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APPROXIMATING FIXED POINTS OF TWO FINITE FAMILIES OF
I-ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS
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Abstract. Let E be a uniformly convex Banach space and let K be a nonempty closed convex subset of E. Let

{Ti}N
i=1,{Si}N

i=1 : K→ E be two finite families of I-asymptotically quasi-nonexpansive mappings. It is proved that

a iteration sequence converges strongly to a common fixed point of {Ti}N
i=1, {Si}N

i=1 under certain conditions. The

results presented in this paper improve and extend the corresponding results in the existing literature.

Keywords. Non-self I-asymptotically quasi-nonexpansive mappings; Common fixed point; Uniformly convex

Banach space; Iterative process.

1. Introduction

Let K be a nonempty subset of a real normed linear space E. Let T be a self mapping of K.

(1) T is said to be nonexpansive if ‖T x−Ty‖ ≤ ‖x− y‖ for all x,y ∈ K.

(2) T is said to be asymptotically nonexpansive if there exists a real sequence {kn} ⊂ [0,∞),

with limn→∞ kn = 0 such that ‖T nx−T ny‖ ≤ (1+ kn)‖x− y‖ for all x,y ∈ K.

(3) T is said to be quasi-nonexpansive if ‖T x− p‖ ≤ ‖x− p‖ for all x ∈ K and p ∈ F (T )

where F (T ) = {x ∈ K : T x = x} is the set of all fixed points of T .

(4) T is said to be asymptotically quasi-nonexpansive if there exists a real sequence {kn} ⊂

[0,∞) with limn→∞ kn = 0 such that ‖T nx− p‖ ≤ (1+ kn)‖x− p‖ for all x ∈ K and p ∈ F (T ).

(5) T is said to be uniformly L-Lipschitzian, if there exists a constant L > 0 such that

‖T nx−T ny‖ ≤ L‖x− y‖ for all x,y ∈ K.
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Remark 1.1. From the above definitions, it is easy to see that if F (T ) is nonempty, a non-

expansive mapping must be quasi-nonexpansive, and an asymtotically nonexpansive mapping

must be asmyptotically quasi-nonexpansive. It is obvious that, an asymptotically nonexpansive

mapping is also uniformly L-Lipschitzian with L = sup{kn : n≥ 1}. However, the converses of

these claims are not true in general.

Being an important generalization of nonexpansive mappings, the concept of asymptotically

nonexpansive self mapping was proposed by Goebel and Kirk [4] in 1972. In [2], it was proved

that if E is uniformly convex, and K is a bounded closed and convex subset of E, then every

asymptotically nonexpansive self mapping has a fixed point.

In 2003, Chidume, Ofoedu and Zegeye [3] further generalized the concept of asymptotically

nonexpansive self mapping, and proposed the concept of non-self asymptotically nonexpansive

mapping, which is defined as follows:

Let K be a nonempty subset of a real normed linear space E and let P : E → K be a nonex-

pansive retraction of E onto K.

(1) Mapping T : K → E is called non-self asymptotically nonexpansive if there exists a se-

quence {kn} ⊂ [0,∞) with kn→ 0 as n→ ∞ such that for any positive integer n and all x,y ∈

K ∥∥∥T (PT )n−1 x−T (PT )n−1 y
∥∥∥≤ (1+ kn)‖x− y‖ .

(2) Mapping T : K→ E is said to be a non-self asymptotically quasi-nonexpansive mapping

if F (T ) = {x ∈ K : T x = x} 6= /0 and there exists a sequence {kn}⊂ [0,∞) with kn→ 0 as n→∞

such that for any positive integer n and all x ∈ K and p ∈ F (T )∥∥∥T (PT )n−1 x− p
∥∥∥≤ (1+ kn)‖x− p‖ .

In [3], Chidume, Ofoedu and Zegeye obtained the strong convergence theorem of fixed points

of a non-self asymptotically nonexpansive mapping. Since then, many authors ([1, 6, 7, 9, 16,

17], etc.) also obtained some convergence theorems for such non-self mappings in uniformly

convex Banach spaces.

In the last decades many papers have been published on the approximation of fixed points for

certain classes of the following I-nonexpansive mappings in various spaces ([5, 10, 15, 19]).
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Let K be a nonempty subset of a real normed linear space E, and T, I : K→ K be mappings.

Denote by F = F(T )∩F(I) = {x ∈ K : T x = Ix = x}, the set of common fixed points of the

mappings T and I.

(1) T is called I-nonexpansive on K if ‖T x−Ty‖ ≤ ‖Ix− Iy‖ for all x,y ∈ K.

(2) T is called I-asymptotically nonexpansive on K if there exists a sequence {kn} ⊂ [0,∞)

with limn→∞ kn = 0 such that ‖T nx−T ny‖≤ (1+ kn)‖Inx− Iny‖ for all x,y∈ K and n= 1,2, ....

(3) T is called I-quasi-nonexpansive on K if ‖T x− p‖ ≤ ‖Ix− p‖ for all x ∈ K, p ∈ F and

n = 1,2, ....

(4) T is called I-asymptotically quasi-nonexpansive on K if there exists a sequence {kn} ⊂

[0,∞) with limn→∞ kn = 0 such that ‖T nx− p‖ ≤ (1+ kn)‖Inx− p‖ for all x ∈ K, p ∈ F and

n = 1,2, ....

Remark 1.2. From above definitions, it is easy to see that if F is nonempty, an I-nonexpansive

mapping must be I-quasi-nonexpansive, and an I-asymptotically nonexpansive mapping must

be I-asymptotically quasi-nonexpansive. But the converse does not hold.

For non-self mappings T, I : K→ E, and the nonexpansive retraction P from E onto K,

(1) T is called non-self I-asymptotically nonexpansive if there exists a sequence {kn}⊂ [0,∞)

with limn→∞ kn = 0 such that∥∥∥T (PT )n−1 x−T (PT )n−1 y
∥∥∥≤ (1+ kn)

∥∥∥I (PI)n−1 x− I (PI)n−1 y
∥∥∥

for all x,y ∈ K, and n = 1,2, ....

(2) T is called non-self I-asymptotically quasi-nonexpansive if F = F (T )∩F (I) 6= /0, there

exists a sequence kn ⊂ [0,∞) with limn→∞ kn = 0 such that∥∥∥T (PT )n−1 x− p
∥∥∥≤ (1+ kn)

∥∥∥I (PI)n−1 x− p
∥∥∥

for all x ∈ K, p ∈ F and n = 1,2, ....

(3) T is called non-self I-uniformly L-Lipschitzian if there exists L > 0 such that∥∥∥T (PT )n−1 x−T (PT )n−1 y
∥∥∥≤ L

∥∥∥I (PI)n−1 x− I (PI)n−1 y
∥∥∥

for all x,y ∈ K and n = 1,2, ....
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Remark 1.3. If I is a identity mapping, then non-self I-asymptotically nonexpansive mapping

and non-self I-asymptotically quasi-nonexpansive mapping reduce to non-self asymptotically

nonexpansive mapping and non-self asymptotically quasi-nonexpansive mapping, proposed by

Chidume et al. [3], respectively.

Recently, some authors ([10, 19, 20, 21]) obtained strong convergence theorems of fixed

points for I-nonexpansive mappings and I-asymptotically quasi-nonexpansive mappings in Ba-

nach space. After, Yao and Wang [18] extended of the iterative process, defined in [14], to

nonself I-asymptotically quasi-nonexpansive defined on a uniformly convex Banach space.

Inspired by above works, we introduce, in this paper, an iteration process for two finite fam-

ilies of non-self I-asymptotically quasi-nonexpansive mappings and an initial point x1 ∈ K as

follows:

x2 = P((1−α1−β1) I1 (PI1)x1 +α1S1 (PS1)x1 +β1T1 (PT1)x1)

x3 = P((1−α2−β2) I2 (PI2)x2 +α2S2 (PS2)x2 +β2T2 (PT2)x2)

...

xN+1 = P((1−αN−βN) IN (PIN)xN +αNSN (PSN)xN +βNTN (PTN)xN)

xN+2 = P
(
(1−αN+1−βN+1) I1 (PI1)

2 xN+1 +αN+1S1 (PS1)
2 xN+1 +βN+1T1 (PT1)

2 xN+1

)
...

x2N+1 = P
(
(1−α2N−β2N) I2N (PI2N)

2 x2N +α2NS2N (PS2N)
2 x2N +β2NT2N (PT2N)

2 x2N

)
x2N+2 = P

(
(1−α2N+1−β2N+1) I2 (PI2)

3 x2N+1 +α2N+1S2 (PS2)
3 x2N+1 +β2N+1T2 (PT2)

3 x2N+1

)
...

which can be written in compact form as:

(1)

xn+1 =P
(
(1−αn−βn) Ii(n)

(
PIi(n)

)k(n)−1 xn +αnSi(n)
(
PSi(n)

)k(n)−1 xn +βnTi(n)
(
PTi(n)

)k(n)−1 xn

)
,

where Tn = Tn mod N ,Sn = Sn mod N for integer n≥ 1, with the mod function taking values in the

set {1,2, ...,N}. In other words, if n = (k− 2)N + i, i = i(n) ∈ {1,2, ...,N}, k = k(n) ≥ 1 is a
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positive integer and k(n)→ ∞ as n→ ∞, then we set Tn = Ti,Sn = Si and {αn} ,{βn} ⊂ (0,1).

In the sequel, we designate the set {1,2, ...,N} by J.

The iteration (1) can be expressed in the following form:

(2)

 x1 ∈ K,

xn+1 = P
(
(1−αn−βn) In (PIn)

n−1 xn +αnSn (PSn)
n−1 xn +βnTn (PTn)

n−1 xn

)
,

where P is a nonexpansive retraction from E onto K, n≥ 1 and {αn} ,{βn} ⊂ (0,1).

Let Ti,Si : K→ E be non-self Ii-asymptotically quasi-nonexpansive mappings with sequences{
ri

n
}
,
{

t i
n
}
⊂ [0,∞) such that

∥∥∥Ti (PTi)
n−1 x− p

∥∥∥≤ (1+ ri
n
)∥∥∥Ii (PIi)

n−1 x− p
∥∥∥ ,

∥∥∥Si (PSi)
n−1 x− p

∥∥∥≤ (1+ t i
n
)∥∥∥Ii (PIi)

n−1 x− p
∥∥∥ .

Also, let Ii : K → E be a non-self asymptotically nonexpansive mapping with
{

li
n
}
⊂ [0,∞)

and P be a nonexpansive retraction from E onto K. Throughout this paper, we assume that

rn = max
{

r(1)n ,r(2)n , ...,r(N)
n

}
, tn = max

{
t(1)n , t(2)n , ..., t(N)

n

}
and ln = max

{
l(1)n , l(2)n , ..., l(N)

n

}
for

each positive integer n and hn = maxn∈N {rn, tn, ln} and F := ∩N
i=1 (F (Ti)∩F (Si)∩F (Ii)) 6= /0.

In this paper, we prove that the sequence {xn} defined by (2) converges strongly to a common

fixed point of two finite families of non-self I-asymptotically quasi-nonexpansive mappings in

uniformly convex Banach spaces, and obtained the suffecient and necessary conditions that this

iteration process converges strongly to a common fixed point such mappings under some mild

conditions.

The purpose of this paper is to study convergence of the sequence in (2) to a common fixed

point of two finite families of non-self I-asymptotically quasi-nonexpansive mappings in uni-

formly convex Banach spaces. Our work is a significant generalization of the corresponding

results in the literature.

2. Preliminaries
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A subset of E is said to be a retract if there exists a continuous mapping P : E→ K such that

Px = x for all x ∈ K. A mapping P : E → K is called a retraction if P2 = P. It is well-known

that every closed convex subset of uniformly convex Banach space E is a retract.

If mapping P is a retraction, then Px = x for all x ∈ R(P) , range of P.

Definition 2.1. Let K be a nonempty closed convex subset of a real uniformly convex Banach

space E and let T : K→ E be a non-self mapping. Then the mapping T is said to be

(1) demiclosed at y if whenever {xn} ⊂ K such that {xn} converges weakly to x ∈ K and

T xn→ y then T x = y.

(2) semi-compact if for any bounded sequence {xn} in K such that ‖xn−T xn‖→ 0 as n→∞,

there exists a subsequence say {xnk} of {xn} such that {xnk} converges strongly to some p in K.

(3) completely continuous if the sequence {xn} in K converges weakly to x0 implies that

{T xn} converges strongly to T x0.

For approximating fixed points of nonexpansive mappings, Senter and Dotson [12] intro-

duced Condition (A). Later on, Maiti and Ghosh [8], Tan and Xu [13] studied Condition (A)

and point out that Condition (A) is weaker than the requirement of semi-compactness on map-

ping.

Definition 2.2. A mapping T : K→ K is said to satisfy Condition (A) if there exists a nonde-

creasing function f : [0,+∞)→ [0,+∞) with f (0) = 0, f (r)> 0, for all r ∈ (0,+∞) such that

‖x−T x‖ ≥ f (d (x,F (T ))) for all x ∈ K, where d (x,F (T )) = inf{d (x, p) : p ∈ F (T )}, F (T )

is the fixed point set of T .

For obtaining strong convergence of common fixed points of two finite families of I-asymptotically

quasi-nonexpansive mappings, we introduced the following Condition (B).

Definition 2.3. The mappings {Ti,Si, Ii : i ∈U} are said to satisfy Condition (B) if there exists

a nondecreasing function f : [0,+∞)→ [0,+∞) with f (0) = 0, f (r) > 0, for all r ∈ (0,+∞)

such that

max
1≤i≤N

{
1
3
(‖x−Tix‖+‖x−Six‖+‖x− Iix‖)

}
≥ f (d (x,F))

for all x ∈ K, where F := ∩N
i=1 (F (Ti)∩F (Si)∩F (Ii)) 6= /0 and d (x,F) = inf{d (x, p) : p ∈ F}.

In order to prove the main results, we also need the following lemmas.
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Lemma 2.4. [13] Let {an} ,{bn} and {cn} be sequences of nonnegative real numbers satisfying

cn+1 ≤ (1+an)cn +bn, ∀n≥ 1.

If ∑
∞
n=1 an < ∞ and ∑

∞
n=1 bn < ∞, then limn→∞ cn exists.

Lemma 2.5. [11] Let E be a uniformly convex Banach space and let a,b be two constants with

0 < a < b < 1. Suppose that {tn} ⊂ [a,b] is a real sequence and {xn} ,{yn} are two sequences

in E. Then the conditions

lim
n→∞
‖tnxn +(1− tn)yn‖= d, limsup

n→∞

‖xn‖ ≤ d, limsup
n→∞

‖yn‖ ≤ d

imply that limn→∞ ‖xn− yn‖= 0, where d ≥ 0 is a constant.

Lemma 2.6. [3] Let E be a uniformly convex Banach space, K a nonempty closed subset of E,

and let T : K→ E be an asymptotically nonexpansive mapping with a sequence {kn} ⊂ [0,∞)

with kn → 0 as n→ ∞. Then B−T is demiclosed at zero, where B denotes the mapping B :

K→ K defined by Bx = x, respectively. That is, for each sequence {xn} in K, if {xn} converges

weakly to q ∈ K and {(B−T )xn} converges strongly to 0, then T q = q.

3. Main results

The following lemma plays an important role in this paper.

Lemma 3.1. Let E be a real Banach space, K be a nonempty closed convex subset of E,

Ti,Si : K → E be non-self Ii-asymptotically quasi-nonexpansive mappings and Ii : K → E be

a non-self asymptotically nonexpansive mapping with respect to P with sequence hn ⊂ [0,∞)

such that ∑
∞
n=1 hn < ∞. Suppose that {xn} is generated by (2), where {αn} and {βn} are two

sequences in (0,1) satisfying αn +βn ≤ 1 for all n≥ 1. Then

(1) limn→∞ ‖xn− p‖ exists for each p ∈ F.

(2) The iterative sequence {xn} generated by (2) converges strongly to a common fixed point

in F if and only if liminfn→∞ d (xn,F) = 0.
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Proof. Using fact that P is nonexpansive retraction, for any p ∈ F 6= /0 and (1), we have

‖xn+1− p‖ ≤ (1−αn−βn)
∥∥∥In (PIn)

n−1 xn− p
∥∥∥+αn

∥∥∥Sn (PSn)
n−1 xn− p

∥∥∥
+βn

∥∥∥Tn (PTn)
n−1− p

∥∥∥
≤ (1−αn−βn)(1+hn)‖xn− p‖+αn (1+hn)

∥∥∥In (PIn)
n−1 xn− p

∥∥∥
+βn (1+hn)

∥∥∥In (PIn)
n−1 xn− p

∥∥∥
≤ (1−αn−βn)(1+hn)‖xn− p‖+αn (1+hn)(1+hn)‖xn− p‖

+βn (1+hn)(1+hn)‖xn− p‖

≤ [(1−αn−βn)(1+hn)+αn (1+hn)+βn (1+hn)]‖xn− p‖

≤
(
1+2hn +h2

n
)
‖xn− p‖ ,(3)

where n = (k− 2)N + i, i = i(n) ∈ {1,2, ...,N}, k = k(n) ≥ 1. Since {hn} is a nonincreasing

bounded sequence and ∑
∞
n=1 hn < ∞ implies that ∑

∞
n=1 h2

n < ∞. Then ∑
∞
n=1
(
2hn +h2

n
)
< ∞. It

now follows from Lemma 2.4 that limn→∞ ‖xn− p‖ exists for all p ∈ F . It follows from (3) that

d (xn+1,F)≤
(
1+2hn +h2

n
)

d (xn,F) .

From Lemma 2.4, we obtain limn→∞ d (xn,F) exists. Furthermore, since liminfn→∞ d (xn,F) =

0, then limn→∞ d (xn,F) = 0.

Next we prove that {xn} is a Cauchy sequence in K. For any given ε > 0, since limn→∞ d(xn,F)=

0, there exists natural number N1 such that d(xn,F)< ε

3 when n≥N1. Thus, there exists p∗ ∈ F

such that for above ε there exists positive integer N2 ≥ N1 such that ‖xn− p∗‖ < ε

2 as n ≥ N2.

Thus, for arbitrarily chosen n,m≥ N2, we have

‖xn− xm‖ ≤ ‖xn− p∗‖+‖xm− p∗‖

<
ε

2
+

ε

2
= ε.

Hence {xn} is a Cauchy sequence in a closed subset K of a Banach space E and so it converges

to a point q in K. And limn→∞ d(xn,F) = 0 gives that d(q,F) = 0. By the routine proof, we find

F is a closed subset of K. Thus q ∈ F . This completes the proof.

Before proving our main results, we would like to remark as follows.
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Let Ti : K→ E be Ii-uniformly Li-Lipschitzian non-self Ii-asymptotically quasi-nonexpansive

mappings, Si : K→E be Ii-uniformly L
′
i-Lipschitzian non-self Ii-asymptotically quasi-nonexpansive

mappings and Ii : K→ E be a uniformly Γi-Lipschitzian non-self asymptotically nonexpansive

mapping. Throughout this paper we take L = max1≤i≤N

{
Li,L

′
i

}
and Γ = max1≤i≤N {Γi}.

Now, we are in a position to give the main results in this paper.

Theorem 3.2. Let E be a uniformly convex Banach space, K be a nonempty closed convex subset

of E, Ti,Si : K→E be Ii-uniformly L-Lipschitzian non-self Ii-asymptotically quasi-nonexpansive

mappings and let Ii : K → E be a be uniformly Γ-Lipschitzian non-self asymptotically nonex-

pansive mapping with respect to P with sequence hn ⊂ [0,∞) such that ∑
∞
n=1 hn < ∞. Suppose

that for any given x1 ∈ K, the sequence {xn} is generated by (1) satisfying

∥∥∥xn−Tn (PTn)
n−1 xn

∥∥∥≤ ∥∥∥Tn (PTn)
n−1 xn−Sn (PSn)

n−1 xn

∥∥∥ ,
where 0 < a≤ αn,βn ≤ b < 1 for some a,b ∈ (0,1) and αn +βn < 1 for all n≥ 1. Then

lim
n→∞
‖xn− Iixn‖= lim

n→∞
‖xn−Sixn‖= lim

n→∞
‖xn−Tixn‖= 0

for each i ∈ J.

Proof. From Lemma 3.1, we know that limn→∞ ‖xn− p‖ exists for any p ∈ F . We suppose that

limn→∞ ‖xn− p‖= d. Then limn→∞ ‖xn+1− p‖= d, that is,

lim
n→∞
‖xn+1− p‖ = lim

n→∞

∥∥∥P
(
(1−αn−βn) In (PIn)

n−1 xn +αnSn (PSn)
n−1 xn(4)

+βnTn (PTn)
n−1 xn

)
− p
∥∥∥

≤ lim
n→∞

∥∥∥(1−αn−βn)
(

In (PIn)
n−1 xn− p

)
+αn

(
Sn (PSn)

n−1 xn− p
)

+βn

(
Tn (PTn)

n−1 xn− p
)∥∥∥

= lim
n→∞

∥∥∥∥(1−αn−βn)
(

In (PIn)
n−1 xn− p

)
+(αn +βn)

[
αn

αn +βn(
Sn (PSn)

n−1 xn− p
)
+

βn

αn +βn

(
Tn (PTn)

n−1 xn− p
)]∥∥∥∥

= d.
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Since Ii is a uniformly Li-Lipschitzian asymptotically nonexpansive mapping, we have∥∥∥In (PIn)
n−1 xn− p

∥∥∥≤ (1+hn)‖xn− p‖ .

Taking limsup on both sides, we obtain

limsup
n→∞

∥∥∥In (PIn)
n−1 xn− p

∥∥∥ ≤ limsup
n→∞

(1+hn)‖xn− p‖(5)

= d

and

limsup
n→∞

∥∥∥∥ αn

αn +βn

(
Sn (PSn)

n−1 xn− p
)
+

βn

αn +βn

(
Tn (PTn)

n−1 xn− p
)∥∥∥∥(6)

≤ limsup
n→∞

(
αn

αn +βn
(1+hn)

∥∥∥In (PIn)
n−1 xn− p

∥∥∥+ βn

αn +βn
(1+hn)

∥∥∥In (PIn)
n−1 xn− p

∥∥∥)
≤ limsup

n→∞

(
αn

αn +βn
(1+hn)

2 ‖xn− p‖+ βn

αn +βn
(1+hn)

2 ‖xn− p‖
)

= limsup
n→∞

(1+hn)
2 ‖xn− p‖

[
αn

αn +βn
+

βn

αn +βn

]
= limsup

n→∞

(1+hn)
2 ‖xn− p‖

= d.

It follows from (4),(5),(6) and Lemma 2.5 that

lim
n→∞

∥∥∥∥(In (PIn)
n−1 xn− p

)
−
[

αn

αn +βn

(
Sn (PSn)

n−1 xn− p
)

+
βn

αn +βn

(
Tn (PTn)

n−1 xn− p
)]∥∥∥∥

= lim
n→∞

(
1

αn +βn

)∥∥∥(αn +βn)
(

In (PIn)
n−1 xn− p

)
−αn

(
Sn (PSn)

n−1 xn− p
)

+βn

(
Tn (PTn)

n−1 xn− p
)∥∥∥

= lim
n→∞

(
1

αn +βn

)∥∥∥xn+1− In (PIn)
n−1 xn

∥∥∥
= 0.

Since 0 < a≤ αn,βn ≤ b < 1, we have

(7) lim
n→∞

∥∥∥xn+1− In (PIn)
n−1 xn

∥∥∥= 0.
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In a similar way, we have

(8) lim
n→∞

∥∥∥xn+1−Sn (PSn)
n−1 xn

∥∥∥= 0

and

(9) lim
n→∞

∥∥∥xn+1−Tn (PTn)
n−1 xn

∥∥∥= 0.

On the other hand, we have∥∥∥Sn (PSn)
n−1 xn−Tn (PTn)

n−1 xn

∥∥∥≤ ∥∥∥Sn (PSn)
n−1 xn− xn+1

∥∥∥+∥∥∥xn+1−Tn (PTn)
n−1 xn

∥∥∥ .
Therefore, by using (8) and (9), we obtain

(10) lim
n→∞

∥∥∥Sn (PSn)
n−1 xn−Tn (PTn)

n−1 xn

∥∥∥= 0.

It follows from (7),(8),(9) that

(11) lim
n→∞

∥∥∥Sn (PSn)
n−1 xn− In (PIn)

n−1 xn

∥∥∥= 0

and

(12) lim
n→∞

∥∥∥Tn (PTn)
n−1 xn− In (PIn)

n−1 xn

∥∥∥= 0.

From (10) and the condition
∥∥∥xn−Tn (PTn)

n−1 xn

∥∥∥≤ ∥∥∥Tn (PTn)
n−1 xn−Sn (PSn)

n−1 xn

∥∥∥, we ob-

tain

(13) lim
n→∞

∥∥∥xn−Tn (PTn)
n−1 xn

∥∥∥= 0.

Moreover,∥∥∥xn−Sn (PSn)
n−1 xn

∥∥∥≤ ∥∥∥xn−Tn (PTn)
n−1 xn

∥∥∥+∥∥∥Sn (PSn)
n−1 xn−Tn (PTn)

n−1 xn

∥∥∥ .
Hence by using (10) and (13), we have

(14) lim
n→∞

∥∥∥xn−Sn (PSn)
n−1 xn

∥∥∥= 0.

In a similar way, we have

(15) lim
n→∞

∥∥∥xn− In (PIn)
n−1 xn

∥∥∥= 0.
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Since

‖xn+1− xn‖ ≤ (1−αn−βn)
∥∥∥In (PIn)

n−1 xn− xn

∥∥∥+αn

∥∥∥Sn (PSn)
n−1 xn− xn

∥∥∥
+βn

∥∥∥Tn (PTn)
n−1 xn− xn

∥∥∥ ,
we find from (13),(14) and (15) that

(16) lim
n→∞
‖xn+1− xn‖= 0.

By induction, for each positive integer k, we also have

(17) lim
n→∞
‖xn+k− xn‖= 0.

When n > N, we have

‖xn− Inxn‖ ≤
∥∥∥xn− In (PIn)

n−1 xn

∥∥∥+∥∥∥In (PIn)
n−1 xn− Inxn

∥∥∥
≤

∥∥∥xn− In (PIn)
n−1 xn

∥∥∥+Γ

∥∥∥In (PIn)
n−2 xn− xn

∥∥∥
≤

∥∥∥xn− In (PIn)
n−1 xn

∥∥∥+Γ

{∥∥∥In−N (PIn−N)
n−2 xn−N− xn−N

∥∥∥
+‖xn−N− xn‖+

∥∥∥In (PIn)
n−2 xn− In−N (PIn−N)

n−2 xn−N

∥∥∥}
≤

∥∥∥xn− In (PIn)
n−1 xn

∥∥∥+Γ

{∥∥∥In−N (PIn−N)
n−2 xn−N− xn−N

∥∥∥
+‖xn−N− xn‖+Γ‖xn− xn−N‖} .

From (15) and (17), we have

(18) lim
n→∞
‖xn− Inxn‖= 0.

For each k ∈ J, we have

‖xn− In+kxn‖ ≤ ‖xn− xn+k‖+‖xn+k− In+kxn+k‖+‖In+kxn+k− In+kxn‖

≤ ‖xn− xn+k‖+‖xn+k− In+kxn+k‖+Γ‖xn− xn+k‖ .

Thus, from (17) and (18), we have

(19) lim
n→∞
‖xn− In+kxn‖= 0.
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Consequently, for each k ∈ J, we obtain

(20) lim
n→∞
‖xn− Ikxn‖= 0.

On the other hand, we have

‖xn−Tnxn‖ ≤
∥∥∥xn−Tn (PTn)

n−1 xn

∥∥∥+∥∥∥Tn (PTn)
n−1 xn−Tnxn

∥∥∥
≤

∥∥∥xn−Tn (PTn)
n−1 xn

∥∥∥+L
∥∥∥In (PIn)

n−2 xn− Inxn

∥∥∥
≤

∥∥∥xn−Tn (PTn)
n−1 xn

∥∥∥+L
{∥∥∥In−N (PIn−N)

n−2 xn−N− xn−N

∥∥∥
+‖xn−N− xn‖+

∥∥∥In (PIn)
n−2 xn− In−N (PIn−N)

n−2 xn−N

∥∥∥}
≤

∥∥∥xn−Tn (PTn)
n−1 xn

∥∥∥+L
{∥∥∥In−N (PIn−N)

n−2 xn−N− xn−N

∥∥∥
+‖xn−N− xn‖+Γ‖xn− xn−N‖} .

Thus it follows from (13),(15) and (17), we obtain that limn→∞ ‖xn−Tnxn‖= 0. For each k∈ J,

similar to the proof of (19), we have limn→∞ ‖xn−Tn+kxn‖ = 0. Consequently, for each k ∈ J,

we obtain

(21) lim
n→∞
‖xn−Tkxn‖= 0.

Finally, by using the same methods above the mentioned, we can show that

(22) lim
n→∞
‖xn−Skxn‖= 0.

This completes the proof.

Theorem 3.3. Let E be a uniformly convex Banach space, K,Ti,Si, Ii,{xn} be same as in Theo-

rem . If Ti,Si and Ii satisfy the Condition (B), then {xn} converges strongly to a common fixed

point of Ti,Si and Ii.

Proof. By Lemma 3.1, limn→∞ ‖xn− p‖= d ≥ 0 exists for all p ∈ F . If d = 0, there is nothing

to prove.

Suppose that d > 0, by Theorem 3.2, we have

lim
n→∞
‖xn−Tkxn‖= lim

n→∞
‖xn−Skxn‖= lim

n→∞
‖xn− Ikxn‖= 0.
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From Lemma 3.1, we know that limn→∞ d (xn,F) exists. Because {Ti : i ∈ J} ,{Si : i ∈ J} and

{Ii : i ∈ J} satisfy the Condition (B), therefore

f (d (xn,F))≤max
k∈J

{
1
3
(‖xn−Tkxn‖+‖xn−Skxn‖+‖xn− Ikxn‖)

}
.

It follows from (20),(21) and (22) that limn→∞ f (d (xn,F)) = 0. Since f is a nondecreasing

function and f (0) = 0, so limn→∞ d (xn,F) = 0. In the proof of Lemma 3.1, we showed that

{xn} is a Cauchy sequence in K. So it must converge to a point q in K. It follows from

limn→∞ d (xn,F) = 0 that d (q,F) = 0. By the routine method we can easily show that F is

closed, therefore q ∈ F . This completes the proof.

Note that the Condition (B) is weaker than both the compactness of K and the semi-compactness

of the mappings {Ti : i ∈ J}, {Si : i ∈ J} and {Ii : i ∈ J}, therefore we already have the following

theorem proved.

Theorem 3.4. Let E be a uniformly convex Banach space, K,Ti,Si, Ii,{xn} be same as in Theo-

rem 3.2. Assume that either K is compact or one of the mappings in {Ti : i ∈ J}, {Si : i ∈ J} and

{Ii : i ∈ J} is semi-compact. Then {xn} converges strongly to a common fixed point of Ti,Si and

Ii.

Proof. For any k ∈ J, we suppose that Tk,Sk and Ik are semi-compact. Then from (20),(21) and

(22), we have

lim
n→∞
‖xn−Tkxn‖= 0, lim

n→∞
‖xn−Skxn‖= 0 and lim

n→∞
‖xn− Ikxn‖= 0.

From the semi-compactness Tk,Sk and Ik, there exists a subsequence
{

xn j

}
of {xn} such that{

xn j

}
converges strongly to a q ∈ K. Again, using (20),(21) and (22), we obtain

lim
j→∞

∥∥xn j −Tkxn j

∥∥= ‖q−Tkq‖= 0, lim
j→∞

∥∥xn j −Skxn j

∥∥= ‖q−Skq‖= 0

and lim j→∞

∥∥xn j − Ikxn j

∥∥ = ‖q− Ikq‖ = 0 for all k ∈ J. It follows from Lemma 2.6, q ∈ F =

∩N
i=1 (F (Ti)∩F (Si)∩F (Ii)). Since limn→∞

∥∥xn j −q
∥∥ = 0 and limn→∞ ‖xn−q‖ exists for all

q ∈ F by Lemma 3.1, thereforelimn→∞ ‖xn−q‖= 0. This completes the proof.
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Theorem 3.5. Let E be a uniformly convex Banach space, K,Ti,Si, Ii,{xn} be same as in The-

orem 3.2. Assume that one of the mappings in {Ti : i ∈ J}, {Si : i ∈ J} and {Ii : i ∈ J} is com-

pletely continuous mapping, then {xn} converges strongly to a common fixed point of Ti,Si and

Ii.

Proof. By Lemma 3.1, {xn} is bounded. If one of Ti, Si and Ii’s is completely continuous, say Tk,

then there exists a subsequence
{

Tkxn j

}
of {Tkxn} such that Tkxn j → q as j→ ∞. By Theorem

3.2, limn→∞

∥∥xn j −Tkxn j

∥∥ = 0, and using the continuity of Tk, we have limn→∞

∥∥xn j −q
∥∥ = 0.

As above, by Lemma , q ∈ ∩N
i=1F (Ti). Since limn→∞

∥∥xn j −q
∥∥= 0 and limn→∞ ‖xn−q‖ exists

for all q ∈ F by Lemma 3.1, therefore limn→∞ ‖xn−q‖= 0. This completes the proof.

Remark 3.6. Under suitable conditions, sequence {xn} defined by (2) can also be generalized

to the iterative sequences with errors. Thus all the results proved in this paper can also be proved

for the iterative process with errors. In this case, our main iterative process (2) is as, for any

given x1 ∈ K and n≥ 1,

(23)

xn+1 = P
(
(1−αn−βn− γn) In (PIn)

n−1 xn +αnSn (PSn)
n−1 xn +βnTn (PTn)

n−1 xn + γnun

)
,

where {Ti,Si, Ii : i ∈ J} are non-self mappings from K to E and P is a nonexpansive retraction

from E onto K. Also, {αn} ,{βn} ,{γn} are three real sequences in (0,1) and {un} is a bounded

sequence.

Remark 3.7. (1) If we take un = 0, iterative process (23) reduces to iterative process (2).

(2) Our results improve and extend the corresponding results of Rhoades and Temir [10],

Temir and Gul [15], Temir [14], Yao and Wang [18], Zhang and Wang [21] to two finite families

of non-self I-asymptotically quasi-nonexpansive mappings.
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