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1. Introduction

Fractional calculus is a generalization of the integer order of ordinary differentiation and
integration to arbitrary order [1, 2]. Recently, several reserchs in fractional calculus were pub-

lished in engineering, economic, physical, and biological fields [3]. Especially, advances of
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fractional calculus are dominated by applications in boundary value problems for fractional d-
ifferential equations [4, 5, 6]. The discrete fractional calculus is a relatively new mathematical
field. Therefore, many researchers have attempted to develop the theory of discrete fractional
calculus in various directions. For some recent results, see [7] and the references therein. In
medical science, Atici and Sengl have shown the usefulness of fractional difference equations
in tumor growth modeling; see [8] and the references therein.

Usually, the exact solutions of the nonlinear equations are very difficult to obtain. Although
we can use numerical approach to find the approximation of solution, researchers should ensure
that the real problem has a solution to prevent the loss of time from finding a solution that does
not exists. Based on this idea, both time and economic value will be saved. Recently, many
researchers pay attention to investigate sufficient condtions to grarantee that the problem has
solutions. The following works are the approaches of the study of the boundary value problems
for fractional g-difference equations.

In 2013, Yang [9] proposed the boundary value problem of the fractional g-difference equa-

tion with ¢-Laplacian operator

DE(0u(D&u(t))) = f(1,u(r)), 0 <1 < 1,

u(0) =u(1) =0, Dgu(0) = Dgu(1) =0,

where 0 <g< 1,1 <a,B <2and Dg‘ is the o-order fractional g-derivative of the Riemann-
Liouville type, f: [0,7] x R — R is a continuous function, ¢ (s) = |s|* 25, > 1 and (¢,) ' =
1,1 _
(PV, E + v = 1.
Zhao, Chen and Zhang [10] studied the fractional g-difference equation with nonlocal g-

integral boundary conditions

(Dgu) () + f(t,u(r)) =0, 0 <z <1,

(n —gs) B (1.2)

W =0, u(t)=ptfu(m = p [ LB (o)

where0 <g< 1,1 <a,B<2,0<n<1,u>0, DS‘ is the o-order fractional g-derivative of

the Riemann-Liouville type and f : [0,7] x R — R is a continuous function.
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In 2014, Pongarm, Asawasamrit, Tariboon and Ntouyas [11] investigated the following frac-

tional g-difference equation for multi-strip fractional g-integral boundary conditions

Deu(t) = f(t,u(r)), t € (0,T),

u(0) =0, (1.3)
u<T>:i1 ()| f (Bu(&) - (),

\ i= nii=1

where | < <2,0<¢,¢;<1,B>0,0<m <& <T,;cRforalli=1,2,...m, D is the
a-order fractional g-derivative of the Riemann-Liouville type, Iff is the fractional g;-integral of
order f8; and f: [0,T] x R — R is a continuous function.

Recently, Sitthiwirattham [12] studied the existence of solutions for the following nonlinear
fractional g-difference equation with nonlocal three-point fractional quantum-integral boundary

conditions

DER(r) = 1(1,5(0), Dipx(1), 1€ [0.7]

() = p(), (1.4
T

Ba(T(T) = s [ 46T~ po) P xs)dys =0

In addition, the authors proposed the following nonlinear fractional g-integrodifference equation

with the same boundary conditions

D&x(t) = f(1,x(t), ¥hx(1)), t € [0,T], (1.5)

where p,q,w € (0,1), a € (1,2], v € (0,1], B,y>0and n € (0,T) are given constants, D%, Dy,
are the Riemann-Liouville fractional g-derivative of order & and @-derivative of order v, respec-
tively, f € C([0,T] x R x R,R) and g € C([0,T],R™) are given functions, p : C([0,T],R) — R
is a given functional.

Recently, Patanarapeelert, Sriphanomwan and Sitthiwirattham [13] considered a sequential

g-integrodifference boundary value problem involving two different orders and six different
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numbers of g in derivatives and integrals of the form

(

Dyp(1)Dp(k +Do)lx(r) = f(t,x(t), D[ef'x(1)], Wy (1)),
x(0) = x(T),

(Doleg"x(1)])i—0 = Dolef x(T)],

126 (t)x(T) =0,

\

wheret € IL := {a*T : k e N}U{0,T}, 1,001, p=Llg=L 0= r="w={_1v=
Vi

9’ 0y’ r’ wy
1
Loand o =
Iz LCM (p2,q2,02,2,w2,V>)

are proper fractions with w < o, LCM 1is the lest common
multiple, k < +,p,0 € C(IL,RT) and f € C(IL x R x R x R, R) are given functions.
Motivated by the above mentioned works, the following boundary value problem of the frac-
tional g- integrodifference equation involving different numbers of g are considered in this
paper.
DY (DH(1+p(0)))x(r) = £(t,x(1), Dlyx(r), Wox(r)),

(1.7)

-
w) =atm, 1ta(r) = [T s =)

where t € I == {}*T : ke N}JU{0,T}, 0 <, B,u <1, 1 <a+B <2, v,y>0,n€ely —

{0,T}, p= ﬁ—;,q = %,r = %, 0= %,w = % are simplest form of proper fractions and y =

LCM(pzvq;rz’esz) ,LCM is lest common multiple, p() € CU%,RJ“), fe C(I; xR xR x R,R)

are given function, g : C (I; ,R) — R is given functional, and for ¢ € C (I; X I% ,[0,0))

Wx(t) = (I px) (1) = rwl(v) [ =05 V(. 9x(5)das (1.8)

The paper is organized as follows. In Section 2, we recall some definitions and basic lemmas.
In Section 3 and Section 4, we prove the existence and uniqueness results for the boundary value
problem by employing Banach’s contraction mapping principle and Krasnoselskii’s fixed point

theorem. Finally, an illustrative example is presented in the last section.

2. Preliminaries

We first introduce notations, definitions, and lemmas which are used in the main results. Let

g € (0,1) and define

la]g ==
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The g-analogue of the power function(a — b)) with n € Ny :=[0,1,2,...] is
n—1
(a—b)0 =1, (a—b)™ ::H(a—bqk), a,b eR.
k=0
More generally, if o € R, then
e

(@) .«
la=b)":=a o 1 — (2)gotn’

a#0.

In particular, if b = 0 then a(®) = a®. We also use the notation 0(*) = 0 for ¢ > 0. The ¢g-gamma

function is defined by

Iy(x) :zw xeR\{0,-1,-2,...},
and satisfies I'y(x+1) = [x],['y(x).
Remark 2.1. [14] If & >0 and a < b <t, then (r —a)(® > (t — b)(®.

Definition 2.2. [15] For o > 0 and f defined on [0, T], the fractional g-integral of the Riemann-

Liouville type is defined by

N = gy | ™ Vrd
B x—ar(q]&;] | i""“ —q" ) Vg,

and (10£)(x) = £(2).
Definition 2.3. [16] For o > 0 and f defined on [0,7], the fractional g-derivative of the

Riemann-Liouville type of order o is defined by

(Dg )(x) == (D7~ f)(x), & >0,
and (Dg f)(x) = f(x), where m is the smallest integer that is greater than or equal to o.
Definition 2.4. [17] For any x,s > 0,

1
By (x.s) ::/0 D (1 = )6,z

- Ty ()T (s)

—(1— n(l— n+1y(s—1) n(x—l):—
( Q)ngoq( "V (g" T (cts)

is called the g-bata function.
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Lemma 2.5. [15] Let o, > 0 and f be a function defined on [0,T]. Then, the following
formulas hold:

(i) (15 1)) = (1P £) (),
(id) (g1 f)(x) = f ().

Lemma 2.6. [16] Let o« > 0 and N be a positive integer. Then, the following equality holds:

N—-1 o—N+k

(130G )(x) = (D17 ) (x) = k;() T, (a+k—N+1)

(DGf)(0).

Lemma 2.7. [11] Let ¢, B,y > 0 and 0 < p,q,r < 1. Then, the following formulas hold:

M a+p
Cy(a+B+1) 7
(”)Iglq(n)_Fp(a+£+1)rq<a+l> ’

(n) = Fp(a+1)1"r(oc+ﬁ+1) a+B+y
Cp(a+B+ D (a+ DI (o+B+y+1) ‘

(i) I¢nP =

b

(iii) 17151,

The following lemma which deals with a linear variant of the boundary value problems (1.7)

is introduced to define the solution of this problem.
Lemma 28. LetO< a,B <1, 1<a+B<2, v>0,n1 EI$—{(),T}, p= %,q: %,r: %

LW (psgar) - Junctions y(1) € C(I{ . R) and p(1) € C(I§ RY),

and a functional g : C (Iq{ ,R) — R. Then the boundary value problem

be simplest proper fractions, ¢ =

DE(DE(1+p(0)))x(t) = (1), t € 1], (2.1)

K0)=x(m).  I(T) = 5(x). 22
is equivalent to the integral equation
()= (1) 1850+ | 00810~ 0% (g00) - F(1-+p(0)
<IN )+ iyt (s - eu(m)) | / 23
@ pom? ! (meu(r) - nerrax)) |
s .

where Q(s) = ETIOL Q) (s) = Tip) S € Iq{, and I'Q (T) — n*I}Q,(T) # 0.
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Proof. By Definition 2.3 and Lemma 2.5, we obtain

1EDL (DB (1+p(1)))x(e) = 18y(0), (2.4)
which leads to
DE(1+p(1))x(t) = 1¢3() + €1, (2.5)
and
1 u r e ~
0 = 1 (1090 + € A bt ), 26)

From the first condition of (2.2), we have

I'y(a)

a+p—1 B-1_ _jBju

For some g : C(Iq{ ,R) — R, we assume that g(x) = &, where & € R. After taking fractional

r-integral of order y > 0 for (2.6), and employing the second condition of (2.2), we get

O o) e oa(r) =&~ (o B ). 2

Cy(atB) +p(s)
Solving the system of linear equations (2.7) and (2.8), we have the unknown constants C; and

C, as given by

C(a+B) (§n8 1+ HOa(TE I () 0P (1 -+p(9) (1)
Cl = 5
r(a)n? 1 (179(r) ~ nedfu(n)

B L1+ p(s) B IEY)(T) = EnH BT — 110y (1) B 18y(n)

P (176 - et

G =

Substituting the constants C; and C; into (2.6) and replacing & by g(x), we obtain (2.3).
On the other hand, we shall show that (2.3) is the solution of problem (2.1)-(2.2). First of all,

for (2.3) can alternatively be written as
(1 pla)0) = IBI35(0) + [P 48 =P ()~ (1 + )
<)) +1f1s(m) (18 ea(r) - ) )| [ 29)

0 (meu(r) - nerrax)) |
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Taking the fractional p-derivative of order 3 for (2.9), we have

%nﬁ-%“‘l (g(x>_1g<<1+p<s>>-1

Tp(a+B)
Ip(a+1)

DB(1 1 p()x(r) = 1%(1) + [

<IN ) + “mmnen)| /@)

[nﬁ“ (lml(T) - n‘”lmz(T))} :

Finally, taking the fractional g-derivative of order & for (2.10), we obtain (2.1). This completes
the proof.

3. Main results

Let ¢ =C (I; ,R) be a Banach space of all continuous functions from I; to R. Define the
norm by x|l = max{]lx|,||Dgx|[}, where |lx|| = sup|x(r)| and ||Dx|| = sup|Dyx(r)|. The

T T
tely t€ly

operator &7 : 6 — € is defined by
(@)1 i= (14 p(0) I e D W0 0)+ | (101 = )

x (g<x> S +p<s>>-11513f<v,x,sz,wz,x»<T>)
(3.1)
+ PP IS f(u,x, Dlyx, Wix) (n) (r“lmz(T) —17Q, (T))] /

@ pm? ! (meu(r) - nerraxn)) |

Since problem (1.7) has solutions if and only if the operator .7 has fixed points, our first result

is based on the Banach’s fixed point theorem.

Theorem 3.1. Assume that the functional g : C (I% ,R) = R is continuous, f : I; X R xR x
R — R is continuous, p : I; — R and ¢ : I; X I; — [0,00) are continuous functions. Let

oo= sup {o@(t,s)}. Suppose the following conditions
(t,s)ell <1}

(H\) there exist positive numbers Ly, Ly, L3 such that, for eacht € I; and x,y € €,
£ (1%, Dgx, ¥px) — £ (1,3, Dy, ¥ooy)| < Lillx — || + Lo || Digx — Dy || + Ls | ¥t — iy .

(H) There exists a positive number T such that, for each x,y € €, |g(x) —g(y)| < tl|lx—y|[.
(H3) For eacht € I, 0 <n < p(t) <N.
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L T, (o+Dy(a+B+1)T (ad+-B+y+1)(1+n)
(Hy) ®:= A (P, +P,) + 2 F,,(([;+1)F,(a+ﬁ+1)T“+B+Y TP < 1,
where
A = max{L;+L,+L (pO—TV}
Ay = LB (a+B+7y)—Tr(o+B)T(B+7),
Ay = [T(a+B)T(B+7)T*=T,(B)T-(a+B+7)n% #0,
b I,(o41)T*HP Tp(a+1)(1+N)noHToe+B=1x,
' (e D e+ B+ D(1+n)  Ty(a+ D(a+B+1)(1+n)72A°
p Ip(a+ DT+ (a+ B+ DI (a+ B +7y)(1+N)(T*—n*) TP
2 = .

Lya+ D) (a+B+ D)0 (a+B+y+1)(1+n)?As

Then the boundary value problem (1.7) has a unique solution.
Proof. We begin the proof by transforming the boundary value problem (1.7) into a fixed point
problem x = o/x, where </ : € — € is defined by (3.1). Assuming that sup|f(¢,0,0,0)| =M

T
tel}

and sup |g(x)| = K, we choose a constant R satisfied with
XEE

Ty (a4+- 1)y (a+B+DT(o4-B+y+1)(14n)
M(Pr+Py)+ = @ prredy Ki2

R >
- 1-0

(3.2)

We next show that <7 Bgr C Bg, where Bg = {x € ¢ : ||x||¢ < R}. For all x,y € ¥ and for each

t e I;, we have

|x| < (1+P(f))_llfl(f‘|f(u7x,D§x7‘PZ>X)I(l)+{(m)ﬁ_llf‘x—no‘lg(X)

—IY((1+p(s)) "' 1P 1%| f (v,x, Diyx, wz,xmm\ + BB I £ (u,x, Db, W) | (1)

X

11T (T) —12/Q1(T)H / [(1 +p(1)nP!

1'Q(T) - n“IZQz(T)H

IN

(14 m) B 1, D, W) | (T) [(nT)ﬁ-wT“ 0 (\g<x>!
() B £ (v, D, wx)xmn) TPV B f (. D, )| (1)

r-p-q

X

T“mz(m—ml(mﬂ [[aenne

170,(T) - naz,mz(r)u |
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Applying the following inequalities

| (8%, D, W) < | f(2,x, Dgx, Wiyx) — £(2,0,0,0)[ + | £(2,0,0,0)]

1%

ooT
< L L,|| D" [i— M
< Lillll+ L2 IDfl + Ly s el +

< AR+M,

and
lg(x)| < [g(x) —g(0)| +g(0)| < TR+K,

we have
(AR+M)T,(a+ 1)T*FP 5
= rq(a+1)r,,(§+ﬁ+1)(1+n) {(”T) (T )((TR“{)
(AR+M)T (o + DT (a+ B+ 1)T¥HB+Y
Fyla+ 1)+ B+ 1) (a+B+y+1)( 1+n>
(AR+M)Ty(a+ 1) PTet2b+r=21 () _ Ii(a+B) H/
Lo+ )C(a+B+1)(1+n) |T,(B+7y) TH(a+p+7)
(1+n)nP TP 71T (a0 + B)T _ L(B)n“* }
1+N I (a+B+y) T.(B+Yy)
Lya+D)p(a+ B+ D)0 (a+B+y+1)(1+n)
Ly(a+ 1) (o + B+ 1)To+B+Y

= RO+M(P +P)+ KP,

and

Db /x| = |Dg 1y " x|
(AR+M)T (o +1)Tg(at+B+1)
Ly(a+1)p(a+ B+ 1Dlg(a+pf+2—p)(1+n)
F o B—1 T o+p—1
{re ocjﬁjlﬁ TL 1+n)D9(ta+B_”)_rg(ﬁeﬁ)ﬁu)(wn)%aﬁ_“)
(AR+M)T (o4 DT (0 + B+ 1)T¥HB+Y
X(“”K T (a+ 1) )(aJ(rB+1))Ff(a+ﬁl3+})/+l)(1+n)>
(AR+M)T, <a+1)na+ﬁ I (B)T(a+B)TA+7-1
Ty(a+Dp(a+B+1) [Tr(B+y)Te(a+f+1—p)(1+n)?
T, (a+B)Te(B)TO P! PPN T (a4 B)T
C(a+B+7)Te(B+1—p)(1+n)? }/{ 1+N L(a+B+7)
_ L(B)n* ]
L(B+7v)

9([a+ﬁ+1_“)

IN

+

De(taw*u)
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Since DgtP = zt’tE}:gl;), where
pe{a+f+1-po+p—u,p—puf,
we have
| Dy 7|
o+p
< AR+ M) Iy(a+1)T ~ Tyla+p+1)
Ly(a+1)p(a+B+1)(1+n) To(a+pB+2—u)TH

1 — @at+B+i-n
1-6

Lp(a+1)(1+N)npeHTerh!
Ly(o+ D p(a+ B +1)(1+n)2As

I, (B)To (0 + B) 1— gt

X

L(o+B)Te(B)

L (B+y)Te(a+B+1—u)TH 1—-6

CLi(a+B+y)Te(B+1—p)TH

Xl—eﬁ*” Cp(a+ DB+ (a4 B+ D (a+B+7)(1+N)T*HP
1-6 Lya+1D)(a+B+ D0 (a+B+y+1)(1+n)Ay
To(a+B)T* |[1—0%F# To(B)n® |1—6P#

“TelatBr1—WTH| 1-6 | Te(B+1-w)TH| 1-6

LB+ V(¢ +B+y)(1+N)|  To(a+B)T* |1-6*F*

+(TR+K){ (1+n)TYA; Fo(a+B+1—pn)TH 1-6
To(B)n*  [1-6P*

" Te(B+1—uw)TH| 1—6

I,(a+1)T%P (a4 1)(1+N)noHToetB=lx,

IN

(),R+M){

Ip(o+ DB+ (o + B+ D (a+ B +7)(1+N)(T*—n*) TP }
Ly(a+ 1) (a+B+ D (a+B+y+1)(14+n)%Ay

{Tr(ﬁ +y(a+B+y)(A+N)(T* —77“)}
(1+n)TTAy

+(TR+K)

< R@—l—M(Pl —l—Pz)
Cya+ D)o+ B+ DI (a+B+y+1)(1+n)
Cp(a+ 1) (a+ B+ 1)To+h+r

KP.

Tgla+ DTp(a+B+1)(1+n)  Ty(a+DIp(a+B+1)(1+n)°Ar

11

Therefore, ||.<7x||¢ < R and hence <7 Bg C Bg. We next show that .o/ is a contraction. Denote

that

L [t,x,y,Dyx, Dy, ¥ x, W,y = | f(t,x, Digx, Weyx) — f (1,5, Dy, ¥ipy)| -
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For all x,y € ¥ and for each t € 1L we have

and

IA

|/ x — oy|

IN

(1+p (1) 2137 [t,x,y, Dlyx, Digy, W pore, Wiy (1) + [(nt)ﬁ“ [t =1

N8 = 8O0 = F((1+ p(s)) 1B1% [t 5,3, Dlox, Dly, Wi, wz,ymn]

P Dl Dl P W) B0 (1) ~ (1) | /

(+p(0)nP ! eur) —n“fmzmH

= lx=yls®,

1—- 1—
DYy o/x—Dhaty| = |Dg(Iy " Zx—1, " oy)|

Dy {1;‘” ((1 +p(8) T IPI%. |1, x,y, Dlyx, Diyy, ¥y, ‘%y]) (t)

| (npag (e pon et ) et (e pe) )
< (|g<x> g0~ (14 p(s)) 1B [t 2y, D, Dy W, wz,ymn)

1B1E St 5,y Dl DYy W, W () (IMT)I&“ (<1+p<s>>1r“+ﬁl)

—I7Qy (TS ((1 +p(s))‘1tﬁ‘1)>] / {”ﬁ_l (’rle(T) - "al’yQZ(T))} }

A I,(a+1)T*P (a4 1)(1+N)neHToe+B=1p,
”"‘y”‘é’{rq<a+ D, (a+B+1)(1+n) T+ Dy (a+B+1)(1+n)2A;
(o4 DE B+ (o + B+ D (a+ B +7)(1+N)(T*—n*) TP }
Ly(a+ 1) (a+B+ D (a+B+y+1)(14+n)%Ay

{Fr(ﬁ +y)C(a+B+7)(1+N)(T*—n%) }
(1+n)T7A,

+7llx =yl

lx = yllz ©.

Thus, ||.«/x — o/y||¢ < O||x —y||¢. From (Hy), we can conclude that <7 is a contraction. Hence,

the conclusion of the theorem is followed by Banach’s contraction mapping principle. This

completes the proof.
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The following Krasnoselskii’s fixed point theorem is introduced to accomphished the second

result.

Theorem 3.2. (Krasnoselskii fixed point theorem) [18] Let K be a bounded closed convex and
nonempty subset of a Banach space X. Let A, B be operators such that

(i) Ax+ By € K whenever x,y € K,

(ii) A is compact and continuous,

(iii) B is a contraction mapping.

Then there exists z € K such that z = Az+ Bz.

Theorem 3.3. (Arzela-Ascoli theorem) [18] Let D C R" be a bounded domain, K C C(D,R)
be bounded and the following property of equicontinuity holds. For every € > 0, there exists
0 > 0, so that

lx—y|| <6 = |ulx)—uly)| <e, Vx,y € D, Vu € K.

Then K is compact.

Theorem 3.4. Assume that (Hy) — (H3) hold. In addition, f : I; X R xR xR — R is a contin-
uous function satisfying the following condition:

(Hs) For all (t,x,Dyx,¥},) € IL x R xR X R, with p € C(I},R™), | f(t,x,Dgx,¥)| < u(t). If

Lya+ D)0 (a+B+ D) (a+B+y+1)(1+n)
y(a+ D) (a+ B+ 1)Tothb+r

D= [|ul|(P +P2) + ™ < 1, (3.3)

then the boundary value problem (1.7) has at least one solution on I; .

Proof. Let sup |1 (¢)| = ||i||, and choose a constant
tell

R>®. (3.4)
In view of Lemma 2.8, we define the operators 7 and 2% on the ball Bg = {x € ¢ : ||x||¢ < R}
by

(1x)(t) := —tP ' 1YQu(T)ID IS £ (u,x, Dlgx, Wiyx) (1) / (1+p(t)nP!
(3.5)

X (I,YQI(T) —n"‘lmz(T)>,
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(1) = (14 p(1))~ IPI% f (e, Do, W) 1) + [(nr)ﬁl (1%~ %)
9 (g<x> (14 p(s) I (v, D, %x))(f))
+ta+BIIgQZ(T)Iﬁlgf(u,x,Dg‘x,‘Pg,x)(n)]/
(1 pl)n® (1)~ neaza(r) )

For all x,y € Bg, we have

|\ x+ ahy|
< ||u||{ Tp(e+1)T*HP Tp(a+ 1)(1+N)n@HTeth-1p,
B Ly(a+Dp(a+B+1)(1+n)  Tgla+ DIp(a+p+1)(14+n)2A;
+Fp(06 + DB+ VT (a+B+ DI (a+B+y)(1+N)(T*—n*)TF }
Lo+ D)0p(a+ B+ D (o+B+y+1)(1+n)*Ar
{Fr(ﬁ +YL(a+B+y)A+N)(T*—n%) }
(1+n)TYA;
Iy(o+ B+ 1o+ D)o+ B+y+1)(1+n)
Lp(a+ 1) (o +p+1)TotB+y

+7T

= |[u||(Pr+P)+ TP

= & <R

By proceeding in a similar way as above and Theorem 3.1, we obtain HDgMJH—Dg ,szyH <R.
Hence ||« x + @hy||¢ < R. Therefore, o/|x + oy € Bg. The condition (3.2) implies that <% is
a contraction mapping.

We next show that 7] is compact and continuous. Continuity of f coupled with the as-
sumption (Hy) implies that the operator .¢7] is continuous and uniformly bounded on Bg. For

t,th € I; with #; < to, we have

| 1x(t2) — 1 x(11)]

< BB (1) B f (DR, W) () /

(1+n)nP~!

170,(1) —n“fmzm'

B-1 Bl Tp(a+ D (o+B)TA(B+7)(1+N)n*HTe
< -t |”“”{ ’ oo+ )p(c+ B+ 1)(1+n)?A }
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Similarly to the above proof and Theorem 3.1, we obtain

| DY 1x(t2) — Dy x(11) |

< |,@71x(t2) —ahx(t)]

Tl ||{ (a“) r(“+ﬁ)rr<l3+7)(1+N>n°‘“Ta}
L (a+ 1) (a+ B+ 1)(14n)?A, .

S
We note that when |t, —#| — 0, the right-hand side of the above inequality tends to be zero. So
<) is relatively compact on Bg. Hence, by the Arzela-Ascoli Theorem, .27 is compact on Bg.

Therefore, all the assumptions of Theorem 3.2 are satisfied and the conclusion of Theorem 3.2
implies that boundary value problem (1.7) has at least one solution on Ig . This completes the

proof.

4. Example

The following example is given to illustrate our main results.

Consider the following fractional g-integrodifference boundary value problem

x(t)|

w\'—‘-b\\l

2
sin(2mt) esin2(27rt) |x(t)| + ’Di ( )| + |
(1+e Nx(t) = e EaEO)
1 n

x(0) =x (Z) : If,x(T> = ;Cix(ti)a

where 0 <11,12,...,1, < 1 and C; are given positive constants with }'?' ; C; < ﬁ, o= %, B = %,

1
D1 (D s tEL,

DI—= AW
QAR B —

p=tv=ly=fn=ha=hr=tr=ho=ho=}1=1p0)=enom
2 7
i ewem  ROIHIDI0]+¥]x0)
Dix,¥ix
fex, x 3) 1()()+ecosz(2m) 1+ |x(z)| ’
7 1 ! s 3y e 570
Wix(t) = /t——(4) x(8)dgps
3
and @(t,s) =
7
|f(t,x,D7 x, ¥\ x) — f(t,y,D]y ‘ng)l
1 IR S SN N S
<—|x—y|+—|D3x—D —|Wix—
TR T R SRR T S b
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and @y = {5, (Hy) is satisfied with L| = Ly = L3 = ﬁ' So,

— ~0.0216.

A=L +Ly+L3—2"
— L] 2 3121_,%14

We also have

lg(x) —g(y)| =

i Cix(t;) — Zn} Ciy(t;)

n
<Y Cilx—yl.
i=1

So, (Hy) holds with t =Y" ,C; < %.0. Since % < p(t) < e, then (H3) is satisfied with N = e,

n= % We can show that

1 35 5 13
Ay = \F%(E)F%(E)—F%(Z)F%(Fﬂ~0-3348,
5 13 1 35. 1.3
g —_— —_— ) — - = —)4 =~ .
Ao I3 (T () =T (5T (35)(7)3 | = 0.1630,
T2(7) T2 (D1 +e)(5)3A _
S E T R R E T I T
1\4)%2\g e \g)%2\g e 2
3
L2 (DL (T (T () +e) (1= (3)7
P = et IE IR, ~21.9253.
gt 3\g)r I\ e) A2
Therefore, we get
Ly (D2 (DT (3 (1 +
O=A(P+P)+ 2 3 B ¢ 0.6815 < 1.
7 9
L2 (1(3)

Hence, by Theorem 3.1, this problem has a unique solution on I}C.
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