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Abstract. Consider a parabolic PDE with the van der Pol cubic nonlinearity. The existence, structure and dimen-
sion of the attractor by classical theory of infinite-dimensional dynamical systems are summarized. The existence
and attraction of the positive equilibrium or the negative equilibrium when parameters enter some regimes are
verified. The stability of the trivial equilibrium by energy inequality and classical theory of reaction-diffusion
equations are proved. Furthermore, we also give an answer to the question whether an eigenfunction of the Lapla-
cian is attracted or repelled by the trivial equilibrium.

Keywords. Parabolic PDE; Van der Pol nonlinearity; Dynamical systems; Eigenfunction.

2010 Mathematics Subject Classification. 34F10, 34H15, 34H20.
1. Introduction

During the past decade, progress has been made in dynamical system theory concerning the
bifurcations and chaos in the 1D wave equations and the Klein-Gordon equations with a van
der Pol cubic nonlinearity in one of the boundary conditions, see, for example, ([1]-[6]) and the
references therein. The basic method is characteristic reflections, by which discrete dynamics

are extracted. Then bifurcations and chaos were observed and proven in the discrete dynamics.
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The motivation or principle is the van der Pol oscillation, whose cubic nonlinearity has a self-
adjust effect on the state and energy. The van der Pol oscillator hints that a self-adjust effect
may cause chaos. So G. Chen, S.B. Hsu, and J.X. Zhou ([1]-[4]), added a cubic nonlinearity to

one of the boundary conditions of the 1D wave equation as follows:

wir(%,1) = Pwe(x,1) =0, 0<x<1, t>0, ¢>0, (1.1)
wi(0,1) = —mwy(0,7), >0, n>0, n#c,
we(1,8) = aw;(1,1) = Bwi(1,1), t>0, O<a<c, B>O0.

Then the energy functional

2/ 50+ L2 )dx

rises if |wy(1,1)| is small, and falls if |w;(1,¢)| is large. Thus the van der Pol boundary condition
has a self-regulating effect. This causes chaos to occur in w, and w; if the parameters o, f3,
c and n enter certain regime. Then G. Chen, T.W. Huang and B. Sun [5] added a distributed

antidumping term in (1.1) as follows:
Wit + 2kwy — Wy + k2w =0,  for (x,1) € (0,1) x (0,0),

w(0,8) +kw(0,1) = —Awy(0,2), t>0, at x=0, for given A€R,
wal1,) = o (1,6) +kow(1,0)] = Blwi (1,6) +kw(LOF, 150,

Bifurcations and chaos are observed and proven by them too. Motivated by the bifurcations and
chaos in the wave equations with van der Pol boundary conditions, we add nonlinearities of the
van der Pol type to parabolic PDEs, and explore their dynamics. Consider

%_Au_(a—ﬁuz)u, in Qx(0,), a>0, B>0, (1.2)

|30 (0,00) = 0 (1.3)
with the initial conditions u(0) = ug € L?(Q), where Q is a bounded, sufficiently smooth do-

main. By multiplying (1.2) by u and integrating by parts, we obtain

~ L 4 |l = /Q(oc—ﬁuz)uzdx, (1.4)
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where | - | denotes the norm on L*(Q), and || - || denotes the “reduced” norm on H} (Q), i.e.,
> = [, ulP =|Vul
Q

It is easy to see that |u| falls if it is large, and may rises if it is small. Thus the van der Pol
nonlinearity may have a self-regulating effect. This may cause complex dynamics when the
parameters o and B enter a certain regime. Actually, by a classical embedding theorem for

LP-spaces, we have

] < Tm(Q))/27 14 uls,

where |- |4 denotes the L*(Q)-norm, m(Q) denotes the measure or volume of Q. It follows

( /Q uzdx)z < m(Q) /Q i dx. (1.5)

Combining (1.4) and (1.5) we have

ld » 2 2 B / 2
_ 4 < [ ax(a——L— [ w2a
¥ ul”+ || ul| _/Qu x(oc Q) | udx

= |u]? [a— mﬁ)) W} . (1.6)

immediately that

Now we use the Poincare inequality
M ful* < Jlull?,

(where A, is the first eigenvalue of the Laplacian on Q) to obtain

1d B
S lul? < Juf® a—ll—m(mlulz . (1.7)

It is easy to see that (1.2)-(1.3) is globally asymptotically stable when @ < A;. For a > A,
|u| decreases when %MZ is greater than oo — A;. Therefore, the system has a global attrac-
tor. In this paper we will verify the existence of the global attractor, study the structure of the
attractor. This paper is organized as follows. In Section 2, we recall some preliminary knowl-
edge of the attractor for reaction-diffusion equations. In Section 3, we discuss the attractor and
the equilibriums of the parabolic PDE with van der Pol distributed nonlinearity and Direchlet
boundary conditions. In Section 4. we deal with one-dimensional parabolic PDEs with van der

Pol distributed nonlinearity and Dirichlet boundary condition.
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2. Global attractor for semilinear reaction-diffusion equations

In this section, we recall some preliminary knowledge on the attractor for the reaction-

diffusion equations

W A= f(). ulazn =0, @)
where the nonlinearity satisfies
—k—oyls|’ < f(s)s <k—a|s|’, p>2, (2.2)
and
fs) <1, (2.3)

for all s € R. The following results are quoted from Robinsons work ([7]).

Proposition 2.1. Equation (2.1) with f a C' function satisfying (2.2) and (2.3) has a unique

weak solution: for any T > 0 given uy € L>(Q), there exists a solution u with
ueL*(0,T;Hy (Q))NLP(Qr), ueC’([0,T;L*(Q)),

and ug — u(t) is continuous on L*(Q) .

Proposition 2.2. Equation (2.1)-(2.2)-(2.3) has an absorbing set in [? (Q): there is a constant

pu and a time ty(|ug|) such that, for the solution u(t) = S(t)uy,

u(@)| <pu for all t=1o(|uol),
where S(t) : L*(Q) — L*(Q) denotes the corresponding C°-semigroup.

Proposition 2.3. Equation (2.1)-(2.2)-(2.3) has an absorbing set in Hé (Q): there is a constant

pv and a time t1(|ug|) such that

lu(®)[l <pv  for all t=u(|uol).

Proposition 2.4. Equation (2.1)-(2.2)-(2.3) has a connected global attractor <f, which is uni-
formly bounded in L= (), with

k 1/p
Hung(a—) for all ued.
2
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Proposition 2.5. The global attractor of (2.1)-(2.2)-(2.3) is bounded in H*(Q). Furthermore,
if Q is a bounded C* domain and f is a C* function, then the attractor is a bounded subset of

HX(Q) for every k = 1,2,---. In particular, if u € </ then u € C*(Q).

Proposition 2.6. Equation (2.1)-(2.2)-(2.3) has the injectivity properties on the attractor: if
u(t) and v(t) are two trajectories on </ with u(T) = v(T) for some T > 0, then u(t) = v(t) for

all0 <t <T.
Corollary 2.7. The restriction of the semigroup {S(t) },>0 to </ gives rise to a dynamical system
(o {S(1) }rem) ,
where the norm on < inherited from L*(Q) is used.
Proposition 2.8. .o/ is the unstable manifold of the set of all the fixed points:
o =W(e),

where &€ is the set of fixed points, which are the solutions of the equation — Au = f(u(x)). If €

is discrete then

o = UW”(z),
ZEE
and also
o = U Wi (z).
z€€

3. Dynamics of parabolic PDEs with a van der Pol distributed nonlinearity

Let f(u) = (o — Bu®)u, a >0, B > 0, then f'(u) = a — 3Bu?, and f satisfies
—k—oyst < fls)s <k-— st

f(s) < a,
for some a1 >0, ap >0,k >0and all s € R.
We may take o) = B, ap = B — &, and k = «? /(4¢€) for any € € (0, 8). It is easy to see that
f satisfies (2.2)-(2.3), so equation (1.2)-(1.3) is solvable uniquely, it has absorbing sets and an

attractor as Section 2 describes. Let us summarize them as follows.
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Theorem 3.1. Equation (1.2)-(1.3) has an absorbing set in L*(Q) and H} (Q), and a connected
global attractor <, which is uniformly bounded in L™ (Q), with ||u|. < \/at/B for all u € <.
Moreover, the attractor is also bounded in H> (Q). Furthemore, if Q is a bounded C* domain,
then the attractor is a bounded subset of H*(Q) for every k = 1,2,---. In particular, if u € o/

then u € C*(Q).

Proof. It suffices to verify the L™-bound of the attractor. It follows Proposition 2.4 that any

[ulloo < (0%)1/4 = {%} 1/4. (3.1)

Substituting € = /2 to the right hand side of (3.1) leads to the minimal L*-bound /o /3. This

u € o satisfies

completes the proof.

Theorem 3.2. The attractor of (1.2)-(1.3) is the unstable manifold of the set of all the fixed
points, and its stable manifold if the set of all the fixed points is discrete. Furthermore, the

dimension of the global attractor is bounded.

Theorems 3.1 and 3.2 are direct corollaries of the propositions in Section 2. However, special

system has special properties.
Theorem 3.3. If o < Ay, then 0 is globally asymptotically stable.

Proof. Case 1. o¢ < A;. It follows (1.7) that
d s 2
S 20— @)lu> <0

and thus
d
exp(2(A; — a)r) E|u]2+2(/h — oc)|u|2 <0,
d 2
= [exp(Z(ll — o)1) |ul } <0,
exp(2(A1 — o)) [u(t)[* < [u(0)[?,

u(r)? < exp(=2(A1 — o)1) [u(0)[.

Case 2. oo = A;. It follows from (1.7) that

1d
Sl <~

B | 4
2 dt ol

m(Q)
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For convenience of statement, let y(¢) = |u(¢)|?>. Then

dy 2B >
dr = m(Q)
dy . _ 2B
¥ = Tme)
So, we have
Y1) dy t 2B
fio 52 = mic®
B 1 n 1 B 283 ,
y#)  »(0) T m(Q)’
m(£2)y(0)
= @)+ 280(0)
Therefore
m u(0)[?

m(Q) +2pt[u(0)[>

This completes the proof.

Theorem 3.4. If a > Ay, then for any € >0, N < Vm(Q)(a—2A1)/B+ 8) is an absorbing set
in L*(Q) for problem (1.2)-(1.3), i.e., for any initial data ug € L*(Q) there exists a ty = to(|ug))

such that

)] < V/m(Q)(a—A)/B+e for t>t.

Proof. Suppose initially that |u(t)| < /m(Q)(ct — A;)/B + € for some ty > 0. Then we have

|<\/m (a—A1)/B+€ for t> 1.

Otherwise, there exists f; > fp such that

lu(t))] > Vm(Q) (o — A1) /B +&.

Let 71 be the first time after #o for |u(r)| = /m(Q)(ot — A1)/B + €, i.e.,

()] < V/m(Q)(a—A)/B+e for to<t<t.

Then by the continuity of |u(r)| with regard to 7, there exists #, < #; such that

)] > Vm(Q) (o —2A1)/B+¢g/2 for t<t<t.
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It follows from (1.7) that

B
m(Q)

i) < )P +2 [ o) [a—m ~ P e

< lu(e)P,

which leads to a contraction.

()| > /m(Q)(a—A1)/B +¢ forall £ > 0, then (1.7) implies that

()2 < Ju(0 |2+z/| \Z[a A mfg)\u(’c)lz it

< [u(0)? — 262 \/B (ot — Ar) /m(Q)t.

Letting t — oo leads to a contraction.

Combining the two aspects above, we have 7y > 0 such that

(1) < /m(Q)(a—2A1)/B+¢

for all r > ty. This completes the proof.
As a direct corollary of Theorem 3.4, we have the following.

Theorem 3.5. The attractor of (1.2)-(1.3) is in the L?-ball centered at the origin with radius

Vm(Q)(a—A1)/B.

Since the attractor consists of the unstable manifolds or the stable manifolds of all the fixed
points, the dynamics is determined by the properties of these fixed points. An equilibrium of
(1.2)-(1.3) is a solution of the following elliptic equation

—Au(x) = u(x)g(u(x)), xeQ, (3.2)

u=0, xe€dQ,
where g(u) = o — Bu?. We have the following.

Theorem 3.6. Assume that Q is C>*"-smooth for some y € (0,1).
(i) If & < Ay, then (3.2 ) has no positive solution or negative solution;

(ii) If o« > Ay, then (3.2) has a unique positive and a unique negative solution in C*(Q),
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they both satisfy
lulle < /at/B

and

lu < /m(Q)(a—21)/B.

Proof. If o < A;, then 0 is globally asymptotically stable by Theorem 3.3, so (1.2)-(1.3) has
no equilibrium except 0. Therefore, (3.2) has no positive or negative solution. (ii) is a direct

corollary of Theorem 3.4.1 in [8] and Theorem 3.5.

Remark 3.7. Since any equilibrium is in the attractor, so the positive solution and the negative
solution of (3.2) are in the attractor of (1.2)-(1.3). The L*-bound and the L*-bound of the
attractor are also L*-bound and L2-bound of the equilibriums (solutions of (3.2)). Theorem 3.1
tells that \/o/B is an L*-bound of the attractor, which agrees with the bound of the positive

equilibrium and the negative equilibrium described by (ii) of Theorem 3.6.

Theorem 3.8. Assume that & > Ay, then if u(x,0) > 0 (<0), u(x,0) # 0, then (1.2)-(1.3) has a
unique positive (negative) solution , and

lim u(x,r) = ut(x)(u" (x)),

where u™ and u~ denote the positive equilibrium and the negative equilibrium respectively.

Proof. See Theorem 4.2.6 and its examples in [9].

By Theorem 3.8 we know that (1.2)-(1.3) has a positive (negative) equilibrium when @ > A,
and it attracts all positive (negative) data. But little is known about the other equilibriums. In
next section, we will consider parabolic PDE with van der Pol distributed nonlinearity over an

interval, and try to get more information.

4. One-dimensional system with Direchlet boundary values and van der

Pol distributed nonlinearity
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In this section, we consider the 1D parabolic PDE with van der Pol distributed nonlinearity

over interval [0, 1]:

w— e = (00— Put)u, 0<x<I,
= ) (4.1)

u(0,t) = u(l,t) =0.

Of course, (4.1) possesses all the properties stated in Sections 2 and 3. The corresponding

equilibrium problem can be described as follows

—u"(x) = (a—PBu*)u, 0<x<I,

(4.2)
u(0)=u(1)=0.
Letting & = 7x, denote u(x) = u(§ /m) by w(&), then (4.2) is equivalent to
—w"(E) =3 (a—Bw(&E)?)w(é), ,
(&) =g (@=BwE&)*)w(&), 0<&<m 43)

which is the equilibrium problem of the Chafee-Infante equation([9, 10]).

Theorem 4.1. (4.1) has no equilibrium except u =0 when 0 < o < % and has equilibriums ur

when a > n*nt?, each has n+ 1 zeros in [0, 1].

Proof. Let A = ot /7%, f(w) = (1 - §w2> w. Then Theorem 4.1 is a direct corollary of Theorem

10.7.1 in [9] and Theorem 5.5 in [10].

+

n

Theorem 4.2. For each integer n > 1, let u,,, n*m? < o < 4o0 be as in Theorem 4.1. Then for

any o € (72, +o0), the equilibrium point uf is stable, uX (n=2,3,---) is unstable.
Proof. Straightforward verification by Theorem 10.7.4 in [9].

We simulate the dynamics of (4.1) by the pdepe function in Matlab, with spatial step length
ox = 0.025. Fix B =1, and take oo = 8,9, 11,12, u(x,0) = £10sin(7x) respectively. Our ex-
periments show that the origin is globally asymptotically stable when 0 < « < 7%, and unstable
when a > 2. Furthermore, any positive (negative) solution converges to the positive (negative)

equilibrium when & > 72, The spatiotemporal profiles of u(x,t) are plotted in Figs. 4.1-4.8.
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0.015

u-axis

t-label 0 x-label

Fig. 4.1. The spatiotemporal profile of u(x,7) with & =8, B =1, u(x,0) = 10sin(7x),

x €[0,1],7 € [2.6,3]. One can see that the solution tends to 0 as t — 0.

u-axis

t-label 0

x—label

Fig. 4.2. The spatiotemporal profile of u(x,7) with & =8, B =1, u(x,0) = —10sin(7x),

x €[0,1],7 € [2.6,3]. One can see that the solution tends to 0 as r — 0.

11
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0.12

t-label 0 x-label

Fig. 4.3. The spatiotemporal profile of u(x,7) with & =9, B =1, u(x,0) = 10sin(7x),

x €[0,1],7 € [2.6,3]. One can see that the solution tends to 0 as t — 0.

u-axis

t-label 0

x—label

Fig. 4.4. The spatiotemporal profile of u(x,7) with &« =9, B =1, u(x,0) = —10sin(7x),

x €[0,1],7 € [2.6,3]. One can see that the solution tends to 0 as t — +co.

Figs. 4.1-4.4 show that the orign is globally asymptotically stable when 0 < o < 72, which

coincides with Theorem 4.1. Moreover, the solutions decay slowly as & increases.
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u-axis

t-label 0 x-label

Fig. 4.5. The spatiotemporal profile of u(x,7) with & = 11, B = 1, u(x,0) = 0.1sin(7x),
x €[0,1], ¢ € [2.6,3]. One can see that the solution tends to a positive equilibrium as

t — +oo,

u-axis

t-label 0

x—label

Fig. 4.6. The spatiotemporal profile of u(x,7) with a = 11, B =1, u(x,0) =
—0.1sin(7mx), x € [0,1], t € [2.6,3]. One can see that the solution tends to a negative

equilibrium as t — +-oco.

13
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t-label 0 x-label

Fig. 4.7. The spatiotemporal profile of u(x,7) with & = 12, B = 1, u(x,0) = 0.1sin(7x),
x €[0,1], ¢ € [2.6,3]. One can see that the solution tends to a positive equilibrium as

t — +oo,

u-axis

t-label 0

x—label

Fig. 4.8. The spatiotemporal profile of u(x,7) with a = 12, B =1, u(x,0) =
—0.1sin(7x), x € [0,1], # € [2.6,3]. One can see that the solution tends to a negative

equilibrium as t — +oo.

Figs. 4.5-4.8 show that the equilibrium 0 is unstable when o > 72, and the positive (negative)

solution tends to the positive (negative) equilibriums as t — +oo. The positive (or negative)
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equilibrium becomes larger as o increases, which coincides with the bound of the attractor
described in Sections 2 and 3.
We take oo = 12 and 8 = 1, but a different initial data u(x,0) = 10sin(27x), which has a more

zero in [0, 1], the spatiotemporal profile of u(x,¢) is plotted in Fig. 4.9.

x107°

t-label 0

x—label

Fig. 4.9. The spatiotemporal profile of u(x,#) with ¢ = 12, B =1, u(x,0) = 10sin(27x),

x €[0,1],7 € [2.6,3]. One can see that the solution tends to 0 as t — 0.

Fig. 4.9 shows that 0 attracts some solutions though it is unstable, it seems that csin(k7mx) is
in its stable manifold for k = 2,3,--- and ¢ € R. This experiment result motivates us to explore

the stable manifold and unstable manifold of the trivial equilibrium.
Let ¢(x) = csin(27x), note that (0) = @(1/2) = ¢(1) =0, ¢”(0) = ¢"(1/2) = ¢"(1) =0,
and that

f(9(0)) = f(9(1/2)) = f(¢(1)) = 0.

So the initial-boundary value problem

;

w =+ ou—Pud, 0<x<lI,

u(0,1) = u(1,1) =0, (4.4)

u(x,0) = csin(27x)

\
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can be decomposed into two subsystems:

;

u[:uxx+ocu—[3u3, 0<x<1/2,
u(0,8) = u(1/2,1) =0, (4.5)

u(x,0) = csin(2mx)

\

and
(

U =ty +0u—Pu®, 1/2<x<1,

u(1/2,1) = u(1,1) =0, (4.6)

\ u(x,0) = csin(27x).

The initial data u(x,0) = c¢sin(27x) is compatible with the Direchlet boundary condition and
the equation over interval [0,1/2] and [1/2,1]. It follows a classical theory on the reaction-
diffusion equation ([9]) that each of (4.5) or (4.6) has a unique solution in CZ’I(E) for any
T > 0, where C>!'(Q7) = {u(x,t)|DIDSu € C(Qr),2r +s < 2}. Moreover, the solution of (4.5)
is positive, the solution of (4.6) is negative for ¢ > 0, and reversely for ¢ < 0. Denote the solution
of (4.5) by u;(x,t), and that of (4.6) by u;(x,t). Then their union

W) = nnt), x€(0,1/2) € (0,00) (4.7)

up(x,t), xe€(1/2,1),
is the solution of (4.4). Therefore the asymptotic behavior of (4.4) is reduced to those of (4.5)

and (4.6). In fact, suppose u (x,?) is the solution of (4.5), then it is easy to verify that
u2(x7t) = —Lt](l —X,t)

satisfies (4.6). Moreover,

0 0
EMZ(XJ) - _Eul(l _x7t)7
02 02
ﬁMZ(xat) - _Wul(l _x7t)'
So, we have
lim — t) = — lim — t
Jim gpeten) = = I g

0
= _Eul(l/zvt) = Oa
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02 02
lim — t) = — lim —5u;(1—x,t
gttt = = I gt

d
= lim oy (1 —x,0) — Buy (1 —x,1)> — =y (1 —x,1)

x) ot
3 a
= oun(1/2,0) = Bur(1/2,0)° = 5w (1/2.1)
= 0.

Therefore, the u(x,t) defined by (4.7) is C>!-smooth in [0, 1] x [0,0), and thus is a classical
solution of (4.4).

On the other hand, the first eigenvalue of — A over interval [0, 1/2] or [1/2,1] is 472 (£sin(27x)
is the first eigenfunction). So the solution of each subsystem converges to 0 as t — +oo for
o < 472, Therefore 0 attracts csin(27mx) for o < 47% in (4.4). In reverse, the positive equilib-
rium of (4.5) or the negative equilibrium of (4.6) attracts c¢sin(27x) for ¢ > 0 and o > 472, the
negative equilibrium of (4.5) or the positive equilibrium of (4.6) attracts c¢sin(27x) for ¢ < 0
and « > 47>, Therefore, csin(27x) is repelled by 0 in (4.4) for @ > 47%. By similar arguments

we conclude that 0 attracts csin(nmx) for o < 72, but repells it for o0 > n*n?.

Let us summarize this conclusion as follows.

Theorem 4.3. Let u,(x,t) be the solution of (4.4) with u,(x,0) = csin(nnx), ¢ # 0, then
tli_>m |tn (- 1) =0 when o < n*m?, and tli_>m |un(-,t) —un(-)| =0, where un(-)][@ K] is the positive
solution of
—u"(x) = au—Bu?, Bl <x<k
8 " (4.8)
a5t =uk) =0,

n

for ¢ >0 and odd k < n, or c <0 and even k < n; un()|[@ k) IS the negative solution of (4.8)

n
m

for ¢ >0 and even k <n, or ¢ <0 and odd k < n. Furthermore, ¥ c;sin((n+1)7x) is also
=0
attracted by O for a« < n’m?, c; ERandm=1,2,---.

Remark 4.4. In fact, one may verify that u,(x) in Theorem 4.3 is either of the two equilibriums
of (4.1) which have exactly n+ 1 zeros in [0,1]: 0, 1/n,2/n, ---, 1. So an alternative statement

of Theorem 4.3 may be as follows.



18 B. SUN, X. GAO

Theorem 4.5. ¢,,(x) = csin(nmx) is attracted by O when o < n*zt, but is attracted by u;" or u;;

when o > n*m2.

Theorems 4.3 and 4.5 show that O attracts more eigenfunctions of the Laplacian when o is
small, but attracts fewer eigenfunctions when « is large. As o increases, more eigenfunctions of
the Lappacian go to the unstable manifold of the origin and the stable manifold of the nontrivial
equilibriums. It follows this fact that each equilibrium has nonempty stable manifold.

Fig. 4.10 shows that 0 does not attract c¢sin(277x) when & > 472 and ¢ # 0.

u-axis
o

t-label 0

x—label

Fig. 4.10. The spatiotemporal profile of u(x,t) with a =40, B = 1, u(x,0) =
0.1sin(27x), x € [0,1], # € [2.6,3]. One can see that the solution tends to a

nontrivial equilibrium as t — 4-co.

5. Conclusions

The van der Pol distributed nonlinearity leads to a global attractor in a parabolic PDE with
Dirichlet boundary condition. The attractor consists of the unstable manifold or the stable man-
ifold of fixed points. The PDE has only trivial equilibrium O when parameter ¢ is small enough,
which is globally attractive. The trivial equilibrium becomes unstable, and other equilibriums
appear as ¢ increases. The PDE has more equilibriums for larger ¢. There are a positive equi-

librium and a negative equilibrium which are stable, the positive equilibrium attracts all positive
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data, and the negative equilibrium attracts all negative data. Though 0 is not stable for large c,

it attracts infinite many eigenfunctions of the Laplacian. However, the van der Pol distributed

nonlinearity does not cause chaos in a parabolic PDE with Direchlet boundary values.
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