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Abstract. We present a semilocal convergence analysis of Newton’s method for sections on Riemannian manifolds.

Using the notion of a 2- piece L−average Lipschitz condition introduced before in combination with our new idea

of restricted convergence domains, we provide a tighter convergence analysis than in earlier studies.
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1. Introduction

The solutions of eigenvalue problems, optimization problems with equality constraints, in-

variant subspaces computations ( [1, 7, 13, 16–18, 21, 27, 28]) etc can rarely be found in closed

form. So most solution methods for these problems are usually iterative. In particular for the

preceding problems researchers compute solutions of a system of equations or they find singular

points of a vector field on a Riemannian manifold.

The most popular iterative method is undoubtedly Newton’s method [1, 2, 7, 13, 24]. Li and

Wang in [24] provided a semi-local convergence analysis of Newton’s method for sections on

Riemannian manifolds. Their work extended earlier works such as [1,2,17] and is based on the
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concept of a 2-piece L−average Lipschitz condition (to be precised in Definition 3.1). In the

present study we use our new idea of restricted convergence domains. That is we find a more

precise location where the iterates lie leading to tighter majorizing functions. This way our

semilocal convergence analysis has the following advantages over the work in [2,11,24,29,30]:

(a) Weaker sufficient convergence criteria;

(b) Tighter error estimates on the distance involved;

(c) An at least as precise information on the location of the solution.

These advantages are obtained under the same computational cost as in the preceding works.

The paper is organized as follows. Section 2 contains the necessary notions and earlier results

about sections on Riemannian manifolds. In Section 3, we present the semilocal convergence

analysis of Newton’s methods. The special cases and applications are given in the concluding

Section 4.

2. Preliminaries

In order for us to make this paper as self contained as possible we use some notions and

results from [24]( see also [7, 11, 14, 16, 18, 25, 28]).

“Let κ ∈ N∪ {∞,ω} and let M be a complete m−dimensional Cκ−Riemannian manifold

with countable bases. Here Cκ is smooth or analytic when κ = ∞ or ω. Let p ∈M and let TpM

is the tangent space at p. The scalar product and corresponding norm on TpM are denoted by

〈., .〉 and ‖.‖ respectively. The tangent bundle T M of M is defined as

T M := ∪p∈MTpM.

Recall that ( [24]), a vector field X on M is a mapping from M to T M satisfying that X(p) ∈

TpM for each p ∈ M. Let c : [0,1]→ M be a piecewise smooth curve connecting two distinct

points p,q ∈M. Then the arc-length of c is defined by l(c) :=
∫ 1

0 ‖c′(t)‖dt, and the Riemannian

distance from p to q by d(p,q) := infc l(c), where the infimum is taken over all piecewise

smooth curves c : [0,1]→M connecting p and q. Therefore, (M,d) is a complete metric space

and the map expp : TpM→M is well- defined on TpM ( [24, p.425]). The curve c : [0,1]→M

is a minimizing geodesic connecting p and q (i.e., its arc-length equals its Riemannian distance



EXTENDING THE APPLICABILITY OF NEWTON’S METHOD 3

between p and q) if and only if there exists a vector v ∈ TpM such that ‖v‖ = d(p,q) and

c(t) = expp(tv) for each t ∈ [0,1].

Let 5 denote the Levi-Civita connection on M, let c : R→M be a Cκ -curve and let Pc,., be

the parallel transport on tangent bundle T M along c with respect to 5. Throughout this paper,

we shall always assume that E and M are Cκ -manifolds.

Definition 2.1. ( [24, Definition 2.1]) Let π : E →M be a Cκ−morphism. Then π : E →M is

called a Cκ−vector bundle of rank m̂ if the following conditions are satisfied.

(1) For each p ∈M, Ep := π−1(p) is a real vector space of dimension m̂.

(2) For each p ∈ M, there exist a neighborhood U of p and a Cκ−diffeomorphism h :

π−1(U) → U ×Rm̂ such that, for each q ∈ U, h(Eq) ⊂ {q} ×Rm̂ and the mapping

hq : Ep→ Rm̂ defined by

hq(x) = Pro j ◦h(x) for each x ∈ Eq (2.1)

is a linear isomorphism, where Pro j : {q}×Rm̂→ Rm̂ is the natural projection on Rm̂.

Definition 2.2. ( [24, Definition 2.2]) Let π : E → M be a Cκ−vector bundle of rank m̂ and

ξ : E→M is called a Cκ−morphism. Then ξ : M→ E is called a Cκ−section of the Cκ−vector

bundle π : E→M if π ◦ξ = IM, where IM denotes the identity on M.

Let Cκ(M,E) be the set of all Cκ−sections of the Cκ−vector bundle π : E → M. When

κ = ∞ or ω, a Cκ−section ξ is called a smooth section or an analytic section, respective-

ly. Let Cκ(T M) be the set of all the Cκ−vector fields on M and let Cκ(M) be the set of all

Cκ−mappings from M to R.

Definition 2.3. ( [24, Definition 2.3]) Let π : E →M be a Cκ−vector bundle of rank m̂. Then

a mapping D : Cκ(M,E)×Cκ(T M)→Cκ−1(M,E) is called a connection on this vector bundle

if, for every X ,Y ∈Cκ(T M), ξ ,η ∈Cκ(M,E), f ∈Cκ(M) and λ ∈R, the following conditions

are satisfied:

DX+ fY ξ = DX ξ + f DY ξ , DX(ξ +λη) = DX ξ +λDX η and

DX( f ξ ) = X( f )ξ + f DX ξ . (2.2)
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Note that, M is a Cκ−Riemannian manifold with countable bases and hence connections on

the vector bundle π : E → M exist. For any (ξ ,X) ∈ Cκ(M,E)×Cκ(T M), Dxξ is called the

covariant derivative of ξ with respect to X . The value of DX ξ at p ∈ M depends only on the

tangent vector v=X(p)∈ TpM because D is tensorial in X . Hence, the mapping Dξ (p) : TpM→

π−1(p) given by

Dξ (p) := DX ξ (p) for each v ∈ TpM (2.3)

is well-defined and is a linear map from TpM to π−1(p).

Definition 2.4. ( [24, Definition 2.4]) Let c : R → M be a Cκ−curve. For any a,b ∈ R,

define the mapping Pc,c(b),c(a) : π−1(c(a))→ π−1(c(b)) by Pc,c(b),c(a)(v) = ηv(c(b)) for each

v ∈ π−1(c(a)), where ηv is the unique Cκ−section such that Dc′(t)ηv = 0 and ηv(c(a)) = v.

Then Pc,.,. is called the parallel transport on vector bundle E along c.

Throughout this paper we write Pq,p for Pc,q,p in the case when c is a minimizing geodesic

connecting p and q.

As in [24] we shall define the higher order covariant derivatives for sections as follows. Let

k≤ κ be a positive integer and let ξ be a Cκ−section. Recall that D is a connection on the vector

bundle π : E →M and 5 is the Levi-Civita connection on M. Then the covariant derivative of

order k can be inductively defined as follows.

Define the map D1
ξ = Dξ : (Cκ(T M))1→Cκ−1(M,E) by

Dξ (X) = DX ξ for each X ∈Cκ(T M), (2.4)

and define the map Dkξ : (Cκ(T M))k→Cκ−k(M,E) by

D1
ξ (X1,X2, · · · ,Xk−1,X) = DX(D

k−1
ξ (X1,X2, · · · ,Xk−1))

−
k−1

∑
i=1

Dk−1
ξ (X1, · · · ,5X Xi, · · · ,Xk−1)

(2.5)

for each X1, · · · ,Xk−1,X ∈ Cκ(T M). Using definition and (2.2), one can prove by mathemat-

ical induction that Dkξ (X1, · · · ,Xk) is tensorial with respect to each component Xi, i.e., k

multi-linear map from (Cκ(T M))k to Cκ−k(M,E), where the linearity refers to the structure

of Cκ(M)−module. This implies that the value of Dkξ (X1, · · · ,Xk) at p ∈M only depends on



EXTENDING THE APPLICABILITY OF NEWTON’S METHOD 5

the k−tuple of tangent vectors (v1, · · · ,vk) = (X1(p), · · · ,Xk(p)) ∈ (TpM)k. Consequently, for a

given p ∈M, the map Dkξ (p) : (TpM)k→ Ep, defined by

Dk
ξ (p)vi · · ·vk := Dk

ξ (X1, · · · ,Xk)(p) for each (v1, · · · ,vk) ∈ (TpM)k (2.6)

is well-defined, where Xi ∈ Cκ(T M) satisfy Xi(p) = vi for each i = 1,2, · · · ,k. Let p0 ∈ M

be such that Dξ (p0)
−1 exists. Then, for any piece-geodesic curve c connecting p0 and p,

Dξ (p0)
−1Pc,p0,pD

kξ (p) is a k−multilinear map from (TpM)k to Tp0M and as in [24], we define

the norm of Dξ (p0)
−1Pc,p0,pD

kξ (p) as

‖Dξ (p0)
−1Pc,p0,pD

k
ξ (p)‖= sup‖Dξ (p0)

−1Pc,p0,pD
k
ξ (p)v1v2 · · ·vk‖,

where the supremum is taken over all k−tuple of vectors (v1, · · · ,vk) ∈ (TpM)k with each

‖v j‖p = 1. Since 5c′(s)c′(s) = 0, for each geodesic c : R→ M on M, it follows from (2.5)

that

Dk
ξ (c(s))(c′(s))k = Dc′(s)(D

k−1
ξ (c(s))(c′(s))k−1) for each s ∈ R. (2.7)

We will be using the following two Lemmas from [24], extensively in proving our results.

Lemma 2.5. ( [24, Lemma 2.1]) Let c : R→M be a geodesic and let ζ ∈Cκ(M,E). Let {ei}m̂
i=1

be a basis of π−1(c(0)). Then, there exist m̂ real-valued Cκ−functions {ζi}m̂
i=1 on R such that

Dk
ζ (c(s))(c′(s))k =

m̂

∑
i=1

dkζ i(s)
dsk Pc,c(s),c(0)ei for each k = 0,1, · · · ,κ. (2.8)

Lemma 2.6. ( [24, Lemma 2.2]) Let c : R→M be a geodesic and let ζ ∈Cκ(M,E). Then, for

each t ∈ R,

Pc,c(0),c(t)ζ (c(t)) = ζ (c(0))+
∫ 1

0
Pc,c(0),c(s)(Dζ (c(s))c′(s))ds. (2.9)

Let ξ ∈C1(M,E) and p0 ∈M. Then Newton’s method with initial point p0 for ξ is defined

as follows.

pn+1 = exppn
((−Dξ (pn))

−1
ξ (pn)) for each n = 0,1, · · · .′′ (2.10)

3. Semilocal convergence analysis
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Let Z be a Banach space or a Riemannian manifold. Let BZ(p,r) and BZ(p,r) stand respec-

tively for the open metric ball and the closed metric ball at p ∈ Z with radius r, i.e.,

BZ(p,r) := {q ∈ Z|d(p,q)< r} and BZ(p,r) := {q ∈ Z|d(p,q)≤ r}.

We omit the subscript Z if no confusion caused.

Let C2(p0,r) be the set of all piecewise geodesics c : [0,T ]→M with c(0) = p0 and l(c)< r

such that c|[0,τ] is a minimizing geodesic and c|[τ,T ] is a geodesic for some τ ∈ (0,T ]. Motivated

by the work of Zabrejko and Nguen [30] on Kantorovich’s majorant method, Alvarez et.al.

introduces in [2] a Lipschitz-type radial function L : [0,R]→ [0,+∞) for the covariant derivative

of vector fields on Riemannian manifolds which satisfies for every r ∈ [0,R] and c ∈C2(p0,r),

‖DX(p0)
−1[Pc,c(0),c(b)DX(c(b))−Pc,c(0),c(a)DX(c(a))]‖ ≤ L(u)l(c|[a,b]), ∀0≤ a≤ b,

where R is a positive real number. Let L be a positive nondecreasing integrable function on

[0,R], where R is a positive number large enough such that
∫ R

0 (R−u)L(u)du≥R. Let π : E→M

be a Cκ−vector bundle with a connection D and a ξ a Cκ− section of this vector bundle. Then

the notion of Lipschitz condition in the inscribed sphere with the L average for operators from

Banach spaces to Banach spaces [29] can be extended to sections on Riemannian manifold M

as in the following definition [24].

Definition 3.1. [24, Definition 3.1] Let R > r > 0 and let p0 ∈M be such that Dξ (p0)
−1Dξ

is said to satisfy the 2-piece L−average Lipschitz condition in B(p0,r), if, for any two points

p,q ∈ B(p0,r), any geodesic c2 connecting p,q and minimizing geodesic c1 connecting p0, p

with l(c1)+ l(c2)< r,

‖Dξ (p0)
−1Pc1,p0,p ◦ (Pc2,p,qDξ (q)Pc2,q,p−Dξ (p))‖ ≤

∫ l(c1)+l(c2)

l(c1)
L(u)du. (3.1)

Notice that Pc1,p0,p is an isometry from TpM to Tp0M. It then follows from (3.1) that there

exists a positive nondecreasing integrable function L0 on [0,R0] such that R≤ R0 and

‖Dξ (p0)
−1(Pc1,p0,pDξ (p)Pc1,p,p0−Dξ (p0))‖ ≤

∫ l(c1)

0
L0(u)du. (3.2)

Clearly

L0(u)≤ L(u) for each u ∈ [0,R] (3.3)
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holds in general and L
L0

can be arbitrarily large [7], [13], [14]. Moreover, there exists a positive

nondecreasing integrable function K on [0,R] such that for any two points p,q ∈ B(p1,r−

d(p0, p1)), any geodesic c2 connecting p,q with l(c1)+ l(c2)< r−d(p0, p1),

‖Dξ (p0)
−1Pc1,p0,p ◦ (Pc2,p,qDξ (q)Pc2,q,p−Dξ (p))‖ ≤

∫ l(c1)+l(c2)

l(c1)
K(u)du. (3.4)

Then, we have

K(u)≤ L(u) for each u ∈ [0,R], (3.5)

since B(p1,r−d(p0, p1))⊆ B(p0,r).

Let ITp0
denote the identity on Tp0M. Notice that Pc2,p,q is an isometry from TqM to TpM.

Consider the identity

Dξ (p0)
−1Pc1,p0,p ◦Pc2,p,qDξ (q)Pc2,q,p ◦Pc1,p,p0− ITp0

M

= Dξ (p0)
−1Pc1,p0,p(Pc2,p,qDξ (q)Pc2,q,p−Dξ (p))Pc1,p,p0

+Dξ (p0)
−1(Pc1,p0,pDξ (p)Pc1,p,p0−Dξ (p0)).

(3.6)

Then, using (3.1), (3.2), (3.4) and (3.6), we get that

E := ‖Dξ (p0)
−1Pc1,p0,p ◦Pc2,p,qDξ (q)Pc2,q,p ◦Pc1,p,p0− ITp0

M‖

≤ ‖Dξ (p0)
−1Pc1,p0,p(Pc2,p,qDξ (q)Pc2,q,p−Dξ (p))‖‖Pc1,p,p0‖

+‖Dξ (p0)
−1(Pc1,p0,pDξ (p)Pc1,p,p0−Dξ (p0))‖

≤
∫ l(c1)+l(c2)

l(c1)
K(u)du+

∫ l(c1)

0
L0(u)du

≤
∫ l(c1)+l(c2)

l(c1)
L(u)du+

∫ l(c1)

0
L(u)du.

(3.7)

Hence, we have

E ≤
∫ r

0
L(u)du. (3.8)

It follows that there exists a positive nondecreasing integrable function L1 on [0,R] such that

L0(u)≤ L1(u)≤ L(u) and K(u)≤ L1(u) for each u ∈ [0,R] (3.9)

and

E ≤
∫ l(c1)+l(c2)

0
L1(u)du≤

∫ r

0
L1(u)du. (3.10)
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The introduction of function K is possible, since by the definition of p1 in (2.10), this function

also depends on the initial data p0,ξ and Dξ . As we shall see later the iterates pn lie in B(p1,r−

d(p0, p1)) which is a more precise location than B(p0,r) used in [2,24,29,30] leading to smaller

functions (see (3.5)) which in turn provide a tighter convergence analysis with advantages as

stated in the introduction of this study. Moreover, these advantages are obtained under the same

computational cost, since in practice the computation of function L requires the computation

of functions L0 or K as special cases. Furthermore, K can simply replace L in all the results

in [2, 11, 24, 29, 30] as it can easily be seen from the corresponding proofs.

From now on we say that Dξ (p0)
−1Dξ satisfies the center 2-piece L1−average Lipschitz

condition in B(p0,r) if (3.10) is satisfied. Notice that as we already showed (3.1) implies (3.10)

but not necessarily vice versa.

Let r0 > 0, r̄0 > 0, b > 0 and b1 > 0 be such that∫ r

0
L(u)du = 1,

∫ r̄0

0
L1(u)du = 1, (3.11)

b =
∫ r

0
L(u)udu, b1 =

∫ r̄0

0
L1(u)udu. (3.12)

For β > 0, define the functions h and h1 on [0,R] by

h(t) = β − t +
∫ t

0
L(u)(t−u)du (3.13)

and

h1(t) = β − t +
∫ t

0
L1(u)(t−u)du. (3.14)

Notice that in view of (3.9), (3.11)-(3.14) we have

r0 ≤ r̄0 (3.15)

and

h1(t)≤ h(t) for each t ∈ [0,R]. (3.16)

If β ≤ b, then it follows from (3.13), (3.14) and (3.16) that function h1 has two zeros denoted

by r̄1 and r̄2 such that

r̄1 ≤ r1 (3.17)



EXTENDING THE APPLICABILITY OF NEWTON’S METHOD 9

and

r̄2 ≤ r2. (3.18)

Next, some properties of function h are given ( [24, 29]).

Proposition 3.2. The function h is monotonically decreasing on [0,r0] and monotonically in-

creasing on [r0,R]. Moreover, if β ≤ b, then h has a unique zero, respectively, in [0,r0] and

[r0,R], which are denoted by r1 and r2.

Hence, we arrived at the following Banach-type estimate on the norm of the inverse Dξ (q)−1

around the point p0.

Lemma 3.3. Let 0< r≤ r̄0 and suppose that Dξ (p0)
−1Dξ satisfies the center 2-piece L1−average

Lipschitz condition in B(p0,r). Let p,q ∈ B(p0,r) and let c1 be the minimizing geodesic con-

necting p0, p and c2 a geodesic connecting p,q satisfying l(c1) + l(c2) < r. Then, Dξ (q)−1

exists and

‖Dξ (q)−1Pc2,q,p ◦Pc1,p,p0Dξ (p0)‖ ≤
1

1−
∫ l(c1)+l(c2)

0 L1(u)du

=
−1

1−h′1(l(c1)+ l(c2))
.

(3.19)

Proof. The proof follows from (3.10), (3.1), (3.14), the Banach Lemma on invertible operators

[23] and the estimate

E ≤
∫ r

0
L1(u)du < 1. (3.20)

That completes the proof of the Lemma.

Remark 3.4. If (3.4) holds then a Banach-type lemma was shown in [24, p.431] but using L

and h, respectively instead of L1 and h1 in (3.19). Notice that if (3.10) holds then in view of

(3.9)

−1
h′1(l(c1)+ l(c2))

≤ −1
1−h′1(l(c1)+ l(c2))

. (3.21)

Inequality (3.21) is strict if L1 < L. This observation leads to a tighter semilocal convergence

analysis for Newton’s method than in [24].
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In the remainder of this section, we shall assume that Dξ (p0)
−1Dξ satisfies the 2-piece

L−average Lipschitz condition in B(p0,r1) and the center 2-piece L1−average Lipschitz condi-

tion in B(p0,r1). We also set

β := ‖Dξ (p0)
−1

ξ (p0)‖ ≤ b. (3.22)

Let θ ∈ [0,1] and let the pair (t, p) ∈ [0,r1)×B(p0,r1). Define

t̂(θ) = t−θh′1(t)
−1h(t) and p̂(θ) = expp(−θDξ (p)−1

ξ (p)) (3.23)

and consider the following condition:

d(p0, p)≤ t < r1 and ‖Dξ (p)−1
ξ (p)‖ ≤ −h′1(t)

−1h(t). (3.24)

For a pair (t̂, p̂) ∈ [0,R]×M, we say that the pair (t̂, p̂) satisfies (3.24) if (3.24) holds with (t̂, p̂)

in place of (t, p). The following lemma which is an extension and refinement of [12, Lemma

3.7], [2, Lemma 4.3], shows that (t̂(θ), p̂(θ)) retains the condition (3.24).

Lemma 3.5. Suppose that: the pair (t, p) ∈ [0,r1)×B(p0,r1) satisfies (3.24) and θ ∈ [0,1],

and

h′1(t)+h′1(t(θ))≤ h′1(t(θ))+h′1(t) for each t ∈ [0,r1] (3.25)

h′1(t̂)h
′
1(t̂(θ))≥ h′1(t̂(θ))h

′
1(t̂) for each t ∈ [0,r1]. (3.26)

Then, t ≤ t̂(θ)< r1 and the pair (t̂(θ), p̂(θ)) satisfies (3.24). Moreover, the following assertions

hold:

‖Dξ (p̂(1))−1
ξ (p̂(1))‖ ≤

(
h′1(t̂(1)h(t̂(1))

h′1(t)
−1h(t)

)
‖Dξ (p)−1

ξ (p)‖

≤
(

h′(t̂(1)h(t̂(1))
h′(t)−1h(t)

)
‖Dξ (p)−1

ξ (p)‖,
(3.27)

‖Dξ (p0)
−1Pp0,pPc,p,p̂(1)ξ (p̂(1))‖ ≤

(
h(t̂(1))

h(t)

)
‖Dξ (p0)

−1Pp0,qPĉ,Q,pξ (p)‖, (3.28)

where c is the geodesic of M defined by c(λ ) := expp(−λθDξ (p)−1ξ (p)) for each λ ∈ [0,1], q∈

B(p0,r1) and ĉ is a geodesic connecting q and p such that d(p0,q)+ l(ĉ)≤ t.

Proof. We have t ≤ t̂(θ)≤ t̂(1), since t̂(.) is increasing on [0,1]. The function t 7→ h′1(t)
−1h(t)

is strictly monotonic increasing on [0,r1] and h(r1) = 0, then, we have

t̂(1) = t−h′1(t)
−1h(t)≤ t−h′(t)−1h(t)≤ r1−h′(r1)

−1h(r1) = r1. (3.29)
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Suppose that (3.24) holds. Then

θ‖Dξ (p)−1
ξ (p)‖ ≤ −θh′(t)−1h(t). (3.30)

It follows that

d(p0, p̂(θ))≤ d(p0, p)+d(p, p̂(θ))≤ t−θh′1(t)
−1h(t) = t̂(θ)< r1. (3.31)

Set

s =−θh′1(t)h(t) and v =−θDξ (p)−1
ξ (p). (3.32)

Then, c(1) = expp(v) = p̂(θ) and by (3.29) and (3.30) we have

d(p0, p)+ l(c)≤ t−θh′1(t)
−1h(t) = t̂(θ)≤ t̂(1)< r1. (3.33)

In view of Lemma 2.6, we have that

Pc,p,p̂(θ)ξ (p̂(θ))−ξ (p) =
∫ 1

0
Pc,p,c(λ )Dξ (c(λ ))c′(λ )dλ . (3.34)

Note that h′′ = L and ‖v‖ ≤ s. By (3.33), (3.1) is applicable, and so

‖Dξ (p0)
−1Pc1,p0,p(Pc,p,p̂(θ)ξ (p̂(θ))−ξ (p)−Dξ (p)v)‖

≤
∫ 1

0

∫ d(p0,p)+λ‖v‖

d(p0,p)
L(u)du‖v‖dλ

≤
∫ 1

0

∫ t+λ s

t
h′′(u)dudλθ‖Dξ (p)−1

ξ (p)‖

= (h(t̂(θ))+(θ −1)h(t))
(
‖Dξ (p)−1ξ (p)‖
−h′1(t)

−1h(t)

)
(3.25)

thanks to (3.32) and (3.34). Since l(c)+d(p, p0)≤ t̂(θ)< r1, it follows from Lemma 3.3 that

‖Dξ (p̂(θ))−1Pc,p̂(θ),p ◦Pp,p0Dξ (p0)‖ ≤ −h′1(l(c)+d(p, p0))
−1 ≤−h′1(t̂(θ))

−1. (3.36)

In particular, taking θ = 1 in (3.34) and (3.35), we have

‖Dξ (p0)
−1Pp0,pPc,p,p̂(1)ξ (p̂(1))‖= ‖Dξ (p0)

−1Pp0,p(Pc,p,p̂(1)ξ (p̂(1))

−ξ (p)−Dξ (p)v)‖

= h(t̂(1))
‖Dξ (p)−1ξ (p)‖
−h′1(t)

−1h(t)

(3.37)
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and

‖Dξ (p̂(1))−1Pc,p̂(1),p ◦Pp,p0Dξ (p0)‖ ≤ −h′1(l(c)+d(p, p0))
−1 ≤−h′1(t̂(1))

−1. (3.28)

Thus (3.27) follows from (3.36) and (3.37). Furthermore, by assumptions, d(p0,q)+ l(ĉ)≤ t <

r1 ≤ r0 and Lemma 3.3 we get that

‖Dξ (p̂(p))−1Pĉ,p,qPq,p0Dξ (p0)‖ ≤ −h′1(d(p, p0)+ l(ĉ))−1 ≤−h′1(t)
−1. (3.39)

That is ‖Dξ (p)−1ξ (p)‖≤−h′(t)−1‖Dξ (p0)
−1Pp0,qPĉ,q,pξ (p)‖. This together with (3.36) yield-

s (3.26). Thus in view of (3.31), it remains to verify that

‖Dξ (p̂(θ))−1
ξ (p̂(θ))‖ ≤ −h′1(t̂(θ))

−1h(t̂(θ)). (3.40)

Note that (3.24) and (3.34) implies

‖Dξ (p0)
−1Pp0,p(Pc,p,p̂(1)ξ (p̂(θ))−ξ (p)−Dξ (p)v)‖ ≤ h(t̂(θ))+(θ −1)h(t). (3.41)

Combining (3.35) and (3.40) we get

‖Dξ (p0)
−1Pc,p̂(θ),p(Pc,p,p̂(θ)ξ (p̂(θ))−ξ (p)−Dξ (p)v)‖ ≤ h(t̂(θ))+(θ −1)h(t)

−h′1(t̂(θ))
. (3.42)

Taking θ = 0 in (3.35) gives that ‖Dξ (p)−1Pp,p0Dξ (p0)‖ ≤ 1
|h′(t)| . Since h′′ = L and ‖v‖ ≤ s, it

follows from (3.4) that

E := ‖Dξ (p0)
−1Pc,p,p̂(θ)Dξ (p̂(θ))Pc,p̂(θ),p− ITpM‖

≤ ‖Dξ (p)−1Pp,p0Dξ (p0)‖‖Dξ (p0)
−1Pp0,p(Pc,p,p̂(θ)Dξ (p̂(θ)Pc,p̂(θ),p−Dξ (p))‖

≤ 1
|h′(t)|

∫ t+s

t
h′′(u)du

=
h′(t̂(θ))−h′(t)
−h′(t)

≤ h′(t̂(θ))−h′(t)
−h′(t)

=
h′(t̂(θ))
|h′(t)|

+1.

(3.43)

Thus the Banach Lemma is applicable to conclude that ‖Dξ (p̂)−1Pc,p̂(θ),pDξ (p)‖≤ h′1(t)
h′1(t)+h′(θ̂))−h′(t)

because Pc,p,p̂(θ) is an isometry; consequently, by (3.24) we have

‖Dξ (p̂)−1Pc,p̂(θ),pDξ (p)‖ ≤ ‖Dξ (p̂)−1Pc,p̂(θ),pDξ (p)‖‖Dξ (p)−1
ξ (p)‖

≤ −h′(t̂(θ))−1h(t).
(3.44)
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Therefore, combining (3.41) and (3.44), we get

‖Dξ (p̂)−1
ξ (p̂)‖ ≤ ‖Dξ (p0)

−1Pc,p̂(θ),p(Pc,p,p̂(θ)ξ (p̂(θ))−ξ (p)−Dξ (p)v)‖

+(1−θ)‖Dξ (p0)
−1Pc,p̂(θ),pξ (p)‖

≤ h(t̂(θ))+(θ −1)h(t)
−h′1(t̂(θ))

+
(1−θ)h(t)
−h′1(t)

(
h′1(t)

h′1(t)+h′(θ̂))−h′(t)

)

≤−h′1(t̂(θ))
−1h(t̂(θ)).

(3.45)

Therefore (3.39) is seen to hold since

(θ −1)h(t)
−h′1(t̂(θ))

+
(1−θ)h(t)
−h′1(t)

(
h′1(t)

h′1(t)+h′(t̂(θ))−h′(t)

)
= (1−θ)h(t)

(
h′(t)+h′1(t̂(θ))−h′(t̂(θ))−h′1(t)
h′1(t̂(θ))(h

′
1(t)−h′(t̂(θ))−h′(t)

)
≤ 0

by (3.17). Notice also that the right-handside of (3.37) holds by (3.36). The proof is complete.

Let {t̂n} and {p̂n} denote the sequences generated by Newton’s method, respectively, for h

with initial point t̂0 = t and for ξ with initial point p̂0 = p; that is

t̂0 = t, t̂n+1 = t̂n−h′1(t̂n)
−1h(t̂n) for each n = 0,1, · · ·

and

p̂0 = p, p̂n+1 = exp p̂n
(−Dξ (p̂n)

−1
ξ (t̂n)) for each n = 0,1, · · · .

In particular, in the case when t = 0 and p = p0, for simplicity, we denote the sequence {t̂n}

and {p̂n} by {tn} and {pn}, respectively. Hence

t0 = t, tn+1 = tn−h′1(tn)
−1h(tn) for each n = 0,1, · · · (3.46)

and

p0 = p, pn+1 = exppn
(−Dξ (pn)

−1
ξ (pn)) for each n = 0,1, · · · . (3.47)

Note that, by Lemma 3.5 and mathematical induction, if the pair (t, p) ∈ [0,r1)× B(p0,r1)

satisfies (3.24), then for each n = 0,1, · · · , the pair (t̂n, p̂n) is well-defined and satisfies

d(p0, p̂n)≤ t̂n < r1 and ‖Dξ (p̂n)
−1

ξ (p̂n)‖ ≤ −h′1(t̂n)
−1h(t̂n). (3.48)

Further we have the following proposition.
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Proposition 3.6. Suppose that the pair (t, p) ∈ [0,r1)×B(p0,r1) satisfies (3.24), (3.25) and

(3.26). Then the following assertions hold.

(i) The sequence {t̂n} is strictly increasing and convergent to r1.

(ii) The sequence { p̂n} is well-defined, convergent to a singular point q∗ of ξ in B(p0,r1),

and the following assertions hold:

‖Dξ (p̂n)
−1

ξ (p̂n)‖ ≤
(

h′1(t̂n)
−1h(t̂n)

h′1(t̂n−1)−1h(t̂n−1)

)
‖Dξ (p̂n−1)

−1
ξ (p̂n−1)‖

≤
h′1(t̂n)

−1h(t̂n)
h′1(t̂n−1)−1h(t̂n−1)

‖Dξ (p̂n−1)
−1‖‖ξ (p̂n−1)‖,

(3.49)

d(p̂n+1, p̂n)≤ t̂n+1− t̂n for each n = 1,2, · · · . (3.50)

Moreover, let q∗ ∈ B(p0,r1) be a singular point of ξ satisfying t +d(p,q∗) = r1. Then, for each

n = 0,1, · · · ,

d(p0, p̂n) = t̂n and t̂n+1 +d(p̂n+1,q∗) = r1. (3.51)

Consequently, d(p0,q∗)= r1. Notice that in particular the iterates remain in B(p1,r1−d(p0, p1)).

Proof. Note that the function ϕ defined by ϕ(t) := t−h′1(t)
−1h(t) for each t ∈ [0,r1] is strictly

monotonic increasing on [0,r1] because

ϕ
′(t) =

h′1(t)(h
′
1(t)−h′(t))+h′′1(t)h(t)

h′1(t)
2 > 0,

since h′1(t)< 0,h′1(t)≤ h′(t), h′′1(t) = L1 and h(t)> 0 for t ∈ [0,r1]. Thus it is easy to show by

mathematical induction that

t̂n < t̂n+1 and 0≤ t̂n < r1 for each n = 0,1, · · · . (3.52)

Hence (i) is proved.

(ii) It is clear that the sequence {p̂} is well-defined and by (3.48), for each n = 1,2, · · · ,

‖Dξ (p̂n)
−1

ξ (p̂n)‖ ≤ −h′1(t̂n)
−1h(t̂n).

Hence (3.49) holds by (3.27), and

d(p̂n+1, p̂n)≤ ‖Dξ (p̂n)
−1

ξ (p̂n)‖ ≤ −h′1(t̂n)
−1h(t̂n) = t̂n+1− t̂n (3.53)

holds for each n= 1,2, · · · . By (i), the proof of (ii) is complete. The rest of the proof as identical

to Lemma 3.3 in [24, p.435] is omitted.
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Remark 3.7.

(a) If L1 = L = K, i.e., if h1 = h, then the results obtained in Lemma and Proposition

reduce to the corresponding ones in [24]. Otherwise, i.e., if L1 < L our results improve

the error estimates. Let us show that in the case when p = p0 and t = 0 (similarly for

t̂0 = t and p̂0 = p). It follows from the proof of Lemma that scalar sequence {t̄n} defined

by

t̄0 = 0, t̄1 = β , t̄n+1 = t̄n−
βn

h′1(t̄n)
for each n = 1,2, · · ·

where βn =
∫ t̄n−t̄n−1

0 L̄(t̄n−1 +u)(t̄n− t̄n−1−u)du, and

L̄ =

 L1, i f n = 1

K, i f n > 1

is also a majorizing sequence for {pn} which is tighter than {tn} and such that t̄n ≤

tn, and t̄n+1− t̄n ≤ tn+1− tn. Clearly {t̄n} is strictly increasing and converges to t̄∗ =

limn→∞ t̄n ≤ r1 under the hypotheses of Lemma and can be replaced {tn} in the preced-

ing results. Similarly, the corresponding sequence {µ̄n} in [24] is defined by

µ̄0 = 0, µ̄1 = β , µ̄n+1 = µ̄n−
γn

h′1(µ̄n)
for each n = 1,2, · · ·

where γn =
∫ µ̄n−µ̄n−1

0 L(µ̄n−1+u)(µ̄n− µ̄n−1−u)du. Then, a simple inductive argumen-

t shows that for each n = 0,1,2, · · · , t̄n ≤ µ̄n, t̄n+1− t̄n ≤ µ̄n+1− µ̄n and t̄∗ ≤ µ̄∗ =

limn→∞ µ̄n ≤ r1. Notice also that if L1 < L, then all preceding estimates hold as strict

inequalities for each n = 2,3, · · · .

Another favorable comparison can be given between sequences {tn} and {µn}, where

{tn} was defined in (3.47) and {µn} is defined by

µ0 = 0, µn+1 = µn−h′(µn)
−1h(µn) for each n = 0,1, · · · .

In this case we should impose the condition

− h(s)
h′1(s)

≤− h(t)
h′(t)

for each 0≤ s≤ t ≤ r1
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which is possible. For example in the case when L1 and L are constant functions, the

preceding condition reduces to

L
2
(s2− t2)− (s− t)+

Lst
2
(L1t−Ls)+ st(L−L1)+β (L1s−Lt)≤ 0

for each 0 ≤ s ≤ t ≤ r1. Then, we have that tn ≤ µn, tn+1− tn ≤ µn+1− µn and t∗ =

limn→∞ tn ≤ µ∗ = limn→∞ µn ≤ r1.

(b) The results of section 4 in [24] concerning the convergence criterion of Newton’s method

and uniqueness ball of the singular point (See Theorem 4.1 and Theorem 4.2 in [24])

can be rewritten using the tighter sequences {t̄n} (or {tn}) instead of the old one {µ̄n}

(or {µn}). The proofs are omitted since they follow in an analogous way by simply

using the new sequences {t̄n} or {tn} instead of the old {µ̄n} or {µn} respectively.

Theorem 3.8. Suppose that

β := ‖Dξ (p0)
−1

ξ (p0)‖ ≤ b (3.54)

and that Dξ (p0)
−1Dξ satisfies the 2-piece L−average Lipschitz condition, the center 2-piece

L1−average Lipschitz condition and (3.37) and (3.38) in B(p0,r1). Let {pn} be the sequence

generated by Newton’s method (2.10) with initial point p0. then {pn} is well-defined and con-

vergent to a singular point p∗ of ξ in B(p0,r1). Moreover, there hold

‖Dξ (p0)
−1Pp0,pn−2Pcn,pn−1,pnξ (pn)‖ ≤

(
tn+1− tn
tn− tn−1

)
‖Dξ (p0)

−1

Pp0,pn−2Pcn−1,pn−2,pn−1ξ (pn−1)‖,

for each n = 2,3, · · · ,

‖Dξ (pn)
−1

ξ (pn)‖ ≤
(

tn+1− tn
tn− tn−1

)
‖Dξ (pn−1)

−1
ξ (pn−1)‖, for each n = 1,2, · · · , (3.55)

d(pn+1, pn)≤ tn+1− tn, for each n = 2,3, · · · , (3.56)

and

d(pn, p∗)≤ r1− tn, for each n = 2,3, · · · , (3.57)

where, for each n,cn is the geodesic of M defined by

cn(λ ) := exppn−1
(−λDξ (pn−1)

−1
ξ (pn−1)) for each λ ∈ [0,1]. (3.58)
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Theorem 3.9. Suppose that (3.54) holds. Let r1 ≤ r < r2 if β < b and r = r1 if β = b. Sup-

pose that Dξ (p0)
−1Dξ satisfies the 2-piece L−average Lipschitz condition, the center 2-piece

L1−average Lipschitz condition and (3.37) and (3.38) in B(p0,r1). Then, there exists a unique

singular point p∗ ∈ B(p0,r1) of ξ in B(p0,r).

Remark 3.10. Notice that tighter sequence {t̄n} and limit point t̄∗ can be replace by {tn},r1,

respectively in (3.57), (3.58) and B(p0,r1) can be replaced by B(p0, t̄∗) in Theorem 3.8 and

Theorem 3.9. In this case the error bounds are improved even further as well as the information

on the location of the solution, since t̄∗ ≤ r1 (see also Remark 3.7 (a)). Finally, notice that

(3.38) can be dropped from all preceding results, since it is only used to show the right hand

side inequality in (3.39).

4. Special cases under Kantorovich’s condition

In Section 3, we presented our results which improve the error estimates of the corresponding

ones in [24] under the same convergence criteria. At this point we are wondering if even the

convergence criteria can be weakened. We show that this is possible. Let L and L1 be constant

functions. Then, we get by (3.24) and (3.25), respectively that

h(t) =
L
2

t2− t +β

and

h1(t) =
L1

2
t2− t +β .

Then, (3.37) and (3.38) are reduced to

(L−L1)(t− t̂(θ))≤ 0

respectively which hold. Therefore in this interesting case the advantages of our approach (see

Remark 3.7 (a)) hold.

Moreover, according to the proof of Lemma 3.5 and the definition of sequences {t̄n} and

{µ̄n} we have that these sequences can be written as

µ̄0 = 0, µ̄1 = β , µ̄n+1 = µ̄n−
L(µ̄n− µ̄n−1)

2

2(1−Lµ̄n)
for each n = 1,2, · · · . (4.1)
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Notice that in this case sequence {µn} coincides with sequence {µ̄n}. We also have that se-

quence {t̄n} given by

t̄0 = 0, t̄1 = β , t̄2 = t̄1−
L1(t̄1− t̄0)2

2(1−L1t̄1)

t̄n+1 = t̄n−
K(t̄n− t̄n−1)

2

2(1−Kt̄n)
for each n = 1,2, · · · .

(4.2)

The scalar sequence {µ̄n} given in (4.1) has been used as the majorizing sequence for Newton’s

method [7, 14, 23]. The sufficient convergence criterion for {µ̄n} is given by the famous for its

simplicity and clarity Kantorovich criterion

H = Lη ≤ 1
2
. (4.3)

The corresponding convergence criterion for majorizing sequence {t̄n} given by us in [13] is

given by

H1 = L̄η ≤ 1
2
, (4.4)

where

L̄ =
1
8
(4L1 +

√
L1K +8L2

1 +
√

L1K).

Notice that

H ≤ 1
2
⇒ H1 ≤

1
2

(4.5)

but not necessarily vice versa. Examples where (3.3) or (3.5) hold can be found in [10,11], [13]-

[15].
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