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EXISTENCE OF A MILD SOLUTION FOR SOBOLEV TYPE STOCHASTIC
FRACTIONAL DIFFERENTIAL EQUATIONS WITH NONLOCAL CONDITIONS
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Abstract. This paper studies a fractional nonlocal stochastic differential equation of Sobolev type in a separable

Hilbert space. The sufficient conditions for the existence of a mild solution to the Sobolev type fractional sto-

chastic differential equation with nonlocal conditions are obtained by using the Schauder fixed point theorem and

approximating techniques under the assumption that the nonlinear part and nonlocal term satisfy some local growth

conditions. An example is provided for applicability of the main results.
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1. Introduction

The main purpose of this paper is to study the following nonlocal fractional stochastic differen-

tial equation of Sobolev type illustrated by

cDβ

t [EBy(t)] = Ly(t)+F(t,y(t),Gy(t),Ty(t))
dw(t)

dt
, t ∈ J = [0,a],(1)

My(0) = h(y),(2)

where cDβ

t is the Caputo derivative of order β , β ∈ (0,1] and a ∈ (0,∞). In (1), we assume that

the operator L : D(L)⊂X→Z, B : D(B)⊂X→Y, E : D(E)⊂Y→Z and M : D(M)⊂X→X
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are closed operators, where X,Y and Z are the Hilbert spaces such that Z is continuously and

densely embedded in X, the state y(·) takes its values in X. We assume that {w(t)}t≥0 is a

K-valued Brownian motion or Wiener process with a finite trace nuclear covariance operator

Q ≥ 0, here K is a another Hilbert space and F is a Carathéodory type function, and h is a

mapping from a specified space of functions satisfying certain conditions to be stated later and

Gy(t) =
∫ t

0
k1(t,s)y(s)ds, t ∈ [0,a],(3)

Ty(t) =
∫ t

0
k2(t,s)y(s)ds, t ∈ [0,a],(4)

are integral operators with integral kernels k1 ∈C(D1,R+), D1 = {(t,s) : 0 ≤ s ≤ t ≤ a}, and

k2 ∈C(D2,R+), D2 = {(t,s) : 0≤ s, t ≤ a}.

Recently, the investigation of fractional differential equations has been picking up much at-

tention of researchers due to the fact that fractional differential equations have various appli-

cations in engineering and scientific disciplines, for example, fluid dynamics, fractal theory,

diffusion in porous media, fractional biological neurons, traffic flow, theory of population dy-

namics and many more. Also, the fractional differential equation is an important tool to describe

the memory and hereditary properties of various materials and phenomena. For more details on

the theory and its applications one may refere books [1]-[4] and references therein.

The existence of the mild solution for the nonlocal problem to the abstract evolution equation

has been investigated by many authors in literature. The nonlocal condition is more realistic

than the classical initial condition in dealing with many physical problems. Author [5] has firstly

considered the abstract Cauchy differential equation with nonlocal conditions and established

the existence results for the nonlocal problem. For more study of nonlocal boundary conditions,

we refer to papers [5]-[6], [22], [25]-[27] and [35] and references given therein.

The theory of stochastic differential equation is growing as an important field of study in

recent decades, empowered by their various applications to the many problems from biology,

mechanics, electrical engineering and physics and so on; see [17]-[19], wherein, all the time,

future state of systems depends on the present state as well as on its past history leading to

stochastic functional differential equation instead of stochastic differential equations. The more

details on stochastic differential equations can be found in [20]-[32].
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On the other hand, the semilinear equation of Sobolev type deal as an abstract expression

of partial differential equation emerging in different applications, for example, thermodynam-

ics and shear in second order fluids. The propagation of long waves of small amplitude can

be characterized by the Sobolev type equation. Also, the Sobolev type fractional differential

equations appear in the hypothesis of control of dynamical systems involving the controller

described by a Sobolev type differential equation of fractional order. In [9], authors have con-

sidered a Sobolev type fractional integro-differential equations with nonlocal conditions and

investigated the existence of the mild solution by using the theory of propagation family and the

techniques of the measure of noncompactness with condensing maps.

A new kind of Sobolev type for nonlinear fractional differential equation in terms of two

linear operators has been considered by authors in [16]. Authors [16] have introduced the two

new characteristic solution operators and studied their properties to describe the solution of

the problem and obtained the existence results by using Leray-Schauder fixed point theorem.

The recent results on such type of differential equations can be found in [10]-[15] and references

cited therein. As the motivation of above mentioned work and [27], we investigate the existence

results for the mild solution of the system (1)-(2) with the hypothesis that F satisfies local

growth conditions. The sufficient conditions which ensure the existence of the mild solution for

the mentioned system, is obtained by virtue of the theory of semigroup via fixed point theorem

and approximating techniques.

The article is organized as follows: Section 2 presents some basic definitions, lemmas and

theorems which will be required to prove the result. Section 3 studies the existence of mild of

the considered system by virtue of the theory of semigroup theory via approximating techniques

and fixed point theorem. Section 4 provides an application for illustrating the discussed abstract

results.

2. Preliminaries

In this section, we provide some essential facts about fractional calculus, semigroup theory and

statements of some related theorems and lemmas required to obtain our result.
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Let (Ω,F,P;F)(F= {Ft}t≥0) be a complete filtered probability space satisfying the condition

that F0 contains all P-null sets. Recall that this means that Ω is a space, F is a σ -algebra

of subsets of Ω, P is a countably additive, non-negative measure on (Ω,F) with total mass

P(Ω) = 1.

A filtration F is a sequence of σ -algebra {Ft}t≥0 with Ft ⊂ F for each t and t1 ≤ t2⇒ Ft1 ⊂

Ft1 . An X-valued random variable is an Ft-measurable function y(t) : Ω→ X and the space

S = {y(t,ω) : Ω→ X : t ∈ [0,T ]} which contains all random variables is called a stochastic

process. In addition, we use the notation y(t) instead of y(t,w) and y(t) : J→ X ∈ S.

Let {ei}∞
i=1 be a complete orthonormal basis of K. We assume that {w(t) : t ≥ 0} is a cylin-

drical K-valued Wiener process defined on (Ω,F,P;F) with a finite trace nuclear covariance

operator Q ≥ 0 i.e., Tr(Q) = ∑
∞
i=1 λi = λ < ∞, such that Qei = λiei. Along these lines, we get

w(t) = ∑
∞
i=1
√

λiwi(t)ei, here {wi(t)}∞
i=1 are mutually independent one-dimensional standard

Brownian motions.

At this point, the above K-valued stochastic process w(t) is called a Q-Wiener process. The

symbol L(K,X) stands for the space of all bounded linear operators from K into X with the

usual norm ‖ · ‖L(K,X) and L(X) when K = X. Suppose that Ft = σ{w(s) : 0 ≤ s ≤ t} is the

σ -algebra generated by w and FT = F. For ψ ∈ L(K,X), we define

(5) ‖ψ‖2
Q = Tr(ψQψ

∗) =
∞

∑
n=1
‖
√

λnψen‖2.

The operator ψ is a Q-Hilbert-Schmidt operator if ‖ψ‖2
Q < ∞. The symbol LQ(K,X) stands

for space containing all Q-Hilbert-Schmidt operators ψ : K→ X. The completion LQ(K,X)

of L(K,X) with the topology induced by the norm ‖ · ‖Q is a Hilbert space with the same norm

topology, here ‖ψ‖2
Q = (ψ,ψ).

For a basic study on stochastic differential equation, we refer to book [19].

Definition 2.1. Let f ∈ L1([0,a],R+). The fractional integral (Jβ

0,t) of function f with order β

is defined by

(6) Jβ

t =
1

Γ(β )

∫ t

0
(t− s)β−1 f (s)ds,
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where Γ denotes the classical gamma functions. We can also write Jβ f (t) = (gβ ∗ f )(t), here

(7) gβ (t) :=


1

Γ(β )t
β−1, t > 0,

0, t ≤ 0.

The notation ∗ stands the convolution of functions and limβ→0 gβ (t) = δ (t), δ means Dirac

delta function.

Definition 2.2. The Riemann-Liouville fractional derivative is given by

(8) LDβ

t f (t) =
1

Γ(n−β )

dn

dtn

∫ t

0
(t− s)n−β−1 f (s)ds, t > 0, β > 0, n−1 < β < n, n ∈ N,

and f ∈Cn−1([0,a],X).

Definition 2.3. The Caputo fractional derivative is given by

(9) cDβ

t f (t) =
1

Γ(n−β )

∫ t

0
(t− s)n−β−1 f n(s)ds, n−1 < α < n,

where f ∈Cn−1((0,a);X)∩L1((0,T );X).

Throughout the paper, we assume that (X,‖·‖,< ·, ·>),(Y,‖·‖,< ·, ·>) and (Z,‖·‖,< ·, ·>)

are separable Hilbert spaces, C([0,a],X) represent the Banach space of continuous functions

from [0,a] into X with the norm ‖y‖[0,a]= sup{‖y(t)‖ : t ∈ [0,a]}. Let L(X) be the Banach space

of bounded linear operators from X into X endowed with the norm ‖ f‖L(X) = sup{‖ f (y)‖ :

‖y‖= 1}. Now, we impose following conditions on operators L and E, B and M:

(C1) E : D(E)⊂Y→ Z, B : D(B)⊂X→Y and M : D(M)⊂X→X are linear operators and

L : D(L)⊂ X→ Z is a closed operator.

(C2) D(M)⊂ D(B)⊂ D(L), Im(B)⊂ D(E) and E,B,M are bijective operators.

(C3) The operators E−1 : Z→ D(E) ⊂ Y, B−1 : Y→ D(B) ⊂ X and M−1 : X→ D(M) ⊂ X

are assumed to be linear, bounded and compacts operators.

By the hypothesis (C3), it follows that B−1E−1 is closed and injective. Thus, its inverse is

also closed i.e., EB is closed. By the hypothesis (C1)− (C3) and closed graph theorem, we

conclude that the boundedness of the linear operator LB−1E−1. Therefore, A = LB−1E−1 :

D(A) ⊂ Z→ Z is the infinitesimal generator of a compact analytic semigroup of uniformly
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bounded linear operators S (·). Thus, it follows that there exists a positive constant N0 ≥ 1

such that ‖S (t)‖ ≤ N0 for each t ≥ 0. Also, let W1 = ‖E−1‖,W2 = ‖B−1‖ and W3 = ‖M−1‖.

We assume that 0 ∈ ρ(A), ρ(A) means resolvent set of A. Therefore, we may define the

fractional power Aα for α ∈ (0,1] as closed linear operator with domain D(Aα) with inverse

A−α . Moreover, the subspace D(Aα) is dense in X with the norm ‖y‖α = ‖Aαy‖ for y ∈D(Aα).

It is not difficult to show that D(Aα) is a Banach space with supremum norm. Hence, we signify

the space D(Aα) by Xα endowed with the α-norm (‖ ·‖α). We also have that for Xη ↪→Xα for

0 < α < η and therefore, the embedding is continuous. Then, we may define X−α = (Xα)
∗ for

each α > 0, dual space of Xα , is a Banach space endowed with the norm ‖y‖−α = ‖A−αy‖ for

y ∈ X−α . For more details on the fractional powers of closed linear operators, we refer to book

by Pazy [37].

Now, we present the following lemma follows from the results [33] and [35] which will be

used to establish the required result.

Lemma 2.1. Let us assume that A is the infinitesimal generator of an analytic semigroup

S (t), t ≥ 0 and 0 ∈ ρ(A). Then,

(i) S (t) : X → D(Aα) for every t > 0 and α ≥ 0.

(ii) S (t)Aαy = AαS (t)y for each y ∈ D(Aα).

(iii) The operator AαS (t) is bounded and ‖AαS (t)‖ ≤Mαt−αe−δ t for each t > 0.

(iv) For each α ∈ (0,1] and y ∈ D(Aα), then ‖S (t)y− y‖ ≤ Nαtα‖Aαy‖.

Remark 2.1. [16] The operator A−α is a bounded linear operator in X such that D(Aα) =

Im(A−α).

We denote by C α = C([0,a],Xα) Banach space of all Xα -valued continuous functions on

[0,a] endowed with the supremum norm ‖y‖C α = supt∈[0,a] ‖y(t)‖α for each y ∈ C α .

The notation L2(Ω,Xα) stands for the collection of all strongly-measurable, square-integrable

Xα -valued random variable. It is easy to show that L2(Ω,Xα) is a Banach space endowed with

the norm ‖y(·)‖L2 = (E‖y(·,w)‖2
α)

1/2, where E represent the integration with respect to a prob-

ability measure i.e., Ey =
∫

Ω
y(w)dP. In particular, L2

0(Ω,Xα) is an important subspace of
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L2(Ω,Xα) defined by

L2
0(Ω,Xα) = {y ∈ L2(Ω,Xα) : y is F0− measurable}.

We denote by C([0,a],L2(Ω,Xα)) Banach space of all continuous functions y(·) from [0,a] to

L2(Ω,Xα) with E‖y(t)‖2
α < ∞. The symbol C stands for the Banach space of all Ft-adapted

measurable process y ∈C([0,a],L2(Ω,Xα)) equipped with the norm

(10) ‖y‖C = ( sup
t∈[0,a]

E‖y(t)‖2
α)

1/2.

Clearly, (C ,‖ · ‖C ) is a Banach space. Motivated by the paper [16], we present the following

definition of mild solution of system (1)-(2).

Definition 2.4. A continuous function y : [0,a]→ Xα is said to be a mild solution of the system

(1)-(2) if

(1) y ∈ C is a Ft-adapted stochastic process;

(2) h(u) ∈ L2
0(Ω,Xα);

(3) y(t) ∈ Xα has cádlág paths on t ∈ [0,a] a.s. and y(·) satisfies the following integral equa-

tions

(11)

y(t) = Sβ (t)EBM−1h(u)+
∫ t

0
(t− s)β−1Tβ (t− s)F(s,y(s),Gy(s),Ty(s))dw(s), t ∈ [0,a],

where

Sβ (t) =
∫

∞

0
B−1E−1

ξβ (ζ )S (tβ
ζ )dζ ,

Tβ (t) =
∫

∞

0
βB−1E−1

ζ ξβ (ζ )S (tβ
ζ )dζ ,

ξβ (ζ ) =
1
β

ζ
−1− 1

β ψβ (ζ
−1
β )≥ 0, ψβ (ζ ) =

1
π

∞

∑
n=1

(−1)n−1
ζ
−βn−1 Γ(nβ +1)

n!
sin(nπβ ), ζ ∈ (0,∞),

and ξβ (ζ ) the probability density function defined on (0,∞), i.e., ξβ (ζ ) ≥ 0, ζ ∈ (0,∞) with∫
∞

0 ξβ (ζ )dζ = 1.

Remark 2.2. [35]. For each ν ∈ [0,1]

(12)
∫

∞

0
ζ

ν
ξβ (ζ )dζ =

∫
∞

0
ζ
−βν

ψβ (ζ )dζ =
Γ(1+ν)

Γ(1+βν)
.
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Lemma 2.2. [11, 16] Let A be the infinitesimal generator of a semigroup of uniformly bounded

linear operators S (t), t ≥ 0. Then, the operator Sβ (t) and Tβ (t), t ≥ 0 are bounded linear

operator such that

(1) We have ‖Sβ (t)y‖ ≤W1W2N0‖y‖ and ‖Tβ (t)y‖ ≤ W1W2N0
Γ(β ) ‖y‖ for each y ∈ X.

(2) The families {Sβ (t), t ≥ 0} and {Tβ (t), t ≥ 0} are strongly continuous i.e., for 0 ≤ τ1 <

τ2 ≤ a and y ∈ X, we have ‖Sβ (τ2)y−Sβ (τ1)y‖→ 0 and ‖Tβ (τ2)y−Tβ (τ1)y‖→ 0 as τ2→

τ1. (3) If S (t), t ≥ 0 is compact, then Sβ (t) and Tβ (t), t ≥ 0 are compact operators.

(4) For each y ∈ X, η ∈ (0,1) and α ∈ (0,1), we have ATβ (t)y = A1−ηTβ Aηy for t ∈ [0,a].

We also have ‖AαTβ (t)‖ ≤
βW1W2Nα Γ(2−α)

Γ(1+β (1−α)) t−αβ for each t ∈ (0,a].

(5) For any y ∈ Xα and fixed t ≥ 0, we have ‖Sβ (t)y‖α ≤W1W2N0‖y‖α and ‖Tβ (t)y‖α ≤
W1W2N0

Γ(β ) ‖y‖α .

Lemma 2.3. [38]For each ϕ ∈ Lp([0,a],X) and 1≤ p < ∞,

(13) lim
ε→0

∫ a

0
‖ϕ(t + ε)−ϕ(t)‖pdt = 0,

where ϕ(s) = 0 for s /∈ [0,a].

Lemma 2.4. [39]A measurable function ϕ : [0,a]→ X is Bochner integral if ‖ϕ‖ is Lebesgue

integrable.

3. Main resutls

In this section, the sufficient condition for the existence of α-mild solution for system (1)-(2) is

derived. To prove the result, we impose following assumptions on the data of the system (1)-(2).

(J1) F : [0,a]×Xα ×Xα ×Xα → L(K,X) is a nonlinear function such that

(i) F(·,y(t),Gy(t),Ty(t)) : [0,a]→ L(K,X) is strongly measurable for each y ∈ Xα .

(ii) F(t, ·, ·, ·) : Xα×Xα×Xα→ L(K,X) is continuous for almost everywhere t ∈ [0,a].

(J2) For some positive constant r, there exist constants p1 ∈ [1
2 ,β (1−α)), ρ1 > 0 and func-

tions mr ∈ L
1

2p1−1 such that

(14)

sup
E‖y‖2

C≤r
E‖F(t,y(t),Gy(t),Ty(t))‖2 ≤ mr(t), and lim

r→+∞
inf
‖mr(t)‖ 1

2p1−1
[0,a]

r
= ρ1 <+∞,
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for almost everywhere t ∈ [0,a].

(J3) h : C →Xα is a continuous function and there exist a constant ρ2 > 0 and a nondecreas-

ing continuous function Φ : R+→ R+ such that for some r > 0 and each y ∈ Br,

(15) E‖h(y)‖2
α ≤Φ(r), and lim

r→+∞
inf

Φ(r)
r

= ρ2 <+∞.

(J4) There exists a constant µ ∈ (0,a) such that h(y) = h(z) for any y,z ∈ C and y(t) = z(t),

t ∈ [µ,a].

Theorem 3.1. If the assumptions (J1)− (J4) are fulfilled and

2(W1W2W3N2
0 )

2‖EB‖2
ρ2 +2Tr(Q)(

βW1W2NαΓ(2−α)

Γ(1+β (1−α))
)2a2β (1−α)−2p1

×( 1− p1

β (1−α)− p1
)2−2p1ρ1 ≤ 1.(16)

Then, there exists at least one α-mild solution for the system (1)-(2).

Proof. Let {θn : n ∈ N} be a non-increasing sequence in (0,a) with limn→∞ θn = 0. For estab-

lishing the above theorem, we consider the following problem:

cDβ

t [EBy(t)] = Ly(t)+F(t,y(t),Gy(t),Ty(t))
dw(t)

dt
, t ∈ J = [0,a],(17)

My(0) = h(y)S (θn).(18)

Firstly, we show that the system (17)-(18) has at least one α-mild solution yn ∈ C . Now, we

fixed n ∈ N and define an operator ϒn : C → C by

(ϒny)(t) = Sβ (t)S (θn)EBM−1h(y)

+
∫ t

0
(t− s)β−1Tβ (t− s)F(s,y(s),Gy(s),Ty(s))dw(s), t ∈ [0,a].(19)

It is clear that the map ϒn is well defined. It is well known that the fixed point of the map ϒn is

a mild solution for the system (17)-(18). Now, we prove the result in several steps.

Step 1. ϒn maps bounded sets into bounded sets in C .

Step 2. ϒn is continuous in Br.

Step 3. The map ϒn is compact.

Step 4. Next, we show that ϒn(Br) is equicontinuous.

Now with the help of the Arzela-ascoli hypothesis, we can derive that ϒn : Br→ Br is a compact
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operator. Therefore, by Schauder fixed point theorem, we infer that there exists at least one

fixed point yn ∈ Br of the map ϒn which is just a α-mild solution of the problem (17)-(18) for

each n ∈ N.

Proof of Step 1. ϒn maps bounded sets into bounded sets in C .

To prove this, we show that there exists a positive number r > 0 such that ϒ(Br)⊂ Br, where

Br = {y ∈ C : E‖y‖2
C ≤ r}. We assume that it is not true, then, for each r > 0, there exist

yr ∈ Br and tr ∈ [0,a] such that E‖(ϒnyr)(tr)‖2
α > r. By the Lemma 2.2, conditions (J1)-(J4)

and Hölder inequality, we can find,

r < E‖(ϒnyr)(tr)‖2
α ≤ 2E‖Sβ (t

r)S (θn)EBM−1h(yr)‖2
α

+2E‖
∫ tr

0
(tr− s)β−1Tβ (t

r− s)F(s,yr(s),Gyr(s),Tyr(s))dw(s)‖2
α ,

≤ 2(W1W2W3N0)
2‖EB‖2E‖h(yr)‖2

α

+2Tr(Q)
∫ tr

0
(tr− s)2(β−1)E‖AαTβ (t

r− s)F(s,yr(s),Gyr(s),Tyr(s))‖2ds,

[Using Itô formula],

≤ 2(W1W2W3N2
0 )

2‖EB‖2
Φ(r)

+2Tr(Q)(
βW1W2NαΓ(2−α)

Γ(1+β (1−α))
)2

∫ tr

0
(tr− s)2β (1−α)−2mr(s)ds,

≤ 2(W1W2W3N2
0 )

2‖EB‖2
Φ(r)

+2Tr(Q)(
βW1W2NαΓ(2−α)

Γ(1+β (1−α))
)2(

∫ tr

0
(tr− s)

2β (1−α)−2
2−2p1 ds)2−2p1

×(
∫ tr

0
m

1
2p1−1
r (s)ds)2−2p1 ,

≤ 2(W1W2W3N2
0 )

2‖EB‖2
Φ(r)+2Tr(Q)(

βW1W2NαΓ(2−α)

Γ(1+β (1−α))
)2a2β (1−α)−2p1

×( 1− p1

β (1−α)− p1
)2−2p1‖mr‖

L
1

2p1−1 [0,a]
.(20)
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We divide both sides of the above inequality by r and take the limit as r→ ∞. Then, we obtain

2(W1W2W3N2
0 )

2‖EB‖2
ρ2 +2Tr(Q)(

βW1W2NαΓ(2−α)

Γ(1+β (1−α))
)2a2β (1−α)−2p1

×( 1− p1

β (1−α)− p1
)2−2p1ρ1 ≥ 1,(21)

which gives the contradiction of the inequality (16). Hence, ϒn(Br)⊂ Br.

Proof of Step 2. ϒn is continuous in Br.

Let {yδ}∞

δ=1 be a sequence such that limδ→+∞ yδ = y in Br. Since h and F are continuous

function, thus we have limδ→+∞ h(yδ ) = h(y), and

lim
δ→+∞

F(s,yδ (s),Gyδ (s),Tyδ (s)) = F(s,y(s),Gy(s),Ty(s)), almost everywhere s ∈ [0,a].

From the assumption (J2), one can get

(22)

(t−s)2β (1−α)−2E‖F(s,yδ (s),Gyδ (s),Tyδ (s))−F(s,y(s),Gy(s),Ty(s))‖2≤ 2(t−s)2β (1−α)−2mr(s).

Since the map s→ 2(t− s)2β (1−α)−2mr(s) is integrable for each s ∈ [0, t], then by the Lebesgue

dominated convergence theorem, we obtain

E‖(ϒnyδ )(t)− (ϒny)(t)‖2
α

≤ 2E‖Sβ (t
r)S (θn)EBM−1(h(yδ )−h(y))‖2

α

+ 2E‖
∫ t

0
(t− s)β−1Tβ (t− s)[F(s,yδ (s),Gyδ (s),Tyδ (s))−F(s,y(s),Gy(s),Ty(s))]dw(s)‖2

α ,

≤ 2(W1W2W3N2
0 )

2E‖(h(yδ )−h(y))‖2
α +2Tr(Q)(

βW1W2NαΓ(2−α)

Γ(1+β (1−α))
)2

×
∫ t

0
(t− s)2β (1−α)−2E‖F(s,yδ (s),Gyδ (s),Tyδ (s))−F(s,y(s),Gy(s),Ty(s))‖ds,

→ 0, as δ → ∞.(23)

Thus, we conclude that

(24) ‖(ϒnyδ )− (ϒny)‖C → 0, as δ → ∞.

Hence, the map ϒn is continuous on Br.

Proof of Step 3. The map ϒn is compact.
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To prove this, we first prove that for each t ∈ [0,a], the set {(ϒny)(t) : y ∈ Br} is relatively

compact in Br. By the compactness of operator S for t > 0, we get that the restriction of S (t)

to Xα is a compact semigroup in Xα . Thus, for all n ∈ N, we conclude that {(ϒny)(0) : y ∈ Br}

is relatively compact in Xα by using the assumption (J3). Let t ∈ (0,a] and y ∈ Br. Let ϖ be

a fixed real number satisfying 0 < ϖ < t, t ∈ (0,T ] and ϑ > 0. Consider an operator ϒ
ϖ , ϑ
n

defined on Br by

(ϒϖ ,ϑ
n y)(t) = S (ϖβ

ϑ)S (θn)
∫

∞

ϑ

B−1E−1
ξβ (ζ )S (tβ

ζ −ϖ
β

ϑ)EBM−1h(yδ )dζ

+S (ϖβ
ϑ)

∫ t−ϖ

0
(t− s)β−1(

∫
∞

ϑ

βB−1E−1
ζ ξβ (ζ )S ((t− s)β

ζ −ϖ
β

ϑ)dζ )

×F(s,y(s),Gy(s),Ty(s))dw(s),(25)

From the Lemma 2.2, we conclude that the sets {(ϒϖ ,ϑ
n y)(t) : y ∈ Br} is relatively compact in

Xα for all ϖ ∈ (0, t) and ϑ > 0. By the Lemma 2.2, assumption (J2) and Hölder inequality, we

get

E‖(ϒny)(t)− (ϒϖ ,ϑ
n y)(t)‖2

α

≤ 3E‖
∫

ϑ

0
B−1E−1

ξβ (ζ )S (tβ
ζ −ϖ

β
ϑ)S (θn)EBM−1h(y)dζ‖2

α

+3E‖β
∫ t

0

∫
ϑ

0
ζ (t− s)β−1B−1E−1

ξβ (ζ )S ((t− s)β
ζ )F(s,y(s),Gy(s),Ty(s))dζ dw(s)‖2

α

+3E‖β
∫ t

t−ϖ

∫
∞

ϑ

ζ (t− s)β−1B−1E−1
ξβ (ζ )S ((t− s)β

ζ )F(s,y(s),Gy(s),Ty(s))dζ dw(s)‖2
α ,

≤ (W1W2W3N2
0 )

2‖EB‖2E‖h(y)‖2
α × (

∫
ϑ

0
ξβ (ζ )dζ )2 +3(βW2W3Nα)

2
∫ t

0
(t− s)2β (1−α)−2mr(s)ds

×(
∫

ϑ

0
ζ

1−α
ξβ (ζ )dζ )2 +3(βW2W3Nα)

2
∫ t

t−ϖ

(t− s)2β (1−α)−2mr(s)ds(
Γ(2−α)

Γ(1+β (1−α))
)2,

≤ (W1W2W3N2
0 )

2‖EB‖2E‖h(y)‖2
α × (

∫
ϑ

0
ξβ (ζ )dζ )2 +3(βW2W3Nα)

2‖mr‖
L

1
2p1−1 [0,a]

(
1− p1

β (1−α)− p1
)2−2p1× t2(β (1−α)−p1)(

∫
ϑ

0
ζ

1−α
ξβ (ζ )dζ )2

+3(βW2W3Nα)
2(

Γ(2−α)

Γ(1+β (1−α))
)2‖mr‖

L
1

2p1−1 [0,a]
(

1− p1

β (1−α)− p1
)2−2p1ϖ

2(β (1−α)−p1),

→ 0, as ϖ , ϑ → 0,(26)
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which means that there exist relative compact sets arbitrary close to set {(ϒny)(t) : y∈ Br} in Xα

for each t ∈ (0,a]. Thus, the set {(ϒny)(t) : y ∈ Br} is relatively compact in Xα for all t ∈ (0,a].

Since {(ϒny)(t) : y ∈ Br} is relatively compact for t = 0 in Xα . Hence, we conclude that the set

{(ϒny)(t) : y ∈ Br} is relatively compact in Xα for all t ∈ [0,a].

Proof of Step 4. Next, we show that ϒn(Br) is equicontinuous.

By using the fact that S (θn) is compact for all n ∈ N, we get that {(ϒny)(t) : y ∈ Br} are

equicontinuous at t = 0. Furthermore, for y ∈ Br and τ2, τ1 ∈ (0,a] with 0 < τ1 < τ2 ≤ a, we

get

E‖(ϒny)(τ2)− (ϒny)(τ1)‖2
α

≤ 4E‖(Sβ (τ2)−Sβ (τ1))S (θn)EBM−1h(u)‖2
α

+4E‖
∫

τ2

τ1

(τ2− s)β−1Tβ (τ2− s)F(s,y(s),Gy(s),Ty(s))dw(s)‖2
α

+4E‖
∫

τ1

0
[(τ2− s)β−1− (τ1− s)β−1]Tβ (τ2− s)F(s,y(s),Gy(s),Ty(s))dw(s)‖2

α

+4E‖
∫

τ1

0
(τ1− s)β−1[Tβ (τ2− s)−Tβ (τ1− s)]F(s,y(s),Gy(s),Ty(s))dw(s)‖2

α ,

:= 4[O1 +O2 +O3 +O4],(27)

where

O1 = E‖(Sβ (τ2)−Sβ (τ1))S (θn)EBM−1h(u)‖2
α ,

O2 = E‖
∫

τ2

τ1

(τ2− s)β−1Tβ (τ2− s)F(s,y(s),Gy(s),Ty(s))dw(s)‖2
α ,

O3 = E‖
∫

τ1

0
[(τ2− s)β−1− (τ1− s)β−1]Tβ (τ2− s)F(s,y(s),Gy(s),Ty(s))dw(s)‖2

α ,

O4 = E‖
∫

τ1

0
(τ1− s)β−1[Tβ (τ2− s)−Tβ (τ1− s)]F(s,y(s),Gy(s),Ty(s))dw(s)‖2

α .(28)

Now, we only need to verify that Oi, i= 1, · · · ,4 tend to zero independently of y∈Br as τ2→ τ1.

For O1, from the assumption (J3) and Lemma 2.2, we get

O1 ≤ W 2
3 N2

0‖EB‖2E‖h(u)‖2
α ×‖(Sβ (τ2)−Sβ (τ1))‖2→ 0,(29)
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as τ2→ τ1.

For O2,

O2 ≤ Tr(Q)
∫

τ2

τ1

(τ2− s)2(β−1)‖AαTβ (τ2− s)‖2E‖F(s,y(s),Gy(s),Ty(s))‖2ds,

≤ Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2

∫
τ2

τ1

(τ2− s)2β (1−α)−2mr(s)ds,

≤ Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2 · ‖mr‖

L
1

2p1−1 [0,a]
(

1− p1

β (1−α)− p1
)2−2p1

×(τ2− τ1)
2(β (1−α)−p1)→ 0, as τ2→ τ1.(30)

For O3,

O3 ≤ Tr(Q)
∫

τ1

0
[(τ2− s)β−1− (τ1− s)β−1]2‖AαTβ (τ2− s)‖2E‖F(s,y(s),Gy(s),Ty(s))‖2ds

≤ Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2

∫
τ1

0
((τ1− s)2β (1−α)−2− (τ2− s)2β (1−α)−2)mr(s)ds,

≤ Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2(

∫
τ1

0
((τ1− s)

2β (1−α)−2
2−2p1 − (τ2− s)

2β (1−α)−2
2−2p1 )ds)2−2p1

×‖mr‖
L

1
2p1−1 [0,a]

,

≤ Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2 · ‖mr‖

L
1

2p1−1 [0,a]
(

1− p1

β (1−α)− p1
)2−2p1

×(τ2(β (1−α)−p1)
1 2−2p1− τ

2(β (1−α)−p1)
2 2−2p1 +(τ2− τ1)

2(β (1−α)−p1)2−2p1)
2−2p1,

≤ Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2 ·22−2p1‖mr‖

L
1

2p1−1 [0,a]
(

1− p1

β (1−α)− p1
)2−2p1

×(τ2− τ1)
2(β (1−α)−p1)2−2p1→ 0 as τ2→ τ1.(31)
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For O4, by using Hölder inequality, we get

O4 ≤ sup
s∈[0,τ1−ϖ ]

‖Tβ (τ2− s)−Tβ (τ1− s)‖2
α ·2Tr(Q)

∫
τ1−ϖ

0
(τ1− s)2(β−1)

×E‖F(s,y(s),Gy(s),Ty(s))‖2ds

+2Tr(Q)
∫

τ1

τ1−ϖ

(τ1− s)2(β−1)‖Aα(Tβ (τ2− s)−Tβ (τ1− s))‖

×E‖F(s,y(s),Gy(s),Ty(s))‖2ds,

≤ sup
s∈[0,τ1−ϖ ]

‖Tβ (τ2− s)−Tβ (τ1− s)‖2
α ·2Tr(Q)

∫
τ1−ϖ

0
(τ1− s)2(β−1)mr(s)ds

+4Tr(Q)(
βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2

∫
τ1

τ1−ϖ

(τ1− s)2(β−1)((τ2− s)−2αβ +(τ1− s)−αβ )mr(s)ds,

≤ sup
s∈[0,τ1−ϖ ]

‖Tβ (τ2− s)−Tβ (τ1− s)‖2
α ·2Tr(Q)‖mr‖

L
1

2p1−1 [0,a]
(

1− p1

β − p1
)2−2p1

×(τ
β−p1
1−p1

1 −ϖ

β−p1
1−p1 )2−2p1 +8Tr(Q)(

βW1W2Nβ Γ(2−α)

Γ(1+β (1−α))
)2‖mr‖

L
1

2p1−1 [0,a]

×( 1− p1

β (1−α)− p1
)2−2p1ϖ

2(β (1−α)−p1),

→ 0, as τ2→ τ1 and ϖ → 0.(32)

By using the inequalities (29)-(32) and compactness of the operator Sβ (t), t ≥ 0, we conclude

that the right hand side of the inequality (27) tends to zero independently of y ∈ Br as τ2→ τ1

i.e., E‖(ϒny)(τ2)−(ϒny)(τ1)‖2
α→ 0 as τ2→ τ1. Therefore, it follows that the map ϒn : Br→ Br

is equicontinuous.

As a result of the above steps and the Arzela-Ascoli hypothesis, we can derive that ϒn : Br→

Br is compact operator. Therefore, by Schauder fixed point theorem, we infer that there exists

at least one fixed point yn ∈ Br of the map ϒn which is just a α-mild solution of the problem

(17)-(18) for each n ∈ N. Moreover, for t ∈ [0,a], yn(t) is given by

yn(t) = Sβ (t)S (θn)EBM−1h(yn)

+
∫ t

0
(t− s)β−1Tβ (t− s)F(s,yn(s),Gyn(s),Tyn(s))dw(s).(33)
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Now, we prove that the set {yn : n ∈N} ⊂ Br is precompact in C . To prove this, we introduce

the decomposition of yn into y1
n and y2

n i.e., yn = y1
n + y2

n defined by

y1
n(t) = Sβ (t)S (θn)EBM−1h(yn), t ∈ [0,a],(34)

and

y2
n(t) =

∫ t

0
(t− s)β−1Tβ (t− s)F(s,yn(s),Gyn(s),Tyn(s))dw(s), t ∈ [0,a].(35)

For showing the precompactness of set {yn : n ∈ N}, it is enough to show that the sets {y1
n : n ∈

N} and {y2
n : n ∈ N} are precompact in C .

Let ς ∈ (0,θ) be a fixed constant, here θ is given by the assumption (J4). By utilizing similar

steps to the demonstration of the compactness of the operator ϒn, it can be shown that the set

{y1
n : n ∈ N}|[ς ,a] is a precompact in C([ς ,a],L2(Ω,Xα)) and {y2

n : n ∈ N} is precompact set in

C([0,a],L2(Ω,Xα)). Especially, {y2
n : n ∈ N} is precompact set in C([ς ,a],L2(Ω,Xα)). Hence,

we deduce that {yn : n ∈ N}|[ς ,a] is precompact in C([ς ,a],L2(Ω,Xα)). Thus, without loss of

generality, we can take

(36) yn→ y in C([ς ,a],L2(Ω,Xα)) as n→ ∞.

Let

yθ
n (t) =


yn(θ), t ∈ [0,θ ],

yn(t), t ∈ [θ ,a],
, yθ (t) =


y(θ), t ∈ [0,θ ],

y(t), t ∈ [θ ,a].
(37)

Then, we obtain

(38) yθ
n → yθ in C([0,a],L2(Ω,Xα)) as n→ ∞.

Therefore, for showing the precompactness of {yn : n ∈ N} in C([0,a],L2(Ω,Xα)), we need

to show that the set {y1
n : n ∈ N}|[0,ς ] is precompact in C([0,ς ],L2(Ω,Xα)). Thus, from the

hypothesis (J3) and (J4), we obtain
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E‖S (θn)EBM−1h(yn)−EBM−1h(y)‖2
α

≤ 2E‖S (θn)EBM−1Aα(h(yθ
n )−h(yθ ))‖2

+2E‖S (θn)EBM−1Aαh(yθ )−EBM−1Aαh(yθ )‖2,

≤ 2N2
0‖EB‖2W 2

3 E‖Aα(h(yθ
n )−h(yθ ))‖2

+2E‖(S (θn)− I)EBM−1Aαh(yθ )‖2.(39)

Since S (t), t ≥ 0 is strongly continuous and h is continuous, then we conclude that the right

hand side of the above inequality tends to zero as n→ 0. It implies that the set {S (θn)h(yn) : n∈

N} is precompact in Xα . We also have that the set {Sβ (t)S (θn)h(yn) : n ∈ N} is precompact

in Xα for each t ∈ [0,ς ] by using that fact that Sβ (t), t ≥ 0 is strongly continuous.

For each fixed n ∈ N and 0 < τ1 < τ2 ≤ ς , we have

E‖Sβ (τ2)S (θn)EBM−1h(yn)−Sβ (τ1)S (θn)EBM−1h(yn)‖2
α

= E‖(Sβ (τ2)−Sβ (τ1))S (θn)EBM−1h(yn)‖2
α ,

→ 0 as τ2→ τ1,(40)

which shows the equicontinuity of the set {y1
n(t) : n∈N} for each t ∈ [0,ς ]. As the consequence

of the above steps and Arzela-Ascoli theorem, we deduce that the set {y1
n : n ∈ N}|[0,ς ] is pre-

compact in C([0,ς ],L2(Ω,Xα)). Hence, we deduce that the set {yn : n ∈ N} is precompact in

C([0,a],L2(Ω,Xα)). Therefore, we may assume that

(41) yn→ y∗ in C([0,a],L2(Ω,Xα)) as n→ ∞.

we take limits in (33) and get

y∗(t) = Sβ (t)S (θn)EBM−1h(y∗)

+
∫ t

0
(t− s)β−1Tβ (t− s)F(s,y∗(s),Gy∗(s),Ty∗(s))dw(s), t ∈ [0,a].(42)

It means that y∗ ∈C([0,a],L2(Ω,Xα)) is a mild solution for the problem (1)-(2). This finish the

proof of the theorem. �
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4. An application

We consider the following nonlocal fractional stochastic parabolic partial differential equation

in the separable Hilbert space X

cDβ

t [wxx(x, t)−wxxxx(t,x)]+
∂ 2w(x, t)

∂x2

=
sin(x, t,u(x, t),

∫ t
0 K1(t,s)w(x,s)ds,

∫ t
0 K2(t,s)w(s,s)ds)

et
dw(t)

dt
, x ∈ S, t ∈ [0,a],(43)

w(x,0) =
n

∑
s=1

Csw1/3(ts,x), x ∈ [0,π],(44)

w(t,0) = w(t,π) = 0, 0 < t ≤ 1,(45)

where cDβ

t denotes the fractional derivative in Caputo sense of order β ∈ (0,1], Cs > 0 are con-

stants for s = 1, · · · ,n, w(t) denotes a one dimensional Wiener process which defines on a sto-

chastic space (Ω,F,Ft ,P), K1 ∈C(D1,R+), D1 = {(t,s) : 0≤ s≤ t ≤ a}, and K2 ∈C(D2,R+),

D2 = {(t,s) : 0≤ s, t ≤ a}.

Take X = Y = Z = L2[0,π] and S = [0,π]. Let us consider the operator E,B,L and M on

domains and ranges which contained in L2[0,π] defined by

(46) Ey = y′′, By = y− y′′ (EBy = y′′− y′′′′), Ly =−y′′,

and M the identity with domain D(E), D(B), D(L) which are given by

{y ∈ X : y,y′, y′′, y′′′′ are absolutely continuous, y′′′′ ∈ X , y(0) = y(π) = 0}.(47)

Thus, the operators have the following expression

Ey =
∞

∑
n=1

√
1+n2(y,yn)yn, By =

∞

∑
n=1

√
1+n2(y,yn)yn,(48)
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and Ly = ∑
∞
n=1(−n2)(y,yn)yn with yn(t) = (

√
2/π)sin(nt), n = 1, · · · , as the orthogonal set of

eigenfunctions of L. Moreover, we have

B−1E−1y =
∞

∑
n=1

1
1+n2 (y,yn)yn,(49)

LB−1E−1y =
∞

∑
n=1

−n2

1+n2 (y,yn)yn,(50)

S (t)x =
∞

∑
n=1

exp(
−n2t
1+n2 )(y,yn)yn.(51)

Clearly, the operator B−1E−1 is bounded and compact such that ‖B−1E−1‖ ≤ 1. It may be

easily seen that A = LB−1E−1 is the infinitesimal generator of the strongly continuous semi-

group S (t) on L2[0,π] with ‖S (t)‖ ≤ e−t ≤ 1. Let w(t) = w(·, t), h(w) = ∑
n
s=1Csw1/3(ts,x)

and F(t,w(t),Gw(t),Tw(t)) = e−tsin(·, t,w(·, t),
∫ t

0 K1(t,s)w(·,s)ds,
∫ t

0 K2(t,s)w(·,s)ds). Now,

from the definition of F and h, it can be easily shown that F and h satisfy the assumption (J1)-

(J4). Applying the result of the Theorem 3.1, we can get that there exists a mild solution for

the problem (43)-(45).
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