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ON NEWTON’S METHOD FOR SEMISMOOTH EQUATIONS
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Abstract. We present local and semilocal convergence results for Newton’s method in order to approximate

solutions of semismooth equations. The local convergence results are given under weaker conditions than in earlier

studies resulting to a larger convergence ball and a smaller radio of convergence. In the semilocal convergence case

weaker conditions than before conditions are employed to show the convergence of Newton’s method. Numerical

examples illustrating the advantages of our approach are also presented in this study.
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1. Introduction

In this study we are concerned with the problem of approximating a solution x∗ of the equa-

tion

(1) F(x) = 0,

where F is a continuous mapping from a subset D of Rn into Rn.

Many problems in Computational Sciences and other disciplines can be brought in form

F(x) = 0, using Mathematical Modelling [3, 4, 8, 9, 10, 12, 15, 18, 19]. In particular, a large

number of problems in Applied Mathematics and also in Engineering are solved by finding

the solutions of certain equations of the form F(x) = 0. For example, dynamic systems are
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Accepted February 18, 2016
1



2 I. K. ARGYROS, D. GONZÁLEZ

mathematically modelled by difference or differential equations, and their solutions usually

represent the states of the systems. For the sake of simplicity, assume that a time invariant

system is driven by the equation ẋ = Q(x) (for some suitable operator Q), where x is the state.

Then, the equilibrium states are determined by solving on equation like F(x) = 0. Similar

equations are used in the case of discrete systems. The unknowns of engineering equations

can be functions (difference, differential and integral equations), vectors (systems of linear or

nonlinear algebraic equations), or real or complex numbers (single algebraic equations with

single unknowns). Iteration methods are also applied for solving optimization problems. In

such cases, the iteration sequence converges to an optimal solution of the problem at hand.

Except in special cases, the solutions of these equations cannot be found in closed form. That is

why most commonly used solution methods for these equations are iterative. In particular, the

practice of Numerical Analysis for finding such solutions is essentially connected to variants of

Newton’s method.

Newton’s method is defined by

(2) xk+1 = xk−F ′(xk)
−1F(xk) for each k = 0,1,2 . . . ,

where x0 is an initial point and F is a continuously Fréchet differentiable function on D, i. e., F

is a smooth function.

The study about convergence matter of iterative methods is usually centered on two types:

semi-local and local convergence analysis. The semi-local convergence analysis is based on the

information around an initial point, to give convergence conditions guaranteeing the conver-

gence of the iterative process; while the local one is, based on the information around a solution

to find estimates of the radii of the convergence balls.

There is a plethora on local as well as semilocal convergence results on Newton’s method (2)

under various Lipschitz type conditions on F ′. We refer the reader to [1]-[19] and the references

therein for this type of results.

However, in many interesting applications F is not a smooth function [6]-[9]. In particular,

we are interested in the case when F is a semismooth function. We present local as well as

semilocal convergence results under weaker conditions than in earlier studies such as [1]-[19].

In the case of local convergence, our convergence ball is larger and the ratio of convergence
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smaller than before [1]-[19]. These advantages are also obtained under weaker hypotheses.

This type of improved convergence results are important in Computational Mathematics, since

this way we have a wider choice of initial guess and we compute less iterates in order to obtain

a desired error tolerance.

The paper is organized as follows: semilocal and local convergence analysis of Newton

method is given in Section 2. Finally, the numerical examples illustrating the theoretical re-

sults are given in the concluding Section 3.

2. Main results

2. 1. Semilocal convergence

Theorem 2.1.1. Suppose that the operator F : D ⊆ X → Y is Frchet-differentiable on some

subset D of a Banach space X with values in a Banach space Y .

(3) F ′(x)−1 ∈ L(Y,X) for each x ∈ D;

(4) ‖F ′(x0)
−1F(x0)‖ ≤ η for some x0 ∈ D;

(5) ‖F ′(y)−1(F(y)−F(x)−F ′(y)(y− x))‖ ≤ K‖y− x‖1+γ0

for each x,y ∈ D and some γ0,K ≥ 0;

(6) ‖F ′(y)−1(F ′(y)−F ′(x))(y− x)‖ ≤M‖y− x‖1+γ

for each x,y ∈ D and some γ,M ≥ 0;

(7) 0≤ α := Kη
γ0 +Mη

γ < 1

and for

(8) r =
η

1−α
,

(9) U(x0,r)⊆ D.
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Then, sequence {xn} generated by Newton’s method is well defined, remains in U(x0,r) for

each n = 0,1,2, . . . and converges to a solution x∗ ∈U(x0,r) of equation F(x) = 0. Moreover,

the following estimates hold:

(10) ‖xn+1− xn‖ ≤ α‖xn− xn−1‖ for each n = 1,2, . . .

and

(11) ‖xn− x∗‖ ≤ αnη

1−α
for each n = 0,1,2, . . .

Proof. It follows from (4), (7), (8) and Newton’s method for n = 0 that

‖x1− x0‖= ‖F ′(x0)
−1F(x0)‖ ≤ η ≤ η

1−α
= r.

Hence, x1 ∈U(x0,r). Using Newton’s method for n = 1, we get the approximation

F(x1) = F(x1)−F(x0)−F ′(x0)(x1− x0)

= [F(x1)−F(x0)−F ′(x1)(x1− x0)]

+(F ′(x1)−F ′(x0))(x1− x0).(12)

Then, since x1 ∈D we have that F ′(x1)
−1 ∈ L(Y,X). In view of (4), (5), (6), (7) and (12) we get

that

‖x2− x1‖ = ‖F ′(x1)
−1F(x1)‖

≤ ‖F ′(x1)
−1(F(x1)−F(x0)−F ′(x1)(x1− x0))‖

+‖F ′(x1)
−1(F ′(x1)−F ′(x0))(x1− x0)‖

≤ K‖x1− x0‖1+γ0 +M‖x1− x0‖1+γ

= (K‖x1− x0‖γ0 +M‖x1− x0‖γ)‖x1− x0‖

≤ (Kη
γ0 +Mη

γ)‖x1− x0‖= α‖x1− x0‖(13)

and

‖x2− x0‖ ≤ ‖x2− x1‖+‖x1− x0‖ ≤ α‖x1− x0‖+‖x1− x0‖

=
1−α2

1−α
‖x1− x0‖ ≤

1−α2

1−α
η ≤ r,(14)
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which show that (10) holds for n = 1 and x2 ∈ U(x0,r).Let us assume that (10) holds for all

m≤ n and xm ∈U(x0,r). Then, by simply using xm−1, xm in place of x0, x1 in (12)–(14) we get

that

(15) ‖xm+1− xm‖ ≤ α‖xm− xm−1‖

and

(16) ‖xm+1− x0‖ ≤
1−αm+1

1−α
‖x1− x0‖ ≤

1−αm+1

1−α
η ≤ r,

which complete the induction for (10) and xm+1 ∈ U(x0,r). It follows that sequence {xn} is

complete and as such it converges to some x∗ ∈ U(x0,r) (since U(x0,r) is a closed set). By

letting m→+∞ in the estimate

‖F ′(xm)
−1F(xm)‖= ‖xm+1− xm‖ ≤ α

m+1
η

and since F ′(xm)
−1 ∈ L(Y,X), we get that F(x∗) = 0. We also have that

‖xn+m− xn‖ ≤ ‖xn+m− xn+m−1‖+‖xn+m−1− xn+m−2‖+ · · ·+‖xn+1− xn‖

≤ (αn+m−1 +α
n+m−2 + · · ·+α

n)‖x1− x0‖

≤ α
n 1−αm

1−α
‖x1− x0‖ ≤ α

n 1−αm

1−α
‖x1− x0‖.(17)

By letting m→+∞ in (17) we obtain (11).

Remark 2.1.2.

a) Condition (6) does not necessarily imply that F ′ is Lipschitz and according to (12)

cannot be avoided if we want to show convergence. Let γ = 0, e. g., then, by (6) F ′ is

not Hölder or necessarily Lipschitz.

b) If we use

(18) ‖F ′(y)−1‖ ≤ K1,

(19) ‖F(y)−F(x)−F ′(y)(y− x)‖ ≤ K2‖y− x‖1+γ0,

(20) ‖(F ′(y)−F ′(x))(y− x)‖ ≤M1‖y− x‖1+γ .
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Then due to the estimates

‖F ′(y)−1(F(y)−F(x)−F ′(y)(y− x))‖ ≤ ‖F ′(y)−1‖‖F(y)−F(x)

−F ′(y)(y− x)‖

≤ K1K2‖y− x‖1+γ0

and

‖F ′(y)−1(F ′(y)−F ′(x))(y− x)‖ ≤ ‖F ′(y)−1‖‖(F ′(y)−F ′(x))(y− x)‖1+γ

≤ K1M1‖y− x‖1+γ ,(21)

we can set K = K1K2, M = K1M1. If (5), (6) are replaced by (18)–(20), then, the con-

clusions of Theorem 2.1.1 hold in this stronger though setting.

c) Notice that due the estimate

‖F ′(y)−1(F ′(y)−F ′(x))(y− x)‖ ≤ ‖F ′(y)−1(F ′(y)−F ′(x))‖‖y− x‖

M in (6) can be chosen to be an upper bound on ‖F ′(y)−1(F ′(y)−F ′(x))‖. That is

‖F ′(y)−1(F ′(y)−F ′(x))‖ ≤M,

which must be less than one.

Notice also that ‖F ′(y)−F ′(x)‖ ≤M2, holds, if e. g. F ′ is continuous. Then, for γ = 0,

we can choose M = K1M2.

d) If we drop γ0,γ from (5), (6) and define α by α = K +M, then the same proof leads to

even weaker results. Indeed, suppose that D is convex and only (6) holds. In this case

we choose K = M
2 , since in this case∥∥∥∥F ′(y)−1

∫ 1

0
(F ′(x+θ(y− x))−F ′(y))dθ

∥∥∥∥≤ K.

2.2. Local convergence

Theorem 2.2.1. Suppose that F : D ⊆ X → Y is a Frchet differentiable operator; there exists

x∗ ∈ D such that F(x∗) = 0; F ′(x)−1 ∈ L(Y,X) for each x ∈ D;

(22) ‖F ′(y)−1(F(y)−F(x∗)−F ′(y)(y− x∗))‖ ≤ λ‖y− x∗‖1+b
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for each x,y ∈ D, some λ > 0 and b≥ 0 and for

(23) R = min
{

1
λ
,

1
λ b

}
,

(24) U(x0,R)⊆ D.

Then, sequence {xn} generated by Newton’s method converges to x∗ provided that x0 ∈U(x∗,R).

Moreover, the following estimates hold for each n = 0,1,2, . . .

(25) ‖xn+1− x∗‖ ≤ λ‖xn− x∗‖1+b ≤ ‖x0− x∗‖< R

and

(26) ‖xn+1− x∗‖ ≤ λ
− 1

b (λ‖x0− x∗‖)(1+b)n+1

Proof. We have that x1 ∈U(x∗,R) by the choide of R. Then, using the estimate

(27) x1− x∗ =−F ′(x1)
−1[F(x1)−F(x∗)−F ′(x1)(x1− x∗)]

and (22), we get that

‖x1− x∗‖ = ‖−F ′(x1)
−1[F(x1)−F(x∗)−F ′(x1)(x1− x∗)]‖

≤ λ‖x1− x∗‖1+b ≤ ‖x1− x∗‖< R(28)

by the choice of R, which show (25) and (26) for n = 0. Suppose that (25) and (26) hold for

each k ≤ n. Then, we have that

(29) xk+1− x∗ =−F ′(xk)
−1[F(xk)−F(x∗)−F ′(xk)(xk− x∗)].

By (22) and (29) we get that

‖xk+1− x∗‖ = ‖F ′(xk)
−1[F(xk)−F(x∗)−F ′(xk)(xk− x∗)]‖

≤ λ‖xk− x∗‖1+b ≤ λ

(
λ‖xk−1− x∗‖1+b

)1+b

≤ λλ
1+b‖xk−1− x∗‖1+b2

≤ λ
1+(1+b)+···+(1+b)k

‖x0− x∗‖(1+b)k+1

= λ

(1+b)k+1+···+(1+b)+1
(1+b)−1 ‖x0− x∗‖(1+b)k+1

= λ
− 1

b (λ‖x0− x∗‖)k+1,(30)
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which show (25), (26) for all n and that lim
k→+∞

xk = x∗.

Remark 2.2.2.

(a) Condition (22) certainly holds if replaced by the stronger

(31) ‖F ′(y)−1(F(y)−F(x)−F ′(y)(y− x))‖ ≤ λ1‖y− x‖1+b

for each x,y ∈ D. Note that λ ≤ λ1.

(b) Notice also that a condition of the type (6) (or (4)) is not needed for the local conver-

gence.

3. Examples

In this section, we present an example for the local convergence case.

Example 3.1. Let X = Y = R, D =U(0,1) and define function F on D by

(32) F(x) = ex−1.

Then, we have that x∗ = 0. Using (32) we get in turn that

F ′(y)−1(F(y)−F(x∗)−F ′(y)(y− x∗)) = 1− y−
(

1− y+
y2

2!
− y3

3!
+

y4

4!
−·· ·

)
=

(
1
2!
− y

3!
+

y2

4!
− y3

5!
+ · · ·

)
y2.

So

‖F ′(y)−1 (F(y)−F(x∗)−F ′(y)(y− x∗)
)
‖ =

∣∣∣∣ 1
2!
− y

3!
+

y2

4!
− y3

5!
+ · · ·

∣∣∣∣ |y|2
≤

(
1
2!

+
|y|
3!

+
|y|2

4!
+
|y|3

5!
+ · · ·

)
|y|2

≤
(

1
2!

+
1
3!

+
1
4!

+
1
5!

+ · · ·
)
|y|2

= (e−2)|y|2.
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Hence, we can choose λ = e−2 and b = 1. Moreover, we have that

F ′(y)−1 (F(y)−F(x)−F ′(y)(y− x)
)

= e−y (ey−1− ex +1− ey(y− x))

= 1− (y− x)− ex−y

= 1+ x− y−
(

1+(x− y)+
(x− y)2

2!
+

(x− y)3

3
+ · · ·

)
=

(
1
2!

+
x− y

3!
+

(x− y)2

4!
+ · · ·

)
(x− y)2.

So,

‖F ′(y)−1 (F(y)−F(x)−F ′(y)(y− x)
)
‖ =

∣∣∣∣ 1
2!

+
x− y

3!
+

(x− y)2

4!
+ · · ·

∣∣∣∣ |y− x|2

≤
(

1
2!

+
|x− y|

3!
+
|x− y|2

4!
+ · · ·

)
|y− x|2

≤
(

1
2!

+
2
3!

+
22

4!
+ · · ·

)
|y− x|2

≤ (e2−3)|y− x|2.

Hence, we can choose λ1 = e2−3 and b = 1. Therefore, we obtain

R1 =
1
λ1

= 0.227839421 < 1.392211191 =
1
λ
= R.

That is, we deduce that the new convergence ball is larger and the radio of convergence s-

maller than the old convergence ball and the old radio of convergence of Newton’s method is

guaranteed by Theorem 2.1.1 provided that x0 ∈U(x0,R).
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