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Abstract. In this study we present a semi-local convergence analysis of the Gauss-Newton method for solving

convex composite optimization problems in Riemannian manifolds using the our idea of restricted convergence

domains. Using this idea we introduce majorizing sequences for the Gauss-Newton method that are more precise

than in earlier studies. Consequently, our semi-local convergence analysis for the Gauss-Newton method has the

following advantages under the same computational cost: weaker sufficient convergence conditions; more precise

estimates on the distances involved and an at least as precise information on the location of the solution.
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1. Introduction

In this paper we are concerned with the convex composite optimization problem on a Rie-

mannian manifold. We present a convergence analysis of Gauss–Newton method on Riemann-

ian manifolds [11, 13, 24]. Using the restricted convergence domains, we obtained a finer con-

vergence analysis, with the advantages (A ): tighter error estimates on the distances involved
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and the information on the location of the solution is at least as precise. These advantages were

obtained (under the same computational cost) using the same or weaker hypotheses as in [9, 24].

1.1. Gauss-Newton algorithms

The purpose of this paper is to study the convex composite optimization problem

(1) min
x∈Rl

f (x) := h(F(x)),

where h : Rm −→ R is convex, F : Rl −→ Rm is Fréchet-differentiable operator and m, l ∈ N?

using the idea of restricted convergence domains. The important of the study of (1) can be

found in (see, e.g., [3, 9, 7, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 25]). We assume that the

minimum hmin of the function h is attained. Problem (1) is related to

(2) F(x) ∈ C ,

where

(3) C = argminh

is the set of all minimum points of h.

A semilocal convergence analysis for Gauss-Newton method (GNA) was presented using the

algorithm (see, e.g., [5, 9, 14]):

Algorithm (GNA) : (ξ ,∆,x0)

Let ξ ∈ [1,∞[, ∆ ∈]0,∞] and for each x ∈ Rl , define D∆(x) by

(4)
D∆(x) = {d ∈ Rl :‖ d ‖≤ ∆, h(F(x)+DF(x)d)≤ h(F(x)+DF(x)d′)

for all d′ ∈ Rl with ‖ d′ ‖≤ ∆}.

Let also x0 ∈ Rl be given. Having x0, x1, · · · , xk (k ≥ 0), determine xk+1 by:

If 0 ∈D∆(xk), then STOP;

If 0 6∈D∆(xk), choose dk such that dk ∈D∆(xk) and

(5) ‖ dk ‖≤ ξ d(0,D∆(xk)).

Then, set xk+1 = xk +dk.
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Here, d(x,W ) denotes the distance from x to W in the finite dimensional Banach space contain-

ing W . Note that the set D∆(x) (x ∈Rl) is nonempty and is the solution of the following convex

optimization problem

(6) min
d∈Rl ,‖d‖≤∆

h(F(x)+DF(x)d),

which can be solved by well known methods such as the subgradient or cutting plane or bundle

methods (see, e.g., [19]). Many popular iterative methods such as trust region method, conjugate

gradient method, steepest descent method, Newton-like methods, has been extended from a

Banach space to a Riemannian manifold setting. Recently, Wang, Yao and Li [24] extended

the Gauss-Newton method (GNA) to Riemmannian manifold to solve the convex composite

optimization on Riemannian manifold M which is formulated as follows:

(7) min
p∈M

f (p) := h(F(p)),

where h is same as defined above and F is a differentiable mapping from M to Rl . As men-

tioned before, the study of (7) naturally relates to the convex inclusion problem

(8) F(p) ∈C,

where C = argminh, the set of all minimum points of h. The extended Gauss-Newton method

for convex composite optimization problem on Riemannian manifold (7) (GNAR) is defined as

follows.

Algorithm (GNAR) : (ξ ,∆,x0)

Let ξ ≥ 1, 0 < ∆≥ ∞. Let p0 ∈M be given. For k = 0,1, . . ., having p0, p1, . . . , pk, determine

pk+1 as follows.

If 0 ∈ Λ∆(pk) then stop; if 0 6∈ Λ∆(pk), choose vk ∈ Λ∆(pk) and

‖vk‖ ≤ ξ d(0,Λ∆(pk)),

and set pk+1 = exppk
vk, where for each p ∈M , Λ∆(p) is defined by

Λ∆(p) :=
{

v ∈ TpM ‖v‖ ≤ ∆,h(F(p)+DF(p)v)≤ h(F(p))+DF(p)v′)
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∀v′ ∈ TpM with ‖v′‖ ≤ ∆
}
.

1.2. Gauss-Newton algorithms

We used the same notations and notions about smooth manifolds used in the papers [3, 9, 7,

8, 24]. “Let M be a complete connected m-dimensional Riemannian manifold with the Levi-

Civita connection ∇ on M . Let p ∈M , and let TpM denote the tangent space at p to M . Let

< ·, ·> be the scalar product on TpM with the associated norm ‖ · ‖p, where the subscript p is

sometimes omitted. For any two distinct elements p,q ∈M , let c : [0,1]→M be a piecewise

smooth curve connecting p and q. Then the arc-length of c is defined by l(c) :=
∫ 1

0 ‖c′(t)‖dt, and

the Riemannian distance from p to q by d(p,q) := infc l(c), where the infimum is taken over all

piecewise smooth curves c : [0,1]→M connecting p and q. Thus, by the HopfRinow Theorem

(see [19]), (M,d) is a complete metric space and the exponential map at p, expp : TpM →M

is well-defined on TpM .

Recall that a geodesic c in M connecting p and q is called a minimizing geodesic if its arc-

length equals its Riemannian distance between p and q. Clearly, a curve c : [0,1]→M is a

minimizing geodesic connecting p and q if and only if there exists a vector v ∈ TpM such that

‖v‖= d(p,q) and c(t) = expp(tv) for each t ∈ [0,1].

Let c : R→M be a C∞ curve and let Pc,·,· denote the parallel transport along c, which is

defined by

Pc,c(b),c(a)(v) =V (c(b)),∀a,b ∈ R and v ∈ Tc(a)M,

where V is the unique C∞ vector field satisfying ∇c′(t)V = 0 and V (c(a)) = v. Then, for any

a,b ∈ R,Pc,c(b),c(a) is an isometry from Tc(a)M to Tc(b)M . Note that, for any a,b,b1,b2 ∈ R,

Pc,c(b2),c(b1) ◦Pc,c(b1),c(a) = Pc,c(b2),c(a) and P−1
c,c(b),c(a) = Pc,c(a),c(b).

In particular, we write Pq,p for Pc,q,p in the case when c is a minimizing geodesic connecting p

and q. Let C1(TM ) denote the set of all the C1-vector fields on M and Ci(M ) the set of all Ci-

functions from M to R (i = 0,1, where C0-mappings mean continuous mappings), respectively.

Let F : M → Rl be a C1 function such that

F = (F1,F2, . . . ,Fn)
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with Fi ∈ C1(M) for each i = 1,2, . . . ,n. Let ∇ be the Levi-Civita connection on M , and let

X ∈C1(TM ). Then, the derivative of F along the vector field X is defined by

∇X F = (∇X F1,∇X F2, . . . ,∇X Fn) = (X(F1),X(F2), . . . ,X(Fn)).

Thus, the derivative of F is a mapping DF : (C1(TM ))→ (C0(M ))n defined by

(9) DF(X) = ∇X F for each X ∈C1(TM ).

We use DF(p) to denote the derivative of F at p. Let v ∈ TpM . Taking X ∈C1(TM ) such that

X(p) = v, and any nontrivial smooth curve c : (−ε,ε)→M with c(0) = p and c′(0) = v, one

has that

(10) DF(p)v := DF(X)(p) = ∇X F(p) =
(

d
dt
(F ◦ c)(t)

)
t=0

,

which only depends on the tangent vector v.

Let U(x,r) denote the open ball in Rl (or Rm) centered at x and of radius r > 0. By U(x,r)

we denote its closure. Let W be a closed convex subset of Rl (or Rm). The negative polar of W

denoted by W� is defined as

(11) W� = {z :< z,w >≤ 0 for each w ∈W}′′.

1.3. Quasi-regularity and convergence criterion

Let C be a closed convex set in Rl . Consider the inclusion

(12) F(p) ∈C.

Let p ∈M and

(13) Λ(p) := {v ∈ TpM |F(p)+DF(p)v ∈C}.

Remark 1.1. In the case when C is the set of all minimum points of h and if there exists

v0 ∈ TpM with v0 ≤ ∆ such that v0 ∈ Λ(p), then v0 ∈ Λ∆(p) and for each v ∈ TpM with

‖v‖= ∆ one has

(14) v ∈ Λ∆(p)⇔ v ∈ Λ(p)⇔ v ∈ Λ∞(p).
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Definition 1.2. A point p0 ∈M is called a quasi-regular point of the inclusion (12) if there

exist r > 0 and an increasing positive-valued function β on [0,r) such that

(15) Λ(p) 6= /0 and d(0,Λ(p))≤ β (d(p0, p))d(F(p),C) for all p ∈ B(p0,r).

Following [24], let rp0 denote the supremum of r such that (15) holds for some increasing

positive-valued function β on [0,r). Let r∈ [0,rp0] and let Br(p0) denote the set of all increasing

positive-valued function β on [0,r) such that (15) holds. Define

(16) βp0(t) = inf{β (t) : β ∈ Brp0
(p0)} for each t ∈ [0,rp0).

Note that each β ∈Br(p0) with limt→r− β (t)<+∞ can be extended to an element of Brp0
(p0).

From this we can verify that

(17) βp0(t) = in f{β (t) : β ∈ Br(p0)} for each t ∈ [0,r).

We call rp0 and βp0 respectively the quasi-regular radius and the quasi-regular bound function

of the quasi-regular point p0.

Let L be a positive-valued increasing integrable function on [0,+∞). The notion of Lipschitz

condition with the L average for operators from Banach spaces to Banach spaces was first

introduced in [24] by Wang for the study of Smales point estimate theory, where the terminology

“the center Lipschitz condition in the inscribed sphere with L average” was used (see [23]).

Recently, this notion has been extended and applied to sections on Riemannian manifolds in

[1, 3, 4, 7, 8, 9, 13, 14, 24]. Note that a mappingF : M → Rm is a special example of sections.

The rest of the paper is organized as follows: Section 2 contains the L-average condition and

majorizing sequences. In Section 5, a numerical example is given to illustrate our theoretical

results.

2. L-average condition and majorizing sequences

We used the following notion of generalized Lipschitz condition due to Wang in [23] for our

convergence analysis. From now on L : [0,∞[−→]0,∞[ (or K) denotes a nondecreasing and

absolutely continuous function. Moreover, ξ and α denote given positive numbers.



EXTENDING THE APPLICABILITY OF GAUSS-NEWTON METHOD 7

Definition 2.1. Let r > 0 and p0 ∈M . Then, G is said to satisfy: Let G : Rl −→ Y . Then, G

is said to satisfy:

(a) The center L0-average condition on U(p0,r), if for any point p ∈ U(p0,r) and any

geodesic c connecting p0, p with l(c)< r, we have

(18) ‖ DFPc,p,p0
(p)−DF(p0) ‖≤

∫ l(c)

0
L0(u)du

(b) Let r0 = sup{t ∈ [0,r) : L0(t)t < 1}. The K-average Lipschitz condition on U(x0,r0), if

for any two points p,q ∈U(p0,r0) and any geodesic c connecting p,q with d(p0, p)+

l(c)< r0, we have

(19) ‖ DFPc,p,q(q)−DF(p) ‖≤
∫ d(p0,p)+l(c)

d(p0,p)
K(u)du

(c) The L− average Lipschitz condition on U(x0,r), if for any two points p,q ∈U(p0,r)

and any geodesic c connectiong p,q with d(p0, p)+ l(c)< r0 we have

(20) ‖DFp0,p,q(q)−DF(p)‖ ≤
∫ d(p0,p)+l(c)

d(p0,p)
L(u)du.

Notice that in view of (18)-(20)

(21) L0(u)≤ L(u) for each u ∈ [0,r)

and

(22) K(u)≤ L(u) for each u ∈ [0,r).

Definition 2.2. Define majorizing function ϕα on [0,+∞) by

(23) ϕα(t) = ξ − t +α

∫ t

0
K(u)(t−u)du f or each t ≥ 0

and majorizing sequence {sα,n} by

(24) sα,0 = 0, sα,n+1 = sα,n−
ϕα(sα,n)

ϕ ′α(sα,n)
f or each n = 0,1, · · · .
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From now on we show how our convergence analysis for (GNAR) is finer than the one in

[9, 24]. Define supplementary majorizing functions ϕα,0,ϕα on [0,+∞) by

ϕα,0(t) = ξ − t +α

∫ t

0
L0(u)(t−u)du for each t ≥ 0,

ϕα(t) = ξ − t +α

∫ t

0
L(u)(t−u)du for each t ≥ 0

and corresponding majorizing sequences {rα,n},{tα,n} by

(25) rα,0 = 0, rα,1 = ξ , rα,n+1 = rα,n−
ψα(sα,n)

ψ ′
α,0(sα,n)

for each n = 1,2, · · · ,

(26) tα,0 = 0, tα,1 = ξ , tα,n+1 = tα,n−
ψα(tα,n)

ϕ ′
α,0(tα,n)

for each n = 1,2, · · · .

The results concerning {tα,n} are already in the literature (see, e.g., [9]), whereas the corre-

sponding ones for sequence {sα,n} can be derivated in an analogous way by simple using ϕ ′
α,0

instead of ϕ ′α . First, we need some auxiliary results for the properties of functions ϕα , ϕα,0

and the relationship between sequences {sα,n} and {tα,n}. The proofs of the next four lemmas

involving the ϕα function can be found in [9, 13, 23, 24], whereas the proofs for function ϕα,0

are analogously obtained by simply replacing L by L0.

Let rα > 0, bα > 0, rα,0 > 0 and bα,0 > 0 be such that

(27) α

∫ rα

0
L(u)du = 1, bα = α

∫ rα

0
L(u)udu

and

(28) α

∫ rα,0

0
K(u)du = 1, bα,0 = α

∫ rα,0

0
K(u)udu.

Clearly, we have that

(29) bα < rα

and

(30) bα,0 < rα,0.
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In view of (21), (22), (27) and (28), we get that

(31) rα ≤ rα,0

and

(32) bα ≤ bα,0.

Lemma 2.3. Suppose that 0 < ξ ≤ bα . Then, bα < rα and the following assertions hold:

(i) ϕα is strictly decreasing on [0,rα ] and strictly increasing on [rα ,∞) with ϕα(ξ ) > 0,

ϕα(rα) = ξ −bα ≤ 0, ϕα(+∞)≥ ξ > 0.

(ii) ϕα,0 is strictly decreasing on [0,rα,0] and strictly increasing on [rα,0,∞) with ϕα,0(ξ )>

0, ϕα,0(rα,0) = ξ −bα,0 ≤ 0, ϕα,0(+∞)≥ ξ > 0. Moreover, if ξ < bα , then ψα has two

zeros, denoted by t?α and t??α , such that

(33) ξ < t?α <
rα

bα

ξ < rα < t??α

and if ξ = bα , ψα has an unique zero t?α = rα in (ξ ,∞);

ϕα,0 has two zeros, denoted by t?
α,0 and t??

α,0, such that

ξ < t?α,0 <
rα,0

bα,0
ξ < rα,0 < t??α,0,

(34) t?α,0 ≤ t?α ,

(35) t??α,0 ≤ t??α

and if ξ = bα,0, ϕα,0 has an unique zero t?
α,0 = rα,0 in (ξ ,∞).

(iii) {tα,n} is strictly monotonically increasing and converges to t?α .

(iv) {sα,n} is strictly monotonically increasing and converges to its unique least upper bound

t?α ≤ t?
α,0.

(v) The convergence of {tα,n} is quadratic if ξ < bα and linear if ξ = bα .

Lemma 2.4. Let rα , rα,0, bα , bα,0, ϕα , ψα,0 be as defined above. Let α > α . Then, the

following assertions hold:

(i) Functions α −→ rα , α −→ rα,0, α −→ bα , α −→ bα,0 are strictly decreasing on [0,∞).
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(ii) ϕα < ϕα and ϕα,0 < ϕα,0 on [0,∞).

(iii) Function α −→ t?α is strictly increasing on I(ξ ), where I(ξ ) = {α > 0 : ξ ≤ bα}.

(iv) Function α −→ t?
α,0 is strictly increasing on I(ξ ).

Lemma 2.5. Let 0≤ λ < ∞. Define functions

(36) χ(t) =
1
t2

∫ t

0
L(λ +u)(t−u)du f or all t ≥ 0

and

(37) χ0(t) =
1
t2

∫ t

0
L0(λ +u)(t−u)du f or all t ≥ 0.

Then, functions χ and χ0 are increasing on [0,∞).

Lemma 2.6. Define function

gα(t) =
ϕα(t)
ϕ ′α(t)

f or all t ∈ [0,r?α,0).

Suppose 0 < ξ ≤ bα . Then, function gα is increasing on [0,r?
α,0).

Remark 2.7. The majorizing function ϕα plays a crucial role in the study of the convergence

of (GNAR). According to the definition of function ϕα in (2.21), we need function L in order to

construct ϕα . Then, given F and DF the general formula for computing function L is given by

(38) sup‖DFPc,p,q(q)−DF(p)‖=
∫ d(p0,p)+l(c)

d(p0,p)
L(u)du,

where the supremum is taken for any two points p,q ∈ Ū(p0,r0) for any geodesic c connecting

p,q with d(p0, p)+ l(c) ≤ r0 (see e.g. Remark 4.1 and Example 4.2 for the construction of

function L, i.e. the construction of majorizing function ψα ). Similarly, the construction of

function ϕα,0 defined in (2.6) requires finding function L0. According to (2.18) function L0

must satisfy

(39) sup‖DFPc,p,q(q)−DF(p0)‖=
∫

0

l(c)
L0(u)du,

where the supremum is taken for any point p ∈ Ū(p0,r) and any geodesic c connecting p0, p

with l(c)≤ r.

3. Semilocal convergence analysis for (GNAR)
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Assume that the set C satisfies (3). Let p0 ∈M be a quasi-regular point of (3) with the

quasi-regular radius Rp0 and the quasi-regular bound function βp0 (i.e., see (2.16) and (2.17)).

Let δ ∈ [1,+∞) and let

(40) ξ = δ βp0(0)d(F(p0),C ).

For all R ∈ (0,Rp0], we define

(41) α0(R) = sup
{

δ βp0(t)

δ βp0(t)
∫ t

0
L0(s)ds+1

: ξ ≤ t < R
}
.

Theorem 3.1. Let δ ∈ [1,+∞) and ∆∈ (0,+∞]. Let p0 ∈M be a quasi-regular point of (3) with

the quasi-regular radius Rp0 and the quasi-regular bound function βp0 . Let ξ > 0 and α0(R) be

given in (40) and (41), respectively. Let 0 < R < Rp0 , α ≥ α0(R) be a positive constant and let

bα , rα be as defined in (27). Let {sα,n} (n≥ 0) be given by (24). Suppose that DF satisfies the

K-average Lipschitz on U(p0,r0) and the center L0-average Lipschitz conditions on U(p0,s?α).

Suppose that

(42) L0(t)≤ K(t), t ∈ [0,r0), ξ ≤min{bα , ∆} and s?α := lim
n−→∞

sα,n ≤ R.

Then, sequence {pn} generated by (GNAR) is well defined, remains in U(p0,s?α) for all n ≥ 0

and converges to some p? such that F(p?)∈C . Moreover, the following estimates hold for each

n = 1,2, · · ·

(43) d(pn, p?)≤ s?α − sα,n,

and

(44) F(pn)+DF(pn)vn ∈C.

Proof. Simply replace L by K in the proof of Theorem 3.1 in [9] (or see[11, 13, 24]). Notice

also that the iterates pk remain in U(p0,r0) which is more accurate location than U(x0,r) used

earlier, since U(x0,r0)⊂U(x0,r).

We proceed by mathematical induction. By (42) and Lemma 2.6, we have that, for each n,

(45) ξ ≤ sα,n < s∗α ≤ s≤ sx0.
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Using the quasi-regularity assumption, we get that

(46) Λ(p) 6= /0 and d(0,Λ(p))≤ βp0(d(p0, p))d(F(p),C) for each p ∈ B(p0,r0).

In particular, Λ(p0) 6= /0 and

(47) δd(0,Λ(p0))≤ δβp0(d(p0, p0))d(F(p0),C) = δβp0(0)d(F(p0),C) = ξ ≤ ∆.

Since δ ≥ 1, it follows that d(0,Λ(p0))≤ ∆ and so there exists v∈ Tp0M with ‖‖ ≤ ∆ such that

F(p0)+DF(p0)v ∈C. Then, by Remark 2.7,

Λ∆(p0) =
{

v ∈ Tp0M |‖v‖ ≤ ∆,F(p0)+DF(p0)v ∈C
}

and

d(0,Λ∆(p0)) = d(0,Λ(p0)).

Hence, by the definition of (GNAR) and (47), we can choose v0 ∈ Λ∆(p0) such that

‖v0‖ ≤ δd(0,Λ∆(p0)) = δd(0,Λ(p0))≤ δβp0(0)d(F(p0),C) = ξ =α,1 −sα,0,

which implies that (43) and (45) hold for n = 0. Assume that (43) and (44) hold for each

n ∈ 0,1, ...,k−1 and define the geodesic c : [0,1]→M by

(48) c(τ) = exppk−1
τvk−1, τ ∈ [0,1]

It follows from the induction hypotheses that

(49) d(p0, pk)≤
k

∑
i=1

d(pi, pi−1)≤
k

∑
i=1

(sα,i− sα,i−1) = sα,k

and

(50) d(pk−1, p0)≤ sα,k−1 ≤ sα,k.

It follows from (48) and (45) that c(τ) ∈U(p0,s∗α)⊆ B(p0,r0) for each τ ∈ [0,1]. Hence, (46)

holds for p = pk. That is

(51) Λ(pk) 6= /0 and d(0,Λ(pk))≤ βp0(d(pk, p0))d(F(pk),C).

We claim that

(52) δd(0,Λ(pk))≤ sα,k+1− sα,k.
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Using (43) for n = k− 1 and the fact that DF satisfies K−average Lipschitz condition on

U(p0,s∗α), we have by (52) in turn that

δd(0,Λ(pk)) ≤ δβp0(d(p0, pk))d(F(pk),C)

≤ δβp0(d(p0, pk))‖F(pk)−F(pk−1)−DF(pk−1)vk−1‖

≤ δβp0(d(p0, pk))‖
∫ 1

0 (DF(c(τ))Pc,c(τ),pk−1
−DF(pk−1))vk−1τ‖

≤ δβp0(d(p0, pk))
∫ 1

0

(∫ τ‖vk−1‖+d(pk−1,p0)
d(pk−1,p0)

K(u)du
)
‖vk−1‖dτ

= δβp0(d(p0, pk))
(∫ ‖vk−1‖

0 K(d(pk−1, p0)+u)(‖vk−1‖−u)du
)

≤ δβp0(sα,k)
(∫ ‖vk−1‖

0 K(sα,k−1 +u)(‖vk−1‖−u)u
)

where the last inequality is valid because K and βx0 are increasing and thanks to (49) and (50).

Hence, it follows that

(53)
δd(0,Λ(pk)) ≤ δβp0(sα,k)

∫ sα,k−sα,k−1
0 K(sα,k−1 +u)(sα,k− sα,k−1−u)du

=
δβp0(sα,k)ψα(sα,k)

α
.

On the other hand, by (45) and (41),

δβp0(sα,k)

α0(r)
≤
(

1−α0(r)
∫ sα,k

0
L0(u)du

)−1

.

Since α ≥ α0(r) and by (41), it follows that

(54)
δβp0(sα,k)

α
≤
(

1−α0(s)
∫ sα,k

0
L0(u)du

)−1

=−ϕ
′
α,0(sα,k)

−1 ≤−ϕ
′
α(sα,k)

−1.

In view of (53), (54) and (39) we deduce that (52) hold. Moreover by Lemma 2.9 and (42), we

have

sα,k+1− sα,k =−ϕ
′
α,0(sα,k)

−1
ϕα(sα,k)≤−ϕ

′
α(sα,0)

−1
ϕα(sα,0) = ξ ≤ ∆,

it follows from (52) that d(0,Λ(pk)) ≤ ∆. Hence there exists v ∈ TpkM with v ≤ ∆ such that

F(pk)+DF(pk)v ∈C. Then, by Remark 2.7,

Λ∆(pk) =
{

v ∈ TpkM |‖v‖ ≤ ∆, F(pk)+DF(pk)v ∈C
}
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and

d(0,Λ∆(pk)) = d(0,Λ(pk)).

Choosing vk ∈ Λ∆(pk) according to (GNAR), we deduce that (44) holds for n = k. Finally, we

have that

‖vk‖ ≤ δd(0,Λ∆(pk)) = δd(0,Λ(pk)).

The last estimate with together with (52) complete the induction.

Remark 3.2. Let 0 < r0 ≤ rp0,β0 > 0 and 0 ≤ β ≤ β0. Let us consider one important class of

quasi-regular bound function βp0 satisfying

(55) βp0(t)≤
β0

1−β
∫ t

0 L0(u)du
for each t ∈ [0,r0).

Then, we have

(56) α0(r)≤
δβ0

1+(δβ0−β )
∫

δ

0 L0(u)du
.

In fact by (55), for each t ∈ [ξ ,r), we have

δ

∫ t

0
L0(u)du+

1
βx0(t)

≥ 1
β0

(
δ − β

β0

)∫ t

0
L0(u)du≥ 1

β0

(
δ − β

β0

)∫
ξ

0
L0(u)du,

that is,
βx0(t)

1+δβx0(t)
∫ t

0 L0(u)du
≤ β0

1+(δβ0−β )
∫ ξ

0 L0(u)du
.

Hence, (56) follows by the definition of α0(r) in (41).

Notice that the results in [9] use L instead of L0. Hence, if L0 < K, then our results improve

the older ones.

4. Special cases and applications

Remark 4.1.

(a) If L0(u) = K(u) = L(u) for each u ∈ (0,r0] and r0 = r then Theorem 3.1 reduces to

Theorem 3.1 in [9] (which in turn improve the corresponding result in [24]). However,

if L0(u) ≤ K(u) < L(u) for each u ∈ [0,r0], we have improvements. Indeed, we have
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that, if function ψα has a solution t∗α , then, since ϕα(t∗α) ≤ ψα(t∗α) = 0 and ϕα(0) =

ψα(0) = ξ > 0, we get that function ψα has a solution r∗α such that

(57) r∗α ≤ t∗α

but not necessarily vice versa. It also follows from (57) that the new information about

the location of the p∗ is at least as precise as the one given in [9, 24].

Let us specialize conditions (18)-(20) even further in the case when L0,K and L are constant

functions. Then, we have:

(58) ψα(t) =
L
2

t2− t +ξ

and

(59) ϕα(t) =
K
2

t2− t +ξ ,

respectively. In this case the convergence criteria become, respectively

(60) h = Lη ≤ 1
2

and

(61) h1 = Kη ≤ 1
2
.

Notice that

(62) h≤ 1
2
=⇒ h1 ≤

1
2

but not necessaruly vice versa unless, if K = L. Criterion (60) is the famous for its simplicity and

clarity Kantorovich hypothesis for the semilocal convergence of Newton’s method to a solution

x∗ of nonlinear equation F(x) = 0 [3, 8]. In the case of Wang’s conditions [24] we have

ψ(t) ==
γt2

1− γt
− t +η ,

ϕ(t) =
β t2

1−β t
− t +η ,

L(u) =
2γ

(1− γu)3 , γ > 0,0≤ t <
1
γ
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and

K(u) =
2β

(1−βu)3 , β > 0,0≤ t <
1
β

with convergence criteria, given respectively by

(63) H = γη ≤ 3−2
√

2

(64) H1 = βη ≤ 3−2
√

2.

Then, again we have that

(65) H ≤ 3−2
√

2 =⇒ H1 ≤ 3−2
√

2

but not necessarily vice versa, unless, if β = γ. Concerning the error bounds and the limit of

majorizing sequence, suppose that

(66) −ϕα(s)
ϕ ′α(s)

≤−ψα(t)
ψ ′α(t)

for each s, t ∈ [0,ρ0] with s≤ t. Then, we have that

sα,n ≤ tα,n,

sα,n+1− sα,n ≤ tα,n+1− tα,n,

and

s∗α ≤ t∗α .

The first two preceding inequalities are also strict for n≥ 2, if strict inequality holds in (66).

The aformensioned results can be improved even further, if (19) holds on U0 := U(p0,r0−

d(p0, p1)) instead of U(p0,r0). In particular, G is said to satisfy the K0− average Lipschitz

condition on U0, if for every two points p,q ∈ U0 and any geodesic c connecting p,q with

d(p0, p)+ l(c)< r0, we have

(67) ‖DFc,p,q(q)−DF(p)‖ ≤
∫ d(p0,p)+l(c)

d(p0,p)
K0(u)du.

Then, we have that

K̄(u)≤ K(u) for each u ∈ [0,r0),
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since U0 ⊆U(p0,r0). Therefore, K̄ can replace K in the preceeding results leading to an even

finer convergence analysis. It is worth noticing that these advantages are obtained under the

same computational cost, since in practice the computation of function L requires the computa-

tion of functions L0, K̄ and K as special cases. Moreover, upon using U0 instead of U(p0,r) or

U(p0,r0), we still use the initial data, since d(p0, p1) involves only p0,F(p0) and DF(p0).

The rest of the results in [9, 24] can be improved along the same lines by also using K instead

of L. We leave the details to the motivated reader.

5. Numerical examples

We present an example to show that L0 < K < L.

Example 5.1. Let X = Y = R,D = Ū(x0,1−λ ),x0 = 1,λ ∈ [0, 1
2). Define function F on D by

F(x) = x3−λ .

Then, we have ξ = 1−λ ,L0 = 3(1−λ ),K = 6(1+ 1
L0
), K̄ = 6(1+ 1

L0
−ξ ) and L = 6(2−λ ).

Define

ϕα(t) =
K
2

t2− t +ξ , ϕα,0(t) =
L0

2
t2− t +ξ

and

ψα(t) =
L
2

t2− t +ξ .

Then, since L0 < K < L, K̄ < K, we get ϕα,0(t)< ϕα(t)< ψα(t) and ϕ̄α(t)< ϕα(t). Therefore,

the new results have the advantages (A ) over the corresponding ones in [9, 23, 24].
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[9] I.K. Argyros, A.A. Magreñán, Extending the applicabitity of Gauss-Newton method for convex composite

optimization on Riemannian manifolds, Appl. Math. Comput. 249 (2014), 453–467.

[10] J.V. Burke, M.C. Ferris, A Gauss-Newton method for convex composite optimization, Math. Programming

Ser A. 71 (1995), 179–194.

[11] O.P. Ferreira, O.P. Oliveira, Proximal point algorithm or Riemannian manifolds, Optimization, 51 (2002),

257–270.
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