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A NEW ALGORITHM FOR SOLVING NONLINEAR OPTIMIZATION PROBLEMS

SONGTAO LV

Department of Mathematics, Shangqiu Normal University, Shangqiu 476000, China

Abstract. The aim of this paper is to study common solutions of two nonlinear problems: variational inequality and

fixed point problems. A mean valued algorithm with computational errors is introduced for solving the common

solution problem. Convergence analysis of the algorithm is obtained in the framework of Hilbert spaces.
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1. Introduction-Preliminaries

Throughout this paper, we assume that H is a real Hilbert space, whose norm and inner

product are denoted by ‖ · ‖ and 〈·, ·〉, respectively. Let C be a convex and closed subset of H

and Pro jC be the metric projection from H onto C.

Let T be a mapping on C. Next, we denote by F(T ) the set of fixed points of T . Recall that

T is said to be contractive iff there exists α ∈ (0,1) such that

‖T x−Ty‖ ≤ α‖x− y‖, ∀x,y ∈C.

We also say T is an α-contractive mapping. Recall that T is said to be nonexpansive iff

‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈C.

It is known that the fixed point set of nonexpansive mappings is nonempty on bounded closed

convex subsets of H.
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Iterative methods for nonexpansive mappings have recently been applied to solve convex

minimization problems; see, [1]-[17] and the references therein. A typical problem is to mini-

mize a quadratic function over the set of the fixed points of a nonexpansive mapping on a real

Hilbert space H:

min
x∈F(T )

1
2
〈Bx,x〉−〈x,y〉,

where B is a linear bounded operator on H, and y is a given point in H.

In [16], it is proved that sequence {xn} defined by the iterative algorithm below, with the

initial guess x0 ∈ H chosen arbitrarily,

xn+1 = αny+(I−αnB)T xn, ∀n≥ 0,

converges strongly to the unique solution of the minimization problem provided the sequence

{αn} satisfies certain conditions.

Recall that a mapping A : C→ H is said to be inverse-strongly monotone if there exists a

positive real number µ such that

〈Ax−Ay,x− y〉 ≥ µ‖Ax−Ay‖2, ∀x,y ∈C.

For such a case, A is also said to be µ-inverse-strongly monotone.

Recall that a mapping A : C→H is said to be strongly monotone if there exists a positive real

number µ such that

〈Ax−Ay,x− y〉 ≥ µ‖x− y‖2, ∀x,y ∈C.

For such a case, A is also said to be µ-strongly monotone.

The classical variational inequality problem is to find u ∈C such that

〈Au,v−u〉 ≥ 0, ∀v ∈C.

We denoted by V I(C,A) the set of solutions of the variational inequality. For a given z∈H,u∈C

satisfies the inequality

〈u− z,v−u〉 ≥ 0, ∀v ∈C,

if and only if u = Pro jCz. It is known that projection operator PC is firmly nonexpansive. It is

also known that Pro jCx is characterized by the property: Pro jCx∈C and 〈x−Pro jCx,Pro jCx−

y〉 ≥ 0 for all y ∈C.
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One can see that the variational inequality problem is equivalent to a fixed point problem,

that is, an element u ∈ C is a solution of the variational inequality if and only if u ∈ C is a

fixed point of the mapping Pro jC(I − λA), where λ > 0 is a constant and I is the identity

mapping. Recently, variational inequality and fixed point problems have been considered by

many authors; see, e.g., [1]-[4], [8], [9], [13]-[15], [18]-[23] and the references therein.

Variational inequalities has emerged as an important tool in studying a wide class of real

world problems arising in several branches of pure and applied sciences in a unified and gen-

eral framework. This field is dynamics and is experiencing an explosive growth in both theory

and applications. Recently, several numerical techniques including the Wiener-Hopf equations,

resolvents, gradient projections, auxiliary principle, decomposition and descent are being devel-

oped for solving various classes of variational inequalities and related optimization problems.

Recently, Marino and Xu [17] introduced a general iterative scheme by the viscosity approx-

imation method:

x0 ∈ H, xn+1 = (I−αnB)T xn +αnγ f (xn), ∀n≥ 0, (1.1)

where T is a nonexpansive mapping on H, f is a contraction on H with the coefficient α , B is

a bounded linear strongly positive operator on H with the coefficient γ̄ and γ is a constant such

that 0 < γ < γ̄/α . They proved that the sequence {xn} generated by the iterative scheme (1.1)

converges strongly to the unique solution of the variational inequality:

〈(B− γ f )x∗,x− x∗〉 ≥ 0, ∀x ∈ F(S),

which is the optimality condition for the minimization problem

min
x∈F(T )

1
2
〈Bx,x〉−h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for all x ∈ H.)

Very recently, Chen et al. [19] studied the following iterative process:

x1 ∈C, xn+1 = αn f (xn)+(1−αn)SPC(xn−λnAxn), ∀n≥ 1, (1.2)

and also obtained a strong convergence theorem by so-called viscosity approximation method

discussed by Moudafi [24] in the framework of Hilbert spaces.
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Lemma 1.1. In Hilbert spaces, the following inequality holds

‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉, ∀x,y ∈ H.

Lemma 1.2. [17] Assume that B is a strong positive linear bounded operator on a Hilbert space

H with coefficient γ̄ > 0 and ‖B‖−1 ≥ ρ > 0. Then ‖I−ρB‖ ≤ 1−ργ̄ .

Lemma 1.3. [17] Let H be a Hilbert space, B be a strongly positive linear bounded self-adjoint

operator on H with the coefficient γ̄ > 0. Assume that γ̄/α > γ > 0. Let T : H → H be a

nonexpansive mapping with a fixed point xt of the contraction x 7→ (I− tB)T x+ tγ f (x). Then

{xt} converges strongly as t→ 0 to a fixed point x̄ of T , which solves the variational inequality:

〈x̄− z, f (x̄)− Bx̄
γ
〉 ≥ 0, ∀z ∈ F(T ).

Lemma 1.4. [25] Let {xn} and {yn} be bounded sequences in a Banach space X and let βn be

a sequence in [0,1] with 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1. Suppose xn+1 = (1−βn)yn +

βnxn for all integers n≥ 0 and

limsup
n→∞

(‖yn+1− yn‖−‖xn+1− xn‖)≤ 0.

Then limn→∞ ‖yn− xn‖= 0.

Lemma 1.5. [26] Assume that {αn} is a sequence of nonnegative real numbers such that

αn+1 ≤ (1− γn)αn +δn + en,

where {γn} is a sequence in (0,1), {en} and {δn} are sequences such that

(i) ∑
∞
n=1 γn = ∞;

(ii) ∑
∞
n=1 en < ∞;

(iii) limsupn→∞ δn/γn ≤ 0 or ∑
∞
n=1 |δn|< ∞.

Then limn→∞ αn = 0.

Lemma 1.6. [21] Let H be a Hilbert space, C a closed convex subset of H, f : C → C a

contraction with the coefficient α ∈ (0,1) and B a strongly positive linear bounded operator
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with the coefficient γ̄ > 0. Then, for any 0 < γ < γ̄

α
,

〈x− y,(B− γ f )x− (B− γ f )y〉 ≥ (γ̄− γα)‖x− y‖2, ∀x,y ∈C.

That is, B− γ f is strongly monotone with coefficient γ̄−αγ .

2. Main results

Theorem 2.1. Let H be a real Hilbert space and let C be a nonempty convex closed sub-

set of H. Let T be a nonexpansive self mappings on C. Let f : C→ C be an α-contraction

and Let B be a strongly positive linear bounded self-adjoint operator of C into itself with the

coefficient γ̄ > 0. Let A : C → H be a µ-inverse-strongly monotone mapping. Assume that

γ̄ > αγ > 0 and F = F(T )∩V I(C,A) 6= /0. Let {xn} be a sequence generated in the fol-

lowing manner x1 ∈ C, yn = T Pro jC
(
xn − λnAxn + en

)
, xn+1 = Pro jC

(
(1− αn)βnγ f (yn) +

αnxn + (1−αn)(I− βnB)yn

)
, ∀n ≥ 1, {αn}, {βn} are sequences in (0,1) and {λn} is a se-

quence in (0,2µ) and {en} is a sequence in H. Assume that {αn}, {βn}, {en} and {λn}

satisfy 1 > limsupn→∞ αn ≥ liminfn→∞ αn > 0, ∑
∞
n=1 βn = ∞, ∑

∞
n=1 ‖en‖ < ∞, limn→∞ βn = 0,

limn→∞ |λn+1−λn| = 0, {λn} ⊂ [λ ,λ ′] f or some λ ,λ ′ with 0 < λ ≤ λ ′ < 2µ . Then sequence

{xn} converges strongly to some q ∈ F, where q = Pro jF(γ f + I−B)q.

Proof. First, we show that mappings I−λnA is nonexpansive. For ∀x,y ∈C, we have

‖(I−λnA)x− (I−λnA)y‖2

≤ ‖x− y‖2−2λn〈Ax−Ay,x− y〉+λ
2
n ‖Ax−Ay‖2

≤ ‖x− y‖2 +λn(λn−2µ)‖Ax−Ay‖2

≤ ‖x− y‖2

This shows that I−λnA are nonexpansive. Put zn = (I−βnB)yn +βnγ f (yn). With no loss of

generality, we may that βn ≤ ‖B‖−1 for all n≥ 1. From Lemma 1.2, we know that, if 0 < βn ≤
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‖B‖−1 for all n≥ 1, then ‖I−βnB‖ ≤ 1−βnγ̄ . Letting p ∈ F , we have

‖yn− p‖ ≤‖Pro jC
(
xn−λnAxn + en

)
− p‖

≤‖
(
xn−λnAxn

)
−
(

p−λnAp
)
+ en‖

≤‖xn− p‖+‖en‖.

Putting zn = βnγ f (yn)+(I−βnB)yn, one has

‖zn− p‖ ≤βn‖γ f (yn)−Bp‖+‖I−βnB‖‖yn− p‖

≤βn[γ‖ f (yn)− f (p)‖+‖γ f (p)−Bp‖]+ (1−βnγ̄)‖yn− p‖

≤βn[γ‖ f (yn)− f (p)‖+‖γ f (p)−Bp‖]+ (1−βnγ̄)‖xn− p‖+ en

≤[1− (γ̄− γα)βn]‖xn− p‖+βn‖γ f (p)−Bp‖+ en,

which yields that

‖xn+1− p‖ ≤ (1−αn)‖zn− p‖+αn‖xn− p‖

≤ (1−αn)[1− (γ̄− γα)βn]‖xn− p‖+αn‖xn− p‖

+(1−αn)βn‖γ f (p)−Bp‖+ en.

Since ∑
∞
n=1 ‖en‖< ∞, we find from the mathematical induction that sequence {xn} is bounded.

Next, we show that limn→∞ ‖xn+1−xn‖= 0. Letting ξn = Pro jC
(
xn−λnAxn +en

)
, one finds

that

‖ξn+1−ξn‖ ≤ ‖
(
xn+1−λn+1Axn+1 + en+1

)
−
(
xn−λnAxn + en

)
‖

≤ ‖
(
xn+1−λn+1Axn+1 + en+1

)
−
(
xn−λn+1Axn + en

)
‖

+‖
(
xn−λn+1Axn + en

)
−
(
xn−λnAxn + en

)
‖

≤ ‖xn+1− xn‖+‖en+1− en‖+‖Axn‖|λn+1−λn|.

(2.1)

It follows from (2.1) that

‖yn+1− yn‖= ‖T ξn+1−T ξn‖

≤ ‖ξn+1−ξn‖

≤ ‖xn+1− xn‖+‖en+1− en‖+‖Axn‖|λn+1−λn|.

(2.2)
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Hence, one has

‖zn+1− zn‖ ≤ ‖I−βn+1B‖‖yn+1− yn‖+ |βn−βn+1|‖Byn‖

+βn+1γ‖ f (yn+1)− f (yn)‖+ γ|βn+1−βn|‖ f (yn)‖

≤
(
1−βn+1(γ̄− γα)

)
‖yn+1− yn‖+ |βn−βn+1|(‖Byn‖+ γ‖ f (yn)‖).

(2.3)

Substituting (2.2) into (2.3), one finds that

‖zn+1− zn‖ ≤
(
1−βn+1(γ̄− γα)

)
‖xn+1− xn‖+‖en+1− en‖+‖Axn‖|λn+1−λn|

+ |βn−βn+1|(‖Byn‖+ γ‖ f (yn)‖).

This yields that limsupn→∞(‖zn−zn+1‖−‖xn+1−xn‖)≤ 0. By virtue of Lemma 1.4, we obtain

that limn→∞ ‖zn− xn‖ = 0. On the other hand, we have ‖xn+1− xn‖ ≤ (1−αn)‖xn− zn‖. This

implies that

lim
n→∞
‖xn+1− xn‖= 0. (2.4)

Since βn→ 0 as n→ ∞, one finds that

lim
n→∞
‖zn− yn‖= 0. (2.5)

For all p ∈ F , we have

‖ξn− p‖2 ≤ ‖(xn− p)−λn(Axn−Ap)‖2 +‖en‖2 +2‖en‖‖(xn− p)−λn(Axn−Ap)‖

≤ ‖(xn− p)−λn(Axn−Ap)‖2 +‖en‖2 +2‖en‖‖xn− p‖

≤ ‖xn− p‖2−λn(2µ−λn)‖Axn−Ap‖2 +‖en‖2 +2‖en‖‖xn− p‖.
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Hence, one has

‖xn+1− p‖2 ≤ ‖αn(xn− p)+(1−αn)(zn− p)‖2

≤ αn‖xn− p‖2 +(1−αn)(βn‖γ f (yn)−Bp‖+(1−βnγ̄)‖yn− p‖)2

≤ αn‖xn− p‖2 +(1−αn)βn‖γ f (yn)−Bp‖2 +(1−αn)(1−βnγ̄)‖yn− p‖2

+2(1−αn)βn‖γ f (yn)−Bp‖‖yn− p‖

≤ αn‖xn− p‖2 +(1−αn)βn‖γ f (yn)−Bp‖2 +(1−αn)(1−βnγ̄)‖yn− p‖2

+2(1−αn)βn‖γ f (yn)−Ap‖‖ξn− p‖

≤ ‖xn− p‖2− (1−αn)(1−βnγ̄)λn(2µ−λn)‖Axn−Ap‖2 +‖en‖2 +2‖en‖‖xn− p‖

+2βn‖γ f (yn)−Ap‖‖ξn− p‖+βn‖γ f (yn)−Bp‖2.

Therefore,

(1−αn)(1−βnγ̄)λn(2µ−λn)‖Axn−Ap‖2

≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+‖en‖2 +2‖en‖‖xn− p‖

+2βn‖γ f (yn)−Ap‖‖ξn− p‖+βn‖γ f (yn)−Bp‖2.

This yields that

lim
n→∞
‖Axn−Ap‖= 0. (2.6)

On the other hand, we have

‖ξn− p‖2 ≤ 〈(xn−λnAxn + en)− (p−λnAp),ξn− p〉

≤ 1
2

(
‖(I−λnA)xn− (I−λnA)p‖2 +‖en‖2 +2‖en‖‖(I−λnA)xn− (I−λnA)p‖

+‖ξn− p‖2−‖(xn−ξn)−λn(Axn−Ap)+ en‖2
)

≤ 1
2

(
‖xn− p‖2 +2‖en‖‖xn− p‖+‖ξn− p‖2

−‖xn−ξn‖2−λ
2
n ‖Axn−Ap‖2 +2λn‖xn−ξn‖‖Axn−Ap‖

+2‖en‖‖(xn−ξn)−λn(Axn−Ap)‖
)
,
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which yields that

‖ξn− p‖2 ≤ ‖xn− p‖2 +2‖en‖‖xn− p‖−‖xn−ξn‖2 +2λn‖xn−ξn‖‖Axn−Ap‖

+2‖en‖‖(xn−ξn)−λn(Axn−Ap)‖.

Note that

‖xn+1− p‖2 ≤ ‖αn(xn− p)+(1−αn)(zn− p)‖2

≤ αn‖xn− p‖2 +(1−αn)(βn‖γ f (yn)−Bp‖+(1−βnγ̄)‖yn− p‖)2

≤ αn‖xn− p‖2 +(1−αn)βn‖γ f (yn)−Bp‖2 +(1−αn)(1−βnγ̄)‖yn− p‖2

+2(1−αn)βn‖γ f (yn)−Bp‖‖yn− p‖

≤ αn‖xn− p‖2 +(1−αn)βn‖γ f (yn)−Bp‖2 +(1−αn)(1−βnγ̄)‖ξn− p‖2

+2(1−αn)βn‖γ f (yn)−Ap‖‖ξn− p‖.

Further, one has

‖xn+1− p‖2 ≤ ‖xn− p‖2 +βn‖γ f (yn)−Bp‖2 +2‖en‖‖xn− p‖

− (1−αn)(1−βnγ̄)‖xn−ξn‖2 +2λn‖xn−ξn‖‖Axn−Ap‖

+2‖en‖‖(xn−ξn)−λn(Axn−Ap)‖+2βn‖γ f (yn)−Ap‖‖ξn− p‖.

Therefore, one has

(1−αn)(1−βnγ̄)‖xn−ξn‖2

≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+βn‖γ f (yn)−Bp‖2 +2‖en‖‖xn− p‖

+2λn‖xn−ξn‖‖Axn−Ap‖+2‖en‖‖(xn−ξn)−λn(Axn−Ap)‖

+2βn‖γ f (yn)−Ap‖‖ξn− p‖.

In view of the restrictions, one obtains limn→∞ ‖xn− ξn‖ = 0, which implies limn→∞ ‖T ξn−

ξn‖= 0. From Lemma 1.6, PF(γ f +(I−B)) has a unique fixed point. Next, we use q to denote

the unique fixed point q = PF(γ f +(I−B))(q).

Next, we show that limsupn→∞〈xn−q,γ f (q)−Bq〉≤ 0. To see this, we choose a subsequence

{xni} of {xn} such that

limsup
n→∞

〈xn−q,γ f (q)−Bq〉= lim
i→∞
〈xni−q,γ f (q)−Bq〉.
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Since {ξni} is bounded, there exists a subsequence {ξni j
} of {ξni} which converges weakly to

w. Without loss of generality, we can assume that ξni ⇀ w. Since the space has the Opial’s

condition, we have w = Tw. Put Mξ = /0, ξ /∈ C and Mξ = NC +Aξ , ξ ∈ C. Then M is also

a maximal monotone operator. Let (ξ ,ξ ′) ∈ Graph(M). Since ξ ′−Aξ ∈ NCξ and ξn ∈C, we

have 〈ξ −ξn,ξ
′−Aξ 〉 ≥ 0. On the other hand, we have from ξn = Pro jC(xn−λnAxn + en) that

〈ξ −ξn,ξn− (I−λnA)xn− en〉 ≥ 0. It follows from the above that

〈ξ −ξni,ξ
′〉 ≥ 〈ξ −ξni,Aξ 〉

≥ 〈ξ −ξni,Aξ − ξni− xni

λni

−Axni +
eni

λni

〉

= 〈ξ −ξni,Aξ −Aξni〉+ 〈ξ −ξni,Aξni−Axni〉

−〈ξ −ξni,
ξni− xni

λni

− eni

λni

〉

≥ 〈ξ −ξni,Aξni−Axni〉−〈ξ −ξni,
ξni− xni

λni

− eni

λni

〉,

which implies 〈ξ −w,ξ ′〉 ≥ 0. We have w ∈ M−10 and hence w ∈ V I(C,A). This completes

the proof w ∈ F. Hence, one has limsupn→∞〈xn− q,γ f (q)−Bq〉 ≤ 0. Note that ‖yn− q‖2 ≤

‖xn−q‖2 +νn, where νn = ‖en‖(‖en‖+2‖xn−q‖). It follows that

‖zn−q‖2 ≤ ‖(I−βnB)(yn−q)‖2 +2βn〈γ f (yn)−Bq,zn−q〉

≤ (1−βnγ̄)2(‖xn−q‖2 +νn)+2βn〈γ f (yn)−Bq,zn−q〉

≤ (1−βnγ̄)2‖xn−q‖2 +2βnγ〈 f (yn)− f (q),zn−q〉

+2βn〈γ f (q)−Bq,zn−q〉+νn

≤ (1−βnγ̄)2‖xn−q‖2 +βnγα(‖xn−q‖2 +‖zn−q‖2)

+2βn〈γ f (q)−Bq,zn−q〉+νn(1+βnγα),

which implies that

‖zn−q‖2 ≤
(
1− 2βn(γ̄−αγ)

1−βnγα

)
‖xn−q‖2 +

2βn(γ̄−αγ)

1−βnγα

( 1
γ̄−αγ

〈γ f (q)−Bq,zn−q〉

+
βnγ̄2

2(γ̄−αγ)
K
)
+νn(1+βnγα),
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where M = supn≥1{‖xn−q‖2}. This yields that

‖xn+1− p‖2 ≤
(

1− (1−αn)
2βn(γ̄−αγ)

1−βnγκ

)
‖xn−q‖2

+(1−αn)
2βn(γ̄−αγ)

1−βnγα

( 1
γ̄−αγ

〈γ f (q)−Bq,zn−q〉+ βnγ̄2

2(γ̄−αγ)
K
)
+νn(1+βnγα).

Using 1.5, one obtain the desired conclusion immediately. The proof is completed.

From Theorem 2.1, the following result on the variational inequality is not hard to derive.

Corollary 2.2. Let H be a real Hilbert space and let C be a nonempty convex closed subset

of H. Let f : C → C be an α-contraction and Let B be a strongly positive linear bounded

self-adjoint operator of C into itself with the coefficient γ̄ > 0. Let A : C→ H be a µ-inverse-

strongly monotone mapping. Assume that γ̄ > αγ > 0 and V I(C,A) 6= /0. Let {xn} be a sequence

generated in the following manner x1 ∈ C, yn = Pro jC
(
xn−λnAxn + en

)
, xn+1 = Pro jC

(
(1−

αn)βnγ f (yn)+αnxn +(1−αn)(I−βnB)yn

)
, ∀n ≥ 1, {αn}, {βn} are sequences in (0,1) and

{λn} is a sequence in (0,2µ) and {en} is a sequence in H. Assume that {αn}, {βn}, {en} and

{λn} satisfy 1> limsupn→∞ αn≥ liminfn→∞ αn > 0, ∑
∞
n=1 βn =∞, ∑

∞
n=1 ‖en‖<∞, limn→∞ βn =

0, limn→∞ |λn+1−λn|= 0, {λn}⊂ [λ ,λ ′] f or some λ ,λ ′ with 0 < λ ≤ λ ′< 2µ . Then sequence

{xn} converges strongly to some q ∈V I(C,A), where q = Pro jV I(C,A)(γ f + I−B)q.
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