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1. Introduction

Most real-life signals of interest, such as speech, audio, seismic, radar, biomedical, and com-
munication signals change their frequency properties over time. Therefore, a signal description
by means of time-frequency analysis is often preferable to the signal’s Fourier transform, which
reliably yields frequency information, but without any localization in time. Time-frequency
analysis has emerged as an important field in signal processing as it can be used to represen-
t time-varying signals in the time-frequency plane. Usually, the time-frequency resolution is
associated with the Fourier-Wigner transform also known as the windowed Fourier transfor-
m, or the short-time Fourier transform. A considerable attention has been devoted recently to

discovering new mathematical formulations of the uncertainty principle for the Fourier-Wigner
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transform, see for examples [1, 2, 3, 4] and the references therein. The most famous of them is
the sharp Heisenberg-type uncertainty inequality (see [1], Theorem 5.1). An other fundamental
tool in time-frequency analysis is the Dunkl-Wigner transform introduced in [5] and which is

the aim of the study of this paper. Precisely, let u; be the measure on R given by

) = (et 1/2)

and L? (), p € [1,00], the space of measurable functions f on R, such that

1/p
iy i= | [ 1FOPa0)] <o pelio

1 |2y := esssup[f(y)] < eo.
yeR
For f € L' () the Dunkl transform of f is defined (see [6]) by

Ff)(x) = /R Ey(—ixy) f(5)di(y), x€R,

where Ej(—ixy) denotes the Dunkl kernel. (For more details see the next section.)

Many uncertainty principles have already been proved for the Dunkl transform .%;, namely
by Rosler [7] and Shimeno [8] who established the Heisenberg-type uncertainty inequality for
this transform, by showing that for f € L*(uy),

2
1172 < 2t 1 P 2o I Z N 20 (1.1)

The Dunkl translation operators 7., x € R, [9] are defined on L?(1) by

Fi(tf) () = Ex(ixy) Fi(f)(y), y€ER.

Let g € L*(wy). The Dunkl-Wigner transform V,, is the mapping defined for f € L? (1) by

V() 1= [ 0780 (-0due(0).
where
862(2) 1= Zi(\ 51 7)) ).

The contents of the paper are as follows. In Section 2, we recall some results about Dunkl

transform, Dunkl translation operators and Dunkl convolution. Next, in Section 3, we study the
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Dunkl-Wigner transform V, and we give for it Calderén’s reproducing formula in the L*(i)-
case. The Section 4 is devoted to study the best approximation problem

. 2 2
sint A+ = VPl | (1.2)

for an unknown function f, where & € L?(u; ® p) is a given function and 1 > 0, s > k+ 1/2
are parameters with s fixed throughout and 1 approaching eventually 0.

Here H*(y) is the Sobolev-Dunkl space of fractional order s. We provide some analysis of
the minimizer f;’"h of problem (1.2). Especially we use the theory of Dunkl transform, to
give integral representations of f;;,h; and to examine the convergence rates of these type of
representations. In the limit case 17 1 0, problem (1.2) reduces to the Tikhonov regularization
problem inf rcps(y, {||h Ve(f )||i2 (i ®uk)}' Finally, we summarize the obtained results and

describe future work in Section 5.
2. The Dunkl convolution

We consider the Dunkl operators 7y, k > 0, associated with the reflection group G = Z, on
R:

Tif(x) = %f(x)—l—k [w] :

In higher dimensions, these operators were introduced by Dunkl in [10] in connection with a
generalization of the classical theory of spherical harmonics; they play a major role in various
fields of mathematics [6, 11, 12] and also in physical applications [13].

For y € R, the initial value problem

Iif(x) =yf(x), f(0)=1,

admits a unique analytic solution on R, which will be denoted by Ej(xy) and called Dunkl

kernel [11, 12]. This kernel is given explicitly by

Ex(xy) = Sg_12(xy) + Sier1/2(xy),

Xy
2k+1
where 3 is the modified spherical Bessel function of order & (see [14])

i [(k+1) <x>2n
S~ nll nCn+k+1)\2/) °
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Furthermore, the Dunkl kernel Ej(xy) has a unique analytic extension to C x C (see [15]), and

it can be expanded in a power series in the form

- ()" bn(k)_2”(tn/2J)!F

Ei(xy) :ngobn(k)’ T T(k+1/2)

where |n/2] is the integer part of n/2.

([((n+1)/2]+k+1/2),

The Dunkl kernel has the Laplace-type representation [16],

Ei(xz) = Njﬁ+—l}07<)2)/_11 11— 1+1dt, xeR,zeC.

In our case,
|Ex(Lixy)| <1, x,yeR. (2.1)
The Dunkl kernel gives rise to an integral transform, which is called Dunkl transform on R,
and was introduced by Dunkl in [6], where already many basic properties were established.
DunklI’s results were completed and extended later by De Jeu [12]. The Dunkl transform of a

function f in L' (uy), is defined by

Fi(f)(x) = /R Ee(—i) f0)di(y), x€R.

We notice that .% agrees with the Fourier transform .% that is given by

FHe) = @m) 2 [y, xeR

Some of the properties of Dunkl transform .7 are collected bellow (see [6, 12]).

Theorem 2.1. (i) L' — L*-boundedness. For all f € L' (), Zx(f) € L*(w), and

I M=) < M N -

(ii) Inversion theorem. Let f € L' (W), such that F(f) € L' (). Then

) = F(F(f))(=x), a.e xeR.

(iii) Plancherel theorem. The Dunkl transform %, extends uniquely to an isometric isomor-

phism of L*> () onto itself. In particular, we have

122y = NZa (O 22y -
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(iv) Parseval theorem. For f,g € L*(W), we have

(£28) 12 = (Zi(£), Zi8)) 2 )

The Dunkl transform .7 allows us to define a generalized translation operators on L2( L) by

setting
T(tef) () = Ex(ixy) Zi(f)(v), yeER. (2.2)

It is the definition of Thangavelu and Xu given in [9]. It plays the role of the ordinary translation
7.f = f(x+.) in R, since the Euclidean Fourier transform satisfies .Z (7. f)(y) = ¢™.Z (f)(y).
Note that from (2.1) and Theorem 2.1 (iii), the definition (2.2) makes sense, and

1ef 2y < WAz, f € L2 (). (2.3)

Rosler [16] introduced the Dunkl translation operators for f in L' (), by

Wf) = /Oﬂ{fe((X,y)e)Jrfo((X,y)e)ﬁ}de,y(e), (x.y) £ (0,0)
of(y) = f),

1/2
where (x,y)g = [xz +y? —2|xy| cos 9} and

C T(k+1/2)
~ VAT

Some of the properties of Dunkl translation operators 7, are collected bellow [9, 17, 18].

dvey(0) [1 —sgn(xy)cos 8| sin*~10de.

Proposition 2.2. (i) For all p € [1,| and for all x € R, the Dunkl translation t, : LP () —
LP(uy) is a bounded operator, and for f € LP (), we have

I Tef o () < 4l Lr ()

(i) Let f € L' (). Then, for all x € R, we have

/ Tof (v)dpu (y /f )dp (y

More details for the Dunkl translation operators are collected in [9, 17].

The Dunkl convolution product *; of two functions f and g in L?(1) is defined by

Freg(x) = /R tf(—)g(0)dum(y), xER.
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We notice that %, generalizes the convolution x that is given by

frg(x) = (2m)" ' /R Flr—y)g()dy, xeR.

The Proposition 2.2 allows us to establish the following properties for the Dunkl convolution

on R (see [9, 17]).

Proposition 2.3. (i) Assume that p,q,r € [1,o0| such that 1/p+1/q =1+ 1/r. Then the map

(f,8) — f *k g extends to a continuous map from LP () x LI(uy) to L™ (), and

17 *x &l () < 41w (o1l zague)-

(ii) For all f € L' () and g € L*(uy), we have
Fi(f*c8) = Fi(f) Fi(8)-

(iii) Let f,g € L*>(u). Then f %, g belongs to L*(uy) if and only if Fi(f).Z(g) belongs to
L?(wy), and

Fi(f &) = Fu(f)Fu(g),  inthe L* (1) — case.

(iv) Let f,g € L*>(u;). Then

L1 <s@Paetx) = [ 1Z0EPIF () Pdn(o)

where both sides are finite or infinite.
3. The Dunkl-Wigner transform

Let g € L?(1) and y € R. The modulation of g by y is the function 8k.y defined by

8s(2) = (5l Ful@)P) (2), z€R.

Thus,

18k llz2 () = 1181122 () -



THE DUNKL-WIGNER TRANSFORMS ON THE REAL LINE 7

Let g € L?>(u;). The Fourier-Wigner transform associated to the Dunkl operators, is the
mapping V, defined for f € L?(i) by

V() i= [ F0T8e,(0du(0). vy R,
As in [19], the Dunkl-Wigner transform V, satisfies the following properties.
Theorem 3.1. Let f,g € L>(1,). Then
(D) Ve () (x,5) = Bicy & f (%)
(i) Ve (f) (x,y) = /R E(ix2) 74 () ()] ] Zi(8) P (2)dpie (2).

(iii) The function Vg(f) belongs to L™y ® W), and
Ve (M= (eom) < 11z 812 )

By using Proposition 2.2 (ii), and as in [19] we obtain the following results.
Theorem 3.2. Let g € L?>(uy) be a non-zero function. Then

(i) Plancherel formula: For every f € L? (W), we have

Vel 2weopme) = 182 1Nl 2 (1) -

(ii) Parseval formula: For every f,h € L*(u), we have

V) Ve ) 12y = 181122 gy ) 2

(iii) Inversion formula: For all f € L' N L*>(u) such that F(f) € L' (), we have

1) = / Vel ) e (=x)dpe ) ).

||g||

By using (1.1) and Proposition 2.2 (ii), and as in [5] we obtain the following result.

Theorem 3.3. Let g € L?(u;) be a non-zero function. Then, for f € L*(u),
1
Ve ()22 o 1270 () 2 gy = (K + §)||f||iz(ﬂk)||g||L2(uk)-

As in [5] we obtain the following result.
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Theorem 3.4. (Heisenberg-type uncertainty principle for V,). Let a > 0. Then there exists a

constant c(k,a) > 0 such that, for all f,g € L*(), we have

Ve 2 o |1V O a2 o) = €@ 12 g 132

Theorem 3.5. Let g € L*(u;) be a non-zero function and a,b > 1. Then, for f € L*(u),
b
Ve U172 o 191 Ve 2y = (el DY IANEE IslIFEE -

Proof. Let a,b > 1 and let f € L*(y), f # 0, such that 11V () 22 (o) + |||y|bvg(f)||L2(uk)
< oo, Then fora > 1,

2 2 ? 2 2
|V 50 1 Ve OO r s = TP IV O ) Ve O N oy
where @’ is defined as usual by 1/a+ 1/d’ = 1. By Holder’s inequality we get

a 1/a 1/a
Ve UL o IV ) 2 IV 2 o

Thus, foralla > 1,

PR AL
| |x|V, ( )”Z le®le) = - 1_(l”k®uk)’ G-1)
[Ve(f) HL2(uk®uk)

with equality if @ = 1. In the same manner, for b > 1,

3V (£)ll2
e (32)

1—3
1Ve(f) HLz(ﬂk@ﬂk)

with equality if » = 1. By (3.1) and (3.2), for all a,b > 1,

Ve (22 () 19Ve ()l 2230

1 1
2-a%

Ul z2 e 1€l 22 )7

IV (A o IV Ve (O =

L2 (@) L2 () =

with equality if @ = b = 1. Applying Theorem 3.4, we obtain

Vi )y |1V ) [y > (el D) FIEEE e,

which completes the proof of this theorem.

The main result of this section is the following reproducing formula of Calderdn’s type for

V.
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Theorem 3.6. (Calderén’s reproducing formula). Let —oo < a < b < oo; and let g € L>(uy) be

a non-zero function, such that F;(g) € L (w.). Then, for f € L* (1), the function f, j, given by

1 b
Jap(2) = —/ /Vg(f)(XJ)ngk,y(—x)dﬂk(x)dﬂk(Y),
181|221y Ja IR
belongs to L? () and satisfies

Jm oy = Fliag, =0
b—r+-o0

Proof. From Theorem 2.1 (iii), Proposition 2.3 (iv) and Proposition 3.1 (i), we have

fusle / 518 PO FN 0 Elizn)din ) dpe ).

By Fubini’s theorem, we get

Fusl@) = [ Kanlt) i £)(0)Enliz)dpe 1),
where

b
:2;/ 7| Zi(2))* (1) d ().

Ka(1)
NPT

(3.4)

It is easily to see from Proposition 2.2 (i) that ||K p||7=(y,) < 4. On the other hand, by Holder’s

inequality, we deduce that

K0P < 22 ) 2P0 Parm )

8150
Hence, by (2.3) we find

(@, 0) |- F(8) 1

81 s,

(Hx(a,b))*
K2y < B2 Fi / | Z(8) (1) *du (1) <

Thus K, € L™ N L?(uy). Therefore and by (3.4) we obtain

Fi(fap)(t) = Kap(t) Fi(f)(2).

From this relation and Theorem 2.1 (iii), it follows that f, ; € L?(uy) and

as = Iy = [ 1ZDOP = Kap(t) Pdpuo).

But by Proposition 2.2 (ii) we have

lim K,,(t)=1, forall R,
a——oo
b—>+-o0
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and

\Ze(F)(O)P(1 = Kap(1)? < 25| Z(f)(0)]%,  forall 1 €R.

So, the relation (3.3) follows from the dominated convergence theorem.
4. Extremal functions for the mapping V,

In this section, by using the theory of Dunkl transform [12], and building on the ideas of
Saitoh [20, 21, 22], we examine the extremal function of the problem (1.2).

Let s > 0. We define the Sobolev-Dunkl space of order s, that will be denoted H* (), as the
set of all f € L?(u) such that (14 2z2)"/2.%(f) € L*(u). The space H* (1) provided with the
inner product

(i = [ 1+ Fl D) TR ().
and the norm

1/2

g = | 1+ 2715 P

Let ) > 0. We denote by (., )y #s(y,) the inner product defined on the space H* (1) by

<f= >n HS (1) - <f= >HS () <Vg(f)avg(h)>L2(uk®uk)a

and the norm || 11 gs () = v/ (> ) b () -

Next, we suppose that g € L?(u). By Theorem 3.2 (ii), the inner product (., )n,Hs (i) €an be

written

(f) >11 He (1) n{f, >HS (we) T HgHLZ < h>L2(uk)'
Let 7 >0 and s > k+1/2 and let g € L?>(u). The space H*(u), equipped with the norm

[[-l7,#5 () has the reproducing kernel

Ey(ixz) Ex(—iyz)
I{7 X,y :/ d,u Z)
L T P

that is,

(i) For all y € R, the function x — Kp ¢(x,y) belongs to H* ().

(ii) The reproducing property: for all f € H*(1) and y € R,

<faKn,g(-a)’)>n,HS(uk) =f().
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The main result of this section can then be stated as follows.
Theorem 4.1. Let s > k+1/2 and g € L*> (). For any h € L*>(u ® W) and for any n > 0, the

problem

. 2 2
it {0 W+ 1= Vel ) gy | (4.1)

has a unique extremal function f;;h given by

Fia) = [ [ Hor)Qux 3.0 (1) (),

where

Ei(—ix2) Ex(ivz) /@ | Zk(2))?(z

Q) = [ BRI
B n(+22) gl

Proof. Problem (4.1) is solved elementarily by finding the roots of the first derivative D® of

du(z).

the quadratic and strictly convex function

() = 0 ANy + 10 = Ve 22 -

Note that for convex functions the equation D®(f) = 0 is a necessary and sufficient condition

for the minimum at f. The calculation provides

DO(f) =2nf 42V, (Vg(f) —h),

where Vy' L* (W ® ) — H* () is the adjoint of V. Then

Fon®) = (MI+VEVe) "'V (h)().

On the other hand, we deduce that

Fan®) = (T +VgVe) ™'V (1), K10(3)) )
<V; (h)7 (77[+ Vg*vg)ilKl,O(wy»Hs(uk)
= (Vg (h),Kng(-3)) b, ()

Hence, one has

Fan ) = (B, Ve(Kn g (3)) 12 (o) (4.2)

Ek(—iyZ)2
1 2\s
n(1+z%) +||gHL2(uk)

2.1 (iii), it follows that Ky, ¢(.,y) belongs to L? (i), and

Ey(—iyz)
n(1+22) +llgl72 )

From (2.1), the function ®, : z — belongs to L' N L? (). Then from Theorem

Fi(Kng(-,))(2) = , zeR. (4.3)
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By Proposition 3.1 (ii) and (4.3), we have

Ve(Kng(53) (1) = /REk(ix,Z)?k(Kn,g(-,y))(Z) ol Zk(8)1* (2)du(2)

_ /Ek(ixz)Ek(—iyZ) ol Fi(g)|*(2)
B N+ gl

dp(z).

This clearly yields the result. 0

As in the same of [19] for the radial case, the extremal function f;; ,, satisfies the following

properties.

Theorem 4.2. Let s > k+1/2 and g € L*> (). For any h € L*(u, ® i) and for any 1 > 0, we

have

o Ex(iy)\/ Tl Fi(8)[*(2) Fi(h(.,1))(2)
) fmh(y)—/R/R n(1+z2)s+\|g|yi2(“k) du (1)dpg(2).

3 /R %]k (8) *(2) Fi(h(.,1)) (z)dp ()
i) Z.(fr =
( ) k(fn,h)(z) n(1+z2)s+||g‘|%2(“k)

Theorem 4.3. Let s > k+1/2 and g € L*(W). For h=V,(f), f € H*(14), we have

()t () = Flleuy =0
(ii) nli_>18+ Hf;yg(f) _fHHs(uk) =0.

Proof. (i) From Proposition 3.1 (ii), we have

Fk(Ve(f)(:1)(2) =/ u| Fk(8) [ (2) Zi(f)(2)-

Hence, by Proposition 2.2 (ii) and Theorem 4.2 (i), we obtain

. Ex(i2) Zi(f
Frin©) = Vel [, 7 (1’1’55){ +kﬁg|>é?w ). (4.4)

Since .Z;(f) € L' NL?(uy), then by (4.4) and Theorem 2.1 (ii), we deduce that

" [ O+ AN L.
fn’vg(f)(y)_f(y)_/]Rn(l‘f‘Zz)”—HgHIZJg(“k)Ek(lyZ)duk(Z)'

So, one has

n(1+2*)*1Z(f)(2)]
RN (1+22) + gl )

15 veer) = =y < dpt(2)-
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Again, by dominated convergence theorem and the fact that

n(1+2)'| %))
0+ 2+ (8l

< |7 (f) @),

we deduce (1).

(i1) As in (i), from Theorem 4.2 (ii), we have

18122, Z2 () (@)
- +2r+ gl

and

—N(1+22)*Z(f)(z)

Fi(fr —fz) = ’
n.Ve(f) T](] +Z2)s_|_ HgH%z(lik)

Consequently, we have

2 2\3s| g 2
M = [, EUEETIADCE )

% d
an,Vg(f) R [N (14 72)5 + ||g||i2 u ]2 s

Using the dominated convergence theorem and the fact that

(14 25N EP
T+ + gl

< (1+2)'|AN R,
we deduce (i1).
5. Conclusions and perspectives

We investigated the Dunkl-Wiener transform on R x R, which generalizes the windowed
Fourier transform and the windowed Hankel transform. Some results related to the Dunkl-
Wiener transform on R x R are proven, such as, Calderén’s reproducing formula, Heisenberg-
type uncertainty principle and a best approximation problem. With less restricted techniques,
these results are obtained for the windowed Fourier transform, the windowed Hankel transform
and the Dunkl-Wiener transform on R? x R¢ (for the radial case). However, the general case
concerning the Dunkl-Wiener transform on R x R? will be an open topic (difficult). This topic

requires more details for the Dunkl translation operators in d-dimensions.
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