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Abstract. Letn € N, n > 2. For n— 1 < a < n, we use the theory of up-positive operators to show the existence
of and then compare smallest eigenvalues of the fractional boundary value problems D, u+ A1 p(t)u = 0, D, u+
A2q(t)u=0,0 <t < 1, satisfying boundary conditions uld) (0)=0,i=0,1,...,n—2, Dg+u(1) =0,0<B<n—1,
where p and g are nonnegative continuous functions on [0, 1] which do not vanish identically on any nondegenerate
compact subinterval of [0, 1]. The cases where § =0 and 3 > 0 are treated separately and then compared.
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1. Introduction

LetneN,n>2,and n—1 < o < n. In this paper, we will consider boundary value problems

consisting of fractional differential equations

(1) D u+Miptlu=0, 0<r<I,

) D u+2q(tlu=0, 0<r<1,
which satisfy the boundary conditions

Gp) WD(0)=0,i=0,1,....n—2, DPu(1)=0,
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0<pB <n-—1, where DS‘+ and Dg+ are the standard Riemann-Liouville derivatives. Here p and
g are continuous nonnegative functions on [0, 1] that do not vanish identically on any nondegen-
erate compact subinterval of [0, 1]. The real numbers A; and A, such that these boundary value
problems yield a nontrivial solution are called eigenvalues.

The purpose of this paper is to show the existence of smallest eigenvalues by using the theory
of up-positive operators with respect to a cone in a Banach space. Then, a comparison of
those eigenvalues can be made. The technique for showing the existence and then comparing
these smallest eigenvalues involve the application of sign properties of the Green’s function for
the specified boundary value problem, followed by the application of ug-positive operators with
respect to a cone in a Banach space. These applications are presented in books by Krasnosel’skii
[14] and by Krein and Rutman [15].

These cone theoretic techniques have been used by many authors to study the existence of
smallest eigenvalues of ordinary boundary value problems, difference equations, and dynamic
equations on time scales. See [1, 2, 3,4, 5, 6, 7, 16, 17] and the references therein for some
examples. Recently, Eloe and Neugebauer [9] showed the existence of and compared smallest
eigenvalues for fractional boundary value problems with Dirichlet boundary conditions. These
results have been used and extended in [10, 11, 12, 18]. Here, we look to extend the results
to a fractional boundary value problem with fractional boundary conditions. The cases when
0 < B <n—1 and when 3 = 0 are treated separately.

We point out that the Banach space used in this paper differs from the space used when
working with ordinary boundary value problems, even if @ and f are integers. This method
has is benefits. Many times, when working with higher order problems, the problem needs to
be reduced to a lower order problem and then an appropriate Banach space, cone and interior
of the cone are chosen. See, for example, [16]. However, with this method, there is no need to
reduce the higher order problem to a lower order problem. The boundary conditions here cover

many problems that have not been dealt with before.

2. Preliminaries
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For completeness, we first introduce the definition of the Riemann-Liouville fractional de-
rivative. Forn € N and n — 1 < a < n, the a-th Riemann-Liouville fractional derivative of the

function u : [0,1] — R, denoted D, u, is defined as

D) = g g (=9 o),

n—oa)dt"
provided the right-hand side exists.

Let & be a Banach space over R. A closed nonempty subset & of 4 is said to be a cone

provided the following:

(1) ou+pPve P, forall u,v € & and all o, f > 0, and
(i) u € & and —u € & implies u = 0.

A cone & is solid if the interior, &#7°, of &, is nonempty. A cone & is reproducing if & =
P — P ie., given w € A, there exist u,v € & such that w = u — v. Krasnosel’skii [14] proved
that every solid cone is reproducing.

Cones generate a natural partial ordering on a Banach space. Let & be a cone in a real
Banach space A. If u,v € A, u <v withrespectto & ifv—u e . If both M,N : 8 — P are
bounded linear operators, M < N with respect to & if Mu < Nu for allu € .

A bounded linear operator M : 8 — A is up-positive with respect to & if there exists ug €
22\{0} such that for each u € 2\{0}, there exist k;(«) > 0 and ky(u) > 0 such that kjuy <
Mu < kpug with respect to &.

The following two results are fundamental to our existence and comparison results and are
attributed to Krasnosel’skii [14]. The proof of Theorem 2.1 can be found in [14], and the proof

of Theorem 2.2 is provided by Keener and Travis [13] as an extension of Krasonel’skii’s results.

Theorem 2.1. Let & be a real Banach space and let &7 C % be a reproducing cone. Let
L: B — B be a compact, uy-positive, linear operator. Then L has an essentially unique eigen-
vector in &2, and the corresponding eigenvalue is simple, positive and larger than the absolute

value of any other eigenvalue.

Theorem 2.2. Let A be a real Banach space and & C B be a cone. Let both M,N : B — B

be bounded, linear operators and assume that at least one of the operators is uy-positive. If
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M <N, Muy > Auy for some u; € & and some A > 0, and Nuy < Ayuy for some uy € & and

some Ay > 0, then Ay < Ay. Furthermore, A| = Ay implies uy is a scalar multiple of u,.
3. The case when 0 < f <n—1

First, we consider the case where > 0. We derive existence and comparison results by
applying the two previous theorems. To do this, we will define integral operators whose kernels

are the Green’s function for —Dg‘ u=20,3p), which is given by (see [8])

1-
G(Bit,s) = Q) oot

So u solves (1), (3[)») if and only if

1
u(t) = A /0 G(B:1,5)p(s)u(s)ds.

Similarly, u solves (2), (3p) if and only if

1
u(t) = Ao /0 G(B:t,5)q(s)u(s)ds.

Notice that G(f3;¢,s) > 0 for (¢,s) € [0,1] x [0,1) and G(B;1,s) > 0 for (¢,s) € (0,1] x [0,1).

Now, define the Banach Space

B={u:u=1""1v, veCp1]},
with the norm
[[ull = [vlo,

where |v|p = sup |v(r)| denotes the usual supremum norm. Notice that for u € %,
t€[0,1]

Julo = [e% " vlo < 17 lu,

implying
Juelo < lul].

Define the linear operators

1
3) Mu(t):/o G(B;t,s)p(s)u(s)ds,
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and

1
) Nu(r) = /0 G(B:t,5)q(s)u(s)ds.

Now,

oa—1 —s oa—1-f t _Sa—l
Mu(t) = /0 ' (1r<a)) p(s)u(s)ds — /O %p(s)u(s)ds

[ TP o M=)
=1 </0 Wp(s)u(s)ds—tl A Wp(s)u(s)ds) .

Notice that sincen—1 <o <nand0<f <n-—1,

/l (1 _S)ailiﬁp(s)u(s)ds < ’p|0’v|0
0

1
T(0) = T /Os 1(1—s) 1=Bgs

_|plo[vlo
= T(a) |B(a,a— )|

_ Iploblo F(oc)F(a—B)‘
(o) Ia+p)

_|plo[v]oI'(ax—B)
-~ I(a+B)

< oo,

Therefore, the first term inside the parentheses is well-defined.

Set

Then, for |po| = P, |ju|| =L,
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t
< PLtla/ (t—s)* 5% 1ds
0

t
< PLt' %! / (t—s5)*"1ds
0

_PLtO‘
=—

PL
where o > 0. So, lir(gl+ g(t) = g(0) =0. Thus, g € C[0, 1]. Therefore, M : B — AB.
t—
A similar argument to the argument made in [9] shows that M is compact. This can also be
applied to N to show that N : 8 — £ is compact, which gives the following theorem.

Theorem 3.1. The operators M,N : 8 — 9B are compact.

Next, we define the cone

P ={uec A u(t)>0forte|0,1]}.

Lemma 3.2. The cone & is solid in % and hence reproducing.

Proof. Define
(5) Q:={u=1t*YveB:u(t)>0fort e (0,1], v(0) > 0}

We will show that Q C &7°. Since v(0) > 0, there exists an € > 0 such that v(0) —&; > 0. Since
v € C[0, 1], there exists an a € (0,1) such that v(¢) > & for all € (0,a). So u(t) = t*~1v(t) >
g1t%! for all € (0,a). Now, on the interval [a, 1], u(t) > 0. Thus there exists an & > 0 with
u(t)—& >0foralls € [a,1].

Let € = min{%, 2}. Define Be(u) = {ii € B : |u—il| < €}. Let &i € B¢(u). So 4 =119,
where ¥ € C[0,1]. Now |i(¢) —u(t)| < t* '||ia—ul| < et*1. So fort € (0,a), d(t) > u(t) —

1% Ve > 1% g — 1% 1g /2 =1%1g /2. So ii(t) > 0 for t € (0,a). Also,

a(t) —u(t)] < ja -
u|| <e.Sofort €[a,1],d(t) >u(t)—€>e—&/2>0.Soi(r)>0foralls € [a,1]. Soil € &

and thus Be (1) C . So Q C &° and the proof is complete.
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Lemma 3.3. The bounded linear operators M and N are uy-positive with respect to 2.

Proof. First, we show M : Z\{0} - Q C &°. Letu € . So u(t) > 0 on [0, 1]. Then since
G(B;t,s) >0on [0,1] x [0,1), and p(¢) >0 on [0, 1],

1
Mu(t) = /O G(B:t,5)p(s)u(s)ds > 0,

for0<r<1.SoM:&¥ —» A
Now, let u € Z2\{0}. So there exists a compact interval [a,b] C [0, 1] such that u(r) > 0 and

p(t) >0 forall ¢ € [a,b]. Then, since G(f;¢,s) > 0on (0,1] x (0,1),
1
Mu(t) = /O G(B:t,5)p(s)u(s)ds
b
> / G(B:t,5)p(s)u(s)ds

>0,

forO <t <1.

Now,

—s a—1-f t(f—g a—1
Mu(t) = 1! (/0] %p(s)u(s)ds—tl_a/o %p(s)u(s)ds) :
Let

—s a—1-f t(f—g a—1
v(r) = /0] %p(s)u(s)ds—tla/o up(s)u(s)ds.

L(1 —s)a_l_ﬁ
Thus, v(0) = /O gy POuls)ds > 0.So M P\ (0} » @ C 7

Now, choose up € #\{0}, and let u € Z\{0}. So Mu € Q C &°. Choose k; > 0 sufficiently
small and k, sufficiently large so that Mu — kyuy € &?° and ug — %Mu e X°. So kiug < Mu
with respect to &2 and Mu < kyuq with respect to 2. Thus kjug < Mu < kyuy with respect to
& and so M is ug-positive with respect to P. A similar argument shows N is ug-positive. This

completes the proof.

Theorem 3.4. Let B, &, M, and N be defined as earlier. Then M (and N) has an eigenvalue
that is simple, positive, and larger than the absolute value of any other eigenvalue, with an

essentially unique eigenvector that can be chosen to be in &°.
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Proof. Since M is a compact linear operator that is ug-positive with respect to &2, by Theorem
2.1, M has an essentially unique eigenvector, say u € &, and eigenvalue A with the above

properties. Since u # 0, Mu e Q C #°andu =M (%u) € P°.

Theorem 3.5. Let B, &2, M, and N be defined as earlier. Let p(t) < q(t) on [0,1]. Let A;
and Ay be the eigenvalues defined in Theorem 3.4 associated with M and N, respectively, with
the essentially unique eigenvectors uy and uy € Z°. Then A1 < Ay, and Ay = A, if and only if
p(t) = q(t) on [0, 1].

Proof. Let p(r) < g(t) on [0, 1]. So forany u € & andt € [0, 1],

1
(Nu—Mu) () = /0 G(B:t.5)(a(s) — p(s))u(s)ds > 0.

SoNu—Mu e & forallu € &, or M < N with respect to . Then, by Theorem 2.2, A} < A;.
If p(t) = ¢(t), then A; = Ay. Now suppose p(r) # q(t). So p(t) < ¢(t) on some subinterval
[a,b] C [0, 1], which implies (N — M)uy(¢t) > 0 fort € (0,1]. Let (N —M)ui(t) =t*v(t). So

(it —s)%!

—5 a—1-f
V(1) = /O l%m(s)— p(s))ui(s)ds — '~ /0 T

Since p(t) < ¢(t) on [a,b] C [0,1], then v(0) > 0. So, (N —M)u; € Q C Z°. So there exists

(q(s) — p(s))ui (s)ds.

€ > 0 such that (N—M)ul —euy € . So Auy + €uy = Muy + €uy < Nuy, implying Nu; >
(A] + 8)1/!1. Since N < N and Nuy = Ajuy, by Theorem 2.2, A; 4+ € < Ay, or A} < Aj.

Lemma 3.6. The eigenvalues of (1), (3g) are reciprocals of eigenvalues of M, and conversely.

Similarly, eigenvalues of (2), (3g) are reciprocals of eigenvalues of N, and conversely.

Proof. Let A be an eigenvalue of M with corresponding eigenvector u(z). Notice that

1
Au(t) = Mu(t) = /0 G(Bst,5)p(s)u(s)ds,

if and only if
)=+ [ G s)pu(s)s
if and only if
D, u(t)+ /l\p(t)u(t) =0, 0<t<l,
with
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So % is an eigenvalue of (1), (3p), if and only if A is an eigenvalue of M. A similar argument
can be made that the reciprocals of eigenvalues of N are eigenvalues of (2), (35) and vice versa,
which completes the proof.

Since the eigenvalues of (1), (3g) are reciprocals of eigenvalues of M and conversely, and
the eigenvalues of (2), (3p) are reciprocals of eigenvalues of N and conversely, the following

theorem is an immediate consequence of Theorems 3.4 and 3.5.

Theorem 3.7. Assume the hypotheses of Theorem 3.5. Then there exists smallest positive
eigenvalues Ay and A, of (1), (3 ﬁ) and (2), (3 ﬁ)’ respectively, each of which is simple, positive,
and less than the absolute value of any other eigenvalue of the corresponding problems. Also,
eigenfunctions corresponding to Ay and Ay may be chosen to belong to &7°. Finally, A; > Ay,

and M = Ay if and only if p(t) = q(t) for all t € [0,1].
4. The case when 3 =0

Next, we consider the case where B = 0. Again, we will define integral operators whose

kernels are the Green’s function for —Dg‘ " u =0, (30), which is given by

tocfl(l_s)ocfl_(t_s)afl 0 < s < ; < 1
6) G(t.9) =1 ot T
S IR 0<r<s<l.

Therefore, u(t) = A fol G(t,s)p(s)u(s)ds if and only if u solves (1), (3p). Similarly, u(z) =
A2 [y G(t,5)q(s)u(s)ds if u solves (2), (30). Notice that G(z,s) > 0 on [0,1] x [0,1) and G(z,s) >
Oon (0,1) x (0,1). We point out that G(1,s) = 0, so the Banach space B and the interior of the
cone Q used in the previous section are not appropriate for this problem.

Define the Banach Space
B={u:u=1""y, vecho,1], v(1) =0},
with the norm
lull = [']o-
Notice that,

< (1 =0)plo < [lull

0 = )=o) = | [ V5
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Therefore, |v]o < |[u]| = [V'|o and

Julo = [¢%vlo <1 ull,

implying
lulo < {lull-
Define the linear operators
1
(7) Mu(t) = / G(t,5)p(s)u(s)ds,
0
and
1
@®) Nu(t) = / G(t,5)q(s)u(s)ds.
0

Theorem 4.1. The operators M,N : B8 — 9B are compact.

Proof. First, we show M : B — . Let u € . So there is a v € C1)[0,1] such that u = 1% v,

Since v € C(V[0,1] and p € C[0,1], let L = |v|p and P = |p|y. Now,

a—1 _sa—l t(t—s a—1
Mu(t) :/Olt (1-s) p(s)u(s)ds—/ up(s)u(s)ds

I(ct) o I(a)
1 . o—1 t s a—1
=1 </0 (Gt F((i) p(s)u(s)ds —t' ¢ ; %P(S)”(S)ds) :
Define
0, - 07
g(t) = (t— o—1

= rzzx) p(su(s)ds, 0<t<1.

Notice g € C(V(0,1]. Now,
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PL
where o > 0. Thus, lim g(t) = g(0) =0 and g € C[0, 1]. Also, forz > 0,

t—07t

(it —s)%! (1 —5)% 2

(1) = ’(1—0t)f°‘/0 WP(S)M(S)dH(OC—l)tl_“/O WP(S)M(SMS

t(t—s a—1
< ’(1 — Oc)ta/o %p(s)salv(s)ds

t(t—s a—2
(a— 1)t1_a/0 up(s)sa_lv(s)(s)ds

* INa)

t t
< (ot — 1)PL %% / (t— )% 'ds+ (o — 1)PL' =% %! / (t — )% 2ds
0 0
t t
=(a—1)PL (t_l/ (t—s)a_lds+/ (t—s)a_zds)
0 0

=(a—1)PL <ta_1 + e )

o o—1

oa—1
= (— + 1) PLt* 1.
(04

So, lirgl+ g'(t) = 0. Moreover, using the definition of derivative and L'Hdpital’s rule,
t—

¢'(0) = lim () =80) _ ;80 _ lim — 0% ¢'(1) = 0.

t—0t t t—0t+ 1

So ¢ € Cl0,1].

Now let

t(1—g)o1 t
5(r) = /O %p(s)u(s)ds—zla / ey Pu(s)ds.

0

Then, ¥(1) = 0. Thus, Mu € #. So, M : 8 — . A similar argument can be made that
N : B — 8. An argument similar to the one made in [9] shows M and N are compact.

Next, we define the cone

P ={uec A u(t)>0fortc|0,1]}.

Lemma 4.2. The cone & is solid in & and hence reproducing.

Proof. Define

) Q:={u=1*"YveB:ul) >0, forre(0,1), v(0) >0, V(1) <0}
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We will show Q C &7°. Letu € Q. Since v(0) > 0, there exists an £; > 0 such that v(0) —&; > 0.
Since v € C|0, 1], there exists an a € (0,1) such that v(¢) > ¢ for all # € (0,a). Thus, u(t) =

1% 1y(¢) > £1t% ! forall z € (0,a). Now, since v/(1) < 0, there exists an & > 0 such that /(1) +
—v(t)+v(1)

€ < 0, implying that —'(1) > &,. Then, by the definition of derivative, lim — 1 &
t—1- -
: . v() . v(t)
Since v(1) =0, hrln 1”& Thus, there exists a b € (a, 1) such that forz € (b, 1), 1=, &
t—17 1 — -

This implies v(¢) > (1 —¢)&,. Therefore, u(t) > b* (1 —1)e, for all t € (b,1). Also, since

u(t) > 0 on [a,b], there exists an € > 0 such that u(r) — &3 > 0 for all t € [a, b].

. fe b* g & . . .
Let € =minq —, ,— ¢. Define Bg(u) ={d € B:|lu—ill <e}. Letii € B¢(u). Thus,

27 2 72
i =t%"1%, where v € C(V[0, 1] with $(1) = 0. Now

() —u(t)] < t* V|4 —ul| < er® L.

So, for t € (0,a), @i(t) > u(t) —t% e > 1% gy — 1% lg /2 = 1% 1g /2. So, #i(t) > 0 for t €

(0,a). By the Mean Value Theorem, there exists ¢ € (¢, 1) such that

) —v) =0+ _ gy (o),

1—t¢
Since 7(1) = 0 and v(1) = 0, then
O30 _oe) (o) < |7~ ],
However,
)= (0)| _ [v() =500
1—1¢ - 1—1¢ ’

So, |u(t) —i(t)| < (1 —1)||jd—ul| < (1 —t)e, fort € (b,1). Thus, forr € (b, 1)
at) >ut)—(1—0)e>b* 1 (1-e—(1-1)b* le—2/2=(1-1)p*'>0.

Therefore, for t € (b, 1), @i(t) > 0. Also, |d(t) —u(t)| < || —u|| < €. So for t € [a,b],i(t) >
u(t)—e>e—¢e/2>0. So, ii(t) >0 for all 7 € [a,b]. So, i € & and therefore B (u) C 2.

Thus, Q C &7°, completing the proof.

Lemma 4.3. The bounded linear operators M and N are uy-positive with respect to .
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Proof. First, we show M : Z\{0} - Q C &°. Letu € &. So u(t) > 0 on [0, 1]. Then since
G(t,s) >0on[0,1] x[0,1) and p(¢) >0 on [0,1],

Mu(t) = /0 ' Glt.5)p(s)u(s)ds > 0.

for0<r<1.SoM:&¥ - A
Now, let u € Z2\{0}. So there exists a compact interval [a,b] C [0, 1] such that u(r) > 0 and

p(t) >0 forall ¢ € [a,b]. Then, since G(t,s) > 0on (0,1) x (0,1),
Mu(t) = /0 ' Glt,5)p(s)uls)ds
> /abG(t,s)p(s)u(s)ds

>0,

for 0 <t < 1. Now,
1 —s a—1 t(f—s a—1
Mu(r) = %! </0 %p(s)u(s)ds—tl_a/ up(s)u(s)ds) :
Let

1 —s a—1 t(f—s a—1
v(t):/o %p(s)u(s)ds—tl_a/o %p(s)u(s)ds.

_ o1
Thus, v(0) = /01 %p(s)u(s)ds > 0 and

—g a—2 t —g a—1
v =-a) ([ st [ U pousas)

—5 a—2
~ -0 [ U pouts) (1 - (1= 5)ds

<0.

SoM: 2\{0} - Q C &°.

Now, choose ug € #\{0}, and letu € Z2\{0}. So Mu € Q C &°. Choose k; > 0 sufficiently
small and k, sufficiently large so that Mu — kjuy € ?° and ug — ,{1—2Mu € X°. So kjug < Mu
with respect to & and Mu < kpuy with respect to &. Thus kjuy < Mu < kyug with respect to

& and so M is ug-positive with respect to P. A similar argument shows N is ug-positive.
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Theorem 4.4. Let B, &2, M, and N be defined as earlier. Then M (and N) has an eigenvalue
that is simple, positive, and larger than the absolute value of any other eigenvalue, with an

essentially unique eigenvector that can be chosen to be in &°.

Proof. Since M is a compact linear operator that is ug-positive with respect to &2, by Theorem
2.1, M has an essentially unique eigenvector, say u € &2, and eigenvalue A with the above

properties. Since u # 0, Mu e Q C #°andu =M (%u) e 7.

Theorem 4.5. Let B, &2, M, and N be defined as earlier. Let p(t) < q(t) on [0,1]. Let A}
and A, be the eigenvalues defined in Theorem 3.4 associated with M and N, respectively, with

the essentially unique eigenvectors uy and uy € 7°. Then Ay < Ay, and Ay = A, if and only if
p(t) =4q(t) on [0,1].

Proof. Let p(t) < g(z) on [0,1]. So forany u € & and ¢ € [0, 1],

1
(Nu—Mu)(1) =/0 G(t,5)(q(s) — p(s))u(s)ds = 0.

SoNu—Mu e & forallu € &, or M < N with respect to &2. Then, by Theorem 2.2, A} < A;.
If p(t) = ¢(t), then A; = Ay. Now suppose p(t) # q(t). So p(t) < ¢(t) on some subinterval
of [0,1]. So (N —M)uy(t) > 0 fort € (0,1). Let (N —M)u;(t) = t*"'v(¢). Thus

' (t— )2

—5 o—1
0= [ e tats) = pmshas =1t [ (9~ plopas)as.

Then, v(0) > 0 and

a2 _ gyl
/)= -0 Mo - pepmisas - [ = <o

0 0

So, (N—M)u; € Q C &°. Then there exists € > 0 such that (N — M)u; — eu; € <. So
Auy + €u; = Muy + €uy < Nuy, implying Nuj > (A1 + €)u;. Since N < N and Nuy = Ayuy,
by Theorem 2.2, A1 4+ € < Ay, or A; < Ay, which completes the proof.

The proof of the following lemma is similar to that of Lemma 3.6, and is therefore omitted.

Lemma 4.6. The eigenvalues of (1), (3¢) are reciprocals of eigenvalues of M, and conversely.

Similarly, eigenvalues of (2), (3¢) are reciprocals of eigenvalues of N, and conversely.
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Again, since the eigenvalues of (1), (3¢) are reciprocals of eigenvalues of M and conversely,
and the eigenvalues of (2), (3¢) are reciprocals of eigenvalues of N and conversely, the following

theorem is an immediate consequence of Theorems 4.4 and 4.5.

Theorem 4.7 Assume the hypotheses of Theorem 3.5. Then there exists smallest positive eigen-
values Ay and Ay of (1), (30) and (2), (3p), respectively, each of which is simple, positive,
and less than the absolute value of any other eigenvalue of the corresponding problems. Also,
eigenfunctions corresponding to Ay and Ay, may be chosen to belong to &?°. Finally, A; > Ay,

and Ay = Ay if and only if p(t) = q(t) for all t € [0, 1].
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