of real numbers. In this paper, we consider the following generalized equilibrium

problem.

Find x € C such that F(x,y) + (Tx,y—x) >0, VYyeC. (1.1)

In this paper, we use EP(F,T) to denote the solution set of the problem (1.1).

Next, we give two special cases of the problem (1.1).

(a) If F =0, then the problem (1.1) is reduced to the classical variational inequality.
(a) If T =0, then the generalized equilibrium problem (1.1) is reduced to the following

equilibrium problem:
Find x € C such that F(x,y) >0, VyeC. (1.2)

In this paper, we use EP(F) to denote the solution set of problem (1.2). We remark here that

problem (1.2) is first introduced by Fan [3].
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To study the equilibrium problems, we may assume that F satisfies the following conditions:

(A1) F(x,x) =0forall x € C;
(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;
(A3) for each x,y,z € C,

limsupF(tz+ (1 —1)x,y) < F(x,y);
tl0

(A4) for each x € C, y — F(x,y) is convex and weakly lower semi-continuous.

Recently, many authors based on iterative methods investigated the problems (1.1), (1.2); see
[4-17] and the references therein. In this paper, motivated by the above results, we investigated
fixed points of strictly pseudocontractive mappings and solutions of equilibrium problem (1.1).

Weak convergence theorems are established in Hilbert spaces.

Lemma 1.1. [18] Let C be a nonempty closed convex subset of H and let F : C X C — R be a

bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C such that
(y—z,z2—x)+rF(z,y) >0, VyeC.

Further, define Tx={z€C:{(y—z,z—x)+rF(z,y) >0, VYye€C}forallr>0andx<cH.
Then, the following hold:

(a) T, is single-valued;
(0) [T = Tyl* < (Tx = Ty,x —y);
(c) F(T,) = EP(F) is closed and convex.

Lemma 1.2. [1] Let C be a nonempty closed convex subset of a real Hilbert space H and S :
C — C a k-strict pseudo-contraction with a fixed point. Define S:C — C by Syx = ax+ (1 —a)Sx

foreachx € C. Ifa € [k, 1), then S, is nonexpansive with F(S,) = F(S).

Lemma 1.3. [19] Let H be a Hilbert space and 0 < p <t, < q <1 for all n > 1. Suppose that

{xn} and {y,} are sequences in H such that limsup ||x,|| < r, limsup ||y,|| < r and lim ||t,x, +
n—oo n—soo R—res

(1 —tn)ynll = r hold for some r > 0. Then lim, e || X, — yu|| = 0.
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Lemma 1.4. [20] Let C be a nonempty closed convex subset of a Hilbert space H and S : C — C
a k-strict pseudocontraction. Then S is %’Z-Lipschitz. I — S is demi-closed, this is, if {x,} is a

sequence in C with x, — x and x,, — Sx, — 0, then x € F(S).
2. Main results

Now, we are in a position to show the main results of the article.

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T :
C — H be a A-inverse strongly monotone mapping and let F be a bifunction from C x C to
R which satisfies (A1)-(A4). Let S : C — C be a K-strict pseudocontraction. Assume that
F = EP(F,T)NF(S) is not empty. Let {0, }, {Bn}, and {8,} be sequences in (0,1). Let {r,}
be a sequence in (0,21). Let {x,} be a sequence generated in the following manner:

rnF (g, u) + (u— up,uy — xn) + 1 (Txp,u —up) >0, VueC,

Xnt+1 = BuOntty + 0uxy + (1 — 8,) Sy, Vn > 1.

Assume that the sequences {0y}, {Bn}, {0,}, and {r,} satisfy the following restrictions: 0 <
a<o, <d <1,0<k<8,<b<1,0<c<r,<d<2A. Thenthe sequence {x,} converges

weakly to some point X € %, where X = lim,_,.c Pz X, where P is the metric projection.

Proof. Set S, = 6,/ + (1 — 8,)S. It follows from Lemma 1.2 that S, is nonexpansive and
F(S,) = F(S). Note that

(I = raT)x = (I =1 T)Y | = = yl|* = 2ra{x =y, Tx = Ty) + 13 [ Tx = Ty|[>
< e = ylI* = ra(2A — 1) || Tx = Ty||?
< Jx—yl’, Vxyec.
Fixing p € .%, we find from Lemma 1.1 that p = Sp = T,, (I — r,T) p. Since
ltn = Il < IT,(I = raT )xn = T,,(I = raT) pl| < |lxa — pl|,

we find that
[Xn+1 =Pl < 0llxn = pl| + BullSnttn — pl|

(2.1)

< |l = pl-
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This implies that lim,,_,« ||x, — p|| exists. This shows that {x,} is bounded, so is {u,}. Since
| - || is convex, we find that
b1 = PI1* < Glln — plI* + Balluen — pII?
< Olxn = pII* + Bull (= raT ) — plI?
< |l = pI? = ra(22 = ra) Ball Txa — Tp .
It follows that

ra(2A — 1) Bal| Txn = Tpl* < (1 =) [ — 1> — 41 — pII>.

This yields that
lim ||Tx, — Tp|| = 0. (2.2)
n—soo

Using Lemma 1.2, we see that
litn = pII* < (I = raT)w = (I = rT) p,ttn — p)
(H( = 12T )20 — (=12 T)p|* + ||t — p||?
(= rT)xn = (I = raT)p — (un — p)|*)
%(Hxn Pl + lun = pI* = %0 = st = 12(Tx = Tp) |?)
= 2 (Ia = oI+l = I~ (o — P
—zrn<xn—un,Txn—Tp>+r,%|\Txn—Tp|\2)).
This implies that
ltn = pII* < N0 =PI = Pn = tta|* + 27l |30 — n ||| T2 — T .
Since || - || is convex, we find that
bene1 = plI* < 0llxa = pII* + Ball Snitn — plI?
< ayllxn = pII* + Ballun — p|*
< [ben = pII* = Bullxn — nl|* + 27l [0 — wnl|| Tx, = Tpl|.

It follows that that

ﬁonn _”nH2 < ”xn_PHz_ ||xn+1 _P||2+2"n”xn_”nH”Txn_ TPH-



A TWO-STEP ITERATIVE ALGORITHM 7

Using the restrictions imposed on the sequences, we obtain from (2.2) that
r}l_r)lolonn—unH =0. (2.3)

Since {x,} is bounded, we see that there exits a subsequence {x,} of {x,} which converges

weakly to x. Using (2.3), we also find that {u,, } converges weakly to x. Note that

1
F(up,u)+ (Txp,u—uy) + —(u—tp,up —x,) >0, VuecC.
I'n
From (A2), we see that
1
(Txp,u—uy) +—(u—up,uy —x,) > F(u,u,), YuecC.
T'n
Replacing n by n;, we arrive at
1
(Txp,,u—tty,) +— (U — thy,, up; — Xp;) > F(u,un;), VuecC. (2.4)
T,

Fort withO <7 <landu € C,letu, =tu+ (1 —1)x. Sinceu € C and x € C, we have u; € C. It

follows from (2.4) that

— xni

<Mt — Up;, T”t> > <Mt - Mni,TMt> - <Txn,~7ut - Mn,-> - <Mt — Up;, i > +F(ut7uni)
n;
= (uy — tty,, Tty — Tt;) + (U — tty,, Tity, — Tx,) (2.5)
— (U — uy,, n _xni> + F (s, ;).
T,

Using (2.3), we have Tu,, — Tx,, — 0 as i — oo. Using the monotonicity of 7', we see that

(up — up,, Tuy — Tuy,,) > 0. It follows from (A4) that
(uy — X, Tug) > F (uy,X). (2.6)
Using (A1) and (A4), we see from (2.6) that
0= F(ur,ur) <tF(us,u)+ (1 —1)F (u;,X)
< tF (up,u) + (1 —1)(uy — X, Tuy)
=tF (up,u)+ (1 —1)t{u—x,Tu,).

It follows that F (u;,u) + (1 —1)(u—Xx,Tu,;) > 0. Letting  — 0 in the above inequality, we arrive

at F(x,u) + (u—x,Tx) > 0. Hence, x € EP(F,T).
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Next, we are in a position to show that ¥ € F(S). Note that lim,,_,. ||x, — p|| exists. We may

assume that lim,, . ||x, — p|| = d > 0. Note that
nlg{}o ||xn+1 _pH = r}g{}o Hﬁn (Sn”n —p) + (1 - Bn)(xn _P> || =d.

Note that limy,_,e ||Spx, — p|| < d and limy,_e ||, — p|| < d. Using Lemma Lemma 1.3, we

obtain that lim,, e || Sy, — X,|| = 0. In view of

1-9, 1—96,

Su, —x, =

It follows that 1im,,_c || Sy, — X, || = 0. Note that ||Sx, — x,|| < ||Sx, — Suy|| + || S, — x4 Using
Lemma 1.4, we find that lim,,_,e ||Sx, —x, || = 0. It follows from Lemma 1.4 that X € F(S). This
proves that X € 7. Assume that there exits another subsequence {x;, } of {x,} such that {x;,}
converges weakly to x’. We can find that X’ € .%. If ¥ # X/, we get from Opial condition that
lim ||x, — X|| = liminf||x,, — || < liminf|x,, — ||
n—oo 1—yo0 1—ro0
= lim ||x, —x'|| = liminf ||x,, — x|
n—o0 Jj—reo
< liminf [|x,; — || = lim ||x, —%]|.
] e n—oo
This derives a contradiction. Hence, we have ¥ = x’. This implies that x, — ¥ € .%. The proof

is completed.
From Theorem 2.1, we have the following common fixed point problem.

Theorem 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S, :
C — C be a ky,-strict pseudocontraction for each 1 < m < N, where N is some positive integer.
Assume that & =y _ F(S) is not empty. Let {0, }, {Bn} be sequences in (0,1). Let {e,} is a

bounded sequence in C. Let {x,} be a sequence generated in the following manner:
N
x1 €EC, Xpi1 = OyXy +[3n(5nxn +(1-6,) Z,uiSl-xn), Vn>1.
i=1

Assume that the sequences {0y}, {Bn}, {0.}, and {ry} satisfy the following restrictions: 0 <
a<0,<d<1,0<k<§,<b< LO0<c<r,<d<2Aandy, Y, <oo.Then the sequence

{xn} converges weakly to some point x € F, where X = limy,_,co Pz xp.
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Proof. Using the definition of strict pseudocontractions, we see that a mapping 7 is said to be

a k-strict pseudocontraction iff
20—y, (I=T)x—(I=T)y) > (1=Kl = T)x— (I =Tyl

Define a mapping S: C — C by S = YV _| 11,yS,. Next, we prove that F(S) = n_ F(S,,) and
S is a k-strict pseudocontraction, where k = max{k,, : | <m < N}. It follows that S is a k-strict
pseudocontraction, where k = max{k,, : 1 <m < N}. Next, we show that F(S) = ﬂ%ZIF (Sm)-
It is clear to see that F(S) D NY_,F(S,,). It suffices to prove that N¥_ F(S,) 2 F(S). Let

x € F(S) and write T,, = —S,,. Lety € "N _,F(S,,). Forany i, j € {1,2,--- ,N} and i # j, we

have
2 Al 2
Ix=ylI7=11'Y tn(y—Smx)||
m=1
N ) )
< Y Honlly = Sxl1” — papl1Six — S|
m=1
al ) 2 2
<Yt ([ly =1 4 K| x| ?) — pipt || Six — S x|

m=1

N
<y =l +k Y thll Te]]® — pags | Sioe — x|
i=1

This shows that
N
it [Sex— S| <k Y o x|
m=1

Since Y'Y | th Tpx = 0, we find that [|Six — S;x|| = 0. This proves that S;x = S;x. Since x is a
fixed point of S, we obtain N¥_, F(S,,) 2 F(S). This proves that F(S) = NN_, F(S,,). Putting

T =0,F =0and r, =1, we find from Theorem 2.1 the desired conclusion immediately.
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