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1. Introduction

Most real-life signals of interest, such as speech, audio, seismic, radar, biomedical, and com-

munication signals change their frequency properties over time. Therefore, a signal description

by means of time-frequency analysis is often preferable to the signal’s Fourier transform, which

reliably yields frequency information, but without any localization in time. Time-frequency

analysis has emerged as an important field in signal processing as it can be used to represen-

t time-varying signals in the time-frequency plane. Usually, the time-frequency resolution is

associated with the Fourier-Wigner transform also known as the windowed Fourier transfor-

m, or the short-time Fourier transform. A considerable attention has been devoted recently to

discovering new mathematical formulations of the uncertainty principle for the Fourier-Wigner
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transform, see for examples [1, 2, 3, 4] and the references therein. The most famous of them is

the sharp Heisenberg-type uncertainty inequality (see [1], Theorem 5.1). An other fundamental

tool in time-frequency analysis is the Dunkl-Wigner transform introduced in [5] and which is

the aim of the study of this paper. Precisely, let µk be the measure on R given by

dµk(z) :=
|z|2k

2k+1/2Γ(k+1/2)
dz;

and Lp(µk), p ∈ [1,∞], the space of measurable functions f on R, such that

‖ f‖Lp(µk) :=
[∫

R
| f (y)|pdµk(y)

]1/p

< ∞, p ∈ [1,∞),

‖ f‖L∞(µk) := esssup
y∈R
| f (y)|< ∞.

For f ∈ L1(µk) the Dunkl transform of f is defined (see [6]) by

Fk( f )(x) :=
∫
R

Ek(−ixy) f (y)dµk(y), x ∈ R,

where Ek(−ixy) denotes the Dunkl kernel. (For more details see the next section.)

Many uncertainty principles have already been proved for the Dunkl transform Fk, namely

by Rösler [7] and Shimeno [8] who established the Heisenberg-type uncertainty inequality for

this transform, by showing that for f ∈ L2(µk),

‖ f‖2
L2(µk)

≤ 2
2k+1

‖x f‖L2(µk)
‖yFk( f )‖L2(µk)

. (1.1)

The Dunkl translation operators τx, x ∈ R, [9] are defined on L2(µk) by

Fk(τx f )(y) = Ek(ixy)Fk( f )(y), y ∈ R.

Let g ∈ L2(µk). The Dunkl-Wigner transform Vg is the mapping defined for f ∈ L2(µk) by

Vg( f )(x,y) :=
∫
R

f (t)τxgk,y(−t)dµk(t),

where

gk,y(z) := Fk

(√
τy|Fk(g)|2

)
(z).

The contents of the paper are as follows. In Section 2, we recall some results about Dunkl

transform, Dunkl translation operators and Dunkl convolution. Next, in Section 3, we study the
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Dunkl-Wigner transform Vg and we give for it Calderón’s reproducing formula in the L2(µk)-

case. The Section 4 is devoted to study the best approximation problem

inf
f∈Hs(µk)

{
η‖ f‖2

Hs(µk)
+‖h−Vg( f )‖2

L2(µk⊗µk)

}
, (1.2)

for an unknown function f , where h ∈ L2(µk⊗ µk) is a given function and η > 0, s > k+1/2

are parameters with s fixed throughout and η approaching eventually 0.

Here Hs(µk) is the Sobolev-Dunkl space of fractional order s. We provide some analysis of

the minimizer f ∗
η ,h of problem (1.2). Especially we use the theory of Dunkl transform, to

give integral representations of f ∗
η ,h; and to examine the convergence rates of these type of

representations. In the limit case η ↑ 0, problem (1.2) reduces to the Tikhonov regularization

problem inf f∈Hs(µk)

{
‖h−Vg( f )‖2

L2(µk⊗µk)

}
. Finally, we summarize the obtained results and

describe future work in Section 5.

2. The Dunkl convolution

We consider the Dunkl operators Tk, k ≥ 0, associated with the reflection group G = Z2 on

R:

Tk f (x) :=
d
dx

f (x)+ k
[

f (x)− f (−x)
x

]
.

In higher dimensions, these operators were introduced by Dunkl in [10] in connection with a

generalization of the classical theory of spherical harmonics; they play a major role in various

fields of mathematics [6, 11, 12] and also in physical applications [13].

For y ∈ R, the initial value problem

Tk f (x) = y f (x), f (0) = 1,

admits a unique analytic solution on R, which will be denoted by Ek(xy) and called Dunkl

kernel [11, 12]. This kernel is given explicitly by

Ek(xy) = ℑk−1/2(xy)+
xy

2k+1
ℑk+1/2(xy),

where ℑk is the modified spherical Bessel function of order k (see [14])

ℑk(x) :=
∞

∑
n=0

Γ(k+1)
n!Γ(n+ k+1)

(x
2

)2n
.
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Furthermore, the Dunkl kernel Ek(xy) has a unique analytic extension to C×C (see [15]), and

it can be expanded in a power series in the form

Ek(xy) =
∞

∑
n=0

(xy)n

bn(k)
, bn(k) =

2n(bn/2c)!
Γ(k+1/2)

Γ(b(n+1)/2c+ k+1/2),

where bn/2c is the integer part of n/2.

The Dunkl kernel has the Laplace-type representation [16],

Ek(xz) =
Γ(k+1/2)√

π Γ(k)

∫ 1

−1
exzt(1− t2)k−1(1+ t)dt, x ∈ R, z ∈ C.

In our case,

|Ek(±ixy)| ≤ 1, x,y ∈ R. (2.1)

The Dunkl kernel gives rise to an integral transform, which is called Dunkl transform on R,

and was introduced by Dunkl in [6], where already many basic properties were established.

Dunkl’s results were completed and extended later by De Jeu [12]. The Dunkl transform of a

function f in L1(µk), is defined by

Fk( f )(x) :=
∫
R

Ek(−ixy) f (y)dµk(y), x ∈ R.

We notice that F0 agrees with the Fourier transform F that is given by

F ( f )(x) := (2π)−1/2
∫
R

e−ixy f (y)dy, x ∈ R.

Some of the properties of Dunkl transform Fk are collected bellow (see [6, 12]).

Theorem 2.1. (i) L1−L∞-boundedness. For all f ∈ L1(µk), Fk( f ) ∈ L∞(µk), and

‖Fk( f )‖L∞(µk) ≤ ‖ f‖L1(µk)
.

(ii) Inversion theorem. Let f ∈ L1(µk), such that Fk( f ) ∈ L1(µk). Then

f (x) = Fk(Fk( f ))(−x), a.e. x ∈ R.

(iii) Plancherel theorem. The Dunkl transform Fk extends uniquely to an isometric isomor-

phism of L2(µk) onto itself. In particular, we have

‖ f‖L2(µk)
= ‖Fk( f )‖L2(µk)

.
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(iv) Parseval theorem. For f ,g ∈ L2(µk), we have

〈 f ,g〉L2(µk)
= 〈Fk( f ),Fk(g)〉L2(µk)

.

The Dunkl transform Fk allows us to define a generalized translation operators on L2(µk) by

setting

Fk(τx f )(y) = Ek(ixy)Fk( f )(y), y ∈ R. (2.2)

It is the definition of Thangavelu and Xu given in [9]. It plays the role of the ordinary translation

τx f = f (x+ .) in R, since the Euclidean Fourier transform satisfies F (τx f )(y) = eixyF ( f )(y).

Note that from (2.1) and Theorem 2.1 (iii), the definition (2.2) makes sense, and

‖τx f‖L2(µk)
≤ ‖ f‖L2(µk)

, f ∈ L2(µk). (2.3)

Rösler [16] introduced the Dunkl translation operators for f in L1(µk), by

τx f (y) =
∫

π

0

[
fe((x,y)θ )+ fo((x,y)θ )

x+ y
(x,y)θ

]
dνx,y(θ), (x,y) 6= (0,0)

τ0 f (y) = f (y),

where (x,y)θ =
[
x2 + y2−2|xy|cosθ

]1/2
and

dνx,y(θ) =
Γ(k+1/2)√

π Γ(k)

[
1− sgn(xy)cosθ

]
sin2k−1

θdθ .

Some of the properties of Dunkl translation operators τx are collected bellow [9, 17, 18].

Proposition 2.2. (i) For all p ∈ [1,∞] and for all x ∈ R, the Dunkl translation τx : Lp(µk)→

Lp(µk) is a bounded operator, and for f ∈ Lp(µk), we have

‖τx f‖Lp(µk) ≤ 4‖ f‖Lp(µk).

(ii) Let f ∈ L1(µk). Then, for all x ∈ R, we have∫
R

τx f (y)dµk(y) =
∫
R

f (y)dµk(y).

More details for the Dunkl translation operators are collected in [9, 17].

The Dunkl convolution product ∗k of two functions f and g in L2(µk) is defined by

f ∗k g(x) :=
∫
R

τx f (−y)g(y)dµk(y), x ∈ R.
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We notice that ∗k generalizes the convolution ∗ that is given by

f ∗g(x) := (2π)−1/2
∫
R

f (x− y)g(y)dy, x ∈ R.

The Proposition 2.2 allows us to establish the following properties for the Dunkl convolution

on R (see [9, 17]).

Proposition 2.3. (i) Assume that p,q,r ∈ [1,∞] such that 1/p+ 1/q = 1+ 1/r. Then the map

( f ,g)→ f ∗k g extends to a continuous map from Lp(µk)×Lq(µk) to Lr(µk), and

‖ f ∗k g‖Lr(µk) ≤ 4‖ f‖Lp(µk)‖g‖Lq(µk).

(ii) For all f ∈ L1(µk) and g ∈ L2(µk), we have

Fk( f ∗k g) = Fk( f )Fk(g).

(iii) Let f ,g ∈ L2(µk). Then f ∗k g belongs to L2(µk) if and only if Fk( f )Fk(g) belongs to

L2(µk), and

Fk( f ∗k g) = Fk( f )Fk(g), in the L2(µk)− case.

(iv) Let f ,g ∈ L2(µk). Then∫
R
| f ∗g(x)|2dµk(x) =

∫
R
|Fk( f )(z)|2|Fk(g)(z)|2dµk(z),

where both sides are finite or infinite.

3. The Dunkl-Wigner transform

Let g ∈ L2(µk) and y ∈ R. The modulation of g by y is the function gk,y defined by

gk,y(z) := Fk

(√
τy|Fk(g)|2

)
(z), z ∈ R.

Thus,

‖gk,y‖L2(µk)
= ‖g‖L2(µk)

.
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Let g ∈ L2(µk). The Fourier-Wigner transform associated to the Dunkl operators, is the

mapping Vg defined for f ∈ L2(µk) by

Vg( f )(x,y) :=
∫
R

f (t)τxgk,y(−t)dµk(t), x,y ∈ R.

As in [19], the Dunkl-Wigner transform Vg satisfies the following properties.

Theorem 3.1. Let f ,g ∈ L2(µk). Then

(i) Vg( f )(x,y) = gk,y ∗k f (x).

(ii) Vg( f )(x,y) =
∫
R

Ek(ixz)Fk( f )(z)
√

τy|Fk(g)|2(z)dµk(z).

(iii) The function Vg( f ) belongs to L∞(µk⊗µk), and

‖Vg( f )‖L∞(µk⊗µk) ≤ ‖ f‖L2(µk)
‖g‖L2(µk)

.

By using Proposition 2.2 (ii), and as in [19] we obtain the following results.

Theorem 3.2. Let g ∈ L2(µk) be a non-zero function. Then

(i) Plancherel formula: For every f ∈ L2(µk), we have

‖Vg( f )‖L2(µk⊗µk)
= ‖g‖L2(µk)

‖ f‖L2(µk)
.

(ii) Parseval formula: For every f ,h ∈ L2(µk), we have

〈Vg( f ),Vg(h)〉L2(µk⊗µk)
= ‖g‖2

L2(µk)
〈 f ,h〉L2(µk)

.

(iii) Inversion formula: For all f ∈ L1∩L2(µk) such that Fk( f ) ∈ L1(µk), we have

f (z) =
1

‖g‖2
L2(µk)

∫
R

∫
R

Vg( f )(x,y)τzgk,y(−x)dµk(x)dµk(y).

By using (1.1) and Proposition 2.2 (ii), and as in [5] we obtain the following result.

Theorem 3.3. Let g ∈ L2(µk) be a non-zero function. Then, for f ∈ L2(µk),

‖xVg( f )‖L2(µk⊗µk)
‖zFk( f )‖L2(µk)

≥ (k+
1
2
)‖ f‖2

L2(µk)
‖g‖L2(µk)

.

As in [5] we obtain the following result.
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Theorem 3.4. (Heisenberg-type uncertainty principle for Vg). Let a > 0. Then there exists a

constant c(k,a)> 0 such that, for all f ,g ∈ L2(µk), we have

‖|x|aVg( f )‖L2(µk⊗µk)
‖|y|aVg( f )‖L2(µk⊗µk)

≥ c(k,a)‖ f‖2
L2(µk)

‖g‖2
L2(µk)

.

Theorem 3.5. Let g ∈ L2(µk) be a non-zero function and a,b≥ 1. Then, for f ∈ L2(µk),

‖|x|aVg( f )‖b
L2(µk⊗µk)

‖|y|bVg( f )‖a
L2(µk)

≥ (c(k,1))ab ‖ f‖a+b
L2(µk)

‖g‖a+b
L2(µk)

.

Proof. Let a,b≥ 1 and let f ∈ L2(µk), f 6= 0, such that ‖|x|aVg( f )‖L2(µk⊗µk)
+‖|y|bVg( f )‖L2(µk)

< ∞. Then for a > 1,

‖|x|aVg( f )‖2/a
L2(µk⊗µk)

‖Vg( f )‖2/a′

L2(µk⊗µk)
= ‖|x|2|Vg( f )|

2
a‖La(µk⊗µk)‖|Vg( f )|

2
a′ ‖La′(µk⊗µk)

,

where a′ is defined as usual by 1/a+1/a′ = 1. By Hölder’s inequality we get

‖|x|aVg( f )‖1/a
L2(µk⊗µk)

‖Vg( f )‖1/a′

L2(µk⊗µk)
≥ ‖xVg( f )‖L2(µk⊗µk)

.

Thus, for all a≥ 1,

‖|x|aVg( f )‖1/a
L2(µk⊗µk)

≥
‖xVg( f )‖L2(µk⊗µk)

‖Vg( f )‖1− 1
a

L2(µk⊗µk)

, (3.1)

with equality if a = 1. In the same manner, for b≥ 1,

‖|y|bVg( f )‖1/b
L2(µk⊗µk)

≥
‖yVg( f )‖L2(µk⊗µk)

‖Vg( f )‖1− 1
b

L2(µk⊗µk)

, (3.2)

with equality if b = 1. By (3.1) and (3.2), for all a,b≥ 1,

‖|x|aVg( f )‖1/a
L2(µk⊗µk)

‖|y|bVg( f )‖1/b
L2(µk)

≥
‖xVg( f )‖L2(µk⊗µk)

‖yVg( f )‖L2(µk)

(‖ f‖L2(µk)
‖g‖L2(µk)

)2− 1
a−

1
b

,

with equality if a = b = 1. Applying Theorem 3.4, we obtain

‖|x|aVg( f )‖b
L2(µk⊗µk)

‖|y|bVg( f )‖a
L2(µk)

≥ (c(k,1))ab ‖ f‖a+b
L2(µk)

‖g‖a+b
L2(µk)

,

which completes the proof of this theorem.

The main result of this section is the following reproducing formula of Calderón’s type for

Vg.
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Theorem 3.6. (Calderón’s reproducing formula). Let −∞ < a < b < ∞; and let g ∈ L2(µk) be

a non-zero function, such that Fk(g) ∈ L∞(µk). Then, for f ∈ L2(µk), the function fa,b given by

fa,b(z) =
1

‖g‖L2(µk)

∫ b

a

∫
R

Vg( f )(x,y)τzgk,y(−x)dµk(x)dµk(y),

belongs to L2(µk) and satisfies

lim
a→−∞
b→+∞

‖ fa,b− f‖L2(µk)
= 0. (3.3)

Proof. From Theorem 2.1 (iii), Proposition 2.3 (iv) and Proposition 3.1 (i), we have

fa,b(z) =
1

‖g‖2
L2(µk)

∫ b

a

∫
R

τy|Fk(g)|2(t)Fk( f )(t)Ek(izt)dµk(t)dµk(y).

By Fubini’s theorem, we get

fa,b(z) =
∫
R

Ka,b(t)Fk( f )(t)Ek(izt)dµk(t), (3.4)

where

Ka,b(t) =
1

‖g‖2
L2(µk)

∫ b

a
τy|Fk(g)|2(t)dµk(y).

It is easily to see from Proposition 2.2 (i) that ‖Ka,b‖L∞(µk) ≤ 4. On the other hand, by Hölder’s

inequality, we deduce that

|Ka,b(t)|2 ≤
µk(a,b)
‖g‖4

L2(µk)

∫ b

a
|τy|Fk(g)|2(t)|2dµk(y).

Hence, by (2.3) we find

‖Ka,b‖2
L2(µk)

≤ (µk(a,b))2

‖g‖4
L2(µk)

∫
R
|Fk(g)(t)|4dµk(t)≤

(µk(a,b))2‖Fk(g)‖2
L∞(µk)

‖g‖2
L2(µk)

.

Thus Ka,b ∈ L∞∩L2(µk). Therefore and by (3.4) we obtain

Fk( fa,b)(t) = Ka,b(t)Fk( f )(t).

From this relation and Theorem 2.1 (iii), it follows that fa,b ∈ L2(µk) and

‖ fa,b− f‖2
L2(µk)

=
∫
R
|Fk( f )(t)|2(1−Ka,b(t))2dµk(t).

But by Proposition 2.2 (ii) we have

lim
a→−∞
b→+∞

Ka,b(t) = 1, for all t ∈ R,
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and

|Fk( f )(t)|2(1−Ka,b(t))2 ≤ 25|Fk( f )(t)|2, for all t ∈ R.

So, the relation (3.3) follows from the dominated convergence theorem.

4. Extremal functions for the mapping Vg

In this section, by using the theory of Dunkl transform [12], and building on the ideas of

Saitoh [20, 21, 22], we examine the extremal function of the problem (1.2).

Let s≥ 0. We define the Sobolev-Dunkl space of order s, that will be denoted Hs(µk), as the

set of all f ∈ L2(µk) such that (1+ z2)s/2Fk( f ) ∈ L2(µk). The space Hs(µk) provided with the

inner product

〈 f ,g〉Hs(µk) =
∫
R
(1+ z2)sFk( f )(z)Fk(g)(z)dµk(z),

and the norm

‖ f‖Hs(µk) =

[∫
R
(1+ z2)s|Fk( f )(z)|2dµk(z)

]1/2

.

Let η > 0. We denote by 〈., .〉η ,Hs(µk) the inner product defined on the space Hs(µk) by

〈 f ,h〉η ,Hs(µk) := η〈 f ,h〉Hs(µk)+ 〈Vg( f ),Vg(h)〉L2(µk⊗µk)
,

and the norm ‖ f‖η ,Hs(µk) :=
√
〈 f , f 〉η ,Hs(µk).

Next, we suppose that g ∈ L2(µk). By Theorem 3.2 (ii), the inner product 〈., .〉η ,Hs(µk) can be

written

〈 f ,h〉η ,Hs(µk) = η〈 f ,h〉Hs(µk)+‖g‖
2
L2(µk)

〈 f ,h〉L2(µk)
.

Let η > 0 and s > k + 1/2 and let g ∈ L2(µk). The space Hs(µk), equipped with the norm

‖.‖η ,Hs(µk) has the reproducing kernel

Kη ,g(x,y) =
∫
R

Ek(ixz)Ek(−iyz)
η(1+ z2)s +‖g‖2

L2(µk)

dµk(z),

that is,

(i) For all y ∈ R, the function x→ Kη ,g(x,y) belongs to Hs(µk).

(ii) The reproducing property: for all f ∈ Hs(µk) and y ∈ R,

〈 f ,Kη ,g(.,y)〉η ,Hs(µk) = f (y).
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The main result of this section can then be stated as follows.

Theorem 4.1. Let s > k+1/2 and g ∈ L2(µk). For any h ∈ L2(µk⊗µk) and for any η > 0, the

problem

inf
f∈Hs(µk)

{
η‖ f‖2

Hs(µk)
+‖h−Vg( f )‖2

L2(µk⊗µk)

}
(4.1)

has a unique extremal function f ∗
η ,h given by

f ∗η ,h(y) =
∫
R

∫
R

h(x, t)Qs(x,y, t)dµk(t)dµk(x),

where

Qs(x,y, t) =
∫
R

Ek(−ixz)Ek(iyz)
√

τt |Fk(g)|2(z)
η(1+ z2)s +‖g‖2

L2(µk)

dµk(z).

Proof. Problem (4.1) is solved elementarily by finding the roots of the first derivative DΦ of

the quadratic and strictly convex function

Φ( f ) = η‖ f‖2
Hs(µk)

+‖h−Vg( f )‖2
L2(µk⊗µk)

.

Note that for convex functions the equation DΦ( f ) = 0 is a necessary and sufficient condition

for the minimum at f . The calculation provides

DΦ( f ) = 2η f +2V ∗g (Vg( f )−h),

where V ∗g : L2(µk⊗µk)→ Hs(µk) is the adjoint of Vg. Then

f ∗η ,h(y) = (ηI +V ∗g Vg)
−1V ∗g (h)(y).

On the other hand, we deduce that

f ∗η ,h(y) = 〈(ηI +V ∗g Vg)
−1V ∗g (h),K1,0(.,y)〉Hs(µk)

= 〈V ∗g (h),(ηI +V ∗g Vg)
−1K1,0(.,y)〉Hs(µk)

= 〈V ∗g (h),Kη ,g(.,y)〉Hs(µk).

Hence, one has

f ∗η ,h(y) = 〈h,Vg(Kη ,g(.,y))〉L2(µk⊗µk)
. (4.2)

From (2.1), the function Φy : z→ Ek(−iyz)
η(1+z2)s+‖g‖2

L2(µk)

belongs to L1∩L2(µk). Then from Theorem

2.1 (iii), it follows that Kη ,g(.,y) belongs to L2(µk), and

Fk(Kη ,g(.,y))(z) =
Ek(−iyz)

η(1+ z2)s +‖g‖2
L2(µk)

, z ∈ R. (4.3)
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By Proposition 3.1 (ii) and (4.3), we have

Vg(Kη ,g(.,y))(x, t) =
∫
R

Ek(ix,z)Fk(Kη ,g(.,y))(z)
√

τt |Fk(g)|2(z)dµk(z)

=
∫
R

Ek(ixz)Ek(−iyz)
√

τt |Fk(g)|2(z)
η(1+ z2)s +‖g‖2

L2(µk)

dµk(z).

This clearly yields the result. �

As in the same of [19] for the radial case, the extremal function f ∗
η ,h satisfies the following

properties.

Theorem 4.2. Let s > k+1/2 and g ∈ L2(µk). For any h ∈ L2(µk⊗µk) and for any η > 0, we

have

(i) f ∗η ,h(y) =
∫
R

∫
R

Ek(iyz)
√

τt |Fk(g)|2(z)Fk(h(., t))(z)
η(1+ z2)s +‖g‖2

L2(µk)

dµk(t)dµk(z).

(ii) Fk( f ∗η ,h)(z) =

∫
R

√
τt |Fk(g)|2(z)Fk(h(., t))(z)dµk(t)

η(1+ z2)s +‖g‖2
L2(µk)

.

Theorem 4.3. Let s > k+1/2 and g ∈ L2(µk). For h =Vg( f ), f ∈ Hs(µk), we have

(i) lim
η→0+

‖ f ∗
η ,Vg( f )− f‖L∞(µk) = 0.

(ii) lim
η→0+

‖ f ∗
η ,Vg( f )− f‖Hs(µk) = 0.

Proof. (i) From Proposition 3.1 (ii), we have

Fk(Vg( f )(., t)(z) =
√

τt |Fk(g)|2(z)Fk( f )(z).

Hence, by Proposition 2.2 (ii) and Theorem 4.2 (i), we obtain

f ∗
η ,Vg( f )(y) = ‖g‖

2
L2(µk)

∫
R

Ek(iyz)Fk( f )(z)
η(1+ z2)s +‖g‖2

L2(µk)

dµk(z). (4.4)

Since Fk( f ) ∈ L1∩L2(µk), then by (4.4) and Theorem 2.1 (ii), we deduce that

f ∗
η ,Vg( f )(y)− f (y) =

∫
R

−η(1+ z2)sFk( f )(z)
η(1+ z2)s +‖g‖2

L2(µk)

Ek(iyz)dµk(z).

So, one has

‖ f ∗
η ,Vg( f )− f‖L∞(µk) ≤

∫
Rd

η(1+ z2)s|Fk( f )(z)|
η(1+ z2)s +‖g‖2

L2(µk)

dµk(z).
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Again, by dominated convergence theorem and the fact that

η(1+ z2)s|Fk( f )(z)|
η(1+ z2)s +‖g‖2

L2(µk)

≤ |Fk( f )(z)|,

we deduce (i).

(ii) As in (i), from Theorem 4.2 (ii), we have

Fk( f ∗
η ,Vg( f ))(z) =

‖g‖2
L2(µk)

Fk( f )(z)

η(1+ z2)s +‖g‖2
L2(µk)

,

and

Fk( f ∗
η ,Vg( f )− f )(z) =

−η(1+ z2)sFk( f )(z)
η(1+ z2)s +‖g‖2

L2(µk)

.

Consequently, we have

‖ f ∗
η ,Vg( f )− f‖2

Hs(µk)
=
∫
Rd

η2(1+ z2)3s|Fk( f )(z)|2

[η(1+ z2)s +‖g‖2
L2(µk)

]2
dµk(z).

Using the dominated convergence theorem and the fact that

η2(1+ z2)3s|Fk( f )(z)|2

[η(1+ z2)s +‖g‖2
L2(µk)

]2
≤ (1+ z2)s|Fk( f )(z)|2,

we deduce (ii).

5. Conclusions and perspectives

We investigated the Dunkl-Wiener transform on R×R, which generalizes the windowed

Fourier transform and the windowed Hankel transform. Some results related to the Dunkl-

Wiener transform on R×R are proven, such as, Calderón’s reproducing formula, Heisenberg-

type uncertainty principle and a best approximation problem. With less restricted techniques,

these results are obtained for the windowed Fourier transform, the windowed Hankel transform

and the Dunkl-Wiener transform on Rd ×Rd (for the radial case). However, the general case

concerning the Dunkl-Wiener transform on Rd×Rd will be an open topic (difficult). This topic

requires more details for the Dunkl translation operators in d-dimensions.
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