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Abstract. We describe a new algorithm to compute singular point quantities for quasi analytic systems. It is
transparent conceptually and efficient computationally with computer algebra software Mathematica 8.0. We
demonstrate the application of this approach by deriving center conditions for some quasi quadratic systems.
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1. Introduction and main results

The center problem to distinguish between a focus and a center is a difficult one and is another
of the challenges of the qualitative theory of differential equations with a long history and an
extensive literature. The definition of center goes back to Poincaré in [1]; i.e. a singular point
of a vector field on the real plane surrounded by a neighborhood fulfilled of periodic orbits with
the unique exception of the singular point.

It is well known that the center problem can be reduced to the study of Poincaré return map, or

equivalently to the computation of infinitely many real numbers v, 1,m > 1, called Lyapunov
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constants. In fact, we have that if for some k, v3 = vs =--- = vy =0 and vy | # O the origin
is a focus, while if all v, are zero the origin is a center.

The progress in solving the center problem is pretty slow since to do it requires a good
knowledge, not only of the common zeros of the Lyapunov constants, but also of the finite
generated ideal that they generate in the ring of polynomials taking as variables the coefficients
of the polynomial differential system. Furthermore in general the calculation of the Lyapunov
constants is not easy, and the computational complexity of finding their common zeros grows
very quickly. A number of algorithms have been developed to compute them automatically up to
a certain order (see [2, 3, 4] and the references therein). We also want to mention that even if we
are able to obtain the Lyapunov constants it is in general extremely difficult to decompose the
resulting variety into irreducible components. If this can be done we have necessary conditions
to have a center at the origin. Usually, the sufficiency conditions will follow either from proving
the existence of a first integral defined in a neighborhood of the origin, or from the existence of
a symmetry through the origin.

The use of computer algebra has led to significant progress in the investigation of the prop-
erties of planar dynamical systems. The calculations involved in the derivation of center condi-
tions are extremely heavy and are quite impossible to accomplish by hand except in the simplest
cases. The expressions arising can be very large, and the difficulties are exacerbated by inter-
mediate expression swell. Inevitably systems are considered in which the limits of available
computing capacity are reached. At that stage every effort to reduce the burden of the compu-
tations in terms of computing time, but more often of space, is rewarded. Considerable effort
has consequently been devoted to improving the algorithms used, thereby extending the range
of their applicability.

Motivated by the center problem of analytic systems, increasing interests have been attracted
to the same problem of planar quasi analytic systems. Consider the quasi analytic systems

defined in [5]

b (k—1)(A-1)
%= —y+kzz<x2+y2>*z X, (x,y),

dy (k=1)(A—1)

(D -
a@r :x+k§2(x2 +31) 2 Nlxy),
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where
) X(xy) = Y Agpx®P, Yi(x,y)= Y Bgpx®yP
o+pB=k o+PB=k
are k-degree homogeneous polynomials with respect to x and y,k = 2,3,---. A is a real constant

and A # 0. Clearly, when A = 1, system (1) becomes analytic. Generally, for A # 2s+ 1 where
s is an integer, the functions on the right hand of system (1) are non-analytic.

For A > 0 (or <0), the linear terms of system (1) are the lowest (or highest) degree terms on
the right hand. Hence, when A > 0, the origin of system (1) is a center or a focus. When A < 0,
system (1) has no real singular point in the equator of Poincaré compactification. The point at
infinity is a center or a focus. Therefore, it is necessary to determine whether the origin (or the
point at infinity) is a center or a weak focus for all A # 0.

There are limited literatures with regard to quasi analytic systems, For quasi quadratic and
quasi cubic homogeneous systems, the problems of center-focus determination and bifurcation
of limit cycles for elementary critical point, higher critical point and infinite point were uniform-
ly solved in [6] and [7], respectively. Further in [5] and [8], the isochronous center problems for
quasi quadratic and quasi cubic homogeneous systems were completely solved, respectively.
Meanwhile, two recursive formulas of computing focal values and period constants were given
for quasi analytic systems with arbitrary degree in [5].

By means of transformation
3) z=x+iy, w=x—iy, T=it,i=+v—1,

system (1) can be transferred into the following system

o (k—1)(A—1)
L2+ Y (w) 7 Zlzw),
) ” o wip)
&= —w—kZZ(ZW) > Wi(z,w),

where for each integer k > 1, we have

Zr(x+ iy, x —iy) = Yi(x,y) — iXp (x,y),
Wi (x + iy, x —iy) = Yi(x,y) + iXi(x,y).

&)
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We denote that
(6) Zi(z,w) = Z aa[gz‘xwﬁ7 Wi(z,w) = Z baﬁwazﬁ.
o+B=k o+B=k
As in [9], we call that systems (1) and (4) are associated. Clearly, one can check that the

coefficients of system (4) satisfy the conjugate condition, i.e.,
@) Agp =bgp, € >0,>0, x+f >2,

From [5], we know that making the transformation

A3 A3
6 6

(8) E=x(x*+y) 7T, n=y(*+y") 5,

for A > 0(< 0), (8) makes the origin (the singular point at infinity) to a new origin in (§,7n)—plane
and system (1) becomes

%= -n+} ¥ (@ n) A8 3IN(E ) + (A - EnK(Em)]
€))

Accordingly, the study for system (1) is reduced to the discussion for system (9). Clearly, for
A >0 (< 0), the origin (the singular point at infinity) of system (1) is a center if and only if the
origin of system (9) is a center.

Using the transformation
(10) Zzé—f—inawzé_in?T:itai:V_17
system (9) becomes its concomitant complex system

&7y 2 Y (w2 4 3)wZa(aw) — (A — 3)eWe(ew)] = Z(zw),
(11) k=2

Gr=—w-¥ éz(ZW)"ZWL +3)7Wi(z,w) — (A = 3)wZi(z,w)] = =W (z,w).

In addition, after the transformation

A+3 3-A A3 3-2

(12) 7= lel WIM L W= lek lek ,

system (4) can be converted to system (11) (Renaming (z;,w;) by (z,w)).

The result that we get are the following.
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Theorem 1.1. For system (11), we can derive successively the terms of the following formal

series:
(13) F(z,w) = Z caﬁzawﬁ,
o+p=2
such that
dF >
(14) T m;u (zw)™*,

with ¢ € R,k =1,2,--- arbitrarily valued. Besides, if we choose cy ahead (e.g., cix = 0) for
k > 2, then the formal series (13) is uniquely determined. When o.+ B > 2 and o, # B, for every

positive integer m, U, is determined by the following recursive formulae:

atpd
Cap = 53 a) k+§z3 {lA+3)(a—2k—j+3)+(A—=3)(B—2j—k+3)]a 1
—[(A+3)(B-2j—k+3)+ (A =3)(a—2k—j+3)|bjr 1}
(15) - XCo—2k— j+3,B—2j—k+3>
umz%k+§z3{[<l+3>(m—2k—j+5)+(?t—3)(m—2j—k+5)]ak,j_1

—[(A+3)(m—2j—k+5)+(A=3)(m—2k—j+5)]bjx_1}
XCm—2k— j+5,m—2j—k-+5-
In the last expression, for 2 < o+ B < 4, we have defined

cn =1,

cop =0, for other (a,),

(16)

andifoao =B >0o0ra<0or B <0, setayg =bgg = cqp =0,

In our computations we use complex notation for real planar polynomial differential system-
s for finding such new families of centers, so we will be interested in the expression of the
Poincaré-Lyapunov constants in complex notation. The reason for using the complex notation

is that it simplifies the computations and the expressions of these constants.

Remark 1.2. The singular point quantities computed by Theorem 1.1 differ from those com-

puted by Lemmas 3.1 and 3.2 of [5] only for a constant factor.
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The paper is structured as follows. In Section 2, we state some preliminary results. We obtain
the proof of Theorem 1.1 in the following section. Finally we present an example which shows

the effectiveness of our method.
2. Definitions and preliminary results

In preparation for the proof of the main result, we need to introduce some well known defi-
nitions, lemmas and theorems.

Performing the transformation
1 L.
(17) xX=rxcosO, y=rrsin,

system (1) becomes

(18) = —Ar— ,

where

(19 ©r(0) =cos0X;_1(cosO,sin0) +sinOY;_1(cosH,sinH),
Yi(0) = cosBY;_1(cosB,sinB) —sinOX;_1(cosO,sin ).

Suppose that a solution of (18) with the initial condition r|g—y = ro has the form

(20) r=70,rg,0 Z
where rq is small and

e2y) vi(6,8) = e%*9 v (0,8) =0,k =2,3,---

Definition 2.1. (See [5]). Suppose that A > O(or < 0). If v{(27,0) # 1, the origin (or the
singular point at infinity) of system (1) is called a generalized focus. If v;(27,8) = 1 and
there exists a positive integer k, such that v,(27,0) = v3(27,0) = --- = vy_1(27,0) = 0, and
Vort1(2m,0) # 0, then the origin (or the singular point at infinity) of system (1) is called the

k-order generalized fine focus. The number vy, (27,0) is called the k-order generalized focal
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value. If vi(27,0) = 1 and for all k, vy, 1(27,0) = 0 holds, then the origin (or the singular

point at infinity) of system (1) is called a center.
It is easy to see the following conclusions hold.

Theorem 2.2. (See [5]). For A > 0, if the origin is a generalized focus of system (1), then when
vi(2m) — 1 < 0 (> 0), it is stable (unstable); if the origin is a k-order generalized fine focus of
system (1), then when vy, (27,0) < 0 (> 0), the origin is stable (unstable); if the origin is a

center, then there exists a family of closed orbits of system (1) enclosing the origin.

Theorem 2.3. (See [5]). For A <0, if the singular point at infinity is a generalized focus of
system (1), then when vi(2w) — 1 < 0 (> 0), it is stable (unstable); if the singular point at
infinity is a k-order generalized fine focus of system (1), then when vy 1(27,0) < 0 (> 0), the
singular point at infinity is stable (unstable); if the singular point at infinity is a center, then
there exists a family of closed orbits of system (1) which lies in the inner neighborhood of the

equator in Poincaré compactification.

Consider the real polynomial differential system

&=yt X Xelw),

(22) . o
d_)[} =X+ Z Yk(xvy)a
k=2
where
(23) Xe(xy) = Y Agpx®P Yi(x,y)= Y Bapx®F.

o+B=k o+B=k

Obviously, under x = rcos 8,y = rsin 0, the polar coordinate form of system (1) differs from
(18) only in a constant factor A.

By means of transformation (3), system (22) becomes the following complex system:

L =2+ ¥ Zi(z,w),
(24) k=2

Q.l&. QL
Si=
I

—w—= Z Wk(Z, W)v
k=2



where

X (x,y) = L Wi (x +iy,x — iy) — Zi(x + iy, x — iy)],
(25)
Ye(x,y) = & [Wilx+ ivyx — i) + Zi(x + iy, x — iy)]

or equivalently

(26)
Wi(z,w) = Ye (5%, 55) +iXe (5%, 55
Denote that
(27) Zi(zw)= ) aaﬁzawﬁ, Wi(zw) =) baﬁwazﬁ.

o+p=k o+p=k

The coefficients of system (24) satisfy the conjugate condition, i.e.,
(28) Agp =bgp, € >0, >0, a+f>2.

We call that systems (22) and (24) are concomitant.

Lemma 2.4. (See [10]). For system (24), we can derive uniquely the following formal series:
(29) E=z+ Z ciwl, n=w+ Z diwe!,
k+j=2 k+j=2

where ci1 k= diy1 =0,k =1,2,---, such that
JH1 d" " it g
(30) §+Z & == ) gt
j=1

Definition 2.5. (See [9]). (1) ux = pr —qr,k=0,1,2,--- is called the k-th singular point quantity
at the origin of system (24).

() If yo=py =+ = W1 =0, and Y # 0, then the origin of system (24) is called a fine
singular point of order k.

(iii) If for all £, y; = 0, then the origin of system (24) is called a complex center.

3. Proof of the main results



COMPUTING SINGULAR POINT QUANTITIES FOR QUASI ANALYTIC SYSTEMS
Proof. Write Z(Z,W),W(Z,w) as

Zizw)=z4+1 ¥ [(A+3)aj1— (A —3)bjs ]2 -2w2iHh=3,
(31) k+j=3

Wzw)=w+L ¥ [(A+3)bjs 1 — (A —3)ay j_ ]34 Bwith=2,

k+j=3

From (31) and (13), differentiating F* with respect to 7" and grouping like terms give
(32)
dF dF
9z Y 8 Erid

w

()

_—_ e opz®! ﬁ(z+% y (()L+3)ak7j_]_(;L_3>bj7k_1)Z2k+j—2W2j+k—3>
a+p=2 k+j=3

- i Bco B< %yB - 1<W‘|‘ Z (()V—F?))bj?k,l—()L—3)61/(7_,',1)22k+j_3wzj+k_2>

o+B=2 k+j=3

= ¥ (@ Blegpzf+t ¥ ¥ ((A+3)a+(2—3)B)a;
a+p=2 a+B=2k+j=3

B=
—((A+3)B+(A-3)a) ]kil)caﬁza+2k+j—3wﬁ+2j+k—3‘

Performing the following subscript change

(33) ' =a+2k+j-3, B =p+2j+k-3,
and jointing both restrictions imposed on «, 3, k, j we have that
(34) o +p =a+B+3k+j)—6>5.
We preserve the notation (o, 8) for the new variables (@', '), then

Y (3ot -3)B)ar,

o+p=2k+j=3
—((A+3)B+ (A _3)a)bj7k71>Caﬁzoc+2k+j—3wﬁ+2j+k—3
e
(35) & ° . .
= a+%:5 k+)};:3 {l{(A+3) (¢ —2k—j+3)+ (A —=3)(B—2j—k+3)]ak, 1

—[(7L+3)(l3—2j—k+3)—|—(7L—3)(a—2k—j+3)]bj7k_1}

(04
XCo—2k—j+3,B-2j—k+3% wh.
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For2 < a+f <4, set

cn=1,

cop =0, for other (a,f).

(36)

Hence, we have

(o) (o)

(37) Y (a—B)egpz®wh = Y (a— B)egpz®wh.

a+p=2 o+B=5

So we can write (32) in the form

atpd
= % ((@=Blap+t T ((A+3)(0—2%—j+3)
(38) a+p=5 k+j=3
+(A=3)(B—2j—k+3))a ;1) — (A +3)(B ~ 2 —k+3)
+(4 =3)(c _Zk_j"’3))bj.,kfl)Ca—2k—j+3,ﬁ—2j—k+3>zawﬁ-
Write
(39)
S
Agp = (0= B)eop + k+Z . {{A +3) (o =2k j+3) +(A =3)(B —2j—k+3)]ax,j—1]
=

—[(7L+3)(ﬁ—2j—k+3)—|—(l—3)(a—2k—j+3)]bj’k_1}

XCq—2k—j+3,—2j—k+3>

equating the coefficients of (zw)™ in (14) and z*wP in (38), when o # B, take Agp = 0; else

take Ay42 m42 = W, then we get (15). This completes the proof.
4. Examples

We end this paper with finding center conditions for a class of quasi quadratic systems about
the practical implementation of Theorem 1.1.

We concretely consider the following class of systems

A1
4 — —y+ (2 +y%) 7 [—(Bao+Boz)x* +2(Agy — Ao)xy + (Bao + Bo2)y?]
A
2

(40) .
% =x+ (X2 +y*)"7 [(A0+A0)x> +2(Box — Bao)xy — (A2 +Ax)y?] ,
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the concomitant complex system of (40) has the form

an 42— 7+ (zw) i (a20z2 +apw?),
Z—¥ = (ZW) 7 (bzow + bz )
where
(42) axo = Ao +iBog, bag = Ao — iBog, agy = Aoz +iBo2, bop = Az — iBo2.

Computing the singular point quantities of system (41) using (15) we get the following.

Proposition 4.1. For system (41), the shortened expressions of its first twelve singular point

quantities are given by

H3 =0
Mo = —g(a39a02 — b3pbo2) A(A — 1)(A = 3),

43)
Ly ~ — 15 (6aoabor — Sazxbao) (a3ya0: — b3gbo2) A (A — 1),

Hiz ~ $a50b3(a30a02 — brgbo2) A (A — 1),

where Ly, = 0,k # 3i,i < 4,i € N. In the above expression of L, we have already let [l = U, =
© = M1 :ka:273;"' 12,

From Proposition 4.1, we have the following.

Lemma 4.2. For system (41), the first twelve singular point quantities vanish if and only if one
of the three conditions holds:

(i)A=1;

(i) a3ga02 = b3yboos

From the technique employed in [9], we have the following.

Lemma 4.3. All the elementary Lie invariants of system (41) are listed as follows:
(44) axob2o, aonbor, axyam, bibo:.

We next get the center conditions.
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Theorem 4.4. For system (41), the origin is a complex center if and only if condition (i) or (iii)
holds; when A > 0 (< 0), the origin (the singular point at infinity) is a complex center if and

only if condition (ii) holds.

Proof. When condition (i) holds, system (41) has the analytic integrating factor f~!, where

(45)
f = 142(axz+ baow) + [(a3 + ba0b02) 2> + 3(az0b20 — aoaboz ) 2w + (b3 + azoas ) w?]

+(az0b20 — agaboz ) (bo2z> + az0z*w 4 bagzw? +agaw?).

When condition (ii) holds, system (41) satisfies the Extended Symmetric Principle. When con-

dition (iii) holds, system (41) reduces to the trivial linear system j; =z, ZVTV = —w.

Appendix

The recursive formulae from Theorem 1.1 for the computation of singular point quantities of
system (41) in Mathematica is as follows:

For2 < a+pf <4,
c2=1,

cop =0, for other (o, B),
wheno = >0ora <0,o0r 8 <0,

Ca,ﬁ = 0;

else
cap = (—boo((—=3+0)(=3+A)+ B(B3+A))c 3 qp +an((—1+B)(~3+2)

+(=24+a)(3+4))c21q,-11p —b2o((-1+a)(=3+1)
+(=24+B)B+A))c 14a,-24p Tan2((=3+B)(=3+4)
+a(3+2))cq,31p) /6/(B— ),
tm = (b2 ((=1+m)(=3+A4)+ (24+m)(3+4))c11m2+m+az((1+m)(=3+2)
+m(3+A))cmi4m —bro((L+m)(=3+ A1) +m(3+A))ct1mm
+ao((=14+m)(=3+21)+(2+m)3+21))c24m~14m) /6.
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