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1. Introduction

Let Q be an open bounded domain of RV (N > 2), Qr = Q x (0,T) and 9,Qr = (Q x {0}) U
(0Q x (0,T]). Denote the parabolic space by V!?(Qr), see [1],

VIP(Qr) = L7(0,T;L2(Q))NLP(0,T;WHP(Q)) (1 < p < o).
The Steklov average vj, of a function is defined by
1 rtth
vp(x,t) = Z/ v(x,t)dt forz € (0,7 —h],
t

andv,=0fort>T —h.
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We consider a variational inequality for the quasilinear parabolic operator
div a(x,t,u,Vu) — du,

giving rise to a free boundary. More precisely, given measurable function a(x,7, 1, 1) : Qr X
RVN*! — RN satisfying standard structural conditions, and bounded functions f and 6, and the

obstacle function y € V!»(Qy), the variational problem is to find a function
u€ Ay = H(p)={w:weV"’(Qr), Vtw=00nd,Qr, w> yae. inQr},
such that (forh>0and 0 <t <t+h<T)

/atuh(w—u)dx+/(a(x,t,u,Vu))h-V(w—u)dx—i—/fh(w—u)deO, (1.1)
Q Q Q

a.e.int € (0,7), and for all w € 7j.

Under certain conditions on f and 6, we are expected to show that the free boundary of
solutions to the variational problems (1.1) is porous for each t—level cut. Thus the #—cuts of
the free boundary is of Lebesgue measure zero.

The obstacle problem has lots of applications in Mathematical Physics (see [2] for instance)
and has been studied by a large number of mathematicians, Alt, Caffarelli, Frehse, Kinderlehrer,
Phillips, Rodrigues, Shahgholion, Stampacchia, Weiss, and others. Porosity of the free bound-
ary in the p—Laplacian type obstacle problem was considered in [3, 4, 5], and has been extended
to the one governed by large class of heterogeneous quasilinear elliptic operators, see [6, 7]. It
is based on the growth rate of solutions near the free boundary, which can be done by strong
minimum principle or Harnack inequality, see [3, 4, 5, 6, 7]. As for p—parabolic variational
problems (p # 2), one cannot inherit each technique from the elliptic obstacle problem due to
the lack of strong minimum principle or Harnack inequality. One needs further arguments to
establish the growth rate of solutions near the free boundary. In 2003, Shahgholian overcame
this difficulty by using Holder’s estimates for solutions in the p—parabolic variational problem
(p > 2). As a by-product, the author obtained the porosity of the free boundary for each ¢-
level cut, see [8]. Recently, [9, 10] obtained porosity of the free boundary for the p—parabolic

obstacle problem (1 < p < 2). Motivated by the ideas of [8], in this paper, we are going to
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extend the results of [8] to a large class of variational problem governed by degenerate quasi-
linear parabolic operators. Due to the non-invariant property of solutions under the operator
div a(x,t,u,Vu) — dyu, techniques of compactness will be applied to establish the growth when
we use intrinsic scaling, which was also applied in [4, 5, 6, 7, 10, 11, 12]. It should be noticed
that the finite N — 1-Hausdorff measure of the free boundary in the elliptic obstacle problem
was considered in [11, 12, 13, 14, 15] based on the property of porosity of the free boundary.

Throughout this paper, we always assume 2 < p < oo unless specified otherwise. We make

the standard structural conditions on the function a(x,¢, i, 1) for some positive constants Yy, 1,

namely,
(a1) ai (x,t,u 0) = (1.2)
(a2) XN, 13?; <x,z,u,n>éi¢jzyomrp—zrélz; (1.3)
(a3) Xy |Ge (et )| < milmlP2; (1.4)
(as) £V, 1|aal<x,t,u M+ I 19 Gt m) < min P~ (1.5)

for a.e. (x,r) € Qr,all u € R,n € RV\{0}, and all £ € RV,
Remark 1.1. Assumptions (a;) — (a4) imply that (see [16, 17] for instance)

() a(xt,p,m)n > 2(nl?,
(i) JaCer,p,m)| < JAglnlP~,
(iii) (a(x.z, M) —aler, 1, m),m =) 20
for a.e. (x,t) € Qr and all u € R, 1,1, M2 € RV, Thus the structural conditions for quasilinear

operators in [1] are satisfied, which are needed in this paper.

Suppose that f and 6 are bounded continuous functions on the closure of Q7. To establish

the results obtained in this paper, further conditions on f, 0 and y are imposed as follows:

(f) 0< A < f<A inQp, f(x,t)is monotone non-increasing in z.
(6) 6(x,0) =0, O(x,t) is monotone non-decreasing in ¢.
(v) w=0in Q7.
Let us gather some properties for the solution u to the variational inequality (1.1). The fol-
lowing theorem can be proven by classical techniques, we refer readers to [3, 5, 8] for sketch of

proofs.
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Classical Theorem. There exists a unique solution u to the variational problem (1.1) in g
with
0<u<|0|wg, inQr, and du>0in {u>0}.
Moreover u satisfies

div a(x,t,u,Vu) —du=g in{u > 0}.

weakly in Qp with g € L*(Qr) satisfying

f%{u>0} <g< f}(m a.e. in Qr.

We recall the concept of porosity, see [3, 8].

Porosity. A set E in RY is called porous with porosity constant § if there is a constant ro > 0

such that for each x € E and 0 < r < ry there is a point y such that Bg,(y) C B,(x) \ E.

According to [18], a porous set has Hausdorff dimension not exceeding N — C3", thus it is
of Lebesgue measure zero.

Now we state the main theorem in this paper.

Theorem 1.2. Let u be the solution to problem (1.1) in #y. Then for every compact set K C Qr
there holds

cOr% < sup u('vt()) ECOF%7 V()C(),t()) E&{M>O}QK
Br(XO)

Consequently, the intersection d{u > 0y NKN{t =ty} is porous (in RN) with the porosity

constant
o= 5(||9||W7QT,A(),A07diSl(K, 8pQT), ", ’}/l,p).

Here cq depends on p, Ay, Y1 and N, Cy depends on p, Ao, Ao, Y0, Y1, ||0]|e,o, and N.
2. A class of functions on the unit cylinder

We first denote u € W1P(Qr) if u and its gradient are both in L? (Q7) = LP(0,T;LP(Q)). Let
q = 5t7 and Oy(z,5) = By(z) x (=11 +s,r? + 5) be the cylinder in RN+ Write Q1 = 01(0,0),

the unit cylinder. Due to the local character of the results obtained in this paper (Theorem 1.1),
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we may consider the following local formulation. We say that a function u € W!?(Q;) belongs
to the class 9, = Y,(p, v, 1) if

(2a) ||div a(x,t,u,Vu) — dt||w g, < 1;

2b) 0<u <1, ae.inQy;

(2¢) u(0,0) =0;

(2d) du>0 ae.in Q.

Condition (2a) should be understood in the weak sense, i.e., div a(x,,u, Vu) — dju = h weakly
for h € L*(Q) with ||| 0, < 1. Condition (2c) makes sense since (2a) and (2b) provide that
ue CO’O‘(Q%) for some a € (0,1) (see e.g. [1]).

In this section, we discuss the behavior of solution to (1.1) and functions in ¥, near the free
boundary. Firstly we establish the following non-degeneracy of the solution, showing that it

cannot grow too slowly near the free boundary.

Lemma 2.1. Let u € W'?(Qy) be a non-negative continuous function in Q1, satisfying
div a(x,t,u,Vu) — du = f
weakly in UT = {u > 0}. Then for every (z,s) € U+ and r > 0 with Q,(z,s) C Oy,

.
sup u(x,t) > corr ' +u(z,s),
(x,1)€0, 07 (2,5)

where Q, (z,5) = Br(2) X (s —ri,s), cq is a positive constant depending only on p, Ay, Y.

Proof. First suppose that (z,s) € U™, and for small € > 0 set ug(x,1) = u(x,t) — (1 — €)u(z,s),

and v(x,t) = Cy|x — z|P~T — Cp(t — s), where C;,C, are positive constants, depending only on

c; \*~! C 2
n(75) (e ) s

We claim that for C;,C; there holds

P, A0, 71, such that

diva(x,Vv) — v < Ay, V (x,2) eUTNQ; (z,9). (2.1)

To prove (2.1), we need to calculate Vv and divergence of a(x,Vv). Indeed,

2p2C1 2-p

prCi 2-p
1) |x —z|7=T.

Vv(x,t) =
v = 22

2-p
|)C—Z|P*1 (X—Z), |D,~jv(x,t)| <
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One may verify that

N ‘ .
div a(x,t,v,Vv) — dyv = Z a—zl_(x,t,v, w)+ g—Z(x,t,v, w)%(x,t)

i=1 !

Y da; Iw,
+ Y St S0+

=191

_ _ _, 2p*C 2-p
<l ol + 2 S

¢ \P! C 2
<" Pl Ix—z| + P |x—z|/’€1—|——p +C
p—1 p—1 p—1

c \*! C 2
S%PI PSR B B
p—1 p—1 p-—1

< Ao,

2—
where w(x,t) = Vv(x,t) = l’jTC‘l\x—z\l’Tq(x—z).
Notice that div a(x,7,u,Vu) — du = div a(x,,t,us,Vue) — due in UT N Q7 (z,s5). Recall

condition (f), it follows
div a(x,t,v,Vv) — dv < div a(x,t,u,Vue) — diue  in Q1 N O, (z,5).

It is easy to see ug(x,1) = —(1 — €)u(z,s) <0 on U™ and v(x,t) > 0 for any 7 < s, thus ue < v

on dUT NQ; (z,s). If also ug <von dQ, (z,s)NU™T, then we get by comparison principle
ue <v in Q; (z,s)NU™.

But u¢(z,5) = €u(z,s) > 0 =v(z,s), which is a contradiction. Therefore there exists some point
(y,7) € d0; (z,5) such that
ue(y,T) > v(y,T) = cor .

where ¢y = min{Cy,C,}. Letting € — 0 we obtain the desired result for all (z,s) € U™, and by
continuity for all (z,s) € U*. This completes the proof.

Secondly, we will show that every function u in ¢, cannot grow too fast near the free bound-
ary, but has a growth rate of order % (Theorem 2.3).

Define the supremum norm of u over the cylinder Q; (z,s) as in [8] by setting

S(r,u,z,s) = sup u(x,t), and S(r,u)= sup u(x,z?).
x€Qr (z,8) x€Q; (0,0)
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For each u € ¢,, define the set M, (u,z,s) by setting

My (u,z,5) = {j €N; ASQ2 7L u,z,8) > 8S27,u,z,5)},

P

where A = 2qmax{1,%} with ¢ = 555,

M, (1) = M,(u,0,0).
It should be noticed that M, (u) # 0 for all u € ¢, since 0 € M,(u) . Indeed, it follows by
Lemma 2.1 that S(1,u) < 1 = (s9=)c02 7 < (-9-)S(271,u) <ASQ27",u).

0279 0279

and ¢p as in Lemma 2.1. For simplicity, we write

We have the following property for the elements is the class ¥,.

Lemma 2.2. There is a positive constant My = M{(p, Y, v1) such that
S u) < My (27,

forallu e 9, and j € My(u).

Proof. Arguing by contradiction, assume that for every k € N, there exists u; € ¢, and j; €

M, (uy) such that

S ) > k(2790)4. (2.2)

Observe that by the uniform boundedness of u; and (2.2) it follows ji — oo as k — .

Consider the function

uk(2*j’<x, OC/J)

W) = ST )

defined in the unit cylinder, where oy = (277)P(S(27/x~1 14;))?~P. Note that by (2.2) we have

1 . ,
(Xk S F(S(Z_Jk_]ﬂ’tk))p_l ) (S(z_jk_lauk))z_p
1 i
< F — 0 as k — oo,

By the definition of M, (1) and ¥, it follows
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OSﬁkSA inQ;;

sup i > 1 (by (2d) and (27 1)40y > (27 1)9),
9
2

u(0,0) =0,
Now, define for (x,z,1,1) € By x (—1,1) x RV *!

2=k p-1 B o S22 )
ak(x7t7“7n) = (m) -a (2 ka,akt,S(z Jk I,Mk)u,Tn) .

We claim that a*(x,7, 1, 1) satisfies the same structural conditions as a(x,z,u,n) for large k.

. . 2=k . .
Indeed, letting s; = S i Ty Ohe may verify directly that
N 8ak N -2 Ba,- g —— _
Z a l.(x7t7.u'7n)§i€j: Z S‘]I{) a_(z ]kx,akt,S(z I lauk).uaskln)gigj
ij=19Mj ij=1 nj
2, _ _
> sy Isg 'nlP 2SR
=wn"?EP,
N dak N o] da . i _
Z ’a l'(xvtnu')n)lz Z Si a_l(z ka7(xkt7S(2 Tk lvuk).uvskln)
i=1 9N ij=1 nj
<nsp s nlP
=il
and
N 8ak aak
=== (ot m,m) [+ 5= (0, 0,m)]]
i,jz_'l 9x; I
N Cdai . .
= Y b2 S @ o, S s ') |
ij=1 Xj
N 1 ) aak ) ) (2.3)
T LTS )l (2 e ot ST s )
i,j=1

< ninlP~ max {27, ST )}

<mnnP".
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Now by (2a) and (2.2), we obtain

\|div a* (x, 2, g (x,1), Vitg (x,1)) — Oyt (x,1) ||oo = 271-"5571 | (Auty, — Frua) (27 % x, 0t ) || o

< 2—Jk p=1
B S uy)

1
SF—>O ask—><>o,

where (Au)(x,t) is defined by (Au)(x,t) = div a(x,t,u, Vu(x,t)). Observe that by (2.3), for any
M > 0, we have
da* da"
= (x,1 = (x,t 0 k — o0
|axj@;,u,n)%+|au(x,,uynﬂ-+ as k — oo,

uniformly in (x,z,u,n) € By x (—1,1) x (—1, 1) x By. Therefore the pointwise limit of a* (x,z, u,n)

does not depend on x and u:
a*(x,t,1,m) — ale,m),
with g satisfying the same structural conditions as (a;) — (a4). Then invoking compactness
arguments (see Lemma 14.1 on page 75 of [1]), we deduce that, up to subsequence, uy converges
locally uniformly in Q] to a function u. Moreover, the limit function u satisfies
div a(t,Vu) —du=0, u>0, u(0,0)=0, supu>1, Ju>0 inQj.
Q)
2
Due to the lack of strong minimum principle, we need further discussion to get a contradiction.

At this junction, we show that u is time independent, i.e.,
Ju=0 in Q] .

Then u is nonzero, nonnegative A—harmonic function in the unit ball and it vanishes at the
origin. Indeed, for any fixed t = 7 € (—1,1), this is a contradiction to the strong minimum
principle applied for div a(7,Vu) = 0, see [19] for instance. To this end, let us recall the
following Holder’s estimate for solutions of our problem, see [1]. Let Gy = G x (0, T], where
G is a bounded domain in R". For every pair (x,z) € K (a compact set in G7) there exist

constants ¥ > 1 and o € (0, 1) such that

p-2 N\ @
e =y + luge |l |t — |7
dist,(K,d,Gr;p) ’

Ju(x, 1) —u(u, 7)| < Vluell,6r
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where

2=p 1
dist,(K,d,Gr;p) = inf x—vy|+|lull P~ lt—1|7 ).
r(K,9pGr:p) (x,t)€K,(y,7)€0,Gr (| A+ HOO’GT’ | )

Observe that ¥ does not depend on ||ux||- G, in our case, see [1].
Now choosing (x,7), (¥',#') € Q7 and using the definition of M, (1) and Holder’s estimates for
2

solution with Gy = Q; " and K = Q;_ Jet (see Theorem 1.1 on page 41 of [1]), we arrive at

~ — ijk out) — 27.]']( a t/
| (x, 1) — g (x,1")| = g (27 hox, ot ) — (27 kx, oyt”) |

ST uy)
<A |uk(2_jk-x, akt) - l/tk<2_jkx’ akt/)|
a S(Z_jk7uk)
p=2 1 0\ @
ni
lugllooiy | Nkl 0 e =17

o S(2*j/<,uk) diStp(K,apGT;p)

_ p-2
Notice that dist, (K, d,Gr;p) > (Z’Jk’l)% ]G, - 1t follows

i (x,£) — i (x,£')| < Aylt — '] 7 (0g - 20k D45

= Ayt — t'|% [(2*1%)17 (ST )P z(jk+1)q] r

SR

<Ayl —1|v |:(2_jk)l7_1 K2P (27 IyC2P) (2ikya. 26/]
=27 TAY|t —1'|P kP — 0 as k — .
Hence u is t—independent, and the proof is completed.
Now we establish the growth for the elements of the class ¥,.

Theorem 2.3. There is a positive constant My = Mo(p, Yo, 71) such that for every u € 4,, there
holds

)] < Mfde ) (1) € 0y
where d(x,t) = sup{r; Q,(x,t) CU™T} for (x,t) € U™, and d(x,t) = 0 otherwise.

Proof. The proof of this theorem is standard (see [8]). For convenience, we recover the process.

Let us take the first j for which

S u) > 29M 27,
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It follows that
S u) < 29,2790 < 295(277 u) < AS(27,u), 24)

ie. j—1¢& M,(u), so Lemma 2.2 holds for j — 1. Now we arrive at the following obvious

contradiction to (2.4)
SQ277u) < S u) < My27aUY = 29p 279
Therefore S(27/,u) < 29M;279/, Y j, which implies
sup u <29Mr?, Vr<l.
0, (0,0)
To obtain a similar estimate for u over the whole cylinder (and not only over the lower half part)
we use an upper barrier. Define w(x, ) = C3|x|94-Cyt, where C4 = 1+ (¢C3)P ! (1 + Iffcll + %)
and C3 > 0. Let now Q7 = B1(0) x (0, 1). Then proceeding as Lemma 2.1, we deduce

C 2
div a(x,t,w,Vw)—atwgyl(qc3)pfl <1+ )4 11 n p1> _c
pP— p—

= —1<diva(x,t,u,Vu) —du in Qf.

Since by choosing C3 large, we will have w > u on 9,Q7, where for the estimate on {t = 0}
we have used the previous discussion, i.e., S(r,u) < Cr4. Hence by the comparison principle we

have w > u in QT. Therefore

sup u < Mpre.
0,(0,0)

The proof is completed.
3. Proof of the main theorem

Due to the non-degeneracy and optimal growth of the solution near the free boundary, one
can prove the main result as in [8]. For completeness of the proof, we provide the details with

minor changes of [8].

Proof of Theorem 1.2. Without loss of generality, we assume that the compact set K in the

main theorem is the closed unit cylinder Q;, and moreover that O, C Q7.
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For (x,t) € Ut NQ, let d(x,t) be defined as in Theorem 2.3 and take (x°,°) € JUT N Q,;

which realizes this distance. Next define (y,s) = u(x*+,1°+5) in Q. Let M = max{||0 ||« 0, Ao},
) = LD MUMI) o g Ay

a(y,s,u,n y,s) =div a(y,s,v(y,s), Vv(y,s)). We claim that 1% €

¢. Indeed, one may verify directly that a satisfies all structural conditions (not necessarily with

the same constants as a). Furthermore, we have

~ 1
A (%) — 0y (i) = Mdiv a(x® +y,1% +5,u(x+ 9,10 +5)), Vu(x® +y,1° +5))

M
- ia u(x+y,1% + )
M S 9
1
= [(Au) — du] (x* + 3,1 +5)
M
<o
- M
<1,
and
M M
Therefore we infer by Theorem 2.3 that
u(x,t) = i(x —x°,t —£0) < MMo(d(x,1))7 7. (3.1)

Let (z,7) € dUT N Q. Then for 0 < r < 1, by Lemma 2.1, there exists x! € dB,(z) such that

P

u(x') > corrT.

It follows from (3.1) that

p

corm T < u(x!,T) < MMo(d(x,7))P 1.

~1
Let 6 = (Aff,lo)pT Then d(x,7) > ér,and 0 < § < 1. Therefore

Bs,(x"YNB.(z) U™,
'

Now choose y € [z,x!] such that [y —x!| = %’. Then we have

By (y) C Bs,(x') NBr(z) C By(2) \ QU™
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Indeed, for any yg € Bs.(y), we have
2

1 1 51‘ 5}’
o= <lo—yl+ly—x| <5+ =or
Moreover, since |y — z| = |z — x!| — |y — x!|, we have
or or
o=zl <bo—yl+ (=2 y—) <+ (= 5)=r

This shows that JU ™ N {t = T} N By is porous with the porosity constant g.
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