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Abstract. Some results on the existence of solutions for a nonlinear higher order fractional differential equation

involving both the left Riemann-Liouville and the right Caputo fractional derivatives with a natural boundary

condition are obtained. The results presented in this paper are based on the method of upper and lower solutions

and the monotonicity of the right Caputo derivative. Moreover, we give the explicit expression of the lower and

upper solutions. Two illustrative numerical examples are also provided.
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1. Introduction

Recently, the study of nonlinear fractional differential equations has attracted much attention

of researchers and different methods have been investigated; [1]-[11] and the references therein.

However, few works exist in the literature concerning nonlinear fractional boundary value prob-

lems with mixed fractional derivatives. In [4], Blaszczyk studied numerically a linear fractional

oscillator equation involving both the right Caputo and the left Riemann-Liouville derivatives

of order α ∈ (0,1) subject to a natural condition. In [6], Guezane-Lakoud, Khaldi and Torres
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proved the existence of solutions for a nonlinear fractional oscillator equation with both left

Riemann-Liouville and right Caputo fractional derivatives subject to natural boundary condi-

tions via the method of lower and upper solutions. In [2], Agrawal investigated some fractional

variational problems defined in terms of both the Riemann-Liouville and the Caputo derivatives

and presented the generalized Euler-Lagrange equations and the transversality conditions.

In this paper, we focus on the following sequential higher order fractional boundary value

problem (P1) involving both the Riemann-Liouville and the Caputo types fractional derivatives:

(1.1) (−1)mC Dα

1−Dβ

0+u(t)+ f (t,u(t)) = 0,0≤ t ≤ 1,

with initial conditions

(1.2) u(0) = u(i)(0) = 0, i = 1, ...,m+n−2,

and natural condition (see [4])

(1.3) Dβ+m−1
0+ u(1) = 0,

where m−1 < α < m, n−1 < β < n, the integers m and n are such m,n≥ 2, CDα

1− denotes the

right Caputo derivative, Dβ

0+ denotes the left Riemann-Liouville derivative, u is the unknown

function and f ∈C ([0,1]×R,R) .

By using the method of lower and upper solutions and the Schauder fixed point theorem, we

prove the existence of solutions of problem (P1). The presence of both the right Caputo and the

left Riemann-Liouville derivatives in the differential equation (1.1) leads to great difficulties in

the proof of the existence of solutions. To overcome the difficulties, we transform the problem

(P1) to an equivalent Caputo fractional boundary value problem of order p, 0 < p < 1, p will

be specified later. Then we construct the lower and upper solutions of problem (P1). Moreover,

we use a new result on the monotonicity of the right Caputo derivative.

The method of upper and lower solutions has been applied in the investigation of the existence

of solutions for nonlinear boundary value problems in many works; see [6, 7, 12, 13] and the

references therein.

Next, we recall some essential definitions on fractional calculus [8, 10, 11].
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Definition 1.1. Let g be a real function defined on [0,1] and µ > 0. Then the left and right

Riemann-Liouville fractional integrals of order µ of g are defined respectively by

Iµ

0+g(t) =
1

Γ(µ)

∫ t

0

g(s)
(t− s)1−µ

ds,

Iµ

1−g(t) =
1

Γ(µ)

∫ 1

t

g(s)
(s− t)1−µ

ds.

The left Riemann-Liouville fractional derivative and the right Caputo fractional derivative of

order µ > 0 of function g are respectively:

Dµ

0+g(t) =
dk

dtk

(
Ik−µ

0+ g
)
(t),

CDµ

1−g(t) = (−1)k Ik−µ

1− g(k)(t),

where k is the smallest integer greater or equal than µ .

The highlights of this article are as follows:

• We reduce mixed higher order boundary value problem (P1) to a lower order Caputo

boundary value problem.

• We construct the lower and upper solutions of problem (P1).

• To prove the existence and localization of solutions of problem (P1), we construct a

sequence of modified problems. Then we use a result on the monotonicity of the right

Caputo derivative.

2. Main results

To prove the existence of solutions of problem (P1), we need the following result on the right

Caputo derivative of monotone functions.

Theorem 2.1. [6] Assume that 0 < s < 1 and g ∈ C1[0,1] is such that CDs
1−g(t) ≥ 0 for all

t ∈ [0,1] and all s ∈ (r,1) with some r ∈ (0,1). Then, g is monotone decreasing. Similarly, if
CDs

1−g(t)≤ 0 for all t and µ mentioned above, then g is monotone increasing.

Define the space

ACn+m [0,1] =
{

u ∈Cn+m−1 [0,1] ,

u(n+m−1) absolutely continuous f unction on [0,1]
}
.
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Now, taking into account Theorem 2.1, we update the definition of lower and upper solutions

of problem (P1) as follows:

Definition 2.2. The functions σ , σ ∈ ACn+m [0,1] are called lower and upper solutions of

problem (P1) respectively, if

a) (−1)mC Dα0
1−Dβ

0+σ (t)+ f (t,σ (t))≤ 0, for all t ∈ [0,1] and α0 ∈ [α,m),

σ (0)≥ 0, σ (i)(0)≥ 0, i = 1, ...,m+n−2, Dβ+m−1
0+ σ (1)≥ 0.

b) (−1)mC Dα0
1−Dβ

0+σ (t)+ f (t,σ (t))≥ 0, for all t ∈ [0,1] and α0 ∈ [α,m),

σ (0)≤ 0, σ
(i)(0)≤ 0, i = 1, ...,m+n−2, Dβ+m−1

0+ σ (1)≤ 0.

Functions σ and σ are called lower and upper solutions in reverse order if σ (t) ≥ σ (t) ,

0≤ t ≤ 1.

Remark 2.3. Denote q = α0−m+ 1 and p = α −m+ 1. Then 0 < q, p < 1. By using the

properties of Caputo derivative, we prove that

CDα0
1−u(t) = (−1)(m−1)C Dq

1−Dm−1u(t) .

Consequently, conditions (a) and (b) in Definition 2.2 are equivalent to:

(a’) −CDq
1−Dβ+m−1

0+ σ (t)+ f (t,σ (t))≤ 0,for all t ∈ [0,1] and q ∈ [p,1),

σ (0)≥ 0, σ (i)(0)≥ 0, i = 1, ...,m+n−2, Dβ+m−1
0+ σ (1)≥ 0.

(b’) −CDq
1−Dβ+m−1

0+ σ (t)+ f (t,σ (t))≥ 0,for all t ∈ [0,1] and q ∈ [p,1).

σ (0)≤ 0, σ
(i)(0)≤ 0, i = 1, ...,m+n−2, Dβ+m−1

0+ σ (1)≤ 0.

That means that if σ and σ are lower and upper solutions of problem (P1), they still should be

lower and upper solutions for the sequence of boundary value problems generated by conditions

(1.2)-(1.3) and the following fractional differential equations

(−1)mC Dα0
1−Dβ

0+u(t)+ f (t,u(t)) = 0,0≤ t ≤ 1,

for all α0 ∈ [α,m).

Next, we prove the existence of solutions of problem (P1). We assume that nonlinear term

f (t,x) lies between two curves for some x.

Theorem 2.4. Assume that there exist two constants A≥ 0 and B≤ 0 such that |B| ≤ A and the

following hypotheses hold:

(H1) f (t,x)≤ A(1− t)1−q , for 0≤ t ≤ 1, 0≤ x≤ A
Γ(β+m) and for all q ∈ [p,1).

(H2) f (t,x)≥ B(1− t)1−q for 0≤ t ≤ 1, B
Γ(β+m) ≤ x≤ 0 and for all q ∈ [p,1).
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Then problem (P1) has at least one solution u such that

σ (t) ≤ u(t)≤ σ (t) ,

Dβ+m−1
0+ σ (t) ≤ Dβ+m−1

0+ u(t)≤ Dβ+m−1
0+ σ (t) ,0≤ t ≤ 1,

where σ (t) and σ (t) are the lower and upper solutions respectively of problem (P1) with re-

versed order. Recall that p = α−m+1 and 0 < p < 1.

Proof. The proof is split in some steps. First, we begin by solving a Riemann-Liouville frac-

tional boundary value problem that we denote by (P2):

(2.1) Dβ+m−1
0+ u(t) = v(t) ,0≤ t ≤ 1,

(2.2) u(0) = u(i)(0) = 0, i = 1, ...,m+n−2.

Applying the properties of Riemann-Liouville fractional derivative and the initial conditions

(2.2), we find that

u(t) =
1

Γ(β +m−1)

∫ t

0
(t− s)β+m−2 v(s)ds.

Define the operator T on C ([0,1] ,R) by

(2.3) T v(t) =
1

Γ(β +m−1)

∫ t

0
(t− s)β+m−2 v(s)ds = Iβ+m−1

0+ v(t) , t ∈ [0,1] .

Thus u(t) = T v(t). By using the properties of Caputo derivative, we obtain that

(2.4) CDα

1−u(t) = (−1)(m−1)C Dα−m+1
1− Dm−1u(t) .

Taking into account natural condition (1.3), property (2.4) of Caputo derivative and Riemann-

Liouville derivative’s property

(2.5) Dm−1Dβ

0+u(t) = Dβ+m−1
0+ u(t) ,

we conclude that problem (P1) is equivalent to the following Caputo boundary value problem

of order p = α−m+1, with 0 < p < 1 :

(P3)

 −CDp
1−v(t)+ f (t,T v(t)) = 0,0≤ t ≤ 1,

v(1) = 0.

Step 1. Existence of lower and upper solutions of problem (P1).
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Setting ϕ (t) = A(1− t), we see that σ (t) = T ϕ (t) is a lower solution of problem (P1). In

fact, we have

(2.6) σ (t) = T ϕ (t) = Iβ+m−1
0+ ϕ (t) =

Atβ+m−1 (β +m− t)
Γ(β +m+1)

≤ A
Γ(β +m)

.

From Hypothesis (H1), we find, for all q ∈ [p,1),

−CDq
1−ϕ (t)+ f (t,T ϕ (t))

=
−A

Γ(2−q)
(1− t)1−q + f (t,T ϕ (t))≤−A(1− t)1−q + f (t,T ϕ (t))≤ 0.

In addition, we also have σ (0) = T ϕ (0) = 0, Dβ+m−1
0+ σ (1) = ϕ (1) = 0.

Similarly, set ψ (t) = B(1− t). From Hypothesis (H2), we obtain that σ (t) = T ψ (t) is an

upper solution of problem (P1) and we get for all q ∈ [p,1)

(2.7) σ (t) = T ψ (t) =
Btβ+m−1 (β +m− t)

Γ(β +m+1)
≥ B

Γ(β +m)
,

and

−CDq
1−ψ (t)+ f (t,T ψ (t))

=
−B

Γ(2−q)
(1− t)1−q + f (t,T v(t))

≥ −B(1− t)1−q + f (t,T v(t))≥ 0.

Moreover, we have ψ (t) ≤ ϕ (t). Then σ (t) ≤ σ (t) , which implies that the upper and lower

lower solutions σ and σ are in reverse order.

Step 2. Localization of solutions of problem (P1).

Define a sequence of modified problems
(
(P4)q

)
, q ∈ [p,1) by:

(
(P4)q

) CDq
1−v(t) = f ((t,T min [ϕ,(max(v,ψ))])(t)) ,0≤ t ≤ 1,

v(1) = 0.

Let us prove if vq is a solution of
(
(P4)q

)
for q ∈ [p,1), then

(2.8) ψ (t)≤ vq (t)≤ ϕ (t) ,0≤ t ≤ 1.

Set w(t) = vq (t)−ϕ (t) . Then the initial condition implies w(1) = 0. Assuming the contrary,

we see that there exists t1 ∈ [0,1[ such that w(t1)> 0. By the continuity of w, we conclude the

existence of two points t2 and t3 in the neighborhood of t1 such that w(t2) = 0 and w(t)≥ 0, t ∈

[t3, t2]. Now, it suffices to apply the right Caputo fractional derivative and take into account that
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ϕ (t) = Dβ+m−1
0+ σ (t) , properties (2.4)-(2.5) and the definition of lower solution (see Remark

2.3), to get

CDq
1−w(t) = CDq

1−vq (t)−C Dq
1−ϕ (t)

= f
(
t,
(
T min

[
ϕ,
(
max

(
vq,ψ

))])
(t)
)
−C Dq

1−ϕ (t)≤ 0,

for t ∈ [t3, t2] and for all q ∈ [p,1). By Theorem 2.1, we deduce that w is increasing on [t3, t2].

Since w(t2)= 0, we conclude that w(t)≤ 0, t ∈ [t3, t2], which leads to a contradiction. Similarly,

we obtain that ψ (t)≤ vq (t) on t ∈ [0,1].

Now, from (2.8), we see that if v = vp is a solution of ((P4)p), then

−CDp
1−v(t)+ f (t,T v(t)) = 0.

It follows that u = T v is a solution of (P1). Finally, by applying operator T to inequalities in

(2.8), we find that

σ (t)≤ u(t)≤ σ (t) ,0≤ t ≤ 1

and

Dβ+m−1
0+ σ (t)≤ Dβ+m−1

0+ u(t)≤ Dβ+m−1
0+ σ (t) ,0≤ t ≤ 1.

Step 3. Existence of solutions of problem (P1).

Note that function f is continuous. From Arzela-Ascoli theorem and the Schauder fixed point

theorem, we show that the sequence of modified problems
(
(P4)q

)
has at least one solution for

all q ∈ [p,1) and so u = T vp is a solution of (P1).

The proof of Theorem 2.4 is completed.

Now, we present two examples to illustrate our results.

Example 2.5. Consider problem (P1) with α = 5
3 , β = 4

3 and

f (t,x) = x(1− t)
1
3 ,0≤ t ≤ 1,x ∈ R.

Then p = α −m+ 1 = 2
3 . Choosing A = 0.1 and B = −0.1, we see that Hypotheses (H1) and

(H2) are satisfied. Indeed

f (t,x) = x(1− t)
1
3 = x(1− t)1−p ≤ A(1− t)1−q ,q ∈ [

2
3
,1),

0 ≤ t ≤ 1,0≤ x≤ A
Γ(β +m)
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and

f (t,x) = x(1− t)1−p ≥ B
Γ(β +m)

(1− t)1−p

≥ B(1− t)1−q ,q ∈ [
2
3
,1),

0 ≤ t ≤ 1,
B

Γ(β +m)
≤ x≤ 0.

The expressions of lower and upper solutions are respectively

σ (t) =
Atβ+m−1 (β +m− t)

Γ(β +m+1)
=

t
7
3
((10

3

)
− t
)

10Γ
(7

3

) ,

σ (t) =
Btβ+m−1 (β +m− t)

Γ(β +m+1)
=
−t

7
3
((10

3

)
− t
)

10Γ
(7

3

)

Example 2.6. Take function f in Example 2.5 as

f (t,x) =
−(1− t)

1
3

10
,0≤ t ≤ 1,x ∈ R.

Then (H1) and (H2) are satisfied. Moreover we have the expression of the solution

u(t) =
Γ
(4

3

)
t

7
3
(
1− 3

10t
)

10Γ
(10

3

) .
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