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1. Introduction

In this paper, we consider the following two classes of non-autonomous two species Lotka-

Volterra predator-prey systems with multiple time delays and feedback controls

X1 (l‘) = X1 (l) [1’1 (l‘) —all(t)xl (t — T11<l‘>) —alz(l‘) _OT klz(s)XQ(l —f-S)dS
—b1(O)ui (1) — 1 (t)ur (t — 01)],
% ()= x()][—r()+an() OT ko1 (s)x(t +s)ds — ax(t)x2(t — T22(7)) (L.1)

—bz(t)uz(t) — Cz(l‘)uz(l‘ — 62)] ,
wi(t) = —Ai(t)ui(t) +di(t)xi(t) +ei(t)xi(t — &), i=1,2,
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and
0
() = x(0)[r () —an() / (s} (1 +)ds @l = 7))
—b (t)ul (l‘) — (] (Z‘)m (l‘ — G])] ,
sz(l‘) = xz(t) [— I’z(t) +a21(t)x1 (l‘ — M1 (l‘)) —azz(l‘) /OT kzz(S)XQ(t—f—S)ds (1'2)

—bz(l‘)uz(t) — Cz(t)uz(t — 62)] ,
bli(t): —A,-(t)u,-(t)—I—di(t)x,-(t)+e,~(t)x,-(t—8i), i=1,2.

Traditional two-species non-autonomous Lotka-Volterra predator-prey systems with multiple
pure delays and without feedback controls are take the form

0

x1(t) = x1(t) [1’1 (1) —ay(t)xy (t — T11(2)) — ara(t) klz(S)XQ(l—FS)dS},
0 (13)
sz(l) = X2(l‘) [— rz(l‘) “+asy (l‘) /r ko1 (S)X] (l‘ —I—S)dS—dzz(t)Xz(t — Tzz(t))},
and

0
X1 (l‘) = X (l‘) [rl (Z‘) —aj (l‘)/ kn(s)xl (H—s)ds —alz(f>XZ(t — ’C]Q(l‘))},

o (1.4)
0(t) = x()[—rat) +an(t)x(t — 1)) — axn(r) OT koo (5)x2 (¢ + 5)ds].

In the theory of mathematical biology and mathematical ecology, as we well know, systems like
(1.1)-(1.4) are very important mathematical models which describe multiple-time two-species
interactional population dynamics in a non-autonomous environment.

However, the environments of most natural populations undergo temporal variation and the
variation of the environment plays an important role in many population dynamical systems.
The effects of a periodically varying environment are important for evolutionary theory as the
selective forces on systems in a fluctuating environment differ from those in a stable environ-
ment. Hence, the assumption of periodicity of the parameters in a way incorporates the period-
icity of the environment [1]. For these reasons, it is realistic to assume that the parameters in the
models are periodic functions of period @. Therefore, to consider periodic environmental fac-
tor, it is reasonable to study Lotka-Volterra systems with periodic coefficients. In particularly,
the Lotka-Volterra predator-prey system is the most important means to explain the ecological

phenomenon and one of the most hot themes in both mathematical ecology and mathematical
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biology. There has been a great deal of literature on the study of the periodic solutions for var-
ious type continuous-time nonlinear population dynamical systems. Many important and good
results were obtained recently, for example, see [1]-[24] and the references cited therein.

On the other hand, recently, the study of the existence of positive periodic solutions for
the population dynamical systems with feedback control and time delays have been studied
extensively [14]-[24] . However, about the non-autonomous periodic Lotka-Volterra predator-
prey systems with multiple time delays and feedback controls have not been fully investigated.
In the present paper, our aim is to establish some sufficient conditions on the the existence of

positive periodic solutions of the system (1.1) and system (1.2).
2. Preliminaries

In system (1.1) and system (1.2), we have that x;(¢) is the prey population density and x;(¢)
is the predator population density at time 7, respectively. b;(t),ci(t),Ai(t),di(t),ei(t) (i =1,2)
represent the feedback control coefficients at time ¢, respectively. o; > 0,& > 0(i = 1,2) and
7;; >0 (i, j=1,2), are constants where 7; ; > 0 (i, j = 1,2) may be +co. Throughout this paper,
for system (1.1) and system (1.2) we introduce the following hypotheses.

(Hy) 7j(t)(i,j=1,2) and r;(¢) (i = 1,2) are continuous @-periodic functions with 7/;(#) < 1
and [’ ri(t)dt > 0. a;;(¢)(i, j = 1,2) are continuous positive @-periodic functions. k;;(s) (i,j =
1,2) are nonnegative integrable functions on [—7;;,0] (i, j = 1,2) satisfying fgm kij(s)ds = 1.
o; and g; (i=1,2) are positive constants.

In this paper, for system (1.1) and system (1.2), we consider the solution with the following
initial condition

xi(t) = ¢;i(t), forall re[-1,0],i=1,2,
ui(t) = yi(t), forall re[—7,0],i=1,2,

(2.1)

where ¢;(7) (i = 1,2) are nonnegative continuous functions defined on [—7,0) satisfying ¢;(0) >
0(i=1,2) and T = max,c(9,o{%;(?), Tij, 01, & (i, j = 1,2) }.
Throughout this paper, for any w-periodic continuous function f(¢) we denote
- 1 o
fE= min f(r), M= max f(t), f= p /0 f(t)dt. (2.2)

1€]0,0) t€[0,]

The following lemmas paly an important role in this paper.
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Lemma 2.1. [21] Suppose T € C'(R,R) with 7(t + ®) = 7(t) and T (¢) < 1 ,Vt € [0, ®]. Then

the function t — ©(t) has a unique inverse function p(t) satisfying u € C(R,R), pu(u+ o) =

p(u)+ o ,Yu €R.

Lemma 2.2. [25] Let L be a Fredholm operator of index zero and let N be L-compact on Q. If

(a) foreach A € (0,1) and x € QN DomL, Lx # ANx;
(b) for each x € dQ N KerL, QNx # 0;
(c) deg{JON,QNKerL,0} # 0,

then the operator equation Lx = Nx has at least one solution lying in DomLN Q.

3. Main results

In order to obtain the existence of positive periodic solutions of system (1.1) and system (1.2),

firstly, we introduce the following Lemma.

Lemma 3.1. Suppose that (x7(t),x5(t),u;(t),u5(t)) is an w-periodic solution of (1.1) and (1.2)

with initial conditions (2.1), then (x7(t),x5(t),uj(t),u;(t)) satisfies the following system (3.1)

and system (3.2).

0

Xl(l) = X (t) [rl (l‘) —an(t)xl (l‘ — T11<t>) —alz(l‘) klz(S>XQ(l +s)ds

—T12

—bi()uy (1) — 1 (Dur (1 — 01)],
0

X(t) = x(t) [— ra(t) +ax (1) ko1 ($)x1(t 4 s)ds — ax(t)x2(t — 122(2))

—T21

—by(t)ur (1) — co(1)ur (1 — 02)]

and
X (1) = X1(f)[r1(f)—an(f)/omklI(S)XI(HS)dS—alz(f)Xz(f—le(f))
—bi()ur (t) = c1(t)ur (t — 01)]
o (t) = xo(t)[ = ra(t) +ax(t)xi (t — 121(7)) —azz(f)/szzkzz(S)XZ(fﬂLS)dS
—ba(1)ur(t) = e2(1)ua(t — 02)]
where

1+
wle) = [ ) + e — €)1Gi(r. p)d,

i=1,2,

(3.2)
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and

_exp{fl'Ai(6)d6}
)= S i Aoy -1

i=1,2.

The converse is also true.

Proof. Lemma 3.1 can be proved by using the similar method given by Yin and Li in the proof

of Lemma 2 in Ref. 20, and hence here we omit it.

It is easy to see that system (3.1) and (3.2) are equivalent to the following system (3.3) and

system (3.4)

0

X1 (l‘) = X (l‘) [I’] (Z‘) —an(t)xl (l‘ — T]](l‘)) —alz(l‘)/ klz(s)xZ(t—i—S)dS

—bl(t)ul(t)—Cl(l‘)ul(l‘—Gl)],
sz(l‘) = xZ(I)[—I’z(t)—Faz](t)/O kzl(s)xl (t+s)ds—a22(t)x2(t—’L‘zz(t))

—MN

by (1)ur(t) — e2(Dalt — 62)],

and
() = x(0)[r () —an () /_ Om kii (s)xi (1 -+ s)ds — an(t)x(r — 712(1))
—b1(D)ur (1) = er()ur (t = 01)]
%a(1) = xz<r>[—rz<r>+a21<r>x1<r—m(r))—azz@/_0122"22“)”““)“
—by(t)ua(1) — e2(1)ua(t — 02)],
where
ui(t) = /, U R@G e, Gl = exzx{l}ia{if(g)%}e i1’
and

K(X,‘) = di(ﬂ)xi(ﬂ)+€i(ﬂ)xi(ﬂ _8i)7 i=12,--,n

(3.3)

It is clear that in order to prove that system (1.1) and (1.2) with initial conditions (2.1) have at

least one w-periodic solution, we only need to prove that system (3.3) and system (3.4) have at

least one w-periodic solution.

Now, for convenience of statements, we denote R; = % Jo? |ri(2)|dt, i=1,2.
_ T+H_
(Hy) r——5—1n>0,
a7




6 A. MUHAMMADHAIJI

[
H
(H3) fl—a“—Li— 1F2>O, where
a
21
an(Qi(t)) m
I = max{al, [—————="_]"},
= (o))
and

H0) =b1(0) [ () + 1 (1)1 (0, )

) [ ) e w)6i - o1 m)dn.

—oy
The following theorem is about the existence of positive periodic solutions of system (1.1).
Theorem 3.2. Suppose that (H;) and (H,) hold, then system (1.1) has at least one positive ®—

periodic solution.
Proof. Let
xi(t) =exp{yi(t)} and x(r) =exp{ya(r)}.

From (3.3), we have the following system
0
yi(t) = ri(t) —an(t)exp{yi1(t —111(z))} — alz(t)/ kia(s)exp{y2(r +s) }ds

—T12

—bl(l‘)Ul (t) —Cl(t)Ul (Z‘— G]),
2 (t) = —ra(t) +ax (1) /O ka1 (s)exp{y1(t +s)}ds —axn(t)exp{y2(t — 12(¢))}  (3.5)

—T]

—by(t)Ua(t) — c2(t) Ua(t — 01),

+0
Ui(r) = K(e")Gi(t,m)dp,  i=1,2,
t
K(e") = di(u) exp{yi(u)} +ei(u) exp{yi(u — &)}
Now, we introduce the normed vector spaces X and Z as follows. Let C(R, R?) denote the space

of all continuous functions y(t) = (y1(¢),y2(t)) : R — R%. We take
X =Z={y(t) € C(R,R?) : y(t) an w-periodic function},

with norm

= max t)| + max 1)|.
I ll= max [y1(6)|+ max bvs(r)|
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It is obvious that X and Z are the Banach spaces. We define a linear operator L: DomL C X — Z
and a continuous operator N : X — Z by Ly(t) = y(¢), and Ny(¢) = (Ny;(t),Ny»(t)), where

0

Ny (t) = rl(t)—an(t)exp{yl(f—fn(t))}—alz(f)/_T ki2(s)exp{y2(t +s)}ds
=b1(t)U1(t) — c1 (1)U (t — o1),
) (3.6)
Ny (t) = —ra(t) +ax(t) ka1 (s) exp{y1 (¢ +s) }ds — an(t) exp{ya(t — T22(¢)) }

—T21

—bz(l‘)Uz(t) — CQ(Z‘)UQ(I — (71).

Further, we define continuous projectors P: X — X and Q : Z — Z by

1 (o 1 (o
— = ["ywar. v = [“vinyar

We easily see In L= {v € Z: [{’v(¢)dt = 0} and KerL = R?. It is obvious that ImL is closed

in Z and dimKer L = 2. Since for any v € Z there are unique v; € R" and v, € Im L with

v = %/va(t)dt, w(t) =v(t) —v;

such that v(¢) = vi + v,(¢), we have codimImL = 2. Therefore, L is a Fredholm mapping of

index zero. Furthermore, the generalized inverse (to L) K, : ImL — Ker PN DomL is given in

Kyv(t) :/ ds——/ / s)dsdt.

For convenience, we denote F (1) = (Fi(t),F>(t)) as follows

the following form

Fi(r) = rl(f)—all(f)exp{yl(f—Tll(f))}—alz(f)/_i kia(s) exp{ya(t +s) }ds
—bl(l‘>U1(I)—Cl(l)Ul(l‘—O'l),
) (3.7)
Fz(l‘) = —I’z(l‘) +a21(t) kzl(s) exp{y1 (l‘ +s)}ds—a22(t) exp{yz(t — Tzz(t))}

—T21

—by(1)Us(t) — c2(t)Ua(t — 071).
Thus, we have

ONY(1) = /0 " ()t (3.8)
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and

Ky(I—=Q)Ny(t) = KpINy(1) — pQNy

_ / §)ds — — / / 5)dsdt (3.9)

+<———>/0

2 o

From (3.8) and (3.9), we can see that ON and K, (I — Q)N are continuous operators. Further-

more, it can be verified that K,(I — Q)N(Q) is compact for any open bounded set Q C X by
using Arzela-Ascoli theorem and QN(Q) is bounded. Therefore, N is L-compact on Q for any
open bounded subset Q C X.

Now, we can search for an appropriate open bounded subset Q for the application of the
continuation theorem (Lemma 2.2) to system (3.5).

Corresponding to the operator equation Ly(t) = ANy(t) with parameter A € (0, 1), we have

yi(t) =AF(t), i=1,2, (3.10)

where F;(t) (i = 1,2) are given in Eqs.(3.7).
Assume that y(r) = (y1(¢),y2(t)) € X is a solution of system (3.10) for some parameter A €

(0,1). By integrating system (3.10) over the interval [0, @], we obtain

[ 10 —an@ eptn =16} —an) [ k)expla-+o)ds
—by (1)U (1) — c1(1)Uy (t — o) | dt = 0,
. . (3.11)
/O [—rz(f)Jrazl(t)/_T2 ka1 (s)exp{y1(t +s) bds — an(t) exp{y2(t — 72(t))}
—bz(l)Uz(l‘) —CQ(Z‘)UQ(I—Gl)]dI =0.
By (3.11), we have
/Ow [all(t) exp{y1 (l‘— rll(t))}+a12(t) _OT klz(s) exp{yz(t—l—s)}ds
+b1 (1)U, (1) + 1 (1)U (t — 01) | dt = 7o,
(3.12)

/Ow [azl(l‘) ’ kzl(s) exp{yl(t +S)}ds — azz(t) exp{yz(t — Tzz(l‘))}

—T21

—bz(l‘)Uz(t) - Cz(t)Uz(t — Gl)]dl‘ =ro.
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It follows from (3.10) and (3.12) that

and

that is,

Jo )\df
_;L/

—bl(l‘)Ul(l‘) —Cl(l‘)Ul(t— 61)

(1) — an () explon (= 1 (1)) —ana(e) | kials)explyalt +5)}ds

—T12

dt

(0] () 0
< [Cin@ldr+ [ lan@espn(- o)} +an) [ kel explini+s)ds
0 0

—T12

—l—b1(l‘)U1 (t) +01(I)U1 (l‘— G])]dt

< (I”_l +R1)0),

Jo [ya(t)|dt )
A —Vz(f)+a21(f)/ ka1 (s) exp{y1(t +s) bds — ax(t) exp{ya(t — T2(t)) }

—M0

—bz(l‘)Uz(l‘) — Cz(t)Uz(l‘ — 62)

dt

0

< [0+ [ an) [ () expl -+ bs—an(0)explyali = (0)

—bz(l‘)Uz([) — CQ(I)Uz(l‘ — Gz)]dt

S (’72 —|—R2)(D,

w
[ < G Ryoi=cii=1.2 (3.13)

For each i, j = 1,2, we have

/Ow ij(1) / 0 kij(s)exp{yi(t +s)}dsdt

‘E[j

Q

/ /0 a;j(t)kij(s) exp{yi(t +s) }dtds

N / 0 /;H—wa’.j(‘}_S)kij(s)exp{)’i(v)}dvds
/ / w“’f(v s)kij(s) exp{yi(v)}dvds (3:14)
/0 /_T aij (v (s) exp{yi(v) }dsdv

= /Ow /6 a;j(t —s)k ds exp{y,()}dt.
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Let z;(t) =t — 7;(t) (i=1,2). From Lemma 2.1 and H;, we get that function z;(¢) has a unique

o periodic inverse function ¢;(¢). For every i = 1,2, we have

’ O=T(®)  ay(¢;
[ ast)exptote — sy = [° 0 loO)
0

o) 1= (i) exp{yi(t) }dt.

It is clear that
aii(@i(t))
1—7;(¢i(1))

are @ periodic functions. Then for every i = 1,2, we have

= Fi(t), i=1,2,

(O] @
| aatexp(oite =it yar = [T exp{vi(0)}ar. (3.15)
From the continuity of y(z) = (y1(¢),y2(¢)), there exist constants &;,7; € [0,®] (i = 1,2) such
that
yi(&i) = max yi(t), yi(ni) = min yi(z), i=1.2. (3.16)
r€[0,m] t€[0,0]

From (3.12) and (3.14-3.16), we further obtain

2] 3| r
yi(m) < H(Fl) 1, y2(m) < n(A1) 2, y1(&1) > H(Az) 3, (3.17)
where
A / klz( )alz(l‘ —S)dsdl‘ A2 / k21( )a21(t —S)dsdl‘
—T12 —21
On the other hand, from the second equation of (3.12) and (3.14-3.16), we have
w —
a§1/0 exp{y1(t) }dt < P20+ (a2 + H2)wexp{y2(&2)}, (3.18)
where
t+m t+wo—0;
H() = bit) [ (@) +e)Gilr. pdu+ede) [ )+ ex()) Gl — 0 )d,

i = 1,2. Further from the first equation of (3.12) and (3.14-3.16,3.18), we can obtain

70 < (A1 + A)0ep(n(&)} + -y 20+ (an + o) oexp{n(é)),
21 a21

where

I' = max{a}!, T}'}.

In view of the condition of Theorem 3.2, we have

+H _ I
LR)A < (7 — a—rz)A < exp{1 (&)1, (3.19)
21 21

0< (/1 —
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where
1
A= T
Al +H + g(azz +H,)
From (3.19), we have
y2(&) > InAz =: By,
where
_ TI'+H_
Az =k (7 — —T2)A
a|

From (3.13), (3.17) and (3.20), we have
0]
y(0) <im)+ [ bio)lde < B+ C= M i=1.2
and
0]
3(0) 2 3(&) ~ [ 10)lde > Baa = Ci=i Ny i= 1.2

Therefore, from (3.21), (3.22), we have

max [y;(r)| < max {|Mi|,|Ni|} = H;,  i=1,2.
€0, o]

11

(3.20)

(3.21)

(3.22)

It is easy to see that the constants H; (i = 1,2) are independent of parameter A € (0, 1). For any

y = (y1,y2) € R?, from (3.6), we obtain ONu = (QNy;, ONy,), where
ONuy = 71— (ay +H)exp{yi} —anexp{y},

ONuy = —Fy+apexp{y1} — (axn +Hz)exp{y.}.

We consider the following system of algebraic equations
71 — (@i +Hi)vp —apv, =0,
—F +dr1 V] — (6722 —|—H2)1)2 =0.

By direct calculation, we have

o = — (d2_2 +{72)71ir67127_2 -
(@1 +Hy)(axn +Hy) +apan
and )
P — (@1 + H)) ab, (71 — FCZH )

Dy =

— = — = — > — = — = —.
(@ +H)(apn+Hy)+anay ~ (an+H)(ax+Hy)+ana;

From the assumption of Theorem 3.2, the system of algebraic equations has a unique positive

solution v = (vy,v2). Hence, the equation QNy = 0 has a unique solution y* = (y},y;) =

(Invy,Invy) € R2.
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Choosing constant H > 0 large enough such that |y}| + |y3| < H and H > H| + H;, we define

a bounded open set 2 C X as follows
Q={yeX:[y|<H}.

It is clear that Q satisfies conditions (a) and (b) of Lemma 2.2. On the other hand, by directly

calculating we can obtain

deg{JON,QNKerL,(0,0)}

—(an +H)K; —anks
= sgn _ )
a K —(an+Hy)K,

where K; = exp{y;}(i = 1,2). Since

—(a; + H)K; —ﬁlzlfz 0,
a K —(an +Hy)K>

we have deg{JON,QNKerL,(0,0)} # 0. This shows that Q satisfies condition (c) of Lemma
2.2. Therefore, system (3.5) has a @-periodic solution y* (1) = (yi(¢),y3(¢)) € Q. Hence, system

(1.1) has a positive @-periodic solution x*(t) = (x7(),x5(¢)).

From the proof of Theorem 3.2, on the existence of positive periodic solutions of system
(1.2), we have the following result.
Theorem 3.3. Suppose that (Hy) and (H3) hold. Then system (1.2) has at least one positive

w— periodic solution.

Proof. Theorem 3.3 can be proved by using the similar method with Theorem 3.2, and hence

here we omit it.

Remark 3.4. From Theorem 3.2 and Theorem 3.3, we find that as long as system (1.1) has a

positive periodic solution. Then system (1.2) has a positive periodic solution.
4. Applications

In this section, to show the generality of our results, we apply Theorem 3.2 and Theorem

3.3 to some special cases of system (1.1) and system (1.2). Firstly, we consider the following
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predator-prey systems with pure delays.

X1 (l‘) = xl(t) [1’1 (l‘) —an(t)xl (l‘ - Tll(l‘)) —alz(t)XQ(t — le(l‘))
—bl(l‘)ul(t)—Cl(t)ul(l‘—(il)},
Xz(t) = XQ(Z‘)[—rz(t)—f—azl(t)xl(t—’L'zl(t))—azz(t))cz(t—fzz(t)) (4.1)

—ba(1)uz(t) — c2(t)ua (1 — 02)],

wi(t) = —Ni()ui(t) +di(t)xi(t) +e(t)xi(t—&), i=1,2,

and
f() = x()[r@) —an() / OT Ky (s)x1 (2 4 5)ds — ana (1) / OT kia(s)xa (¢ +5)ds
—bl(t)ul(t)—cl(t)ul(t—cl)},
0 0
ia(t) = xa(t)[ = ra(t) +an (1) /_ an(s)x(r -+ 5)ds —an(n) /_ a5}l +5)ds

—bz(t)btz(l‘) - Cz(l‘)uz(l‘ - 62)] ,
Lli(l) = —A,-(t)u,-(t) —|—d,-(t)xl-(t) —I—e,—(r)xi(t — 8,'), i=1,2.
(4.2)

As a direct consequence of Theorems 3.2 and Theorems 3.3, we have the following result.

Corollary 4.1. Suppose that the assumptions of Theorem 3.2 hold, then system (4.1) has at

least one positive w— periodic solution.

Corollary 4.2. Suppose that the assumptions of Theorem 3.3 hold, then system (4.2) has at

least one positive w— periodic solution.

Next, we consider the following predator-prey systems with predator density-independence
and pure delays

0

Xl(l‘): xl(t)[rl(t)—all(t)xl(t—‘cll(t))—alz(t) . klz(s)xZ(l‘—f—S)dS
—bl(l‘)Ltl(t)—Cl(t)ul(t—Gl)}
0(t) = xo(t)[—ra(r) +ax(r) OT ki (s)x1(t +s5)ds (4.3)

b (t)up (1) — e2(t)ua (t — 02) ]

bl,'(l‘) = —A,'<l‘)u,'<l‘) +d,-(t)x,~(t) —|—e,-(t)x,-(t—£,~), i=1,2,
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and

0

() = x0(0)[r() —an() / iy ()31 (1 4 5)ds — apa (1)t — 71 (1))

—bi(t)ui (1) — c1 ()uy (1 — 61)]
X (1) = xa2(t) [ = ra(t) +az (1)x1 (t — 71 (1)) (4-4)
—by(t)ur (t) — co(1)ur (1 — 02)]

Ift,‘([)z —A,‘([)M,‘(I)—l-di(t)xi(t)—|—€i(t)xi(t—8i), i=1,2.

From Theorems 3.2 and Theorems 3.3, on the existence of positive periodic solutions of system

(4.3) and (4.4), we have the following result.

Corollary 4.3. Suppose that the assumptions of Theorem 3.2 hold. Then system (4.3) has at

least one positive w— periodic solution.

Corollary 4.4. Suppose that the assumptions of Theorem 3.3 hold. Then system (4.4) has at

least one positive ®@— periodic solution.

Remark 4.5. From the Theorem 3.2, Theorem 3.3 and Corollaries 4.1-4.4, we find that as long
as system (1.1) has a positive periodic solution. Then system (1.2) and systems (4.1-4.4), have
a positive periodic solution.

Finally, we consider the following predator-prey system with pure delays.

0

X1 (l‘) = xl(t) [l’l (l‘) —all(t)xl (l‘ — Tll(t)> —alz(l‘) . klz(s)xZ(l‘—f—S)dS
—bl (t)ul(t) —C] (t)u1 (t — G])}
B(1) = x(0) [r2t) +an (1) / OT ko1 (8)x1 (t + 8)ds — ax (t)xa (t — T (1)) (4.5)

—ba(t)ur (1) — e2(t)ua (t — 02)]

bl,'(l‘) = —A,'<l‘)u,'<l‘) +d,-(t)x,-(t) —|—e,-(t)x,-(t—£,~), i=1,2,
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and
0
Xl(l‘)z xl(t)[rl(t)—an(t)/r kll(s)xl(l—|—S)dS—d12(l)X2(l‘—712(1‘))
—bl(t)m(t)—Cl(l‘)ul(l‘—G])}
Xz(l‘)z xz(t) [rz(t)—|—a21(t)x1(t—1'21(t))—azz(t) ’ kzz(S)Xz(l‘—f—S)dS (4'6>

—T22

—bz(t)uz(t) —Cz(t)uz(t — 62)}
Lli(t) = —A,(l‘)u,(l) -l—d,-(t)x,-(t) —I—e,-(t)x,-(t — 8,'), i=1,2.

Now, for convenience of statements we denote

- ap o
(Hy) 71 FO+F12r2>O’
(Hs) 7 @ >0
rMf —————————7r
5 1 a%2+H2 2 5
where
Iy = min{ak,, [ 2@ 1) 1,
o= minte [T (o)) )
and
o t+w—0,
Ho(t) = ba (1) / (da() +e2(1)Ga(t, w)dit + e (1) / (da(1) +e2(1))Galt — 02, ) d .
—0p

From the proof of Theorem 3.2, on the existence of positive periodic solutions of system (4.5)

and (4.6), we have the following result.

Theorem 4.6. Suppose that (H,) and (Hs) hold. Then system (4.5) has at least one positive

w— periodic solution.

Theorem 4.7. Suppose that (H,) and (Hs) hold. Then system (4.6) has at least one positive

w— periodic solution.

Theorem 4.6 and Theorem 4.7 can be proved by using the similar method with Theorem 3.2.

Hence, we here omit it.

Remark 4.8. From the Theorem 4.6 and Theorem 4.7, we find that as long as system (4.5) has

a positive periodic solution. Then system (4.6) has a positive periodic solution.

5. Conclusions
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In this paper, two classes of general non-autonomous two species Lotka-Volterra predator-
prey systems with multiple time delays and feedback controls are proposed and analyzed to
study the effect of time delays and feedback controls on the existence of positive periodic so-
lutions of the system. By means of the continuation theorem, we easily obtained the sufficient
conditions for the existence of positive periodic solutions of the system. From the conditions
of Theorems 3.2, 3.3, 4.6, 4.7 and Corollaries 4.1, 4.2, 4.3, 4.4, we can see that the time delays
and feedback controls have effect on the existence of positive periodic solutions, and conditions
(Hz)-(Hs) are very crucial to find the criteria for the existence of positive periodic solutions.
Further, from the conditions (H)-(Hs), we see that the intrinsic growth rate of the prey is more
significant than the intrinsic growth rate of the predator and the intrinsic growth rate of the prey
will determine the existence of positive periodic solutions of the system. The results indicate
that if the intrinsic growth rate of the prey is large enough, then it can maintain the existence of

positive periodic solutions of the system.
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