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Abstract. A Lotka-Volterra predator-prey model incorporating a constant number of prey refuge and feedback
controls is studied in this paper. By constructing suitable Lyapunov functions, sufficient conditions which ensure
the global stability of the positive equilibrium and boundary equilibriums are obtained, respectively. Numerical
simulations are also presented to illustrate the feasibility of the main results.
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1. Introduction

Prey refuge is widely believed to be an important factor in predator-prey communities. A
prey refuge can be broadly defined to include any strategy that decreases predation risk, e.g.,
spatial or temporal refuges, prey aggregations, or reduced prey activity; see [1]-[3] and the
references therein. The existence of refuges has important effects on the coexistence of predator
and prey, and many studies confirmed that preventing prey extinction and damping predator-
prey oscillations are the most significant roles of prey refuges; see [4]-[17] and the references
therein.
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The effects of a constant proportion or a constant number of refuges with the predator-prey
model were studied in [1]-[14]. Recently, Ma [10] and Chen, Ma and Zhang [16] investigated
the dynamic behaviors of the traditional Lotka-Volterra predator-prey systems incorporating a

constant number of prey refuge, i.e.,

k (1.1)
Y(t) = e(x—R)y—dy,
where x(7) and y(¢) denote the densities of the prey and predator populations at time ¢, respec-
tively; r,k,c,e,d and R are all positive constants; and a refuge protecting a constant number
(R) of the prey. This leaves (x — R) of the prey available to the predator. Obviously, the above
system admits two equilibria (k,0) and (x,y), where

~ d—l—R N ericv(l 35)
X=— =—(1-3).
e T YTV Tk

Concerned with the dynamic behaviors of system (1.1), the authors of [15] and [16] obtained

the following result.

Theorem A. Assume that the inequality

d
(Hp) 0<R<k—Z

holds. Then ()7,&) is globally asymptotically stable.

Concerned with the stability property of the boundary equilibrium of system (1.1), by apply-

ing the analysis technique of [17], we find the following result.

Theorem B. Assume that the inequality

d
(Hz) R>k—;

holds. Then (k,O) is globally asymptotically stable.

d
Remark 1.1. Assume that k < — holds. In this case, condition (H,) always holds and the
e
predator species will be driven to extinction. The reason may lies in that with the limited
carrying capacity of the prey species, the amount of prey species is also limited, and the predator

species will be driven to extinction due to the less of food resource.

Remark 1.2. The above results indicate that the prey and the predator species could be coexist

d
in a stable state if the refuge is less then kK — —, while if the refuge is large enough. The prey
e
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species could be accumulated in the refuge, and the predator species will be driven to extinction

due to the lack of food.

On the other hand, as was pointed out by Gopalsamy and Weng [18], in some cases an
equilibrium is not the desirable one, and this requires altering the system structurally so as to
make the population stabilise at lower value. One of the methods of accomplishing this is to
introduce the feedback control variables and this can be implemented by means of biological
controls. The dynamic behaviors of the single species and multispecies competition model with
feedback controls have been investigated by many authors; see [19]-[31] and the references
therein. However, seldom did scholars investigated the dynamic behaviors of the predator-
prey system with feedback controls ([28], [29]). To the best of the authors’ knowledge, to
this day, still no scholars investigate the stability property of predator-prey model incorporate
both a constant number of prey refuge and feedback controls, this motivates us to propose and

investigate the following model:

X () =rx(1— )_li) —c(x—R)y— oqux,

Y(t) = e(x—R)y —dy — opuzy,
uy(t) = —equs + fix,

ub(t) = —eaun + fay,

where x(¢) and y(7) denote the densities of the prey and predator populations at time #, respec-
tively; u; () and uy(¢) are feedback control variables, r describes the intrinsic growth rates of
x; d describes the death rate of the predator; k measures the environmental carrying capaci-
ty of the prey species; k,r,e,c,d, ;,e;, fi,i = 1,2 and R are all positive constants, a constan-
t number (R) of the prey are protected, and this leaves (x — R) of the prey available to the
predator. For practical biological meaning, R < x(t),7 € [0,+e0), we simply study system in
R = {(x,y,ul,uz) ER*|x,y>0,u; >0,i= 1,2}.

The rest of the paper is organized as follows. In Section 2, we state the existence of the equi-
librium and investigate the stability property of model (1.2). In Section 3, numerical simulations

are presented to illustrate the feasibility of our results. We end this paper by a brief discussion.

2. Global stability
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Set
afi - of2
yUg =

€1 )

A = (erin— ced—2ﬁ2(d+Re)(£ —I-I/_tl))z

Y

+4 [(% + i1y )it +ceﬂ2} [er(d+€R) - (% +iir)(d +eR)?|.

k
Lemma 2.1. System (1.2) admits a boundary equilibrium E| (x*,y*,u},u3), where x* = +rk
r+ kit
rkfi
O,uj = ———— ., u, =0.
i eir+ejkit 1
Lemma 2.2. Assume that
kr d
H;) O0<R< ——
( 3) r+kiiy e
holds. Then system (1.2) admits a unique positive equilibrium E,(x**,y** ,ui*,u5*), where
X** = —d+y**ﬁ2 ‘|‘R7
e

erily — 21 (d + Re) (§ + i) — ced + VA

k%

y = - _ )
2u2[u2(£—|—u1)—l—ce]
MT* _ ﬁx**, u;*:éy**
€1 (5]

kr d kr

Proof. It follows from (H3) that 0 < R <

r r
< . So, - +i; < —. It follows
r+kiiy e r—+ kity k+u1 R
r
that eR(% +i1) < er. Hence, we have

(d+eR)(£+ﬁ1) <er+d(£+ﬂ1). (2.1)

We now consider the positive equilibrium of system (1.2), which is the solution of the following

equations,

rx(1— %) —c(x—R)y—oju;x =0,

e(x—R)y—dy— opuzy =0,

(2.2)

—eju; + fix =0,

—eriy + fry=0.
By the third and the forth equations of (2.2), one has

_fix  fy
Uy =—,up = —=.

€l )
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This combine with the first and the second equations of (2.2) leads to

d+ i
X =
e

x(r— %x) —c(x—R)y—iijx>* =0.

Substituting (2.3) into (2.4), we find that
F(y) = Ay’ +By+C=0,

where
roo_ s _
A= —(% + iy )it5 — ceidy,
B = eriiy — 2iip(d + eR)(% +i1y) — ced,
C=er(d+eR)— (% +ii)(d+eR).
The discriminant of equation (2.5) satisfies

A = (erb_tz—ced—Zﬁz(d—l—Re)(%—i—L'tl))z

+4[(£ + iy ) +ceﬁ2] [er(d+eR) - (% i) (d+eR)?
= (erﬁz—ced)2+4cedﬁ2(d+Re)(£ +i)

+4ceiip [er - (% +iy)(d —f—Re)} (d+Re)
> (erﬁz—ced)2+4cedﬁ2(d+Re)(£ +iy)

+4ceitp [er —er— d(% + ﬂl)] (d+Re)
= (eriiy — ced)? > 0,

which means that F(y) = 0 has two different solutions.

On the other hand, one could easily see that F(0) > 0. Therefore, F(y) = 0 admits a unique

positive solution. Consequently, (2.2) has a unique positive equilibrium Ey (x™*,y**, ui*, u5*),

where
X** = —d+y**122 +R7
e
o erﬁ2—2ﬁ2(d+Re)(£+ﬁ1)—ced+\/Z
Yo 2ty [t (F + iy) +-ce] ’
e e

This completes the proof of the Lemma 2.2.
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Theorem 2.3. Assume that
kr d

r—+ kiiq e’
holds. Then the boundary equilibrium E; of system (1.2) is globally stable.

(Ha)

d
Proof. It follows from the condition that x* < —. Therefore, ceR + cex™ < ¢d + ceR. So,
e
c(R+x") ¢
A 2.6
d—+eR e (2:6)

Define a Lyapunov function as follows:

X
Vi(t)=m <x—x* —x*ln;) +n2y+%(u1 —ul)?+ %u%,

where 1;,i = 1,2,3,4 are positive constants to be determined. Calculating the derivative of V;
along any positive solution of system (1.2), we have

dvi x*x

Al mr==

)+ M2y + M3 (u1 — i )u| + Nauous

r * * * *
= —Mmlr—x )2 — o (x—x") (ur —uy) — cnixy+emx’y+ cRy
nicRyx"

— Mady — M2eRy + Naexy — 0pMoyuz — e1M3(ug — MT)Z

131 (x —x*) (ug — ) — Naeau3 + Na fruy

r

= —m (x —x")? —m3e1 (1 — uy)* — Maeaus — (012 — fola)yuz

—(mou —n3/1)(x —x*) (u1 —uj) — (dn2+eRny — cRNy —cx™ M)y
—(Mic— Mae)xy — MmeRyx™

o
Takingny = 1,13 = f—l, and from (2.6), we see that there exists a 12 > 0 such that
1

c(R+x")

c
< < -
d+eR n e

Consequently, we have c¢n; — me > 0, (d +eR)Ny — c¢(R+x*)n; > 0. Finally, let us choose

o
=222 < 0. Then anma — nafo = 0. Tt follows that
2
dV1 - r w2 orep w2  €200M2 o
alisy = ") I (1 =) PG
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dv
Therefore, d_tl < O strictly for all x, y, u, up > 0 except the boundary equilibrium (x*,0,u7,0),
dv,
where d_tl = 0. Thus, according to the LaSalle theorem, E| is globally stable.

Theorem 2.4. Assume that (Hz) holds. Then the unique positive equilibrium E, of system (1.2)
is globally stable.

Proof. It follows from Lemma 2.2 that system (1.2) has a unique positive equilibrium. Define
a Lyapunov function as follows:
2 2
Va(t) =m <x—x** **1n—> +le< = **ln—> + B <M1 —MT*> + (Mz —M§*> :
y* 2 2
where 1; > 0,i = 1,2,3,4 are positive constants to be determined. Calculating the derivative of

V, along the positive solution of system (1.2), we have

de - r *%\2 Lk ke
gl = My (e=x™)7 —aam (e —x™) (g —uy”)
c(x™ —R)y"™x —c(x — R)yx** s s
i (x— ) LRI ST RN ) (= y7)

xx**

— 0o (y —y*) (w2 —u5") — erns (ur —ui*)* + fin (x —x) (w1 —uy*)

—eaMa(uz —u3*)? + Nafa(y — ™) (ug — us™)

r k% *3%k k3%
= —m#x—x )2 — ez (ur —ui*)? — eana(uz — u3*)?

cR .
o (x =) (i1 — ") = ey (2 =) (= y) = = (x—x)?

CR kk Xk kk %k
+Wm(x—x Y —=y") Fem(x —x")(y —y™)
Mo —Nafa) (v — y™) (2 — uz*) + M3 f1 (x = x*) (ug — i)

CcRy 2

)M —x)? —erms (ur —ui*)? — eama(uz —u3’)
ot —Maf1) (x—x) (uy —u}*) — (M0 — Nafo) (v — ) (uz — u3*)

=
Gt
=
=

cm—enz—qm)( xX)(y—y").

(04] oHe R

c R
Takin =l,m=—1-—)>0m=—,M= — —) >0, we have
gm=1,m 62( o) > 0.1 7o fzez( pe)

v, B r cRy) 2 0geq s\ 2

di l12y (k pree) It A A C L
coc2< R ) kn 2

—— (1= —)(ua—u <0,

(1 ) )
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A% A%
and so, d_t2 < O strictly for all x, y, uy, up > 0 except the positive equilibrium E; , where d_tz =

0. According to the LaSalle theorem, E, is globally stable. This ends the proof of Theorem 2.4.

d

Remark 2.5. Assuming 0 < R < k— —, we see from Theorem A that, for the system without
e

feedback control (i.e., system (1.1)), the predator and prey species could be coexist in a stable

state. However, with the introducing of feedback control variables, if

oL f1 er r

i d K

Uy =

then (Hy) follows, and predator species will be driven to extinction. The reason may lies in
that i7; can be seen as the capture rate of prey species, with the increasing of capture rate, the
predator species is not easy to obtain the enough food, and this finally leads to the extinction of

predator species. If we choose the suitable feedback control i; such that inequality

re r

. o
“USUTeR &

then (H3) follows. Thanks to Theorem 2.2, the prey species and predator species will be coex-

istence in a stable state.

o
Remark 2.6. Since ii; — TN 0, it follows that
el
k d d
0<——-S<k-2
r+kip e e

Compare with the dynamic behaviors of systems (1.1) and (1.2), with the introducing of feed-
back control variables, the threshold of prey refuge for the predator species and prey species be
coexistent become smaller. The reason may lies in that both the feedback control variables and
prey refuge have negative effect on the prey and predator species. Hence, to ensure the prey

species and the predator species coexistence in a stable state, one should restrict the refuge to
kr

kity +r
holds. Then, one can obtain that if the system without feedback control variables is extinct

d
a smaller range. On the other hand, using Remark 2.5 and (Hy), we see that — > k >
e

(Remark 2.5), then the feedback control variables can only change the position of the boundary

equilibrium and the extinct property is retained (Theorem 2.3).
3. Examples

The following examples show the feasibility of our main results.
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Example 3.1. In system (1.1), we choose r =10,k =10,R=5,c=2,e=1,d=1,04 =3, f1 =
4de1=1,00 =2, f, =3,ey =4. Obviously,

1
O<R:5<k—€:10——:9.
e 1

Therefore, condition (Hy) holds. From Theorem A, the prey species and the predator species
will be coexistence in a stable state. However, for system (1.2), by simple calculation, one has

kr _5<1_d
r+ki; 6 e

So, condition (Hy) holds. According to Theorem 2.1, the predator species will be driven to

extinction. Figure 1 shows the dynamics of species of system (1.2).

Example 3.2. We only change oy = 1, f| = 1,e1 = 3. The rest of coefficients are the same as
that of Example 3.1. From Example 3.1, we know that, in this case, for model (1.1) admits a
positive equilibrium ()7,)7) which is globally asymptotically stable. Also, in this case, for model
(1.2), by calculation, it follows that

kr d _ 15 | — 13

O<R=5< )
r+kisy e 2 2

Thus, condition (H3) holds. According to Theorem 2.2, the prey species and the predator species

will be coexistent in a stable state. Figure 2 shows the dynamics of species of system (1.2).

—_— Xl
4 %,
35 Yy
u |
3

Xl XZ ul UZ
N

5 10 15 20 25 30
time t/day

FIGURE 1. Dynamic behaviors of the solution
(x(t),y(¢),u1(t),uz(t)) of system (1.2) with the initial conditions
(x(0),¥(0),u;(0),u2(0))=(1,1,0.5,0.8), (0.8,0.6,1,1.2) and (1.2,1.3,0.8,1),

respectively.

4. Discussion
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FIGURE 2. Dynamic behaviors of the solution
(x(2),y(t),u;(t),uz(t)) of system (1.2) with the initial conditions
(x(0),(0), 1 (0), 2(0))=(1,1,0.5,0.8), (0.8,0.6,1,1.2) and (1.2,1.3,0.8,1),

respectively.

During the last decade, the dynamic behaviors of feedback control ecosystem become
one of the most important topic in the study of population dynamics. Specially, Li, Han and
Chen [24] proposed and studied an autonomous Lotka-Volterra competitive system with infi-
nite delays and feedback controls. They showed that if the Lotka-Volterra competitive system
without feedback control is globally stable, then the feedback controls only change the position
of the unique positive equilibrium and retain the stable property, if the Lotka-Volterra competi-
tive system is extinct, by choosing the suitable values of feedback control variables, the extinct
species may become globally stable, or still keep the property of extinction. To the best of the
authors knowledge, to this day, there are still no scholars study such kind of problem for the
predator-prey system. This motivates us to propose and study the dynamic behaviors of system
(1.2). Our main results (Theorem 2.3 and 2.4) indicate that, for the predator-prey system with-
out feedback controls, if the system is globally stable, then depending on the choice of feedback
control variables, predator species will be driven to extinction (Theorem 2.3) or the prey and
predator specie could coexist in a stable state (Theorem 2.4). However, following from Remark
2.6, we see that if the system without feedback control variables is extinct (Remark 2.5), then
the feedback control variables can only change the position of boundary equilibrium and the
extinct property is retained (Theorem 2.3). Such a finding is very different to that of Li, Han
and Chen [24]. We found that for the different population system, the role of feedback control

variables are very different. And for different kind of population system, to ensure the system
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be persistent, different feedback control strategy is needed. We mention here that, in system
(1.2), we did not consider the influence of the delay, however, a more appropriate model should

incorporate time delay to the system. We leave those for future study.
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