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Abstract. Two classes of non-autonomous two species Lotka-Volterra predator-prey systems with multiple time

delays and feedback controls are discussed. Some sufficient conditions on the existence of positive periodic solu-

tions are established by using of the continuation theorem.

Keywords. Predator-prey system; Multiple time delays; Continuation theorem; Positive periodic solution; Feed-

back control.

2010 Mathematics Subject Classification. 34D20, 34D23, 34K20, 34K25.

1. Introduction

In this paper, we consider the following two classes of non-autonomous two species Lotka-

Volterra predator-prey systems with multiple time delays and feedback controls

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)

∫ 0

−τ12

k12(s)x2(t + s)ds

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds−a22(t)x2(t− τ22(t))

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2,

(1.1)
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and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)x2(t− τ12(t))

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)x1(t− τ21(t))−a22(t)

∫ 0

−τ22

k22(s)x2(t + s)ds

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2.

(1.2)

Traditional two-species non-autonomous Lotka-Volterra predator-prey systems with multiple

pure delays and without feedback controls are take the form

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)

∫ 0

−τ12

k12(s)x2(t + s)ds
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds−a22(t)x2(t− τ22(t))
]
,

(1.3)

and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)x2(t− τ12(t))
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)x1(t− τ21(t))−a22(t)

∫ 0

−τ22

k22(s)x2(t + s)ds
]
.

(1.4)

In the theory of mathematical biology and mathematical ecology, as we well know, systems like

(1.1)-(1.4) are very important mathematical models which describe multiple-time two-species

interactional population dynamics in a non-autonomous environment.

However, the environments of most natural populations undergo temporal variation and the

variation of the environment plays an important role in many population dynamical systems.

The effects of a periodically varying environment are important for evolutionary theory as the

selective forces on systems in a fluctuating environment differ from those in a stable environ-

ment. Hence, the assumption of periodicity of the parameters in a way incorporates the period-

icity of the environment [1]. For these reasons, it is realistic to assume that the parameters in the

models are periodic functions of period ω . Therefore, to consider periodic environmental fac-

tor, it is reasonable to study Lotka-Volterra systems with periodic coefficients. In particularly,

the Lotka-Volterra predator-prey system is the most important means to explain the ecological

phenomenon and one of the most hot themes in both mathematical ecology and mathematical
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biology. There has been a great deal of literature on the study of the periodic solutions for var-

ious type continuous-time nonlinear population dynamical systems. Many important and good

results were obtained recently, for example, see [1]-[24] and the references cited therein.

On the other hand, recently, the study of the existence of positive periodic solutions for

the population dynamical systems with feedback control and time delays have been studied

extensively [14]-[24] . However, about the non-autonomous periodic Lotka-Volterra predator-

prey systems with multiple time delays and feedback controls have not been fully investigated.

In the present paper, our aim is to establish some sufficient conditions on the the existence of

positive periodic solutions of the system (1.1) and system (1.2).

2. Preliminaries

In system (1.1) and system (1.2), we have that x1(t) is the prey population density and x2(t)

is the predator population density at time t, respectively. bi(t),ci(t),Λi(t),di(t),ei(t) (i = 1,2)

represent the feedback control coefficients at time t, respectively. σi > 0,εi > 0(i = 1,2) and

τi, j ≥ 0 (i, j = 1,2), are constants where τi, j ≥ 0 (i, j = 1,2) may be +∞. Throughout this paper,

for system (1.1) and system (1.2) we introduce the following hypotheses.

(H1) τi j(t)(i, j = 1,2) and ri(t)(i= 1,2) are continuous ω-periodic functions with τ ′i j(t)< 1

and
∫

ω

0 ri(t)dt > 0. ai j(t)(i, j = 1,2) are continuous positive ω-periodic functions. ki j(s) (i, j =

1,2) are nonnegative integrable functions on [−τi j,0] (i, j = 1,2) satisfying
∫ 0
−τi j

ki j(s)ds = 1.

σi and εi (i=1,2) are positive constants.

In this paper, for system (1.1) and system (1.2), we consider the solution with the following

initial condition

xi(t) = φi(t), for all t ∈ [−τ,0], i = 1,2,

ui(t) = ψi(t), for all t ∈ [−τ,0], i = 1,2,
(2.1)

where φi(t) (i= 1,2) are nonnegative continuous functions defined on [−τ,0) satisfying φi(0)>

0 (i = 1,2) and τ = maxt∈[0,ω]{τi j(t),τi j,σi,εi(i, j = 1,2)}.

Throughout this paper, for any ω-periodic continuous function f (t) we denote

f L = min
t∈[0,ω]

f (t), f M = max
t∈[0,ω]

f (t), f̄ =
1
ω

∫
ω

0
f (t)dt. (2.2)

The following lemmas paly an important role in this paper.
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Lemma 2.1. [21] Suppose τ ∈C1(R,R) with τ(t +ω) ≡ τ(t) and τ
′
(t) < 1 ,∀t ∈ [0,ω]. Then

the function t − τ(t) has a unique inverse function µ(t) satisfying µ ∈ C(R,R), µ(u+ω) =

µ(u)+ω ,∀u ∈ R.

Lemma 2.2. [25] Let L be a Fredholm operator of index zero and let N be L-compact on Ω. If

(a) for each λ ∈ (0,1) and x ∈ ∂Ω∩DomL, Lx 6= λNx;

(b) for each x ∈ ∂Ω∩KerL, QNx 6= 0;

(c) deg{JQN,Ω∩KerL,0} 6= 0,

then the operator equation Lx = Nx has at least one solution lying in DomL∩Ω.

3. Main results

In order to obtain the existence of positive periodic solutions of system (1.1) and system (1.2),

firstly, we introduce the following Lemma.

Lemma 3.1. Suppose that (x∗1(t),x
∗
2(t),u

∗
1(t),u

∗
2(t)) is an ω-periodic solution of (1.1) and (1.2)

with initial conditions (2.1), then (x∗1(t),x
∗
2(t),u

∗
1(t),u

∗
2(t)) satisfies the following system (3.1)

and system (3.2).

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)

∫ 0

−τ12

k12(s)x2(t + s)ds

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds−a22(t)x2(t− τ22(t))

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

(3.1)

and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)x2(t− τ12(t))

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)x1(t− τ21(t))−a22(t)

∫ 0

−τ22

k22(s)x2(t + s)ds

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

(3.2)

where

ui(t) =
∫ t+ω

t
[di(µ)xi(µ)+ ei(µ)xi(µ− εi)]Gi(t,µ)dµ, i = 1,2,
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and

Gi(t,µ) =
exp{

∫
µ

t Λi(θ)dθ}
exp{

∫
ω

0 Λi(θ)dθ}−1
, i = 1,2.

The converse is also true.

Proof. Lemma 3.1 can be proved by using the similar method given by Yin and Li in the proof

of Lemma 2 in Ref. 20, and hence here we omit it.

It is easy to see that system (3.1) and (3.2) are equivalent to the following system (3.3) and

system (3.4)

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)

∫ 0

−τ12

k12(s)x2(t + s)ds

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds−a22(t)x2(t− τ22(t))

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

(3.3)

and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)x2(t− τ12(t))

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)x1(t− τ21(t))−a22(t)

∫ 0

−τ22

k22(s)x2(t + s)ds

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

(3.4)

where

ui(t) =
∫ t+ω

t
K(xi)Gi(t,µ)dµ, Gi(t,µ) =

exp{
∫

µ

t Λi(θ)dθ}
exp{

∫
ω

0 Λi(θ)dθ}−1
,

and

K(xi) = di(µ)xi(µ)+ ei(µ)xi(µ− εi), i = 1,2, · · · ,n.

It is clear that in order to prove that system (1.1) and (1.2) with initial conditions (2.1) have at

least one ω-periodic solution, we only need to prove that system (3.3) and system (3.4) have at

least one ω-periodic solution.

Now, for convenience of statements, we denote R̄i =
1
ω

∫
ω

0 |ri(t)|dt, i = 1,2.

(H2) r̄1−
Γ+ H̄1

aL
21

r̄2 > 0,
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(H3) r̄1−
aM

11 + H̄1

aL
21

r̄2 > 0, where

Γ = max{aM
11,
[ a11(ϕ1(t))

1− τ ′11(ϕ1(t))

]M},
and

H1(t) = b1(t)
∫ t+ω

t
(d1(µ)+ e1(µ))G1(t,µ)dµ

+ c1(t)
∫ t+ω−σ1

t−σ1

(d1(µ)+ e1(µ))G1(t−σ1,µ)dµ.

The following theorem is about the existence of positive periodic solutions of system (1.1).

Theorem 3.2. Suppose that (H1) and (H2) hold, then system (1.1) has at least one positive ω−

periodic solution.

Proof. Let

x1(t) = exp{y1(t)} and x2(t) = exp{y2(t)}.

From (3.3), we have the following system

ẏ1(t) = r1(t)−a11(t)exp{y1(t− τ11(t))}−a12(t)
∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

−b1(t)U1(t)− c1(t)U1(t−σ1),

ẏ2(t) = −r2(t)+a21(t)
∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ1),

Ui(t) =
∫ t+ω

t
K(eyi)Gi(t,µ)dµ, i = 1,2,

(3.5)

where

K(eyi) = di(µ)exp{yi(µ)}+ ei(µ)exp{yi(µ− εi)}.

Now, we introduce the normed vector spaces X and Z as follows. Let C(R,R2) denote the space

of all continuous functions y(t) = (y1(t),y2(t)) : R→ R2. We take

X = Z = {y(t) ∈C(R,R2) : y(t) an ω-periodic function},

with norm

‖ y ‖= max
t∈[0,ω]

|y1(t)|+ max
t∈[0,ω]

|y2(t)|.
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It is obvious that X and Z are the Banach spaces. We define a linear operator L : DomL⊂X→ Z

and a continuous operator N : X → Z by Ly(t) = ẏ(t), and Ny(t) = (Ny1(t),Ny2(t)), where

Ny1(t) = r1(t)−a11(t)exp{y1(t− τ11(t))}−a12(t)
∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

−b1(t)U1(t)− c1(t)U1(t−σ1),

Ny2(t) = −r2(t)+a21(t)
∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ1).

(3.6)

Further, we define continuous projectors P : X → X and Q : Z→ Z by

Py(t) =
1
ω

∫
ω

0
y(t)dt, Qv(t) =

1
ω

∫
ω

0
v(t)dt.

We easily see Im L = {v ∈ Z :
∫

ω

0 v(t)dt = 0} and KerL = R2. It is obvious that ImL is closed

in Z and dimKerL = 2. Since for any v ∈ Z there are unique v1 ∈ Rn and v2 ∈ Im L with

v1 =
1
ω

∫
ω

0
v(t)dt, v2(t) = v(t)− v1

such that v(t) = v1 + v2(t), we have codimImL = 2. Therefore, L is a Fredholm mapping of

index zero. Furthermore, the generalized inverse (to L) Kp : ImL→ KerP∩ DomL is given in

the following form

Kpv(t) =
∫ t

0
v(s)ds− 1

ω

∫
ω

0

∫ t

0
v(s)dsdt.

For convenience, we denote F(t) = (F1(t),F2(t)) as follows

F1(t) = r1(t)−a11(t)exp{y1(t− τ11(t))}−a12(t)
∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

−b1(t)U1(t)− c1(t)U1(t−σ1),

F2(t) = −r2(t)+a21(t)
∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ1).

(3.7)

Thus, we have

QNy(t) =
1
ω

∫
ω

0
F(t)dt (3.8)
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and

Kp(I−Q)Ny(t) = KpINy(t)−KpQNy(t)

=
∫ t

0
F(s)ds− 1

ω

∫
ω

0

∫ t

0
F(s)dsdt

+
(1

2
− t

ω

)∫ ω

0
F(s)ds.

(3.9)

From (3.8) and (3.9), we can see that QN and Kp(I−Q)N are continuous operators. Further-

more, it can be verified that Kp(I−Q)N(Ω) is compact for any open bounded set Ω ⊂ X by

using Arzela-Ascoli theorem and QN(Ω) is bounded. Therefore, N is L-compact on Ω for any

open bounded subset Ω⊂ X .

Now, we can search for an appropriate open bounded subset Ω for the application of the

continuation theorem (Lemma 2.2) to system (3.5).

Corresponding to the operator equation Ly(t) = λNy(t) with parameter λ ∈ (0,1), we have

ẏi(t) = λFi(t), i = 1,2, (3.10)

where Fi(t) (i = 1,2) are given in Eqs.(3.7).

Assume that y(t) = (y1(t),y2(t)) ∈ X is a solution of system (3.10) for some parameter λ ∈

(0,1). By integrating system (3.10) over the interval [0,ω], we obtain

∫
ω

0

[
r1(t)−a11(t)exp{y1(t− τ11(t))}−a12(t)

∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

−b1(t)U1(t)− c1(t)U1(t−σ1)
]
dt = 0,∫

ω

0

[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ1)
]
dt = 0.

(3.11)

By (3.11), we have

∫
ω

0

[
a11(t)exp{y1(t− τ11(t))}+a12(t)

∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

+b1(t)U1(t)+ c1(t)U1(t−σ1)
]
dt = r̄1ω,∫

ω

0

[
a21(t)

∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ1)
]
dt = r̄2ω.

(3.12)
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It follows from (3.10) and (3.12) that∫
ω

0 |ẏ1(t)|dt

= λ

∫
ω

0

∣∣∣∣r1(t)−a11(t)exp{y1(t− τ11(t))}−a12(t)
∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

−b1(t)U1(t)− c1(t)U1(t−σ1)

∣∣∣∣dt

≤
∫

ω

0
|r1(t)|dt +

∫
ω

0

[
a11(t)exp{y1(t− τ11(t))}+a12(t)

∫ 0

−τ12

k12(s)exp{y2(t + s)}ds

+b1(t)U1(t)+ c1(t)U1(t−σ1)
]
dt

≤ (r̄1 + R̄1)ω,

and ∫
ω

0 |ẏ2(t)|dt

= λ

∫
ω

0

∣∣∣∣− r2(t)+a21(t)
∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ2)

∣∣∣∣dt

≤
∫

ω

0
|r2(t)|dt +

∫
ω

0

[
a21(t)

∫ 0

−τ21

k21(s)exp{y1(t + s)}ds−a22(t)exp{y2(t− τ22(t))}

−b2(t)U2(t)− c2(t)U2(t−σ2)
]
dt

≤ (r̄2 + R̄2)ω,

that is, ∫
ω

0
|ẏi(t)|dt ≤ (r̄i + R̄i)ω :=Ci, i = 1,2. (3.13)

For each i, j = 1,2, we have∫
ω

0
ai j(t)

∫ 0

−τi j

ki j(s)exp{yi(t + s)}dsdt

=
∫ 0

−τi j

∫
ω

0
ai j(t)ki j(s)exp{yi(t + s)}dtds

=
∫ 0

−τi j

∫ s+ω

s
ai j(v− s)ki j(s)exp{yi(v)}dvds

=
∫ 0

−τi j

∫
ω

0
ai j(v− s)ki j(s)exp{yi(v)}dvds

=
∫

ω

0

∫ 0

−τi j

ai j(v− s)ki j(s)exp{yi(v)}dsdv

=
∫

ω

0

(∫ 0

−τi j

ai j(t− s)ki j(s)ds
)

exp{yi(t)}dt.

(3.14)
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Let zi(t) = t−τii(t) (i = 1,2). From Lemma 2.1 and H1, we get that function zi(t) has a unique

ω periodic inverse function ϕi(t). For every i = 1,2, we have∫
ω

0
aii(t)exp{yi(t− τii(t))}dt =

∫
ω−τii(ω)

−τii(0)

aii(ϕi(t))
1− τ ′ii(ϕi(t))

exp{yi(t)}dt.

It is clear that
aii(ϕi(t))

1− τ ′ii(ϕi(t))
=: Γi(t), i = 1,2,

are ω periodic functions. Then for every i = 1,2, we have∫
ω

0
aii(t)exp{yi(t− τii(t))}dt =

∫
ω

0
Γi(t)exp{yi(t)}dt. (3.15)

From the continuity of y(t) = (y1(t),y2(t)), there exist constants ξi,ηi ∈ [0,ω] (i = 1,2) such

that

yi(ξi) = max
t∈[0,ω]

yi(t), yi(ηi) = min
t∈[0,ω]

yi(t), i = 1,2. (3.16)

From (3.12) and (3.14-3.16), we further obtain

y1(η1)≤ ln
( r̄1

Γ̄1

)
=: B1, y2(η2)≤ ln

( r̄1

Ā1

)
=: B2, y1(ξ1)≥ ln

( r̄2

Ā2

)
=: B3, (3.17)

where

A1(t) =
∫

ω

0

∫ 0

−τ12

k12(s)a12(t− s)dsdt, A2(t) =
∫

ω

0

∫ 0

−τ21

k21(s)a21(t− s)dsdt.

On the other hand, from the second equation of (3.12) and (3.14-3.16), we have

aL
21

∫
ω

0
exp{y1(t)}dt ≤ r̄2ω +(ā22 + H̄2)ω exp{y2(ξ2)}, (3.18)

where

Hi(t) = bi(t)
∫ t+ω

t
(di(µ)+ ei(µ))Gi(t,µ)dµ + ci(t)

∫ t+ω−σi

t−σi

(di(µ)+ ei(µ))Gi(t−σi,µ)dµ,

i = 1,2. Further from the first equation of (3.12) and (3.14-3.16,3.18), we can obtain

r̄1ω ≤ (Ā1 + H̄1)ω exp{y2(ξ2)}+
Γ

aL
21

r̄2ω +
Γ

aL
21
(ā22 + H̄2)ω exp{y2(ξ2)},

where

Γ = max{aM
11,Γ

M
1 }.

In view of the condition of Theorem 3.2, we have

0 < (r̄1−
Γ+ H̄1

aL
21

r̄2)∆≤ (r̄1−
Γ

aL
21

r̄2)∆≤ exp{y2(ξ2)}, (3.19)
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where

∆ =
1

Ā1 + H̄1 +
Γ

aL
21
(ā22 + H̄2)

.

From (3.19), we have

y2(ξ2)≥ lnA3 =: B4, (3.20)

where

A3 = aL
21(r̄1−

Γ+ H̄1

aL
21

r̄2)∆.

From (3.13), (3.17) and (3.20), we have

yi(t)≤ yi(ηi)+
∫

ω

0
|ẏi(t)|dt ≤ Bi +Ci =: Mi i = 1,2, (3.21)

and

yi(t)≥ yi(ξi)−
∫

ω

0
|ẏi(t)|dt ≥ Bi+2−Ci =: Ni i = 1,2. (3.22)

Therefore, from (3.21), (3.22), we have

max
t∈[0, ω]

|yi(t)| ≤max
{
|Mi|, |Ni|

}
=: Hi, i = 1,2.

It is easy to see that the constants Hi (i = 1,2) are independent of parameter λ ∈ (0,1). For any

y = (y1,y2) ∈ R2, from (3.6), we obtain QNu = (QNy1,QNy2), where

QNu1 = r̄1− (ā11 + H̄1)exp{y1}− ā12 exp{y2},

QNu2 = −r̄2 + ā21 exp{y1}− (ā22 + H̄2)exp{y2}.

We consider the following system of algebraic equations

r̄1− (ā11 + H̄1)υ1− ā12υ2 = 0,

−r̄2 + ā21υ1− (ā22 + H̄2)υ2 = 0.

By direct calculation, we have

υ1 =
(ā22 + H̄2)r̄1 + ā12r̄2

(ā11 + H̄1)(ā22 + H̄2)+ ā12ā21
,

and

υ2 =
ā21r̄1− r̄2(ā11 + H̄1)

(ā11 + H̄1)(ā22 + H̄2)+ ā12ā21
>

aL
21(r̄1− Γ+H̄1

aL
21

r̄2)

(ā11 + H̄1)(ā22 + H̄2)+ ā12ā21
.

From the assumption of Theorem 3.2, the system of algebraic equations has a unique positive

solution υ = (υ1,υ2). Hence, the equation QNy = 0 has a unique solution y∗ = (y∗1,y
∗
2) =

(lnυ1, lnυ2) ∈ R2.
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Choosing constant H > 0 large enough such that |y∗1|+ |y∗2|< H and H > H1+H2, we define

a bounded open set Ω⊂ X as follows

Ω = {y ∈ X : ‖y‖< H}.

It is clear that Ω satisfies conditions (a) and (b) of Lemma 2.2. On the other hand, by directly

calculating we can obtain

deg{JQN,Ω∩KerL,(0,0)}

= sgn

∣∣∣∣∣∣−(ā11 + H̄1)K1 −ā12K2

ā21K1 −(ā22 + H̄2)K2

∣∣∣∣∣∣ ,
where Ki = exp{yi}(i = 1,2). Since∣∣∣∣∣∣−(ā11 + H̄1)K1 −ā12K2

ā21K1 −(ā22 + H̄2)K2

∣∣∣∣∣∣ 6= 0,

we have deg{JQN,Ω∩KerL,(0,0)} 6= 0. This shows that Ω satisfies condition (c) of Lemma

2.2. Therefore, system (3.5) has a ω-periodic solution y∗(t) = (y∗1(t),y
∗
2(t))∈ Ω̄. Hence, system

(1.1) has a positive ω-periodic solution x∗(t) = (x∗1(t),x
∗
2(t)).

From the proof of Theorem 3.2, on the existence of positive periodic solutions of system

(1.2), we have the following result.

Theorem 3.3. Suppose that (H1) and (H3) hold. Then system (1.2) has at least one positive

ω− periodic solution.

Proof. Theorem 3.3 can be proved by using the similar method with Theorem 3.2, and hence

here we omit it.

Remark 3.4. From Theorem 3.2 and Theorem 3.3, we find that as long as system (1.1) has a

positive periodic solution. Then system (1.2) has a positive periodic solution.

4. Applications

In this section, to show the generality of our results, we apply Theorem 3.2 and Theorem

3.3 to some special cases of system (1.1) and system (1.2). Firstly, we consider the following
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predator-prey systems with pure delays.

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)x2(t− τ12(t))

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)x1(t− τ21(t))−a22(t)x2(t− τ22(t))

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2,

(4.1)

and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)
∫ 0

−τ12

k12(s)x2(t + s)ds

−b1(t)u1(t)− c1(t)u1(t−σ1)
]
,

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds−a22(t)
∫ 0

−τ22

k22(s)x2(t + s)ds

−b2(t)u2(t)− c2(t)u2(t−σ2)
]
,

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2.
(4.2)

As a direct consequence of Theorems 3.2 and Theorems 3.3, we have the following result.

Corollary 4.1. Suppose that the assumptions of Theorem 3.2 hold, then system (4.1) has at

least one positive ω− periodic solution.

Corollary 4.2. Suppose that the assumptions of Theorem 3.3 hold, then system (4.2) has at

least one positive ω− periodic solution.

Next, we consider the following predator-prey systems with predator density-independence

and pure delays

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)

∫ 0

−τ12

k12(s)x2(t + s)ds

−b1(t)u1(t)− c1(t)u1(t−σ1)
]

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds

−b2(t)u2(t)− c2(t)u2(t−σ2)
]

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2,

(4.3)
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and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)x2(t− τ12(t))

−b1(t)u1(t)− c1(t)u1(t−σ1)
]

ẋ2(t) = x2(t)
[
− r2(t)+a21(t)x1(t− τ21(t))

−b2(t)u2(t)− c2(t)u2(t−σ2)
]

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2.

(4.4)

From Theorems 3.2 and Theorems 3.3, on the existence of positive periodic solutions of system

(4.3) and (4.4), we have the following result.

Corollary 4.3. Suppose that the assumptions of Theorem 3.2 hold. Then system (4.3) has at

least one positive ω− periodic solution.

Corollary 4.4. Suppose that the assumptions of Theorem 3.3 hold. Then system (4.4) has at

least one positive ω− periodic solution.

Remark 4.5. From the Theorem 3.2, Theorem 3.3 and Corollaries 4.1-4.4, we find that as long

as system (1.1) has a positive periodic solution. Then system (1.2) and systems (4.1-4.4), have

a positive periodic solution.

Finally, we consider the following predator-prey system with pure delays.

ẋ1(t) = x1(t)
[
r1(t)−a11(t)x1(t− τ11(t))−a12(t)

∫ 0

−τ12

k12(s)x2(t + s)ds

−b1(t)u1(t)− c1(t)u1(t−σ1)
]

ẋ2(t) = x2(t)
[
r2(t)+a21(t)

∫ 0

−τ21

k21(s)x1(t + s)ds−a22(t)x2(t− τ22(t))

−b2(t)u2(t)− c2(t)u2(t−σ2)
]

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2,

(4.5)
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and

ẋ1(t) = x1(t)
[
r1(t)−a11(t)

∫ 0

−τ11

k11(s)x1(t + s)ds−a12(t)x2(t− τ12(t))

−b1(t)u1(t)− c1(t)u1(t−σ1)
]

ẋ2(t) = x2(t)
[
r2(t)+a21(t)x1(t− τ21(t))−a22(t)

∫ 0

−τ22

k22(s)x2(t + s)ds

−b2(t)u2(t)− c2(t)u2(t−σ2)
]

u̇i(t) = −Λi(t)ui(t)+di(t)xi(t)+ ei(t)xi(t− εi), i = 1,2.

(4.6)

Now, for convenience of statements we denote

(H4) r̄1−
aM

12
Γ0 + H̄2

r̄2 > 0,

(H5) r̄1−
aM

21
aL

22 + H̄2
r̄2 > 0,

where

Γ0 = min{aL
22,
[ a22(ϕ1(t))

1− τ ′22(ϕ1(t))

]L},
and

H2(t)= b2(t)
∫ t+ω

t
(d2(µ)+e2(µ))G2(t,µ)dµ+c2(t)

∫ t+ω−σ2

t−σ2

(d2(µ)+e2(µ))G2(t−σ2,µ)dµ.

From the proof of Theorem 3.2, on the existence of positive periodic solutions of system (4.5)

and (4.6), we have the following result.

Theorem 4.6. Suppose that (H1) and (H4) hold. Then system (4.5) has at least one positive

ω− periodic solution.

Theorem 4.7. Suppose that (H1) and (H5) hold. Then system (4.6) has at least one positive

ω− periodic solution.

Theorem 4.6 and Theorem 4.7 can be proved by using the similar method with Theorem 3.2.

Hence, we here omit it.

Remark 4.8. From the Theorem 4.6 and Theorem 4.7, we find that as long as system (4.5) has

a positive periodic solution. Then system (4.6) has a positive periodic solution.

5. Conclusions
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In this paper, two classes of general non-autonomous two species Lotka-Volterra predator-

prey systems with multiple time delays and feedback controls are proposed and analyzed to

study the effect of time delays and feedback controls on the existence of positive periodic so-

lutions of the system. By means of the continuation theorem, we easily obtained the sufficient

conditions for the existence of positive periodic solutions of the system. From the conditions

of Theorems 3.2, 3.3, 4.6, 4.7 and Corollaries 4.1, 4.2, 4.3, 4.4, we can see that the time delays

and feedback controls have effect on the existence of positive periodic solutions, and conditions

(H2)-(H5) are very crucial to find the criteria for the existence of positive periodic solutions.

Further, from the conditions (H2)-(H5), we see that the intrinsic growth rate of the prey is more

significant than the intrinsic growth rate of the predator and the intrinsic growth rate of the prey

will determine the existence of positive periodic solutions of the system. The results indicate

that if the intrinsic growth rate of the prey is large enough, then it can maintain the existence of

positive periodic solutions of the system.
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