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1. Introduction

Zadeh [20] introduced the notion of the fuzzy set which generalizes the classical set. Heilpern
[11] proved fixed points for fuzzy mappings in metric linear spaces using the concept of a-levels
set of a fuzzy set. Goguen [9] gave the notion of .Z’-fuzzy sets as a further generalization of
fuzzy sets. Recently, Rashid ez al. [13] obtained fixed point theorems for .#’-fuzzy mappings on

metric spaces and Beg et al. [5] extended these results to the framework of fuzzy metric spaces.
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We obtained sufficient conditions for the existence of fixed points of .Z-fuzzy and crisp
mappings in non-Archimedean ordered fuzzy metric spaces. We also used implicit relations

and integral contractive conditions. Our results generalize the existing results in [1]- [5], [16].
2. Preliminaries

Definition 2.1. [17] An operation * : [0, 1] x [0, 1] — [0, 1] is called continuous ¢-norm if:

(D) *(a,b) = *(b,a),

(1) *(a,*(b,c)) = *(x(a,b),c),
(II) * is continuous,
(IV) ax1 =aforall a €[0,1],

(V) axb <c*xd whenevera <cand b <d,

for all a,b,c,d € [0, 1].

Definition 2.2. [10] Let sup *(a,a) = 1. A t-norm x is said to be of H-type if the sequence
O<a<1

{x™(s)}_, is equi-continuous at s = 1, where *! (s) = 5, ¥™ "1 (s) = x(*"(s),m = 1,2,3,..., s €

[0,1]; i.e., for all € € (0, 1), there exists ) € (0,1) such thatif s € (1 —mn,1], then +™(s) > 1—¢

for all m € N.

Definition 2.3. [8] A fuzzy metric space is a triplet (X,M,x) where X is an arbitrary set,
a continuous z-norm and M is a fuzzy set on X x X x (0,0) satisfying the following conditions

(for all x,y,z € X and t,s > 0):

(GV1) M(x,y,1) >

(GV2) M(x,y,t) =1Vt >0if and only if x =y,
(GV3) M(x,y1) = M(y,x1),

(GVy) M(x,z,t +5) > M(x,y,t) * M(y,z,s),
(GVs) M(x,y,—): (0,00) — [0, 1] is continuous.

If we replace (GV4) with M(x,z,max{z,s}) > M(x,y,t) * M(y,z,s), for all ¢,s > 0, then the
triplet (X,M,x) is said to be a non-Archimedean fuzzy metric space. A non-Archimedean

fuzzy metric space is also a fuzzy metric space.
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Proposition 2.4. [15] If (X, M, ) is a fuzzy metric space then M is continuous on X x X x (0, e0).
Definition 2.5. [8] Let (X, M, ) be a fuzzy metric space. Then

(a) A sequence {x,} in X is said to be convergent to some x € X if for all 7 > 0, li_r>n
n—oo

M (xp,x,1) = 1.
(b) A sequence {x,} in X is said to be Cauchy sequence if for all t > 0, n,p € N li_r>n
n—oo

M (Xpyp,Xn,t) = 1.

(c) X is said to be complete if every Cauchy sequence in X converges to some point in X.

Definition 2.6. [15] Let (X, M, ) be a fuzzy metric space and CP(X) be collection of nonempty
compact subsets of X. We define a function Hy; on CP(X) x CP(X) x (0,0) by

Hy(A,B,t) =M(A,B,t) = min{grel/ﬁM(a,B,t),;relgM(A,b,t)},

forall A,B € CP(X) andt > 0, also (Hy,*) is a fuzzy metric on CP(X).

Definition 2.7. A partially ordered set consists of a set X and a binary relation < on X which

satisfies the following conditions for all x,y,z € X:

(1) x < x (Reflexivity),
(2) if x Xy and y < x then x = y (Antisymmetry),

(3) if x Xy and y =< z then x < z (Transitivity).

A set with a partial order < is called a partially ordered set. Let (X, <) be a partially ordered set

and x,y € X. Elements x and y are said to be comparable elements of X if either x <y ory <x.
Definition 2.8. [9] A partially ordered set (L, <p) is called:

(D Alattice,ifavbe LandaAb € Lforany a,b € L.
(II) A complete lattice, if VA € L and AA € L forany A C L.
(W) Distributive if aV (bAc) = (aVb)A(aVc),aN(bVc)= (anb)V (aAc) for any

a,b,c e L.

Definition 2.9. [9] Let A and B be two nonempty subsets of (X, <), the relation < between A

and B defined as A < B: if for every a € A there exists b € B such that a < b.
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Definition 2.10. [9] An .Z-fuzzy set A on a nonempty set X is a function A : X — L, where L
is complete distributive lattice with 1 o and 0 . In Z-fuzzy sets if L = [0, 1], then we obtained

fuzzy sets.

Definition 2.11. [13] The o ¢-level set of .Z-fuzzy set A is denoted by Aq,, and is defined as

follows:

Aaﬁz{x:agjLA(x)} if oy el\{0g}, A()g:{xi()gjLA(x)}.

Here B denotes the closure of the set B. The characteristic function ¢, of an Z-fuzzy set A is

as follows:

0y, if X¢A,
Xz (x) =
ly, if  xcA.
Definition 2.12. [13] Let X and Y be two arbitrary nonempty sets, 3 & (Y) the collection of all
Z-fuzzy sets in Y. A mapping F is called .Z-fuzzy mapping if F is a mapping from X into
S #(Y). An Z-fuzzy mapping F is an .Z-fuzzy subset on X x ¥ with membership function
F(x)(y). The function F(x)(y) is the grade of membership of y in F(x).

Definition 2.13. [13] Let F, G are .Z’-fuzzy mappings from an arbitrary nonempty set X into
3 #(X). A point z € X is called an .Z-fuzzy fixed point of F if z € {Fz}q,, where oty €
L\{0#}. The point z € X is called a common .Z-fuzzy fixed point of F and G if z € {Fz}q, N
{Gz}a,.

Definition 2.14. [12] Let (X, M, %) be a fuzzy metric space, Y C X and CL(X) is the collection
of nonempty closed subsets of X. A map f : Y — X is called coincidentally idempotent with

respect to a mapping F : Y — CL(X) if f is idempotent at the coincidence points of (f,F), i.e.,
ffx= fxforall x €Y with fx € Fx provided that fx €Y.

Definition 2.15. [18] Let f, g be two mappings from a metric space X into itself and F, G be
fuzzy mappings from X into W(X) (The set of all fuzzy sets of X which its a-level sets are

nonempty compact subsets of X). If for some xy € X, there exist a sequence {y, } in X such that

{1} ={gxms1} CFx2n, {yons2} = {fxons2} C Gropyy,
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then O(F,G, f,g,xp) is called the orbit for the mappings (F,G, f,g). Metric space X is called

X0 joint orbitally complete, if every Cauchy sequence of each orbit at xg is convergent in X.

Definition 2.16. [1] Let (X, M, x) be a fuzzy metric space, Y CX. Amap f:Y — X is called

F-weakly commuting at x € Y if ffx € F fx provided that fx € Y forallx €Y.

Let @ be the family of all continuous mappings ¢ : [0, 1]® — [0, 1], which are non-decreasing
in the 1% and non-increasing in the 3'¢, 4" 5% 6" coordinate variable and satisfying the

following properties:

(¢1) ¢(M,V,V,M,M*V,1) ZOOI‘(P(M,V,M,V,LM*V) ZO’

() fo*”“’”’““*“” @s)ds = 0 or [{H14) g (s)ds > 0,

(¢3) fO (Jo w(s)ds, fo w(s)ds, fo w(s)ds, [ w(s)ds, [o™" w(s)ds,1) o (s)ds
(Jo w(s)ds, fo w(s)ds, o w(s)ds, Jg w(s)ds,1,[¢"" v
I @(s)ds

I\/ I\/
oo

Vu,v € (0,1] implies u = 1, where @, y : [0,00) — [0,0) is a summable non negative Lebesgue
integrable functions such that for each € € (0,1], [ @(s)ds >0 and [ y(s)ds > 0.

Note that if y(s) = 1, then (¢3) = (@), if @(s) =1, then (¢2) = (¢1) and if @(s) = y(s) =1,
then (¢3) = (¢1).

3. Main results

We rewrite the basic notion of joint orbitally complete for crisp and .Z-fuzzy mappings in
non-Archimedean fuzzy metric spaces.
Definition 3.1. Let (X, M, x) be a non-Archimedean fuzzy metric space, f,g: X — X and F,G
be #-fuzzy mappings from X into 3 & (X). Let xo € X. If there exist a sequence {y, } in X such

that
Yontl = &%2nt1 € {FXontay, Yotz = fXont2 € {Gx2ns1}ay,
then O(F,G, f,g,xo) is called the orbit for the mappings (F,G, f,g). Non-Archimedean fuzzy

metric space X is called x( joint orbitally complete, if every Cauchy sequence of each orbit at

Xp 1s convergent in X .
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Theorem 3.2. Let (X,M,x*) be a non-Archimedean fuzzy metric space with H-type t-norm x
and }LH;M()’OJIJ) = 1. Let = be a partial order defined on X, f,g: X — X such that f(X)
and g(X) are closed. Suppose that F,G are two £-fuzzy mappings from X into S (X)) such
that for each x € X and oy € L\{O0¢}, {Fx}q, and {Gx}q, are nonempty closed subsets of

X satisfying the following conditions:

(1) {Fx}ay, =1 8(X) and {Gx}a, =1 f(X),

(2) gy € {Fx}qa, or fy € {Gx}q, implies x <y,

) if yn =y, theny, Xy for all n,

4) (f,F) and (g,G) are weakly commuting and coincidentally idempotent,
(5) one of f(X) or g(X) is xq joint orbitally complete for some xy € X.

If for all comparable elements x,y € X there exist ¢ € ® such that

M({Fx}aza {Gy}az7t)>M(fx>gy7t)7M(fxa {Fx}aznt):
M(8y,{Gy}tay 1), M(fx,{Gy}ay 1), M(gy,{Fx}ay.t)

>0,

then f,g,F and G have a common fixed point.

Proof. Let xo € X and yo = fxo. By (1), there exist x;,x; € X such that y; = gx| € {Fxp}¢, and
y2 :fxz € {le}ag- From (2),)50 =X 2 x2. NOW,M({FXO}OCgv{le}OCgut) SM(gxlafxzat) =

M(y1,y2,t). Since

M(yl7y27t)7M(y07y17t)7M(y07y17t)a

¢
M(y17y27t)7M(y07y17t) *M(ylayZat)vl
. ¢ M(yl,yz,t)7M(y07)’1J);M()’O;M,t)a
M(yl,yz;f)»M()’OJlJ) *M(ylvy%t)?M(yl)ylat)
> (P M()’I7)’27t)yM(}’Oy)’Iat),M()’O,)’lyt)»
a M(}’I7YZ7I),M(}’O,}’2J)»M()’17)’17l)
> ¢ M({FXO}(va{le}ag7t)aM<fx07gxl7t)7M(fx05{FXO}ag7t)v

M(gx17{le}agvt)vM(f-xm{le}afat)vM(gxlv{FXO}OC;/’I)

Y
o
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from (¢;), we have M(yy,y2,t) > M(yo,y1,t). Similarly, we can find x3 € X and x, < x3 such
that y3 = gx3 € {Fx2}q,. Also, M({Fx2}a,,{Gx1}a,.t) < M(fx2,gx3,t) and M(y2,y3,t) >
M(y1,y»,t). continuing in this way, we have a sequence {y,} such that {yy,+1} = {gx2n+1} =1
{Fxon}a, and {y2,12} = { fxon2} =1 {Gx2441}a, - By induction, we obtain M (y,41,Yn42,1) >
M(yn,yn+1,t). Thus {M(y,,yn+1,)} is anon decreasing sequence in (0, 1]. Since M (y,, ym,t) >

M()’na)’n—HJ) *M()’n+17)’n+27f) *... *M()’m—l,)’maf)’ we have

M(Yn7Ym7t) > M(ymyn—l—l,t)*M(yn—l—la)’n—i-Zat)*---*M(Ym—laymat)
Z M(ynayn-i-l?t)*M(ynayn-l-l?t)*"'*M(ynayn—l—lat)

- *m_nM(ynayn+17t)'

Since * is a 7-norm of H-type, for any € € (0, 1), we see that there exists ) € (0, 1) such that if
s€ (n,1]. Then +™ s> 1—¢foralln,m € N. Since M(yo,y1,t) = 1 ast — oo, we find that there
exist ng € N such that M(yg, y1,) > 1. Now, in view of ¥ "M (y,, yu+1,1) > *™ "M (yo, y1,t) >
1 — &, we have lim,_eo M (Y, Yim,t) = 1. So {y,} is a Cauchy sequence. Similarly {y»,+;} and
{y2n+2} are also Cauchy sequences. Now, if one of f(X) or g(X) is xo joint orbitally complete,
then {yz,+1} and {yz,12} converge to z € X. From (3), y2,+1 < zand yz, 12 < 7. AS you42 —> 2,
Yon+2 = fxon+2 and f(X) is closed, we find that there exists v € X such that z = fv. Next we

show that fv € {Fv}q,. Since

0 M({Fv}a$7y2n+2vt)7M(Zay2n+17t)7M(Z? {Fv}agat)v
M(yan+1,Y2n4258), M(2,Y2041,1) * M(Y2n+1,Y2042,8), M(Y2n+1,{F v} ey 5 )
> (P M({Fv}ag7y2n+27t)7M(Z7y2n+17t)aM(Z7 {Fv}ajat)v
B M(y2n+17y2n+27t)aM(Zvy2n+27l)7M(y2n+l7{Fv}agut>
> ¢ M<{FV}05$?{Gx2n+1}(vat)7M<fvagx2n+l7t)7M(fva {FV}OC;/J)?

M(8X2n+1, {Gx2n+l}agat>7M(fv7 {Gx2n+l}(xf7t)7M(gx2n+lv {FV}(X;/?I)

Y
o
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when n — oo, we have that

¢(M({Fv}agvaat)7lvM(fva{Fv}Otgvt)a171>M(fV7{FV}OCg7t)) > 0.

By (¢1), this gives M(z,{Fv}q,,t) > 1. Thus fv e {Fv}q,. Similarly, one find z = gw €
{Gw}q, for w e X. Also, ffv= fvand ffv € {Ffv}q, so that z = fz € {Fz}q,. Also,
ggw = gw and ggw € {Ggw}q,, implies z = gz € {Gz}q,,. Thus f,g,F and G have a common
fixed point.

Example 3.3. Let X = [0,1], axb = ab for all a,b € (0,1] and M(x,y,t) = e~ for each
x,y € X and t > 0. Define the partial order x <y as x <y for each x,y € X and X <1 Y as: for

each x € X there existy € Y such that x < y. Define the maps f,g,F,G on X as gx = 3, fx =13,

p

0, f 0<y<

Y

| —

’11
=
~—
—
=
I
[SSIE
<
W|—
N
N
Bl=

y

L:‘Jll\)
<
BI=
IN
<
IN

and

=
B
()
IA
<
IA
i

2
o)
=
I
A=
=
Wn|—
A
<
A
AN=

, 0 <y<L

FN-
ol

\

Define the sequences xa,, X1 and x,10 in X such that xy, = {ﬁ} Xopil = {ﬁ} and

1 1 1
Xon42 = {m} n €N, then yy,i1 = gxon1 = 2(2n12) and yn12 = fxopi2 = 3(2ni3)" Now,

1
{FXZn}% = lamrny 1 {Gx2n+l}% = [m, 1], gx2u41 € {FXZn}% and fxz,12 € {Gx2n+l}% :
Thus, r}g?ogxzn+1 = r}grc)lofon+2 =0and }EI;{FXM}% = r}gl;lo{zen+l}% = [0, 1]. Let (P(tl, ...,16) =
te, then ¢ (t1,...,t6) = M(gx2p+1,{FXon}ay,t) = 1. Finally, (f,F) and (g,G) are weakly com-
muting and coincidentally idempotent. Now, f,g,F and G satisfy all conditions of Theorem 3.2

and f0=g0=0¢€[0,1] = {FO}% = {GO}% is a common fixed point.
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Corollary 3.4. Let (X, M, x) be a non-Archimedean fuzzy metric space with H-type t-norm x and
IILII}OM(yO’yl’I) = 1. Let < be a partial order defined on X, f : X — X such that f(X) is closed.
Let F be an £-fuzzy mappings from X into 3 o such that for each x € X and o € L\{0 ¢},

{Fx}qa, is nonempty closed subset of X satisfying the following conditions:

(1) {Fx}ay, =1 f(X),

(2) fy € {Fx}q, implies x =y,

3) ifyp =y, theny, Xy for all n,

4) (f,F) are weakly commuting and coincidentally idempotent.

(5) f(X) is xo joint orbitally complete for some xy € X.

If for all comparable elements x,y € X there exist ¢ € O such that

M Fx}Yoy,{Fytay,t),M(fx,fy,1), M(fx,{Fx}qy,1),
M(fya {Fy}a$7t)aM<fxa {Fy}OC(fvt)?M(f% {Fx}aZ’t)

>0,

then f and F have a common fixed point.

Theorem 3.5. Let (X, M, x) be a non-Archimedean fuzzy metric space with H-type t-norm * and
tlimM(yo,yl ,t) = 1. Let < be a partial order defined on X, f,g:X — X and {F,} be a sequence
—o0

of L-fuzzy mappings from X into 3 (X ) such that for eachx € X and a. € L\{O ¢}, {Fix}q.,

are nonempty closed subsets of X satisfying the following conditions:

(1) {Fix}a, =1 8(X) and {Fix}q, =1 f(X),

(2) gy € {Fix}ay or fy € {Fix}ay, implies x Xy,

3) ifyn =y, theny, Xy for all n,

4) (f,Fy) and (g,F;) are weakly commuting and coincidentally idempotent,

(5) one of f(X) or g(X) is xq joint orbitally complete for some xy € X.

If for all comparable elements x,y € X there exist ¢ € ® such that for all x,y € X, k =2n+1

and! =2n+2, ne N

M({Fkx}aga{F}y}agat)7M(fx7gy7t)7M(fxa {Fkx}agvl>>
M(gy, {Fy}ay ), M(fx,{Fiy}ay 1), M(gy,{Fix}ay,t)

>0,

then (f,Fy) and (g,F;) have a common fixed point.
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Corollary 3.6. Let (X,M,x) be a non-Archimedean fuzzy metric space with H- type t-norm
* and }L%M(yo,yl,t) = 1, let < be a partial order defined on X, f:X — X and {F,} be a
sequence of L -fuzzy mappings from X into 3 ¢ (X) such that for each x € X, o,y € L\{0 ¢},
{Fux}a, are nonempty closed subsets of X satisfying the following conditions:

(W) {Faxbay =1 f(X),

(2) fy € {Fux}qa, implies x =y,

3) ifyp =y, theny, Xy for all n,

4) (f,F,) are weakly commuting and coincidentally idempotent,

(5) f(X) is xo joint orbitally complete for some xy € X.
If for all comparable elements x,y € X there exist ¢ € ® such that for all x,y € X, k =2n+1

andl =2n+2,neN

M({Fkx}af,{Fly}af,t),M(fx,fy,t),M(fx, {Fkx}agvl)a
M(fy7 {Fly}ag,l),M(fX, {Ey}ag7t)7M(fy7 {Fkx}(Xf’t)

then (f,F,) have a common fixed point.

>0,

4. Integral type

Integral contractive type mappings are a generalization of contractive mappings. Recently
several results on fixed points of integral contractive types have appeared in the literature [6],
[7], [14], [19]. In this section, we prove an integral type contractive condition with implicit re-
lations for two pairs of .#’-fuzzy and crisp mappings in non-Archimedean ordered fuzzy metric

spaces.

Theorem 4.1. Let (X, M, %) be a non-Archimedean fuzzy metric space with H-type t-norm x and
lli_>mM(y0,y1 ,t) = 1. Let =< be a partial order defined on X, f,g: X — X and {F,} be a sequence
of L -fuzzy mappings from X into 3 ¢ (X) such that for eachx € X and 0.y € L\{0 2}, {Fux}a,
are nonempty closed subsets of X satisfying the following conditions:

(D) {Fix}ay, =1 8(X) and {Fix}a, =1 f(X),

(2) gy € {Fix}ay or fy € {Fix}q, impliesx 2y,
) if yn =y, theny, Xy for all n,
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4) (f,F) and (g, F;) are weakly commuting and coincidentally idempotent,

(5) one of f(X) or g(X) is xg joint orbitally complete for some xy € X.

If for all comparable elements x,y € X there exist ¢ € ® such that for all x,y € X, k =2n+1

andl =2n+2, ne N

fé‘l({Fkx}az’{ﬂy}af’t) l//(s)ds, féw(fx,gy,t) l[/(s)ds,f:l(fx’{FkX}a‘z)J) l//(s)ds,

M(gy7{Fly}OC$7t) M(fx7{ﬂy}a$7t) M(gy7{Fkx}OC$7t)
/ f() W(s)dSJ f() ll/(S)dS, f() W(S)ds (p(S)dS Z 0,
0

then (f,Fy) and (g,F;) have a common fixed point.

Proof. Following the proof in Theorem 3.2 with (¢3), we find the desired conclusion immedi-

ately.
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