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1. Introduction

Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H; and H», re-
spectively, and let A : H] — H; be a bounded linear operator. We use Fix(T') to denote the fixed
point set of mapping 7, i.e., Fix(T) = {x € C: x = Tx}.

Recall that the split feasibility problem (SFP) is formulated as to find a point ¢ € H; such
that:

q€C and Aq € Q. (1.1)
~ *Corresponding author.

E-mail address: changss2013@163.com (S.S. Chang).

Received October 14, 2016; Accepted March 23, 2017.

(©2017 Journal of Nonlinear Functional Analysis



2 J. TANG, S.S. CHANG, J. DONG

It is easy to see that g € C solves equation (1.1) if and only if it solves the following fixed point
equation ¢ = Pc(I — YA*(I — Pg)A)q, where Fc (resp. Pp) is the (orthogonal) projection from
H (resp. H,) onto C (resp. Q), ¥ > 0, and A* is the adjoint of A.

In 1994, Censor and Elfving [1] first introduced the (SFP) in finite-dimensional Hilbert s-
paces for modeling inverse problems which arise from phase retrievals and in medical image
reconstruction [2]. It has been found that the (SFP) can also be used in various disciplines such
as image restoration, computer tomograph and radiation therapy treatment planning [3-5]. The
(SFP) in an infinite dimensional real Hilbert space can be found in [6-10].

Recently, Moudafi [11, 12] and Moudafi and Al-Shemas [13] introduced the following split

equality feasibility problem (SEFP):
find xeC, yeQ suchthat Ax=By, (1.2)

where A : Hl — H3 and B : Hy — H3 are two bounded linear operators. Obviously, if B =1
(identity mapping on H;) and H3 = H», then (1.2) reduces to (1.1).
In order to solve split equality feasibility problem (1.2), Moudafi [11] introduced the follow-

ing simultaneous iterative algorithm:

X1 = Po(x — YA (Axi — Byx)),
(1.3)
Vi1 = Po(yi+ BB (Axis1 — Byk)),
and under suitable conditions he proved the weak convergence of the sequence {(x,,y,)} to a
solution of (1.2) in Hilbert spaces.
In order to avoid using the projection, recently, Moudafi and Al-Shemas [13] introduced and
studied the following problem: Let 7 : Hy — H; and S : Hy — H, be nonlinear operators such
that Fix(T) # 0 and Fix(S) # 0. If C = Fix(T) and Q = Fix(S), then the split equality feasibility

problem (1.2) reduces to:
find x € Fix(T) and y € Fix(S) suchthat Ax = By, (1.4)

which is called split equality fixed point problem (in short, (SEFPP)). Denote by I" the solution
set of split equality fixed point problem (1.4).
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Recently Moudafi [12] proposed the following iterative algorithm for finding a solution of

(SEFPP) (1.4):

Xnt1 =T (x, — A" (Ax, — Byy)),
(1.5)
Ynt+1 = S(Yn "‘BnB*(Axn—O—l _Byn))'

He also studied the weak convergence of the sequences generated by scheme (1.5) under the
condition that 7 and § are firmly quasi-nonexpansive mappings. In 2015, Che and Li [14]

proposed the following iterative algorithm for finding a solution of (SEFPP) (1.4):

p

Up = X, — A" (Ax, — By,),
Xnt1 = OuXp + (1 — ) Ty,

Vn =Yn+ YnB*<Axn _Byn)a

[ Ynt1 = 0yn + (1 — 04)Svn.
They also established the weak convergence of scheme (1.6) under the condition that both T
and S are quasi-nonexpansive mappings.

Very recently, Chang, Wang and Qin [15] proposed the following iterative algorithm for
finding a solution of (SEFPP) (1.4):
(1 = Xn — hA" (Axy — Byn),
Xnt = O+ (1= 06) (1= &) + & T (1= M)l + NMaT) Yt

(1.7)
Vi =Yn+ '}/nB* (Axn - Byn)7

[ 1 = 0wy + (1= 0) (1 = Ea)I + EuS((1 = M) I + NS) v
They established the weak convergence of scheme (1.7) under the condition that both 7" and §
are quasi-pseudocontractive mappings which is more general than the classes of quasi-nonexpansive
mappings, directed mappings and demi-contractive mappings.

Motived by above results, the purpose of this paper is to consider split equality fixed point
problem (1.4) for the class of quasi-asymptotically pseudocontractive mappings which is more
general than the classes of quasi-nonexpansive mappings and quasi-pseudocontractive map-

pings. Under suitable conditions, some weak and strong convergence theorems are proved.

2. Preliminaries
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Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let C be a

nonempty closed convex subset of H. Let T : C — C be an operator.

Definition 2.1. An operator 7 : C — C is said to be pseudocontractive if

(Tx—Ty,x—y> S ||X—y||2, any eC.

It is easy to know that T is pseudocontractive if and only if

[Tx—Ty|P < [l —y|2+ [/ = T)x— (I = T)y|[%, ¥,y eC.

Definition 2.2. T : C — C is said to be quasi-pseudocontractive if Fix(7T) # @ and
|Tx—=pl* < |}x—plI> +[|Tx—x|*, VxeC,¥peFix(T).
Definition 2.3. An operator 7 : C — C is said to be asymptotically pseudocontractive if there
exists a sequence {/,} C [1,+o0) with [, — 1 such that
[T = T"Y[[? < bl [x = Y|P+ || = T")x— (1 =T")yl?,
for all x,y € C and for all n > 1.

It is well known that 7" is asymptotically pseudocontractive if and only if

L,+1
(T =T x—y) < 2 ey
forallx,ye Candn > 1.

Definition 2.4. An operator 7 : C — C is said to be quasi-asymptotically pseudocontractive if

Fix(T) # 0 and there exists a sequence {/,} C [1,4oe) with [, — 1 such that
1T"x = plI* < bl — pl* + (| T"x — x|, (2.1)
forallx € C,p € Fix(T) and for all n > 1.

Example 2.5. [16] Let C be a unit ball in a real Hilbert space 1> and let S : C — C be a mapping
defined by

S (xp,x0,000) — (O,x%,azxz,agm,m).

It is proved in [16] that
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(i) [1Sx = Sy|[> < 2llx = I)?, Vx,y € C;
(ii) ||S"x—S"y||* < (2H7:2aj||x—y|])2, Vx,y € C, Vn > 2.

. ..
Taking aj =2 21, j>2, it is easy to see that H?:zaj = % So we can take |} =4, [, =

(2ITj= a;)?, Vn > 2. Then we have

n—oo n—oo

n 1
lim I, = lim 2] [2" 7 ") =1.
j=2

Therefore S : C — C is an asymptotically pseudocontractive mapping with Fix(S) = {(0,0,0,---)},

so it is also a quasi-asymptotically pseudocontractive mapping.

Definition 2.6. An operator T : C — C is said to be uniformly L-Lipschtzian if there exists some

L > 0 such that

| T"x=T"y|| < L|lx—yl],

for all x,y € C and for all n > 1.

Definition 2.7. (1) An operator 7 : C — C is said to be demiclosed at O if, for any sequence
{x,} C C which converges weakly to x and ||x, — T (x,)|| — O, then T'x = x.

(2) An operator T : H — H is said to be semi-compact if, for any bounded sequence {x,} C H
with ||x, — T'x,|| — 0, there exists a subsequence {x,, } C {x,} such that {x,, } converges strongly

to some point x € H.

Lemma 2.8. Let H be a real Hilbert space. For any x,y € H, the following conclusions hold:

[0+ (1= 0)y[[* = ][] 2+ (L =) |y[|* =2 (1 =) | le =y, 7 € [0, 1], (2.2)

eI < [P +2{p, 2 +). (2.3)

Recall that a Banach space X is said to satisfy Opial’s condition [17], if for any sequence

{x,} in X which converges weakly to x*, then

limsup||x, —x*|| < limsup ||x, — y||, Vy € Xwith y # x*.

n—soo n—soo
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Lemma 2.9. [18] Let {p,},{qn} and {r,} be the nonnegative real sequences satisfying the
following conditions

Pui1 < (1 +gn)pn+1a, n >0, Z gn < o, and Z Fp < oo.

n=1 n=1

Then (i) lim,_ . p;, exists; (ii) if liminf, . p, = 0, then lim,_,. p,, = O.
Lemma 2.10. Let H be a real Hilbert space, T : H — H be a uniformly L-Lipschitzian and {1, }-
quasi-asymptotically pseudocontractive mapping with {L,} C [1,00), L > 1 and lim,_, 1, = 1.

Let {K, : H— H} be a sequence of mappings defined by:

K= (1—=EN+ET"((1—n)I+nT"). (2.4)

1
(M+1)2

Ifo<é<n<
@ﬂ“\/f%z
(i) Fix(T) = Fix(T"((1 —m)I +nT")) = Fix(K,) foralln > 1;

, where M = sup, - I, then the following conclusions hold:

(ii) If T is demiclosed at 0, then K is also demiclosed at 0;

(iii) For all n > 1 and for all x € H,u* € Fix(T) = Fix(K,),
|| Knx — || < ke —u”]]

where k, =1+ &(l, — 1) (1 +nly), {kn} C [1,4o0) and lim,_,ec kp, = 1.

Proof. (i) If x* € Fix(T), i.e., x* = Tx*, we have

This shows that x* € Fix(T"((1—n)I+nT")). Conversely, if x* € Fix(T"((1—n)I+nT")) for
alln > 1,ie, x* =T"((1 —=n)I+nT")x*, letting U" = (1 —n)I+nT", we have T"U"x* = x*.
Putting U"x* = y*, we have T"y* = x*. Now we prove that x* = y*. In fact, we have
[ =yl = [l = U = [ = (L =m) I+ T")x"||
=n|lx" =T"x|| = n[|T"y* = T"x"|| < Ln|x" —y"|.
Since 0 < Ln < 1, we have x* = y*, i.e., x* € Fix(T). This shows that Fix(T) = Fix(T"((1 —

n)I+nT")) for all n > 1. It is obvious that x € Fix(K,) if and only if x € Fix(T"((1 —n)I +

NnT")). The conclusion (i) is proved.



SPLIT EQUALITY FIXED POINT PROBLEM 7
(ii) For any sequence {x,} C H satisfying x, — x* and ||x, — Kx,|| — 0, we show that x* €
Fix(K). From conclusion (i), we only need to prove that x* € Fix(T). In fact, since T is

L-Lipschizian, we have
[1on = Tt | < = T ((1 =T+ 0T )]+ [[T((1 =)+ 07T )20 — T
1
ZEIIXn— (1=6)xn = ET((1 =)+ 0T )| + L1 | [ — Txs|
1
:EHXH_KIXHH +Ln||xn — Txy||.

Simplifying it, we have

|0 — Txn|| < ||xn — K120 || — 0. (2.5)

1
§(1—Ln)
Since T is demiclosed at 0, we have x* € F(T) = F(K). The conclusion (ii) is proved.

(iii) For all u* € Fix(T), from (2.1) we have
17" (1 =m)I+nT")x—u*||?
<[ (1= mx4+nT"x =[P+ [|(1 =+ T")x = T"((1 =)+ nT")x||?

=l|| (1 =) (x =) + 0 (T"x = )|+ [ (L= +0T")x =T (L =) +0T")x|?

(2.6)
and
T — u¥[|* < by |x — | |* + ||x — T"x]|*. (2.7)
Since T is L-Lip and x — ((1 —n)x+n7T"x) = n(x— T"x), we have
T =T"((1=m)x+nT")[| < Llx— (1 =mx+nT"x)|| = Ln[lx—T"x|[.  (2.8)
From (2.2) and (2.7), we have
1(1=m)(x =) +n(T"x—u)|?
=(1=n)llx—u [P+ nl|T"% —u*|]> = (1 —n)[}x— 7"
(2.9)

(U=l = |+ (Gl = | [ = T 2) = (1 =) [[x = T"x|

=(1+1 (1)) llx—u [P + 12| Jx = T"x[ >
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From (2.2) and (2.8), we have
(U =m)I+nT")x = T"((1 =) +0T")x|?
=[|(L=m)(x—T"((1=n)x+nT"x) +0(T"x = T"((1 = n)x+nT"))[]>
—(1— )= T"((1 =+ TP+l T~ (1 - m)x+ TP (2.10)
— (1= n)|}x— "]
<=l =T"((1=m)x+nT"0)|* = n(1 —n —n’L?)|lx— T"x]]*.
Substituting (2.9) and (2.10) into (2.6), we obtain
17" (L =m)+nT")x —u"|?
<lp(14+ 11y = 1)) =[P+ || T"x — |
(=)= T"((1=n)x+nT"%)[]> = (1 =1 —n>L?)||T"x —x| (2.11)
=ly(14+ 1 (b — )| pe—u*[| + (1 =) |le = T"((1 = m)x+nT")| |

—n(1—n—n2L* = L,n)||T"x —x||~.

1
Mil, [ (M+1)?
T+\/f+L2

Since 1 < , we deduce 1 —n —n2L? —1,n > 0. From (2.11), we get

I7"((1=m)x+nT"x) —u"||? 2.12)
(141 (= )b =[P+ (L =) e = T"((1 = m)x+nT"x)| >

Combining (2.2) and (2.12), we have

[[Kx —u* ([ = [](1 = E)x+ET"((1 = n)x+1T"x) —u"|?
=(1= &)l —u" [P+ ENT" (1 =mx+nT"x) —u’|]> = E(1 = &)l = T"((1 = m)x+nT")||?
<(1=&) ke —u*[]? + ELa(L+1 Ly — 1)) |l —u’[?

+(E(1=n) = &1 =&)llx—T"((1 =m)x+nT"x)|]”
=(1+& (b= D)1+ nl))[lx — | =& (n = &) [lx = T"((1 = m)x+nT"x)| .

This together with & < 7 implies that ||K,x — u*||> < ky||x — u*||? for all x € H,u* € Fix(K,)
andn > 1, where k, = 1+ & (I, — 1)(1 +nl,). In view of that {I,} C [1,+4o0) and lim, e, = 1

we have {k,} C [1,+o0) and lim,_,.k, = 1. The conclusion (iii) is proved.



SPLIT EQUALITY FIXED POINT PROBLEM 9

2. Main results

Throughout this section, we assume that:

(1) Hy,H, and Hj3 are three real Hilbert spaces, A : Hy — H3, B : H, — H3 are two bounded
linear operators and A* and B* are the adjoint operators of A and B, respectively;

(2)T :Hy — Hy and S : H, — H, are two uniformly L-Lipschitzian and {/, }-quasi-asymptotically
pseudocontractive mappings with L > 1, [, € [1,0), I, — 1 and £2°_, (12 — 1) < oo, Fix(T) # 0,
and Fix(S) # 0.

In the sequel, we denote by x,, — x and x,, — x the strong convergence and weak convergence
of a sequence {x,} to a point x € H , respectively.

Our object is to solve the following split equality fixed point problem:
find x € Fix(T),y € Fix(S) such that Ax* = By". (3.1)
In the sequel we use I" to denote the set of solutions of (3.1), that is,
I'={(x",y") € Fix(T) x Fix(S) such that Ax* = By*}, (3.2)

and we assume that I" # 0.

Now, we present our theorem for finding (x*,y*) € T.

Theorem 3.1. Let H,, H>, H3, A, B, S, T, I, {l,,} be the same as above. Choose {a,;} C (0,1)
such that for eachn > 1, Y. 0, ; = 1 and for each i > 0, liminf,, . 0, ; > 0. Taking arbitrary

xo € Hy,yo € Hy, the sequence {(x,,yn)} is generated by:

4

(a) up = x, — HA™ (Ax, — Byy),

o0
(b) Xn+1 = Oy, 0Xn + Z OCn,il{i’/tm
=l (3.3)

(¢) Va = Yn+ YuB* (Ax, — Byy),

—+oo
(d) Ynt1 = O oyn + Z O‘n,iGiVm

\ i=1
where Ki = (1= E)+ETH (1 —m)I+NTY) and G; = (1 —EN+ES((1 —n)I+nSH).

If T and S are demiclosed at 0 and the following conditions are satisfied:

(i) Y € (O,min(HAl|2, |BIHZ)), Vn > 1 with liminf,_e %, > 0;
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1
O 2

(i) 0<a<&é<n<b< , Vn>1, where M = sup,, | Ip.
Then the following conclusions hold: ( I) {(xn,yn)} converges weakly to a solution of problem
(3.1); (1) In addition, if both S and T are also semi-compact, then {(x,,y,)} converges strongly

to a solution of problem (3.1).

Proof. First we prove the conclusion (I).
For any given (p,q) € I', we have p € Fix(T),q € Fix(S) and Ap = Bg. From (3.3)(a), we

have
||tw — pI* =I[x2 — TA* (Axy — Byn) — pl|?
=[x — pII* + %2 | |A* (Axw — Byn)||* — 2% (% — p,A* (Axy — Byn)) (3.4)

<[n = pII* + 1 |AI P 1|Axn — Byal|* — 2% {Axs — Ap, Axy — Byn).

Similarly, from (3.3)(c), we have
[1va = al* < 11ya = ql* + % 1B *[|Ax, — Bya||* + 2% (Byn — Bg,Ax, — Byn). (35)

By condition (ii) and Lemma 2.9, sequences {K;} and {G;} have the following properties:

(i) Fix(T) = Fix(K;) and Fix(S) = Fix(G;) for all i > 1;

(i1) K and G are demiclosed at 0O;

(iii) For all i > 1 and for all x € Hy, y € H,, u* € Fix(T) = Fix(K;),v* € Fix(S) = Fix(G;),
|| Kix — || < kil bx — u*[], ||Giy —v*|| < killy —v*[|, where ki = 14 &(li = 1)(1 +nl;), {ki} C
[1,400) and lim; . k; = 1. By the assumption that ¥, (I — 1) < oo, therefore we have

(ki—1) Z E(li—1)( i12—1 (3.6)

MS

—

i

Hence from (3.3)(b) and (2.1), for any positive integer [ > 1 we have
2 v 2
|ben 1 = pII* =00 (0 — p) + Y i (Kittn — )|
i=1

~+oo
<00l %0 = plI>+ Y, O il [Kittn — plI* = 0,001 | Krttn — x| (3.7)
i=1

~+oo
<au0llxn — pl ’2 + Z O‘n,ikiz| |tn — P |2 — Oy 0O, | Kt — X |2-
i=1
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Similarly from (3.3)(c) and (2.1), we have
~+o0
|[Ynt1— 4 |2 < O‘n,OH)’n - QHZ + Z an,ikizHVn - CIH2 - O‘n,OO‘n,lHGl"n _ynHZ- (3.8)
i=1

Adding up (3.7) and (3.8) and by using (3.4) and (3.5), we have that

(1 =PI+ [[yn1 — gl

~+oo
[ = pII? + ol [yn = qll* + ), 0t ik (It — pII* +[[vn — ql|*)
i=1

< 00

- an,Oan,l(| | Kty — Xp| |2 +1|G1vn — yal |2)

~+oo
< 00/ Jn = plI>+ Y 0 ik I Pen — pII* + % 1A P||Ax, — Byn||*

i=1

~+o0
— 2Yu(Axy — Ap,Axy — Byn) } + an,OHyn - CIHZ + Z O‘n,ikiz{Hyn - CIHZ + }/,%HBHZHAxn _BynH2
i=1

|Kl”n _xn“2 + Hlen —)’n||2)

+ 2}’n<Byn - BQann - B)’n>} - OCmOan,l(

~+oo
= (14 Y oni(k; = 1){|1xa — pII* + [lyn — ql*}
i=1

oo oo
+ Y o &k 72 (1A]1? + ||B]1*)||Axy — Bya| | =2 Y 0 ik7 Yl [Axa — Byal|®
i=1 i=1

— 0,00y 1 (|| Kyt — X, 2+ 11Grvn —ynl]?).
(3.9)

Since §;, € (O,min{m, W}), )/nHAH2 <1land )/,1||BH2 <1,wegetO< yn(HAH2+HBH2) < 2.

This implies that ¥,(2 — ¥%,(||A||* +||B||*)) > 0. Putting

Xa(p,q) = ||%0— pl[* + | yn — gl %, (3.10)

hence (3.9) can be written as

oo oo
Xo11(p,q) < (14 Y, 0 i(ki = 1))Xu(p,q) = Y, & iki ¥a(2 = ([l + [[B[|*))|Ax, — Byal|?
i=1

i=1
- an70an,l(| |Kjuty — x| |2 +11G1vn — ynl |2)

o0
< (14 Y ani(k; —1)Xu(p,q)
=1

= (1 + Gn)Xn(p,CI),
(3.11)
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where 0, = (L= 0,;(k? — 1)). Since k, — 1, and by (3.6), Y.

7 (k¥ — 1) < oo. Again since
—+oo 400

Yo~ ¥ Y au-)

n=1i=

:Z (kf—1) Zan,

k2—1

HM+ |

(ki — 1) < oo. This implies that

and o, — 0, by virtue of Lemma 2.8, the limit lim,,_,.. X,,(p, ¢q) exists. Therefore the following

limits exist:
lim [lx, — pl| and  lim [|y,

Rewrite (3.11) as

—q|| V(p,q) €T.

(3.12)

~+o0
Y, 0 iki (2 = a([AI1* + [[BII)) | |Axn — Byal |

i=1

+ O£n7006n7l(| |Kjuy, — x| ’2 +1|G1vn = yal |2)

< (1+0u)Xu(p,q)

_Xn+1(p7q)‘

(3.13)

Letting n — oo and taking limit in (3.13), we have forall / = 1,2, --

||Ax,

From (3.14) and (3.3) we have that

(lim |[up —x,|| =0 and lim ||v,
n—soo n—oo

< hm sup ||Kjuy — x| =
7 el

r}grolo ’ |yn+1

< hm n X2 10 8up ||Givy, —
iel

—)’n“ =0

< lim sup||G;vy,
o0 ey

—Byu|| = 0; ||Kjuy — xp|| = 05 ||Gyvn

< lim X7 | 0, ; sup || Kiuty, — x|
oo i€l

— vl = ,}E{}ozlean,iHGivn

ynH

—Yu|| = 0. (3.14)

_Yn|| =0

1 (L1 x| = Tim 57 0] [Kit — |

(3.15)

_)’nH
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This together with (3.14) shows that
|| K1ty — || < || Kyt — Xu ||+ |0 — || — 0;

(3.16)
HGIVn_VnH < HGIVn_ynH ""H)’n_vnH — 0.

Since {x,} and {y, } are bounded sequences, there exist some weakly convergent subsequences,
say {x,, } C {x,} and {y,,} C {yn} such that x,, = x* and y,, — y*. Since every Hilbert space
has the Opial’s property which guarantees that the weakly subsequential limit of {(x,,y,)} is
unique. Therefore we have x, — x*, and y,, — y*.

On the other hand, from (3.15), it gets that u,, — x* and v, — y*. By (3.16) and the demiclosed
property of K; and Gy, we have Kjx* = x* and G1y* = y*. This implies that x* € Fix(T) and
y* € Fix(S).

Now we show that Ax* = By*. In fact, since Ax, — By, — Ax* — By*, by using the weakly

lower semi-continuity of norm, we have
||Ax* — By*||* < liminf||Ax, — By,||* = lim ||Ax, — By,||* = 0.
n—oo n—oo

Thus Ax* = By*. This completes the proof of the conclusion (I).
Now we prove the conclusion (IT). In fact, since K| is uniformly continuous, we have ||K;u, —

Kixy|| — 0 as n — oo. Hence from (3.15), we have
|20 — K12xn || < ||xn — Kyun|| + || Kyun — K1 x,|| — 0(n — o0). (3.17)
Similarly, we can also prove that
|[Yn — G1yn|| = O(n — o). (3.18)
By virtue of (2.5), (3.14),(3.17) and (3.18), we have

|[xn — Txn|| < ||x%n — K1xn|| = O(n — o0);

v
E(1—Ln)

Hyn_SynH < é(

(3.19)

1
TLT])H’V"_GI))"H — 0(n — o).

Since S, T are semi-compact, it follows from (3.19) that there exist subsequences {x,, } C {x,}

and {y,; } C {yn} such that x,, — x (some point in Fix(7")) and y,; — y (some point in Fix(5)).
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It follows from (3.12), x, — x* and y,, — y* that x,, — x* and y, — y* and Ax* = By*. This

completes the proof.
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