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Abstract. In this paper, we consider and investigate a new class of harmonic convex functions, which is called the
strongly p-harmonic log-convex function. We establish some new integral inequalities of Hermite-Hadamard type
for the product of strongly p-harmonic log-convex functions and related convex functions. Results obtained in this
paper may be starting point for further research.
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1. Introduction

The theory of convexity has been subject to extensive research during the past few years due
to its utility in various branches of pure and applied mathematics. The concept of convexity
has been extended and generalized in several directions. The most well-known inequalities
related to the integral mean of a convex function are the Hermite-Hadamard inequalities. For
useful details and generalization of Hermite-Hadamard inequalities, see [1, 2, 3, 4, 5, 6, 7,
8]. The harmonic convex function, was introduced and studied by Anderson et al. [9] and
Iscan [1]. Iscan [3] introduced the concept of harmonic s-convex function in second sense. A

*Corresponding author.

E-mail addresses: noormaslam @ gmail.com (M.A. Noor), khalidan @ gmail.com (K.I. Noor), sabah.iftikhar22 @
gmail.com (S. Iftikhar).

Received January 16, 2016; Accepted February 17, 2017.

(©2017 Mathematical Research Press



2 M.A. NOOR, K.INOOR, S. IFTIKHAR

significant class of convex functions is that of strongly convex functions introduced by Polyak
[10]. Motivated by the work of Polyak [10], Noor er al. [11, 12] considered the strongly
harmonic convex functions. We would like to emphasize that strongly convex functions and
strongly harmonic convex functions are two different extensions and generalizations of convex
functions, introduced by Noor et al.; see [11, 12]. They obtained several Hadamard type integral
inequalities. Noor ef al. [11] have shown that a function is strongly harmonic convex function,

if and only if, it satisfies the inequality

2ab c a—>b» 1 dab dab c  a—b2
(o) al e = 5 (aim) /()| +asll

ab [ f(x)

S o) S
1[,(2ab\  fl@)+f(b)] ¢ a—b
< §[f<a+b)+ 2 }_ﬁHWHZ
a b) c,a—b
< f( )erf( )_EH — H2 Va,b € [a,b].

which is called Hermite-Hadamard type inequality for strongly harmonic convex functions.
Several integral inequalities for various types of strongly harmonic convex functions have been
obtained in recent years, see [11, 13, 14] and references therein.

In this paper, we introduce and consider a new class of strongly p-harmonic log-convex
function with modulus c. We obtain some new integral inequalities for product of this new class
with other harmonic p-convex functions. We believe that our findings are new, novel and better
than those already exist. The technique and ideas of this paper may open new ways for further

research in this field.
2. Preliminaries
Definition 2.1. [12]. A set I = [a,b] C R\ {0} is said to be a harmonic p-convex set, where

p # 0, if

xPyP »
S0 A ey va,y el elo,1].
txP + (1 —1)yP



INEQUALITIES VIA STRONGLY p-HARMONIC LOG-CONVEX FUNCTIONS 3

Definition 2.2. Let h: J C [0, 1] — R be a non negative function. A function f :1 C R\ {0} - R

is said to be strongly harmonic (p,h)-convex function on I, if

XPyP v xP —yP o
(|| ) sh-nr@en0se)-at-n (207, yetreio

A function f is strongly harmonic (p,h)-concave, if —f is strongly harmonic (p,h)-convex
function. With p = 1, this class reduces to the class of strongly harmonic A-convex function,
introduced by Noor ef al. [14]. This shows that this new class is more general and includes all
previously know class as a special case. If t = %, then strongly harmonic (p,h)-convex function

reduces to

(o2 }) (3 ) ron- 50 e,

xP + yp xPyP
which is called Jensen type strongly harmonic (p,)-convex function.
Now we discuss some special cases of strongly harmonic (p,%)-convex functions:

L. If h(¢) =¢° and ¢ = 0, then Definition 2.2 reduces to:

Definition 2.3. A function f: I = [a,b] C R\ {0} — R is said to be harmonic s-convex function,
where s € [—1,1], if

o N
(=aw] ) oo, wenicon

IL. If A(t) = 1 and ¢ = 0, then Definition 2.2 reduces to:

Definition 2.4. A function f : I = [a,b] C R\ {0} — R is said to be p-harmonic P-function, if

f( {%} ) <O +F0),  Vayel

Definition 2.5. A function f: I = [a,b] C R\ {0} — R is said to be harmonic (p,m)-convex
function, where m € (0, 1], if
AU [ W Vx,yel, 1€[0,1
T — —1 t t .
I\ aznye| )SmU-0fm+t/0), wxyel te[0.1]

Definition 2.6. A function f: I = [a,b] C R\ {0} — R is said to be p-harmonic quasi convex

function, where m € (0, 1], if

f( {%] ;) <max{f(x),f(»)},  Vx,yel
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Definition 2.7. A function f: 1 C R\ {0} — R is said to be strongly p-harmonic log-convex

function on /, if

xPyP v —t t xP —yP
([5255] ) = v oy —an -0 20, WmeLmﬂ%m>
2.1

A function f is strongly p-harmonic log-concave, if —f is strongly harmonic log-convex

function. If t = %, then strongly p-harmonic log-convex function reduces to

2xpy1’ 1% c xp_yp )
([355]7) = Vi - {30 e,

which is called Jensen type strongly p-harmonic log-convex function. From (2.1), we have

f<[L)yPF> < (F) () — el -2

txP+ (11—t xPypP
xP—yP o
< (=0f@+1f0) a1 =0)(500)
xP—yP 5
< max{f(x).f0)} —er(1=0)(5m)"

Remark 2.8.

(1) For p = 1, Definition 2.7 reduces to the definition of strongly harmonic log-convex
function introduced by Noor et al. [11].

(2) For p = —1, Definition 2.7 reduces to the definition of strongly log-convex function, see

[15].

3. Main results

Now we establish some new Hermite-Hadamard type inequalities involving the product of

strongly p-harmonic log-convex and other harmonic p-convex functions.

Theorem 3.1. Let f,g: I = [a,b] CR\ {0} — R be strongly p-harmonic log-convex functions,

respectively with modulus ¢ > 0. If g4 is strongly p-harmonic log-convex function and q > 1,
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then
- /
bp —
ap, 2 -1
_ (G ¢ [ [(b)g"(b)—f(a)g?(a)
s{ 6b } X{ln(ﬁ%ﬂqn(ﬁ—?) (3.1)

1

)
(@B F) - fla) | gib)—gla) ] ()
( % ) [mf(b)—lnf(a)+q[1ng<b>—1ng<a>]] } |

Proof. Using power mean inequality, strongly p-harmonic log-convexity of the functions f and
g4, respectively, we hav

e / e
:/0 Ktap+(1—t)b {xp
<\ [ (i )]

oo
( 1
(

| )
o [ (19) (£0)" o (222) [ r (122)
)\ " %




6 M.A. NOOR, K.INOOR, S. IFTIKHAR

This completes the proof.

We know discuss some special cases.

(1) If g =1, then (3.1) reduces to

parh? /bf<x>f$x>dx - {f(b)g b)—f(a)g(a)_c(ap—bpﬂ f(b) = f(a)
a XP g

b —ar = V(@) rnEd)  Vawr ) [inf6)-nf@
8(b) ~3(a) }f(%)“}
Ing(b) —Ing(a) 30 '

(2) If ¢ =0, then (3.1) reduces to

parb? (b f(x)g(x) FB)—fl@) "7 [ (F(b)g9(b) ~ Fla)g?(a) \ s
b”—a”/a xPHl dxg{lnf(b)—lnf(a)} { 1n(%)+qln(§g_?) }

(3) If c=0and g =1, then (3.1) reduces to

pa’b? /b f(x)gfx)dx < { (f(b)g(b) —f(a)g(a)}
a xPT o '

bP — aP

Theorem 3.2. Let f,g:1=[a,b] CR\ {0} — Ry be p-harmonic s-convex function and strongly
p-harmonic log-convex function, respectively with modulus ¢ > 0. If g4 is strongly p-harmonic

log-convex function and g > 1, then

parb? * f(x)gx)
bP —aP /a xp+1

Fla)+£B)]"7  [[e9(b)—g%a) g(a)
S[ s+1 } ><{[(s~|—1)(ﬁ—2) s+1

7@ (32)

2 (=)’ 1
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Proof. Using power mean inequality, p-harmonic s-convexity and strongly p-harmonic log-

convexity of f and g4, respectively where u = [g%]’ we have

2t 100 ([ el o
() e

1% ({%} p)gq([%w‘”r

[ 1o

< (st)

IN

IN

{

: [f(iif( )] X{g‘“@/ol{ﬂ a-o () rer(5) o
()’ l
sl

[_f (@) +f <b)} . {gq<a> /0 (@) (10 + (o)

IN

s+1

(e’ g
) [f(a)+f(b)]}

] el e

(L;q+2l ) } (s-|—2 s+3 f(a) ]};

- p e e

MLLEOMLG

IA

()

(s+2)(s+3)

s+2 s+1

LCE [f<a>+f<b>1}‘1’.

Since u? < (u?—1)t+1 for all 0 <t < 1, we obtain

1 1 ud —1 1
l—tsu‘”dt</ 1—=6)[(u? — 1)t 4+ 1|dr = + )
/0( ) - 0( Il ) ) (s+1)(s+2) s+1
1 1 ud —1 1
5 q’dr</r5 9+ 1)dt = )
| ewar < [l - e e =
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This completes the proof.

We now discuss some special cases.

(1) If g = 1, then (3.2) reduces to

pal’b? [ f(x)g(x) g(b)—gla) | gla) g(b) —g(a)

bP—aP/a xPt1 v < {{(s+1)(s+2)+s+l}f(a)+{ s+2
gla) (%)
+S+1}f(b)—m[f(a)+f(b)]}-

(2) If ¢ =0, then (3.2) reduces to

palb? /”f(ngl(x)dx S {M]léx{{gqb)_g(a) gq(a)}f(a)

b —ar s+1 (s+1)(s+2) s+1
g1(6) =@ , 8'@)] 1y )*
+{ s+2 +s—|—1}f(b)} '

(3) If c=0and g = 1, then (3.2) reduces to

paPb? b f(x)g(x) g(b)—gla) | gla) g(b)—gla)  gla)
bl e < [y i e [ e

(4) If c=0,s=1and g =1, then (3.2) reduces to

pa’b’ /”f(x)g(x) & < [Jla)sb)+2f(a)g(a) +2f(b)s(b) + f(b)g(a)
bP—aP Jg  xPT] - 6 '

Theorem 3.3. Let f,g:1 = [a,b] C R\ {0} — Ry be p-harmonic tgs-convex function and
strongly harmonic log-convex function, respectively with modulus ¢ > 0. If g9 is strongly p-

harmonic log-convex function and q > 1, then

alb? [0 f(x)g(x a -3 q 1(a a
pa’b /‘lf(xsz )dx§ {f()Jrf(b)} X{[g (b) +g%(a)][f(a) + £(b)]

bP —aP 6 12
(33
()’ 5
- L )+ e}
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Proof. Using power mean inequality, p-harmonic tgs-convexity and strongly p-harmonic log-

convexity of f and g4, respectively where u = [g%]’ we have

e L
(] o]

{[a-n [f<a>+f<b>]dr}l_; <{ -0+ o)

| (eta) ™ e(0) ~ rti -1 (“’;p‘bf”)z} dt}‘l’

Ll /0] B Leaira o) [ 10-0(42)"a

()’

z [f(a)+f(b)]}

(%)’ g

-3 q W) fla =k 7
< L] e el so] S )

IA

IA

IN

1
q

where

1 1 a4 1
/t(l—t)uq’drs/ (1) — 1)+ 1)dr = 21
0 0 12

This completes the proof.

We now discuss some special cases.

(1) If g = 1, then (3.3) reduces to

Ly T {[g<b>+g<a>uf<a>+f<b>1_cz(%

2
o ), R )iy g0}
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(2) If ¢ =0, then (3.3) reduces to

palb? 1t f(x)g(x) f@)+£B)]77 [ [9(b) +8%(@)]lf (@) + F(B)] ¥
bP—aP/a xPF1 b = [ 6 } X{ 12 }

(3) If c =0 and g = 1, then (3.3) reduces to

alb? b f(x)g(x) [g(D) +g(a)][f(a) + f(b)]
bpl’—al’/ xll"é':1 dr < {g : 12 }

Theorem 3.4. Let f,g:1=[a,b] C R\ {0} — Ry be p-harmonic m-convex function and
strongly p-harmonic log-convex function, respectively with modulus ¢ > 0. If g is strongly

p-harmonic log-convex function and q > 1, then

lz’aib;/ fxp+1 dx < [mf(ami+f( )] X { [M} mf(am)
. [g%w;gq(a) +g4§a>] f(b)_cz(%ﬁ” ) + £ }

(3.4)

Proof. Using power mean inequality, p-harmonic m-convexity and strongly p-harmonic log-

convexity of f and g?, respectively where u = [%], we have

o | e [ ([ ] el ]
{[ —t)f(am)+tf(b)}dt}l_; A [ 10 tamy 1509

« [(g(a))qm—r) (60)" —er(1 1) (a;;fp)z} dt}é

< {mf<am;+f(b>]1“l’ « {gq(a)/o1 [mf(am)(l_t)<§(_z>>q’+tf(b) (%)‘”}dt
(), ;

) s + 0]}

IA

-}
{mf(am;”(b)] x {g%) [ g (am) (1~ 150

(450
12 [

Q=

mf(am) + F(5)] }
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- [mf(am;Jrf(b)]l_flf . {gq(a){(qu—z)mf(am)—i—(qul—k%)f(b)}

e,

1
q

mf (am) +f(b)]}

12
mstam)+ 1) . {2,y | £ 10
2 (4=t d
- ) + 0]}

where

/01(1—t)u‘1tdtg/ol(l—t)[(uq—l)H—l]dt: ”q6+2,

1 1 ul—1 1
/nﬂ’dtgf t{(ud— 1)t +1)dt = +=.
0 0 3 2

This completes the proof.

We now discuss some special cases.

(1) If g =1, then (3.4) reduces to

a b f(x)g(x a —gla a
liil;”p/a f(fol( Jae < {lg(b)j;zg( )}mf(amH [g(b)3g( )+g(2)]f(b>
()
-0 o ptam) + 50

(2) If ¢ =0, then (3.4) reduces to

Pt (" 080, {mf(am;Jrf(b)T_éx ([EOL20
. [g%b) @), gqﬂ f(b)}é‘

(3) If c=0and g = 1, then (3.4) reduces to

pa’b? /bf(X)f](x)dx < [M}mf(amwr{w}f@)
a XP

bP — aP 6
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Theorem 3.5. Let f,g: 1= [a,b] C R\ {0} — R be p-harmonic P-convex and strongly p-
harmonic log-convex function, respectively with modulus ¢ > 0 on |a,b]. If g7 is strongly p-

harmonic log-convex function and g > 1, then

aP bP bfxx a(p) — ol(q caap,,;lf,pzﬁ
D [T < [+ o [ £ s L)) )

Proof. Using power mean inequality, harmonic (p,P)-convexity and the strongly harmonic

(log, p)-convexity of the functions f and g9, respectively, we have

parh? b f(x)g(x) ! | y e
e | St (=] Dol [iam] )

< ([0 )
x[/olf([ﬁr)gq([%rj)dt};
) {A%ﬂ@+f@ﬂm}kéx{ﬂﬁﬂ@+fwﬂ
X {(8(@) U0 (g (b)) —et(1—1) (a;;fp)z} dt};
o () o557

29(b) - g9(a) _c%—ﬁ”)z]é
ing(h)—Ing@] 6 |

< @0 |
This completes the proof.

We now discuss sone special cases.

(1) If g = 1, the (3.5) reduces to
parb? b f(x)g(x) g(b)—g(@) (%)’
bp —ap/a xPH de < [fla)+(r()] [lng(b) —Ing(a) 6 } '
(2) If ¢ =0, the (3.5) reduces to
parb? 7 f(x)g(x) g(b)~g'(a) ¢
b ], e < @) [q[lngw) —1ng<a>1] |
(3) when ¢ =0 and g = 1, the (3.5) reduces to

aPb? b f(x)g(x b)—gla
lf:’—al’/a f(xlzfl( >dx = [f(a)—i—f(b)} [mggb;—fn(gza)]'
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Theorem 3.6. Let f,g: 1= [a,b] C R\ {0} — Ry be p-harmonic quasi convex and strongly
p-harmonic log-convex function, respectively with modulus ¢ > 0 on [a,b]. If g7 is strongly

p-harmonic log-convex function and q > 1, then

paPb?

q —ol(g c aP—bP 2 ‘11
bP —ab /abf(;cgffx)dxg [max{f(a)+f(b)}][ gl (b) —g%(a) B (ap,,p

o
Jing®) —Ing@] 6 ] (3.6)

Proof. Using power mean inequality, p-harmonic quasi convexity and strongly p-harmonic

log-convexity of the functions f and g7, respectively, we have

e [ e [ ([t el )
1[max{f(a) f(b)}]de - %x 1[maX{f(a)Jrf(b)}}

¥ f o

x l(g(a))q(lt) (g(6))* —ct(1-1) ("Zp_bfp)z} dt};

< (ot 03] [ [ (59) "o CoE)]

IN

Q=

g(a)
Q) —gta) _c(%H)* s

This completes the proof.

Now we discuss some special cases.
(1) If g =1, then (3.6) reduces to
_pP\2
pa’b? /” f(x)g(x) gb)—gla) (‘)
dx < b ——4 .
el B < [max{f(@)+/OY | 523 “ng(@ -
(2) If ¢ =0, then (3.6) reduces to

bP —ab J,

aPb? [ f(x)g(x (b)) —g4(a :
S T < It s | pEE O
(3) when ¢ =0 and g = 1, then (3.6) reduces to

pal’b?P /bf(;cszx)dx < [max{f(a)—i‘f(b)}][

bP —ab J,

8(b) —g(a) 1
Ing(b) —Ing(a) |

Remark 3.7. For p = —1, our results reduces to [15]. This shows that the class of strongly

harmonic p-convex functions is more general and unify one.
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