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Abstract. In this paper, an impulsive state feedback control model of endangered animal protection is investigated.

We obtain the sufficient condition for the existence and the stability of the order-1 periodic solution. The theoretical

results are verified by the numerical simulations. The results show that simultaneously taking the measures of both

population migration and artificial breeding is beneficial to the balanced development of the white-headed langur

species in all patches, and can protect the white-headed langur species in vulnerable plaques more effectively.
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1. Introduction

The white-headed langur is among the most endangered primate species in the world and en-

demic to China, currently listed in Category I of the State Key Protected Wildlife List in China.

Now white-headed langurs only occupy in karst regions with an area of less than 200 square

kilometers in Congzuo of Guangxi Zhuang Autonomous Region. And the total number of wild

white-headed langurs in these regions is less than 1000 [1]. The habitat loss and fragmentation

becomes more and more severe, since the range of white-headed langurs distribution is narrow,
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their habitat is unique, and human activities disturb the life of white-headed langurs, and affects

the communication and development of white-headed langurs. According to literature reported

[2-3], the number of white-headed langurs in Longrei region that locates in Guangxi Nonggang

national nature reserve is very small. The population size drops dramatically comparing with

the size in the 80s of the last century. White-headed langurs tend to be extinct. However, the

white-headed langur population in the Banli region and Fusui region which locates in Guangxi

Chongzuo white-headed langurs national nature reserve is relatively larger, which makes the

intraspecific competition pressure large. In other words, the development of populations in dif-

ferent plaques is unbalanced. Therefore, we consider the strategy of taking both the measures

of releasing white-headed langurs in captive to the wild and promoting population migration to

protect white head langurs.

From the early literatures [4-5] about using mathematical models to study the wildlife pro-

tection and management, we can see that continuous dynamic system models are studied. How-

ever, population change and control behavior are not continuous in reality. Thus it is more real

to use semi-continuous dynamic systems and impulsive state feedback control models that are

studied in [6-9]. In [6], a Korean pine forest model with impulsive thinning measure is present-

ed by using impulsive state feedback system to investigate the periodicity of the regeneration

process of the forest. A predator-prey model with two state impulses is established in [7]. In

[8], the authors investigate a Holling II functional response predator-prey system with state-

dependent impulsive control, according to a biological and chemical control strategy for pest

control. In [9], a predatorCprey model with both constant rate harvesting and state dependent

impulsive harvesting is analyzed. In this paper, we establish a model with impulsive state feed-

back control for protecting while-headed langurs, and study the existence and the stability of its

period solution.

According to the actual situation of white-headed langur habitat, we make the following

assumptions:

(1) The system is composed of two patches. Let x(t), y(t) be the densities of white-headed

langurs in the first and second patch, respectively. The constant di (i = 1,2)is the migration rate

of white-headed langurs from the patch to the other patch.
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(2) The white-headed langurs in the first patch grow according to a logistic fashion with the

intrinsic growth rate a and the carrying capacity ab−1.

(3) The second patch is a vulnerable plaque. The population has a negative intrinsic rate of

increase −r.

(4) When the population in the second patch drops to a survive threshold h, the amounts of

white-headed langurs in captive that will be released to the wild in the first and second patch

are denoted as u and v, respectively.

Therefore, an impulsive state feedback control model for protecting white-headed langurs is

obtained as follows.



dx
dt

= x(a−bx)+d1(y− x),

dy
dt

=−ry+d2(x− y),

y > h,

∆x = u,

∆y = v,

y = h,

(1.1)

where a, b, r, d1, d2, u and v are all positive numbers, and

∆x(t) = x(t+)− x(t),∆y = y(t+)− y(t).

If system (1.1) has no impulsive effects, i.e., u= 0, v= 0, system (1.1) becomes the following

model: 
dx
dt

= x(a−bx)+d1(y− x),

dy
dt

=−ry+d2(x− y).
(1.2)

2. Preliminaries

Definition 1. [10] Consider the state-dependent impulsive differential equations
dx
dt

= P(x,y),
dy
dt

= Q(x,y),(x,y) /∈M,

∆x = m(x,y),∆y = n(x,y),(x,y) ∈M.

(2.1)
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The dynamical system consisting of the solution mapping of system (2.1) is called a semi-

continuous dynamical system, denoted by (Ω, f , ϕ , M). We require that the initial point P

of system (2.1) should not be in the impulse set M, that is, P ∈ Ω=R2-M , ϕ is a continuous

mapping, that satisfies ϕ(M)=N, ϕ is called impulse mapping. Where M and N are lines or

curves on the plane R2
+={(x,y) ∈ R2|x ≥ 0,y ≥ 0}, M is called impulse set, N is called phase

set.

Definition 2. [10] For the semi-continuous dynamic system defined by the state-dependent

impulsive differential equations (2.1), the solution mapping f (P, t): Ω×R+ → Ω consists of

two parts:

(1) Let π(P, t) denote the poincar mapping with the initial point P of the following system


dx
dt

= P(x,y),

dy
dt

= Q(x,y).

If f (P, t)
⋂

M = φ ,then f (P, t) = π(P,T ).

(2) If there exists a time point T1 such that f (P,T1) = Q1 ∈M,ϕ(Q1) = ϕ( f (P,T1) = P1 ∈ N,

and f (P1, t)
⋂

M = φ ,then f (P, t) = π(P,T1)+π(P1, t).

For any point P ∈ Ω, let f (P, t) be the trajectory of system (2.1) going through the point P.

Since F(P) is the first intersection point of f (P, t)’s positive semi-orbit and the impulsive set M,

there exists a t1 ∈ R+ such that F(P) = f (P, t1) ∈M. For t ∈ (0, t1), f (P, t) /∈M holds.

Definition 3. [10] A trajectory f (P, t) is called order-1 periodic solution with period T if there

exists a point P ∈ N and T > 0 such that Q = F(P) = f (P,T ) ∈M and ϕ(Q) = ϕ( f (P,T )) =

P ∈ N. The trajectory Γ = f (P, t)+impulse line QP is called order-1 cycle.

Suppose the impulse set M and phase set N are straight lines. C be the intersection point of

phase set N and y-axis. We define a new coordinate axis on phase set N, origin of new axis is

C, and the direction and length unit are the same as that of the axis x. For any point P ∈ N, let

l(P) be the new coordinate of point P which defined as the distance between the point P and the

point C, that is l(P) = xP.
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Definition 4. [10] For any point P ∈ N, if F(P) = P1 ∈M and P1 = ϕ(P1) ∈ N, then point P1is

called successor point of point P, and function d(P) = xP1− xP is called successor function of

point P.

Let the trajectory f (A, t) starting from a point A∈N reaches the point A1 ∈M, and then jumps

onto the point A1 ∈ N; Similarly, the trajectory f (B, t) starting from a point B ∈ N reaches the

point B1 ∈M, and then jumps onto the point B1 ∈N, and ϕ(A1B1)⊂ AB (see FIGURE 1). Thus

the region G encircled by the closed curve AA1B1B is an invariant set of system (2.1). G is

called the Bendixson region of system (2.1).

FIGURE 1. The Bendixson region of system (2.1).

Lemma 1. (Bendixson theorem of semi-continuous dynamic system). Assume G is Bendixson

region of semi-continuous dynamic system (2.1), if G doesn’t contain any equilibrium points of

(2.1), then there exists at least an order-1 periodic solution in the internal of region G.

Lemma 2. [11] (Analogue of the Poincare criterion) The T - periodic solution x = ξ (t),y = η(t)

of the system


dx
dt

= P(x,y),
dy
dt

= Q(x,y), i f ϕ(x,y) 6= 0,

∆x = α(x,y),∆y = β (x,y), i f ϕ(x,y) = 0.

is orbitally asymptotically stable and enjoys the property of asymptotic phase if the multiplier

|µ2|< 1 calculated by the following formula

µ2 = Π
q
k=1∆kexp

[∫ T

0

(
∂P
∂x

(
α(t),β (t)

)
+

∂Q
∂y

(
α(t),β (t)

))
dt
]
,

where

∆k =
P+
(

∂β

∂y
∂ϕ

∂x −
∂β

∂x
∂ϕ

∂y +
∂ϕ

∂x

)
+Q+

(
∂α

∂x
∂ϕ

∂y −
∂α

∂y
∂ϕ

∂x +
∂ϕ

∂y

)
P∂ϕ

∂x +Q∂ϕ

∂y

,
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and P,Q, ∂α

∂x ,
∂α

∂y ,
∂β

∂x ,
∂β

∂y ,
∂ϕ

∂x ,
∂ϕ

∂y are calculated at the point (ξ (τk),η(τk)) and P+ = P(ξ (τ+k ),

η(τ+k )), Q+ = Q(ξ (τ+k ), η(τ+k )).

3. Existence, uniqueness and stability of order-1 periodic solutions

By simple calculation, we know system (1.2) exists a unique positive equilibrium points

Q(x∗,y∗) , if ∆ = a(r+d2)−d1r > 0 , and Q(x∗,y∗) is locally asymptotically stable node, when

(r+d2)(d1 +d2 +a+ r)> 2d1r+2(r+d2)
√

∆ . Where

x∗ =
a(r+d2)−d1r

b(r+d2)
,y∗ =

d2(a(r+d2)−d1r)
b(r+d2)2 .

Construct a closed folding line Γ = ABCOA, where O is the origin of coordinates, A(0,ky∗),

B(kx∗,ky∗), C(kx∗,0). Easy to show that the trajectories of system (1.2) are from outside to

inside when intersecting with Γ, if k > 1 sufficiently large. Hence the positive semi-orbit of

system (1.2) is bounded in R2
+ = {(x,y)|x≥ 0,y≥ 0}(see FIGURE 2).

FIGURE 2. The positive semi-orbit of system (1.2) is bounded in R2
+.

Denote 
dx
dt

= x(a−bx)+d1(y− x) =U(x,y),

dy
dt

=−ry+d2(x− y) =V (x,y).

Define a Dulac function B(x,y) = x−1y−1, we have

∂ (BU)

∂x
+

∂ (BV )

∂y
=−b

y
− d1

x2 −
d2

y2 < 0.

Therefore, according to the Bendixson-Dulac criterion, system (1.2) has no limit cycles in R2
+.

According to the above discussion, we can get the following results.
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Theorem 1. If ∆ = a(r + d2)− d1r > 0, then system (1.2) has a unique positive equilibrium

point Q(x∗,y∗), and Q(x∗,y∗) is a globally asymptotically stable node when

L = (r+d2)(d1 +d2 +a+ r)−2d1r−2(r+d2)
√

∆ > 0,

where

x∗ =
a(r+d2)−d1r

b(r+d2)
,y∗ =

d2(a(r+d2)−d1r)
b(r+d2)2 .

The illustration of vector fields of system (1.2) can be seen in FIGURE 3, where a = 0.033,

b = 0.004, r = 0.02, d1 = 0.03, d2 = 0.002.

FIGURE 3. The vector field plot of system (1.2). The equilibrium point

Q(1.43,0.13) is a stable node.

In system (1.1), we have the impulsive set M = {(x,y) ∈ R2
+|x ≥ 0,y = h}, the impulsive

function ϕ(x,h) = (x+u,y+ v) , and the phase set N = f (M) = {(x,y) ∈ R2
+|x≥ u,y = h+ v}.

The following discussion, assumes that L = (r+d2)(d1+d2+a+r)−2d1r−2(r+d2)
√

∆ >

0 and ∆ = a(r+d2)−d1r > 0 hold.

Theorem 2. If h > y∗, then system (1.1) has a unique order-1 periodic solution. (2) If h < y∗,

then system (1.1) has no order-1 periodic solution.

Proof. Assume that the impulsive set M and the phase set N intersects the isoclinics dx
dt = 0

at the point A and E, and intersects the isoclinic dy
dt = 0 at the point B and D. Let ϕ(A) =

A0,ϕ(B) = B0.

(1) If h > y∗, then the impulsive set M and the phase set N of system (1.1) are both above the

positive equilibrium point Q. From the asymptotical stability of point Q, the trajectory f (A0, t)

starting from the point A0 inevitably intersects with AB at point A1. The point A1 becomes phase

point A1 after pulses, and point A1 is surely on the right of point A0 , thus xA0 < xA1 . Similarly,

the trajectory f (B0, t) starting from the point B0 inevitably intersects with AB at point B1. The
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point B1 becomes phase point B1 after pulses, and point B1 is surely on the left of point B0,

thus xB1 < xB0 . Since A1B1 ⊂ AB , and also the trajectory f (A0, t) and the trajectory f (B0, t)

have no intersection, then xA1 < xB1 . Therefore, xA0 < xA1 < xB1 < xB0 , which implies that

ϕ(A1B1)⊂ (A0B0) . Thus the region G encircled by the closed curve A0A1B1B0 is a Bendixson

region of system (1.1). From h > y∗, we get that G does not contain any equilibrium points of

(1.1). By Lemma 1, we know that System (1.1) has an order-1 periodic solution, initial point of

which is between A0 and B0 in set N (see FIGURE 4).

Take any two points P,J in the segment A0B0, where xA0 < xP < xJ < xB0 . Let F(P) = P1 ∈

M,F(J) = J1 ∈M, and then P1,J1 jumps onto the point P1,J1 on the phase set N after pulses,

respectively. So the point P1 is the successor point of P and J1 is the successor point of J.

And the point P1 is surely on the right of point P , the point J1 is surely on the left of point J.

From xP < xJ , we have xP1 < xJ1 and xP1 = xP1 + v,xJ1 = xJ1 + v, so xP < xP1 < xJ1 < xJ . Thus

the successor functions of P,J satisfy d(P)−d(J) = (xP1− xP)− (xJ1− xJ)> 0, which implies

that the successor function d(Z) increase monotonically with respect to Z in the segment A0B0.

Hence there exists a unique point S between A0 and B0 such that d(S) = 0. Therefore, system

(1.1) has a unique order-1 periodic solution then h > y∗.

(2) If h < y∗, then the positive equilibrium point Q of system (1.1) in between the impulsive

set M and the phase set N or above. Since the point Q(x∗,y∗) is globally asymptotically stable

node, from Vector field plot FIGURE 3, we know that the trajectory f (P, t) starting from any

point in the set {(x,y)|0 < x < xE ,y = h+ v} and {(x,y)|x > xD,y = h+ v} will tend to the

equilibrium Q after several times impulsive effects at most, the trajectory f (P, t) starting from

any point in the sets ED = {(x,y)|xE ≤ x ≤ xD,y = h+ v} all tend to the equilibrium Q and

no intersects with the impulsive set M . So the trajectory f (P, t) starting from any point in the

phase set N are not periodic solution. Then system (1.1) has no order-1 periodic solution then

h < y∗(see FIGURE 5).

The proof is completed.

Theorem 3. If

|µ2|=
∣∣∣∣−(r+d2)(h+ v)+d2ξ0

−(r+d2)h+d2(ξ0−u)

∣∣∣∣exp
[
−
∫ T

0

(
bξ +

d1η

ξ
+

d2ξ

η

)
dt
]
< 1.
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FIGURE 4. The existence of order-1 periodic solution of system (1.1) when h > y∗.

FIGURE 5. There is no order-1 periodic solution of system (1.1) when h < y∗.

then the order-1 periodic solution of system (1.1) is orbitally asymptotically stable.

Proof. Assume that x = ξ (t), y = η(t) is the order-1 periodic solution of system (1.1) whose

period is T , and (ξ0,η0) ∈ N, F(ξ0,η0) = (l,h) ∈ M hold. Then
(
ξ (T ),η(T )

)
= (l,h) =

(ξ1,η1),
(
ξ (T+),η(T+)

)
= (ξ1 +u,η1 + v) = (ξ0,η0), where η1 = h. Let

U(x,y) = x(a−bx)+d1(y− x),V (x,y) =−ry+d2(x− y),

α(x,y) = u,β (x,y) = v,ϕ(x,y) = y−h.

Then U+=U(ξ (T+),η(T+))=U(ξ1+u,η1+v), V+=V (ξ (T+),η(T+))=V (ξ1+u,η1+v),

and
∂U
∂x

= (a−d1)−2bx,
∂V
∂y

=−r−d2,
∂α

∂x
= 0,

∂α

∂y
= 0,

∂β

∂x
= 0,

∂β

∂y
= 0,

∂ϕ

∂x
= 0,

∂ϕ

∂y
= 1.

According to Lemma 2, we have

∆1 =
U+

(
∂β

∂y
∂ϕ

∂x −
∂β

∂x
∂ϕ

∂y +
∂ϕ

∂x

)
+V+

(
∂α

∂x
∂ϕ

∂y −
∂α

∂y
∂ϕ

∂x +
∂ϕ

∂y

)
U ∂ϕ

∂x +V ∂ϕ

∂y

=
V+

(
ξ+(T ),η+(T )

)
V
(
ξ (T ),η(T )

)
=
−(r+d2)(η1 + v)+d2(ξ1 +u)

−(r+d2)η1 +d2ξ1
=
−(r+d2)(h+ v)+d2ξ0

−(r+d2)h+d2(ξ0−u)
.
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exp
[∫ T

0

(
∂U
∂ξ

(
ξ (t),η(t)

)
+

∂V
∂η

(
ξ (t),η(t)

))
dt
]

= exp
[∫ T

0

(
(a−d1)−2bξ − (r+d2)

)
dt
]

= exp
[∫

ξ1

ξ0

d
(
lnξ (t)

)
+
∫

η1

η0

d
(
lnη(t)

)
−
∫ T

0

(
bξ +

d1η

ξ
+

d2ξ

η

)
dt
]

= exp
[
−
∫ T

0

(
bξ +

d1η

ξ
+

d2ξ

η

)
dt
]
.

Thus

µ2 = ∆1exp
[∫ T

0

(
∂U
∂ξ

(ξ (t),η(t))+
∂V
∂η

(ξ (t),η(t))
)

dt
]

=

(
−(r+d2)(h+ v)+d2ξ0

−(r+d2)h+d2(ξ0−u)

)
exp
[
−
∫ T

0

(
bξ +

d1η

ξ
+

d2ξ

η

)
dt
]
.

Obviously, 0 < exp
[
−
∫ T

0

(
bξ + d1η

ξ
+ d2ξ

η

)
dt
]
< 1.Therefore, when

|µ2|=
∣∣∣∣−(r+d2)(h+ v)+d2ξ0

−(r+d2)h+d2(ξ0−u)

∣∣∣∣exp
[
−
∫ T

0

(
bξ +

d1η

ξ
+

d2ξ

η

)
dt
]
< 1.

the order-1 periodic solution of system (1.1) is orbitally asymptotically stable.

The proof is completed.

4. Discussions and numerical analysis

In this paper, we investigate a model with impulsive state feedback control for protecting

while-headed langurs. By the geometric theory and Bendixson theorem of semi-continuous

dynamic system as well as the analogue of the Poincare criterion, we proved the existence,

uniqueness and stability of the order-1 periodic solution of system (1.1), and that this periodic

solution remains above some critical value. In the following, we validate the theoretical results

through numerical simulations.

According to literatures [1, 12], we roughly estimate that the intrinsic growth rate and the

carrying capacity of the white-headed langurs in the first patch are about 0.033 and 830, respec-

tively. The intrinsic growth rate of the white-headed langurs in the second patch is about -0.02.

According to literature [13], the minimum viable population of white-headed langurs is 59. For

the sake of convenience, in proportion to 1:100, we use 8.30 in lieu of 830 and 0.59 in lieu of
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59 in the simulation. The unit of white-headed langur population density is individual, and the

unit of time is year.

Assume a = 0.033, b = 0.004, r = 0.02, d1 = 0.03, d2 = 0.002, by direct numerical calcu-

lation, we have that the positive equilibrium point is Q(1.43,0.13), L = 1.76× 10−4 > 0, and

∆ = 1.26×10−4 > 0 .

Let h = 0.59, u = 0.02, v = 0.2, then h > y∗ = 0.13, the impulsive set is M = {(x,y)∈ R2
+|x≥

0,y = 0.59} , and the phase set is N = {(x,y) ∈ R2
+|x≥ 0.02,y = 0.79}. FIGURE 6 shows that

system (1.1) has an order-1 periodic solution. It indicates that the numerical simulation result

is consistent with the first case of Theorem 2.

Let h = 0.1, u = 0.02, v = 0.2, then h < y∗ = 0.13, the impulsive set is M = {(x,y) ∈ R2
+|x≥

0,y = 0.1} , and the phase set is N = {(x,y) ∈ R2
+|x ≥ 0.02,y = 0.3}. FIGURE 7 shows that

system (1.1) has no order-1 periodic solution and that the trajectory starting from initial point

(1.2,0.2) tends to move towards the equilibrium Q(1.43,0.13). It indicates that the numerical

simulation result is consistent with the second case of Theorem 2. Of course, this kind of situ-

ation is unlikely to happen in ecological practice, because it is impossible for species survival

threshold to be less than the equilibrium state.

FIGURE 6. Time series and phase portrait of system (1.1). Where h = 0.59,u =

0.02,v = 0.2,a = 0.033,b = 0.004,r = 0.02,d1 = 0.03,d2 = 0.002

FIGURE 7. Time series and phase portrait of system (1.1). Where h = 0.1,u =

0.02,v = 0.2,a = 0.033,b = 0.004,r = 0.02,d1 = 0.03,d2 = 0.002

We can see that by taking the measure of population migration only and no artificial breeding,

the white-headed langur populations of the first and second patches remain at the levels of 143
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and 13, respectively (see FIGURE 3). But as the density of white-headed langurs in the second

patch is less than the threshold, and the intrinsic growth rate is low, according to the sparse

population effect, it is possible that the white-headed langur species in the second patch will

extinct. By taking both the measures of population migration and artificial breeding simultane-

ously, the density of white-headed langurs in the first patch is stable between 270 and 272, and

the density of white-headed langurs in the second patch is stable between 59 to 79 (see FIGURE

6). Both densities remain above survival threshold, guaranteeing that species of both patches

can continue to live. In addition, from FIGURE 8 we can observe that when migration rate is

zero (i.e., d1 = 0 and d2 = 0 ), in the system without impulsive effect, the white-headed langur

species in the second patch tend to extinct (see FIGURE 8 (a)). In the system with impulsive

effect, the white-headed langur population of patch 2 is stable above the survival threshold (see

FIGURE 8(b)). This that shows releasing white-headed langurs has a relatively greater effect

on the change of the amount of the wild species.

FIGURE 8. The vector field plot of system (1.2) and phase portrait of system

(1.1). Where h = 0.59,u = 0.02,v = 0.2,a = 0.033,b = 0.004,r = 0.02,d1 =

0,d2 = 0.

In simulation we also see an interesting phenomenon: when the migration rate of patch 1

does not change and the migration rate of patch 2 decreases, in the system without impulsive

effect, the population densities of both patches significantly decrease, and the population density

of patch 2 decreases faster (see FIGURE 3 and FIGURE 9(a)). In the system with impulsive

effect, the population density of patch 1 increases, and the population density of patch 2 does

not change. This phenomenon is different from what we expected: the population density of

patch 1 decreases, and the population density of patch 2 increases (see FIGURE 6 and FIGURE

9(b)).
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FIGURE 9. The vector field plot of system (1.2) and phase portrait of system

(1.1). Where h = 0.59,u = 0.02,v = 0.2,a = 0.033,b = 0.004,r = 0.02,d1 =

0.03,d2 = 0.001.

Both the theoretical results and the numerical simulations show that simultaneously taking

the measures of population migration and artificial breeding is beneficial to the balanced devel-

opment of white-headed langurs in patches, and can protect the white-headed langurs in vul-

nerable plaques more effectively. Therefore, in actual protection work, we can repair habitats

and set up reasonable ecological corridors to promote population migrations of white-headed

langurs between different plaques and to promote gene exchange. At the same time, we can do

artificial breeding of white-headed langurs and determine the survival threshold (i.e., the min-

imum survival populations). When the population in vulnerable plaques drops to the survival

threshold, white-headed langurs in captive will be released into the wild, in order to keep the

balanced development and persistent existence of the population.
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