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1. Introduction

In recent years, as an extended concept of integral differential equations, fractional differ-
ential equations are widely concerned in various fields of science such as physics, chemistry,
biology, economics, control theory, signal and image processing, and blood flow phenomenon.
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The boundary value problem of fractional equations has emerged as a new branch in the fields
of differential equations for their deep backgrounds. For a detailed account of applications and
recent results on initial and boundary value problems of fractional differential equations, we
refer the reader to a series of books and papers ([1]-[17]) and references cited therein.

In this paper, we study a new class of boundary value problems consisting of a fractional dif-
ferential inclusion with two fractional derivatives of Caputo type supplemented with boundary
conditions which consist by Riemann-Liouville type fractional integral or one fractional deriv-
ative of Caputo type and one fractional Riemann-Liouville type integral. More precisely, we

consider the following boundary value problems which consist from the differential inclusion
1) <AD“+(1—7L)DB>x(t) e F(t,x(r)), 1€(0,T),

which includes two Caputo type fractional derivatives, supplemented by boundary conditions

consisting of two Riemann-Liouville fractional integrals

2 ¥(0) =0, pI®x(T)+(1—p)I»x(T) = &,

or one fractional derivative of Caputo type and one Riemann-Liouville fractional integral
(3) x(0) =0, uD"x(T)+(1—p)°x(T)=n,

where D? is the Caputo fractional derivative of order ¢ € {a, 8,7} such that 1 < o, < 2,
03,M € R, I* is the Riemann-Liouville fractional integral of order y € {61,8,,0},0< A <1,
0 < u <1 are given constants and F : [0,7] x R — Z(R) is a multivalued map, Z(R) is the
family of all nonempty subsets of R.

Recently, Niyom et al. [18] studied the following boundary value problem which contains
four Riemann-Liouville fractional derivatives, two in differential equations and two in integral

conditions, of the form

@) (AD%+ (1= 2)DP) x(1) = f(1,x(1)), 1€ (0.T),
x(0) =0, uD"x(T)+ (1 —u)DPx(T) = 1.

The existence and uniqueness results were proved via the Banach contraction principle, the
Krasnoselskii fixed point theorem and the Leray-Schauder nonlinear alternative. Problem (4)
was studied in [19] with two Caputo fractional derivatives in differential equations and two
derivatives or two integrals or one derivative and one integral in boundary conditions via the
Sadovski’s fixed point theorem. In [19], we also studied a multi-valued case of problem (4) via

nonlinear alternative for contractive maps.
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In this paper, we establish some existence results for problems (1)-(2) and (1)-(3). In Sec-
tion 3, we study problem (1)-(2) when the right hand side has convex as well as non-convex
values. In the case of convex values (upper semicontinuous case) we use the nonlinear alterna-
tive of Leray-Schauder type. When the right hand side is not necessarily convex valued (lower
semicontinuous case) we combine the nonlinear alternative of Leray-Schauder type for single-
valued maps with a selection theorem due to Bressan and Colombo for lower semicontinuous
multivalued maps with nonempty closed and decomposable values. Finally, in the last result
(Lipschitz case) we prove the existence of solutions for problem (1)-(2) with not necessary non-
convex valued right hand side, by applying a fixed point theorem for contractive multivalued
maps due to Covitz and Nadler. In Section 4, we consider problem (1)-(3), and prove existence
results by applying Krasnoselskii’s multi-valued fixed point theorem and nonlinear alternative
for contractive maps. The methods used are routine, however their exposition in the framework

of problem (1)-(2) and (1)-(3) is new.

2. Preliminaries
2.1. Basic materials for fractional calculus

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and

present preliminary results needed in our proofs later.

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a function g :
(0,00) — R is defined by

‘(1 —s)2!

Jog(t) = /0 a8

provided that the right-hand side is point-wise defined on (0,e0), where I" is the Gamma func-

tion.

Definition 2.2. The Riemann-Liouville fractional derivative of order & > O of a continuous

function g : (0,00) — R is defined by

a 1 dyn ! g(s)
Dg(t):m<a> /o(t—s)T”Hds’ n—1<o<n,

where n = [a] + 1, [a] denotes the integer part of real number «, provided that the right-hand

side is point-wise defined on (0, o).
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Definition 2.3. The Caputo derivative of order ¢ for a function f : [0,00) — R can be written as
n—1 tk
Dif(t)y=D7( f(1)- ¥ Ff(">(0) , >0, n—1<g<n.
k=0""

Remark 2.4. If f(r) € C"[0, o), then

Cc 1 ! f(n) n— n
qu(t):r<n_q)/o (t_s)q(i)]_nds:l M (1), t>0,n—1<g<n.

Lemma 2.5. For g > 0, the general solution of the fractional differential equation Dix(t) = 0
is given by

x(t)=co+cit+...+ Cu1t™ 1,
where c; € R, i=0,1,2,....n—1(n=[q]+1).

In view of Lemma 2.5, one sees that
5) 19D9x(1) = x(t) +co+cit +...+cpqt" L,

forsomec; €R,i=0,1,2,....n—1 (n=[g]+ 1).
2.2. Useful lemmas

Lemma 2.6. The boundary value problem

(wa (1 _A)Dﬁ)x(t) — o), 1€(0,T),
(6)
x(0)=0, wx(T)+(1—p)I%2x(T) =&,

is equivalent to the following integral equation

x(1) = ﬁ/ot(l—s)a_ﬁ_lx(s)dﬂrl%m)/ot(t—s)a_lw(s)ds

: pA-D) [T s
* X<53_/1F(51+a—l3)/0 (T —5)2 P x(s)ds

_ u d _ a\Sita—1
) T T /O (T — )3+ o(s5)ds

=@ T s g
Ao p) y TP 0

1—u T a—
_ m/o (T —s5)%2+ la)(s)ds),te[O,TL
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where the non zero constant A is defined by

B ‘Ll,T1+61 (1 —[.L)T1+62
®) A= r2+4) [2+6&)

Proof. From the first equation of (6), we have

) D%x(t) = %Dﬁx(t) + %w(r), tel.

Taking the Riemann-Liouville fractional integral of order o to both sides of (9), we get

x(t) = ﬁ/ot(t—s)aﬁlx(s)ds—i— lFl(a) /()t(t—s)“la)(s)ds+ C1 +Cat,

for C1, C; € R. The first boundary condition of (6) implies that C; = 0. Hence

(10)  x(r) = ﬁ/ot(t—s)a_ﬁ_lx(s)ds—klrl(a) /Oz(t—s)a_la)(s)ds+C2t.

Applying the Riemann-Liouville fractional integral of order y € {8;,0,} such that 0 < y <
o — B3 to (10), we have

— A—1 ! a—pB—
x(t) = lF(l]/—FOC—ﬁ)/o(I_S)WJF x(s)ds
1 t o 1ty
+m/o (l‘—S)I’/Jr la)(s)ds-i-sz.

Substituting the values y = d; and ¥ = 6, to the above relation and using the second condition

of (6), we obtain

S = T ra gy T
U s
+ m/f@—S)‘sﬁo‘_]w(S)dhL %Cz,
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which leads to

1
CZ:K

 p@A-1) L \Sta—p—
03 lr(51+a—ﬁ)/o (T —s)" x(s)ds

T
_ —zr(sﬁa)/o (T — )3+ g (s)ds

(1-w@Ar-1) (T a—p—
- AF(52+OC—[3)/0 (T —)> 7P xls)ds

l—u g a—
- werah T lw(s)ds]'

Substituting the value of constant C; into (10), we deduce the integral equation (7). The con-

verse follows by direct computation. This completes the proof.

Lemma 2.7. The boundary value problem

(wu (1 —?L)Dﬁ>x(t) — o), 1€(0,T),
(11)
x(0) =0, uDV(T)+ (1 - w)I°x(T) =,

is equivalent to the following integral equation

M0 = i b9 s s [ -9t Tatas
A
- e T eas
R Y
(1) - ot /()T<T—s>5+“1w<s>ds>,rea= 0.7,

where the non zero constant A is defined by

B ‘uTlfJ/ (1_u)T1+5
(3) A= T2—y) ' TI(2+96)

Proof. The proof is similar to that of Lemma 2.6 and omitted.

2.3. Basic material for multivalued maps
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Here we outline some basic concepts of multivalued analysis; see [21, 22] and the references
therein.

Let % := C([0,T],R) denote the Banach space of all continuous functions from [0, T] into R
with norm ||x|| = sup{|x(¢)|, ¢ € [0,T]}. Also by L!([0,T],R) we denote the space of functions
x:[0,T] — R such that ||x||;1 = fy |x(¢)|dt. For a normed space (X, || - ||), let

Za(X) = {YeP(X):Y isclosed},
Pp(X) = {Y e P(X):Y is bounded},
ZapX) = {Y € P(X):Y is closed and bounded },
Pep(X) = {Y € Z(X):Y is compact},and
PepeX) = {Y € Z(X):Y is compact and convex }.

A multi-valued map G : X — Z(X) :

(i) is convex (closed) valued if G(x) is convex (closed) for all x € X.

(ii) is bounded on bounded sets if G(Y) = UyeyG(x) is bounded in X for all Y € 27, (X)
(ie. supyey {sup{[y|:y € G(x)}} < o).

(iii) is called upper semi-continuous (u.s.c.) on X if for each xo € X, the set G(xg) is a
nonempty closed subset of X, and if for each open set N of X containing G(xo), there
exists an open neighborhood .44 of x( such that G(.4p) C N.

(iv) G is lower semi-continuous (L.s.c.) if the set {y € X : G(y)NY # 0} is open for any open
setY in X.

(v) is said to be completely continuous if G(B) is relatively compact for every B € &7,(X);
If the multi-valued map G is completely continuous with nonempty compact values,
then G is u.s.c. if and only if G has a closed graph, i.e., x, = X«, Yn = Vs, Yn € G(xy)
imply y, € G(x,).

(vi) is said to be measurable if for every y € X, the function
t—d(y,G(r)) = inf{|y —z[ : 2€ G(1)}

is measurable.
(vii) has a fixed point if there is x € X such that x € G(x). The fixed point set of the multival-

ued operator G will be denoted by FixG.

3. Existence results for problem (1)-(2)
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3.1. The Carathéodory case

In this subsection, we consider the case when F has convex values and prove an existence re-

sult based on nonlinear alternative of the Leray-Schauder type, assuming that F' is Carathéodory.

Definition 3.1. A multivalued map F : [0,7] x R — Z(R) is said to be Carathéodory if

(i) t — F(t,x) is measurable for each x € R;

(ii) x — F(t,x) is upper semicontinuous for almost all ¢ € [0, T.
Further a Carathéodory function F is called L' —Carathéodory if

(iii) for each p > 0, there exists @p € L'([0,T],RT) such that

1F(#,)|| = sup{|v| : v € F(1,0)} < @p (1)

for all ||x|| < p and fora.e. t € [0,T].

For each y € C([0,T],R), define the set of selections of F' by
Sy i= {v € L'([0,T).R) : o(r) € F(1,5(r)) on [0,71}.

We define the graph of G to be the set Gr(G) = {(x,y) € X x Y,y € G(x)} and recall a result

for closed graphs and upper-semicontinuity.

Lemma 3.2. ([21, Proposition 1.2]) If G : X — Z(Y) is u.s.c., then Gr(G) is a closed subset
of X XY, ie., for every sequence {x, }neny C X and {y,tnen CY, if n— o0, X — X4y Yy — Vs
and y, € G(x,), then y, € G(x,). Conversely, if G is completely continuous and has a closed

graph, then it is upper semi-continuous.

The following lemma will be used in the sequel.
Lemma 3.3. [24] Let X be a Banach space. Let F : J xR — 2., .(X) be an L'— Carathéodory
multivalued map and let ® be a linear continuous mapping from L' (J,X) to C(J,X). Then the

operator
OoSr:C(J,X) = Pepe(C(J,X)), x—= (O0Sk)(x) = O(SFx)
is a closed graph operator in C(J,X) x C(J,X).
We recall the well-known nonlinear alternative of Leray-Schauder for multivalued maps.

Lemma 3.4. (Nonlinear alternative for Kakutani maps) [20]. Let E be a Banach space, C a
closed convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — Pepe(C) is

a upper semicontinuous compact map. Then either



BOUNDARY VALUE PROBLEMS FOR FRACTIONAL DIFFERENTIAL INCLUSIONS 9

(i) F has a fixed point in U, or
(ii) thereisau € dU and A € (0,1) withu € AF (u).

Definition 3.5. A function x € C?(J,R) is a solution of problem (1)-(2) if x(0) =0, uI"x(T) +
(1 —u)I"x(T) = 83, and there exists function v € L' (J,R) such that v(¢) € F(t,x(¢)) a.e. on J

and

x(t) = %/Ot(t—s)aﬁlx(s)ds—i—lrl(a) /Ot(l—s)alv(S)dS

! “()L_l) T 1+o—p—
+ —<6 )/0 (T — )P x(s)ds

A\7 T AT(6 +o—pB

. u 4 O ta—1
(14) G T /0 (T — )8 Ly(5)ds

0= (T et
Ao ra B

— —1—/.1 ! —5)2 ol ds
7LF(32+06)/() (T —5) V( )d),te],

where A # 0 is defined by (8).

Theorem 3.6. Assume that:
(Hy) F:[0,T] xR — P, (R) is L'-Carathéodory;
(H,) there exists a continuous nondecreasing function ® : [0,00) — (0,00) and a function

p € L'([0,T],R*) such that
1F(1,%)|| 2 := sup{y| : y € F(t,x)} < p(t)®(||x]|) for each (t,x) € [0,T] x R;

(H3) there exists a constant M > 0 such that

(1-Q)M
D(M)Q+T|83|/A

>1, Qp<l1,

where

N 1 . T1-7 . (1—p)T'—"
b A T(a—B+1) AD(S+o—B+1) AD(&+o—B+1) [

1 T

! a1
Q = )»F((X)/o (T —5) p(s)ds-l—X

AF((SI.IL—{— (X) /()T(T_S)81+a_]p(s)ds

(1_1/‘) d o—
+/IF(52+06)/0 (=5 lp(s)dS]'
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Then boundary value problem (1)-(2) has at least one solution on [0,T].

Proof. To transform problem (1)-(2) into a fixed point problem, we define an operator .% :

Cc([0,T],R) — Z(C([0,T],R)) by

p

heC([0,T],R):
H’}a__lﬁ) /0 t(f—s)aﬁlx(s)ds+lrlw) /0 t(t—s)“*lv(s)ds
+ % 5 /m /0T<T —5)27 0P x(s)ds
F (x) = h(t) = —m_/?:(TT—s)&*“-lv(s)ds
It S /O (T — )%+ B ¢(5)ds

for v € S . It is obvious that the fixed points of .# are solutions of the boundary value problem

(D-(2).

Next, we are in a position to show that .# satisfies the assumptions of the Leray-Schauder

nonlinear alternative (Lemma 3.4). The proof consists of several steps.
Step 1. F (x) is convex for each x € C([0,T],R).

This step is obvious since Sr, is convex (F has convex values), and therefore we omit the proof.
Step 2. F maps bounded sets (balls) into bounded sets in C([0,T],R).

For a positive number r, let B, = {x € C([0,T],R) : ||x|| < r} be a bounded ball in C([0,T],R).

Then, for each h € . (x),x € B,, there exists v € S such that

A—1

he) = m/ot(t_s)a—ﬁ—lx(s)ds+%@C)/Ot(t—s)a—lv(s)ds

r RO [T sias
+ /_\<63_7LF(51—|—05—B)/0 (T—s)‘SJr B x(s)ds

ok /OT(T — )0 Ly (5)ds

AF(S]-FOC)
B Gy 1) Gt VI R RY S E R
At a gy 97 (o

l—u d a—
- m/o (T — )%+ 1v(s)a’s>,t€].
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Then, for r € J, we have

ol < e [ pgas PO B e pgay
_ T
s o T =9 s T
N A —1|T% B 1 N T!-n (1—w)T'-"
A Ya—B+1) AT(&+a—B+1) AL(&+oa—B+1)["

Consequently, one has [|h]| < ®(r)Qy +rQy +T|83|/A.
Step 3. F maps bounded sets into equicontinuous sets of C([0,T],R).

Let 11,1, € J with t; < t; and x € B,. Then, for each h € #(x), we obtain

i) ~hn)] < greas | [ =9 = =9 (s + /f(rl—s)a-lp(s)ds]
* ‘Q/—\m '53|+xrq()g)fa) /0T<T_s)61+a_ﬁ_1p (s)ds
(1) [T .
* AF(52+06)/0 (=)™ lp(s)dsl
rlA — o o o
+ AF(L—BILU{IZ 5—11 ﬁ_(tz—tl) ﬁ}

rlA —1|T% B ur=" (1—p)T—"
+ + |l2—l1|.
2 L6 +o—B+1) L(&+a—B+1)

Obviously the right hand side of the above inequality tends to zero independently of x € B,
as tp —t; — 0. Therefore it follows by the Ascoli-Arzeld theorem that % : C([0,T],R) —
P(C([0,T],R)) is completely continuous. Since .# is completely continuous, in order to prove
that it is u.s.c. it is enough to prove that it has a closed graph. Thus, in our next step, we show

that

Step 4. ¥ has a closed graph.



12 S. K. NTOUYAS, J. TARIBOON

Let x,, — x4, h, € Z (x,) and h, — h,. Then we need to show that i, € .% (x,). Associated with
hn, € F (x,), there exists v, € Sr,, such that, for each ¢t € [0,T],

hlt) = —AF)(LOC__lﬁ)/Ot(t—s)a_ﬁ_]x(s)ds—I——Arl(a) /Ot(t—s)a_lvn(s)ds

t u(a—1) ! ta—f-

* /_\(63_7LF(51+a—ﬁ)/0 (T =9 x(s)ds
y“ T 1+0—

- /IF(51+06)/0 (T —5)% 7 Ly, (s)ds

(I-—w)@A-1) (T a—p—
- M“(52+Oc—ﬁ)/o (T =5)>7F a{s)ds

1—u d o+o—1
— m/o (T—S) + Vn(S)dS),IEJ.

Thus it suffices to show that there exists v, € g, such that, for each r € [0,7],

h*(t) = %/Ot(t—s)a—ﬁ—lx(s)ds—i—ll_‘l(a) /Ot(l—s)a—lv*(s)ds

! [,L()L—l) T 1+o—p—
+ X(&_lr(5l+a—[3)/o (T — 5)2+ % B=1x(s5)ds

— L/T(T—s)sﬁa_lv*(s)ds
AF(51+OC) 0

=AY T sl g
lF((Sg—FOC—ﬁ)/O (T —s)>" 'x(s)d

— —1_“ ! —saﬁa*lv s)ds
AF(62+06)/0 (T —s) N )d),te].

Let us consider the linear operator ® : L!([0,7],R) — C([0,T],R) given by

o O)() = ﬁ /Ota—s)a—ﬁ—lx(s)dwl%@ [ vispas

: HA-1) T s
* K<53_/’LF(51+oc—l3)/0 (T —5)2 P x(s)ds
u d | Fo—
_ —M“(Sl—l—(x)/o (T — )57 1y (5)ds

=AY T s g
Ao p) y 90

l—u d a—
— m/o (T — )%+ 1v(s)ds),tEJ.
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Observe that ||h,(t) — h.(t)|| — 0, as n — oo, and thus, it follows by Lemma 3.3 that ® o Sp is a

closed graph operator. Further, we have £,(t) € ©(Sr.,). Since x,, — x., therefore, we have

]’l*(l) = %/Ot(t—s)a—ﬁ—lx(s)ds—i—ll_‘l(a) /Ot(l—s)a—lv*(s)ds

! N()L_l) T 1+o—p—
* X(&_QLF(&%—a—B)/o (7= x(s)ds

— L/T(T—s)‘sﬁa_lv*(s)ds
AT(01+ ) Jo

=AY T s Bl g
lF(52+OC—[3)/O (T —s)" 'x(s)d

1_.u T o+o—1
- m/o (T—S) + V*(S)dS),te.],

for some vy € Spy,.

Step 5. We show there exists an open set U C C([0,T],R) with x ¢ 6.7 (x) for
any 0 € (0,1) and all x € JU.

Let 6 € (0,1) and x € 6.7 (x). Then there exists v € L' ([0,T],R) with v € Sg, such that, for
t €10,T], we have

x(t) = Qﬁ/ot(t—s)a—ﬁ—lx(s)ds—}-e)b%m/l(t_S)Oc—lv(s)ds

0

o1 pa-1) T B
* X<53_/1F(51+a—l3)/0 (T —5)2 P x(s)ds

u T o
— —AF(51—|—OC)/0 (T—s)‘s+ Ly(s)ds

A=A T s g
e J G AR Ok

l—u d a—
- m/o (T — )%+ 1v(s)a’s>,t€].
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Using the computations of the second step above, we have

X T
W] < S [ -9 plsjas
X T
i T(I)E\” ”) Ar<5ﬁl+a)/() (T—S)SIJrailp(S)dS
(l_.u) T o— T|63’
+ m/o (T—S)62+ 1p<S)dS +T
A — 1|7 B 1
* A Yla—B+1)
R U2 Ay
ALSi+a—B+1) Al ta—B+1) (™

= D(|lx[) Q2+ Qulx[[ +T[8]/A,

which implies that

(1-Q)
o([x)9a + T1&]/A =

In view of (H3), there exists M such that ||x|| # M. Let us set

U={xeC(,R):|x|| <M}.

Note that the operator .% : U — £ (C(I,R)) is a compact multi-valued map, u.s.c. with convex
closed values. From the choice of U, there is no x € dU such that x € 6.% (x) for some 6 € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 3.4), we deduce that

Z has a fixed point x € U which is a solution of problem (1)-(2). This completes the proof.
3.2. The lower semicontinuous case

In the next result, F is not necessarily convex valued. Our strategy to deal with this problem
is based on the nonlinear alternative of Leray Schauder type together with the selection theorem
of Bressan and Colombo [25] for lower semi-continuous maps with decomposable values.

Let X be a nonempty closed subset of a Banach space E and let G : X — Z?(E) be a mul-
tivalued operator with nonempty closed values. G is lower semi-continuous (l.s.c.) if the set
{y € X : G(y)NB # 0} is open for any open set B in E. Let A be a subset of [0,7] x R. A is
£ ® % measurable if A belongs to the o—algebra generated by all sets of the form ¢ x &,
where 7 is Lebesgue measurable in [0,7] and Z is Borel measurable in R. A subset 7 of
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L'([0,T],R) is decomposable if for all u,v € o/ and measurable ¢ C [0,T] = J, the function
ux g +vXi- s € o/, where X ¢ stands for the characteristic function of g

Definition 3.7. Let Y be a separable metric space and let N : ¥ — Z2(L'([0,T],R)) be a mul-
tivalued operator. We say N has a property (BC) if N is lower semi-continuous (l.s.c.) and has

nonempty closed and decomposable values.

Let F:[0,T] xR — Z(R) be a multivalued map with nonempty compact values. Define a
multivalued operator .% : C([0,T] x R) — £ (L' ([0,T],R)) associated with F as

F(x) = {we L'([0,T],R) : w(t) € F(t,x(t)) fora.e. r € [0,T]},

which is called the Nemytskii operator associated with F.
Definition 3.8. Let F : [0,7] x R — Z(R) be a multivalued function with nonempty compact
values. We say F is of lower semi-continuous type (l.s.c. type) if its associated Nemytskii

operator .# is lower semi-continuous and has nonempty closed and decomposable values.

Lemma 3.9. [26] Let Y be a separable metric space and let N : Y — 2 (L'([0,T],R)) be a
multivalued operator satisfying the property (BC). Then N has a continuous selection, that is,
there exists a continuous function (single-valued) g : Y — L'(]0,T],R) such that g(x) € N(x)

foreveryx €Y.

Theorem 3.10. Assume that (H), (Hz) and the following condition holds:

(Hyg) F:[0,T] xR — P (R) is a nonempty compact-valued multivalued map such that
(a) (t,x) —> F(t,x) is £ ® P measurable,

(b) x—— F(t,x) is lower semicontinuous for eacht € [0,T].

Then boundary value problem (1)-(2) has at least one solution on [0,T].

Proof. It follows from (H,) and (Hy) that F is of 1.s.c. type. From Lemma 3.9, one sees that
there exists a continuous function f : C2([0,T],R) — L'([0,T],R) such that f(x) € .Z(x) for
all x € C([0,T],R). Consider the problem

(w“+<1 —A)Dﬁ>x(t) = f(x(r)), t€(0,T),
(15)
x(0)=0, uD"x(T)+ (1 —p)DPx(T) = &.
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Observe that if x € C2([0,T],R) is a solution of (15), then x is a solution to problem (1)-(2). In

order to transform problem (15) into a fixed point problem, we define operator .%# as

Fx(t) = #__lm/ot(t—s)“—ﬁ—lx(s)dﬁL;Lrl(a) /()t(t—s)a—1f<x(s))ds

4—-5<& pa - 1) yATut-@&+wﬁ—u@yu

A\ AT(8+a—B

e [ TP ()

AT(6, + )
o (=p@A-1 T St Bl 0
7LF(52+06—I3)/0 (T —s)" 1 (s)d

1_“ T o—
_ If@giayA(T—wfﬁlf@@»dﬁ,tel

It can easily be shown that .Z is continuous and completely continuous. The remaining part of

the proof is similar to that of Theorem 3.6. So we omit it. This completes the proof.
3.3. The Lipschitz case

In this subsection, we prove the existence of solutions for problem (1)-(2) with a not neces-
sary nonconvex valued right hand side, by applying a fixed point theorem for multivalued maps
due to Covitz and Nadler [27].

Let (X,d) be a metric space induced from the normed space (X; || - ||). Consider H; : 2 (X) x
P (X) = RU{eo} given by

H,(A,B) = max{supd(a,B),supd(A,b)},
acA beB

where d(A,b) = infycad(a;b) and d(a,B) = infyepd(a;b). Then (P ,(X),Hy) is a metric
space (see [28]).

Definition 3.11. A multivalued operator N : X — Z(X) is called

(a) y—Lipschitz if and only if there exists ¥ > 0 such that
Hy(N(x),N(y)) < vd(x,y) for each x,y € X.
(b) a contraction if and only if it is y—Lipschitz with y < 1.

Lemma 3.12. ([27]) Let (X,d) be a complete metric space. If N : X — P .(X) is a contraction,
then FixN # 0.

Theorem 3.13. Assume that:
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(A1) F:[0,T] xR = Z,(R) is such that F(-,x) : [0,T] = P¢»(R) is measurable for each
xeR.

(A2) Hy(F(t,x),F(t,%)) <m(t)|x—%| foralmostallt € [0,T] and x,% € Rwithm € L' ([0, T],RT)
and d(0,F (¢,0)) < m(t) for almost all t € [0,T].

Then boundary value problem (1)-(2) has at least one solution on [0,T) if

N e AR S ) R U A

ok AT(a—B) | AAL(S +o—B) AAT(8, + o — B)
T T
+ Ml(a) /0 (T =) m(s)ds+ ek Aréﬁ - /0 (T — )34 Lin(s)ds
(16) +%/()T(T—s)5ﬁa_lm(s)ds <1

Proof. Consider .# defined at the begin of the proof of Theorem 3.6. Observe that set Sg., is
nonempty for each x € C([0,7],R) by the assumption (A;). So F has a measurable selection
(see Theorem II1.6 [29]). Now we show that the operator .# satisfies the assumptions of Lemma
3.12. We show that .7 (x) € Z((C[0,T],R)) for each x € C([0,T],R). Let {uy, },>0 € F (x) be
such that u, — u (n — o) in C([0,7T],R). Then u € C([0,T],R) and there exists v, € S, such
that, for each t € [0, T],

unlt) = ﬁ /Otu—s>“ﬁlx<s>ds+ﬁ =9 s

L — H(A—1) ! —s)drtaBly( S—L '
+ A<63 /IF(61+05—[3)/0 (T =) x(5)d M"(61+a)/o (r

— 5)%tely (5)ds

(I-—w@A-1 /T a—p—
— lr(ﬁz—i-a—ﬁ)/o (T—s)‘SZJr B 1x(s)a’s

l—pu T S+a—1
— m/o (T—S) + Vn(S)dS>, teld.
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As F has compact values, we pass onto a subsequence (if necessary) to obtain that v, converges

tovin L'([0,T],R). Thus, v € Sk and for each ¢ € [0, T], we have

un(t) > v(t) = ﬁ [ =97 tatops e [[0-9% isyas

t pA—1) T \Sita—p—
+ —<5 ) /0 (T — 5)3+@B=1(5)ds

A\7 AT +a—pB

u T 1+o—
- _M“(6_1+_oc)/o (T —5) 4 ty(s)ds

(=@ -1) 7 _gEta Bl g
WG raf) Jy TP 0

l—u d o
- QLF(52+OC)/0 (=5 1V(S)ds)7tej'

Hence, u € .% (x). Next we show that there exists 0 < 1 such that

Hy(Z (x),Z (%)) < 8|x — || for each x,¥ € C*([0,T], R).

Let x,% € C%([0,T],R) and h; € .Z (x). Then there exists v;(t) € F(¢,x(¢)) such that, for each
t€10,T],

) = % [ =5 xsyas + Hl(a) [ tsyas

! [,L()L—l) T 1+o—p—
+ X(&_lr(5l+a—[3)/o (T — 5)2+ % B=1x(s5)ds

B /T(T—s)51+°‘_1v1(s)ds
AT (81 + o) Jo

=AY T sl g
lF((Sg—FOC—ﬁ)/O (T =% 1 (s)d

B e R A R

By (A;), we have

Ha(F (t,x), F (2,%)) < m(t)|x(1) = X(2)].
So, there exists w € F(t,%(t)) such that

vi(e) —w| <m(1)|x(t) —x(2)|, £ € [0,T7].
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Define U : [0,T] — Z(R) by

U(t) ={weR:|vi(t) —w| <m()x(t) = x(1)]}.

Since U (t) NF(t,x(t)) is measurable (Proposition II1.4 [29]), there exists a function v;(¢) which

is a measurable selection for U. So v,(t) € F(t,%(t)) and for each ¢ € [0,T], we have |v(t) —
va(t)| < m(t)|x(t) — x(t)|. For each t € [0,T], let us define

hz(l‘)

Hence, one has

|1 (1) = ha (1))

<

A—1

L NaBls L e
uA—1)

t T ta—B—1=
/_\(53_11“(81+a—[3)/o (T =) P 5(s)ds

T
K / (T —5)2+% 1y, (s)ds
0

AT(8, + )

(L=mG=1 [T e gt
e T

—1—N ! —5)2F0 Ly, (5)ds
M‘(52+oc)/o (T —s) N )d),te].

-1

T p) /0 (1 — )% B |x(s) — 2(s)|ds

TujA -1 T . )
AAF(61+a—ﬁ)/() (T —5)2 P x(s) — %(s)|ds
ra-pia =it — 52BN (6) — x(s) |ds
AAF(52+a_3)/O (T =)= fx(s) = 5(s)|d

1

Ty

AAT (01 +

T(1—p)

AAT (62 + o

T
3@y 9 ) —val)las

) /OT<T—S>5‘+°“1|v1<s>—vz<s>|ds

) /()T<T—S>52+°“l|v1<s> —va(s)|ds

|A—1|T“*ﬁ ‘LL|A_1|T31+OC*/3+1 T(l—u)|l—1|T62+a*ﬁ+1
T +
AT(a—B) = AAT(8;+o—p) AAL(5 +a—B)

wwh

T(1—p)

AAT (8 + o

5ol T—‘LL/T _ Noita-1
s) m(s)ds+7LAF(51+a) A (T —5) m(s)ds

)/OT(T—S)52+°‘_1m(s)ds}Hx—)EH.
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It follows that

A—1|TOB A — 1TdFaBrl 7 (1 p)|A — 1T e+
I =l = {lF(a—B) AT ta—B) T AAL(&+a—B)
+ Ml(a) /OT(T—S)“_th(S)dS
* AAF(TS‘ILvL a) /oT(T —S) m(s)ds
; % / T(T—s>52+“—1m<s>ds}||x—x||.

Analogously, interchanging the roles of x and X, we obtain H, (% (x),.%# (X)) < §||x —X||, wehere
0 is defined by (16). So .# is a contraction. Therefore, it follows by Lemma 3.12 that .# has a
fixed point x which is a solution of (1)-(2). This completes the proof.

4. Existence results for problem (1)-(3)
4.1. Existence result via Krasnoselskii’s multi-valued fixed point theorem

Lemma 4.1. (Krasnoselskii’s fixed point theorem [30]) Let X be a Banach space, Y € P, ; -(X)
and A,B:Y — Pcp(X) be two multivalued operators. Then there exists y € Y such that
y € Ay + By provided that A and B satisfy the conditions: (i) Ay+ By CY forally €Y; (ii) A is

contraction, and (iii) B is u.s.c and compact.

Definition 4.2. A function x € C*>(J,R) is a solution of problem (1)-(3) if x(0) = 0, uDYx(T) +
(1—u)D°x(T) = 1, and there exists function v € L' (J,R) such that v(t) € F(t,x(t)) a.e. on J

and

0 = g -9 P s s [ =97 s
G S

an s T(T—s>5+°”v<s>ds), (= [0.T)

where A #£ 0 is defined by (13).

Theorem 4.3. Assume that (Hy) holds. In addition, we suppose that:
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(By) there exists a continuous function p € C([0,T],R™) such that
1F(t,x) || 2 := sup{|y| : y € F(t,x)} < p(t), for each (1,x) € [0,T] X R;

TOBA—1 T BrHIgA 1] 7O B A — 1]

(B2) K = + + <1.

S Al(a—B+1)  AAT(a—B—7y+1) AAT(S+a—B+1)
Then boundary value problem (1)-(3) has at least one solution on [0,T].

Proof. Based on Lemma 2.7, we introduce an operator & : % — (% ) as follows:

heC(,R):
A—1 4 o B 1 t .
(a0 sy [ -9 o

! _ M-y 7 — §)* B x(s)ds
(1t [

h(r) = _/mg_y) /0 T — e y(s)ds

(l-p@-1 7 P
_AF(5+a—B)/o (T — ) %P~ 1x(s)ds

1—u r o
_W/() (T —s)%F 1v(s)ds),

for v € Sg, where Sg denote the set of selections of F defined by

(18)  Y(x)

Spxi={veL'(J,R):v(t) € F(t,x(t)) forae.t € J}.

Let us introduce the operator <7 : % — % by

A—1 [t wp
m[) (t—S) B IX(S)dS

L S It ) ! — §)9 P11 x(5)ds
a1 A g 0T

(I-—w@A-1 a—p—
\ _?LF(6+O¢—I3)/0 (T—s>re? 1x(s)ds>’

(19) o (x) =

A\

and the multi-valued operator # : % — P (% ) by

heC(J,R): \
4 1 t o
AT(a) Jy 1= vt
. T
20)  Bx)= M) = +AL1 - m /0 (T — )% v(s)ds
1—u r o—
\ | AT &y 7= 1v(s)ds>’ )

21
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for v € Sp. Observe that ¥ = &/ + %, where the operator ¥ : % — (% ) is given by
(18). We shall show that the operators .7 and % satisfy the conditions of Lemma 4.1 on [0, 7]
in several steps. We begin by showing that the operators o/ and % define the multivalued
operators o7, % : By — Pp (%), where B, = {x € % : ||x|| < r} is a bounded set in %. We
next only prove that operator & is compact-valued on B, and convex for all x € % . Note that
operator 4 is equivalent to the composition .Z o Sr, where .Z is the continuous linear operator
on L'(J,R) into %, defined by

200 = )Lrl(a) /()t(t_s)a1v<s)ds+i<n—ﬁ/ojw(]“—s)aYlv(s)ds

a—7y)
+—7LF1(5_4"—105) /OT(T — s)5+a_1v(s)ds> :

Suppose that x € B, is arbitrary and let {v, } be a sequence in Sr. Then, by definition of Sg,

we have v,(r) € F(t,x(t)) for almost all € [0,T]. Since F(¢,x(t)) is compact for all t € J,
there is a convergent subsequence of {v,(¢)} (we denote it by {v,(¢)} again) that converges
in measure to some v(¢) € Sg for almost all 7 € J. On the other hand, .Z is continuous, so
ZL(vp)(t) = Z(v)(t) pointwise on J. In order to show that the convergence is uniform, we

have to show that {_<Z’(v,) } is an equi-continuous sequence. Let 71,1, € J with #; < f,. Then, we

have
|2 (vn) (t2) — L (va) (1)
< walh =97 = (=9 s+ [ =9) plo)ds
12 —11] 0 r a—y—
+ A (lr(a—]/)/o (T — )% " Yy(s)ds
_ T
+—AF1(5—|I:L(1)/0 (T—s)6+°‘1v(s)ds>
Ipll o . ar , Pl —1] urey (1—p)To+e
Tlo+ D)2~ 2 —n)+—=F (),F(oc—}url) 7LF(6+O¢+1)>'

We see that the right hand of the above inequality tends to zero as t, — f1. Thus, sequence
{Z(vn)} is equi-continuous and hence it follows by the Arzela-Ascoli theorem that there exists
a uniformly convergent subsequence {v,} (we denote it again by {v,}) such that Z(v,) —
Z(v). Note that Z(v) € Z(Srx). Hence, #(x) = Z(SFy) is compact for all x € B,. So
2 (x) is compact. To establish that H(x) is convex for all x € %, let 71,z € PB(x). We select
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v1,V2 € Sk such that

i) = ﬁ /Ot(t _ S)chlvi(s)ds—l— ALl (n _ m /OT(T - s)a—y—lvi(s)ds

I St U ! _ o Sta—1 . .
+/1F<5+oc>/o (T =) vils)ds |, i=1,2,

for almost allr € J. Let 0 < @ < 1. Then, we have

[0z1 + (1 — 0)z5](¢)

1

= T 9 o 0) + (1~ @)oo

+AL1 (n — M/OT(T —5)* " N (s) + (1 — ©)va(s)]ds
— T
+%/{) (T — s)5+oc—1 [(DV](S) + (1 — 6())V2(s)]ds> .

Since F has convex values, so Sg, is convex and @v;(s) + (1 — @)va(s) € Sr. Thus wz; + (1 —
)zp € HA(x). Consequently, Z is convex-valued.
The rest of the proof consists of the following steps and claims.

Step 1. We show that .7 is a contraction on %/ . Letting x,y € % , we have

_ T
letx—etyl| < gy | (=5 sl =s(olas
TuA 1 T
R v e MO D R MORSOLE
— — T
AT Lo, (79 ) (o
<

T%B|A—1| TeB=rtlyA —1
AT(a—=B+1) AAT(a—B—7v+1)

T6+a_ﬁ+l<1_»u)|a‘_l| H _ H
AMT(S+a—B+1) (7

= Killx=yl,

which is contractive since K| < 1.

Step 2. % is compact and upper semicontinuous. This will be established in several claims.
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CLAIM 1. Z maps bounded sets into bounded sets in €. Let B, = {x € € : ||x|| < r} be a
bounded set in €. Then, for each 1 € %(x),x € B,, there exists v € Sg such that

W) = %@/Ot(t—s)alv(s)ds—i—[%l

(I—p) d o
_—QLF(5+OC)/O (T —5)%+ 1v(s)ds].

Then, fort € J, we have

= _maH -7 /OT<T — )% v(s)ds

re r lpluTe”  |lpll(1—p)To*
< S E .
O WPy Y Ay | AT (e —y v 1) T AT F ot )
Thus,
“ r lpluTe”  pll(1—w)To+e
< .
Il < 0Pl 3oy T Ay | A=y 5 1) T AT+ ot )

CLAIM II: B maps bounded sets into equi-continuous sets. Let t,t, € J witht; <t and x € B,.
Then, for each h € %(x), we obtain
)~ hien)| < APy 26—
- TI'(a+1)

+|tz—r1|<H |plure |!pH(1—u)T5+“>

Ay AT(a—y+1)  A'(6+oa+1)

Obviously the right hand side of the above inequality tends to zero independently of x € B,
as 1 —t; — 0. Therefore it follows by the Ascoli-Arzeld theorem that B : % — P (%) is
completely continuous.

Next we show that . is an upper semi-continuous multi-valued mapping. It is known by
Lemma 3.2 that & will be upper semicontinuous if we establish that it has a closed graph, since
already shown to be completely continuous. Thus we will prove that:

CLAIM II1: & has a closed graph. Let x, — x.,h, € B(x,) and h, — h,. Then we need to
show that h, € %(x,). Associated with h, € %(x,), there exists v, € Sg,, such that for each
teld,

W) = %@/Ot(t—s)alv(s)ds—i—[%l

(1—p) T o—
—m/o (T —s)0F 1v(s)ds].

= _maH -7 /OT<T — )% v(s)ds
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Thus it suffices to show that there exists v, € Sg, such that for each ¢ € J,

1

h*(t) _ Ar(a) /()l(t_s)a_lv*(s)ds+AL1 n-— m/()T(T—s)a—Y—lv*(S)ds

(1_.”) r oa—
_/IF(6+06)/0 (=) IMS)dS]'

Let us consider the linear operator ® : L' (J,R) — % given by

Vs @) = Ml(a) [[e=5) vty -

- Ar(g ~7) /oT(T — 9 T s)ds

(I-p) (T a—
- M‘(ﬁ-i—oc)/o =" 1v(s)ds]'

Observe that

1

O e AR ORI

t
Ay

_ %/()T<T_s>6+a_l(vn(s)—v*(s))ds]

Thus, it follows by Lemma 3.3 that ® o S is a closed graph operator. Further, we have h,(t) €

T T ) )

— 0, as n — oo,

O(SF,,)- Since x,, — x, we have that

ho(r) = %@/Ol(t—s)“lv*(s)ds—kl%l

T
n- AF(S— 7) /o (T =) v (s)ds

(- [ a-
_/IF(5+OC)/0 (T —s)%* 1v*(s)ds]7

for some v, € Sry,. Hence # has a closed graph (and therefore has closed values). In conse-

quence, the operator % is compact valued and upper semi-continuous.
IpllK2+[n|T /A

Step 3. Here, we show that .o/ (x) + %(x) C B, for all x € B,. Let us select r > K ,
— K

where K defined by (B;) and

T T(X—Y—H‘u T5+OH—1 (1 . ‘u)

@1 BT ) T AAT@ 1) ZATG et 1)
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For any x € B,, we have

A—1 t B 1 d o
m/o(l_s) B 1x(s)ds+m/o(t—s) Y(s)ds

L P G hed)) ! — )BT 1x(5)ds
¥ A](n o py f, 79"

_ —)b]"((l;—’y) /OT(T—s)O‘—Y—lv(S)dS

(I-w)@A-1) (T a—p-
— XF(5—|—OC—B)/0 (T—s)‘SJr B x(s)ds

l—p g o—
— —XF(5+OC)/0 (T —5)%+ lv(s)ds)‘

2% < sup
tel

< ”{ T“‘ﬁ\/l—1| T“‘ﬁﬂ’“u!l—l\ T5+°“B+1(1—/,L)M—lq
X
- AT(a—B+1) AAMT(ax—B—y+1) ANMT(6+a—-B+1)
In|T
+ A
TO( TOCf}’le‘u T5+0t+1<1 o u)
+ Pl QLF(OC+1)+7LA1F(05—3/+1) AMT(S+o+1)
In|T
< rKi+|pl|K2+——<r,
Ay

which implies that B, C B,. Hence ||h|| < r, which means that </ (x) + %£(x) C B, for all
x € B,. Thus, operators .2/ and 4 satisfy all the conditions of Lemma 4.1 and hence we conclude
that x € o/ (x) + %(x) has a solution in B,. Therefore problem (1)-(2) has a solution in B, and

the proof is completed.
4.2. Existence result via nonlinear alternative for contractive maps

Lemma 4.4. ([31]) Let X be a Banach space and let D be a bounded neighborhood of 0 € X.
LetZ) : X — Pepo(X) and Zp : D — P (X) be two multi-valued operators satisfying

(a) Zj is contraction, and

(b) Z, is upper semicontinuous and compact.
Then, if G = Z| + Z3, either
(i) G has a fixed point in D or
(ii) there is a pointu € dD and A € (0,1) withu € AG(u).

Theorem 4.5. Assume that (Hy) and (H,) hold. In addition, we suppose that:
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(1-K)M

Ip[®M)K, >1, K; <1, where K{,K; are

(B3) there exists a constant M > 0 such that

defined by (B;) and (21) respectively.
Then boundary value problem (1)-(3) has at least one solution on [0,T].

Proof. We consider operator ¢4 : C([0,T],R) — Z(C(]0,T],R)) by (18) and operators .o/ :
U — U and B : U — P (%) defined by (19) and (20) respectively. As in Theorem 4.3,
one can show that the operators o/ and 4 are indeed the multivalued operators </, % : B, —
Pepe(%) where B, = {x € % : ||x|| < r} is a bounded set in %, </ is a contraction on %
and Z is u.s.c. and compact. It follows that o7 and Z satisfy all the conditions of Theorem
4.4. Hence its conclusion implies either condition (i) or condition (ii) holds. We show that the
conclusion (ii) is not possible. If x € 6.%7 (x) + 0% (x) for 6 € (0,1), then there exists v € Sk,
such that

A1 1 R
O /O (=) x(5)ds+ 0 s /0 (1 — )% 1v(s)ds

oo

u T o (1—pw)(A—=1) (T Y
_ m/o (T —5)*77 1v(s)ds—lr(5+a_ﬁ)/0 (T—s)5+ B ]x(s)ds

l—u g a—
- )LF(6+a)/() (=" lv(s)ds)tej'

Using the assumptions, we get

Te-BA—1|  TeB-rtlyp 1|
(@) < i« — —
A(a—B+1) AAT(ax—B—7+1)
n TP —wa—1]]  |n|T
AMT(S+a—B+1) A
T TOC—J/—H‘u T5+OC+1 (1 _ ‘U,)
o
el /11“(05+1)+),A1F(a—y+l)+7LA1T(5+(X+1)
n|T
< [l + ok + 1T,
which implies that
(1 —Ky)|lx]

<1.

22 —_
(22) EES
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If condition (ii) of Theorem 4.4 holds, then there exists 6 € (0, 1) and x € dBy with x = 09 (x).
Then, x is a solution of (1)-(3) with ||x|| = M. Now, by the inequality (22), we get

(1-K)M
IpleM)K, —

which contradicts (B3). Hence, ¢ has a fixed point on J by Theorem 4.4, and consequently
problem (1)-(3) has a solution. This completes the proof.

5. Examples

In this section, we present some examples to illustrate our results.

Example 5.1. Let us consider the following two orders fractional differential inclusion with two

orders fractional integral boundary conditions

(§D29/15+;_8D16/15) x(t) c Fl(t’x(t)), re [073/2]7

65 (3) 5 an (3) 2
x(0) =0, 11I x(2)+111 5 =3

where Fy(t,x) is the multivalue function defined by

A= [ (s +s) o (s )]

Here A =33/38, a =29/15, 3 =16/15,u=6/11,8,=5/2,0,=7/2,03=2/3,T =3/2.
We can find that A = 0.2476789227 and Q| = 0.4867106649. It is easy to see that

IR (el = sup{ly = y € Fi(t,0)} < Wfl_gl) (‘5_\%) |

(23)

Set p(t) = (vt +1)/10 and ®(x) = (x/5) + (1/2). After that, we get Qp = 0.3107475249.
From the given data, we can find that there exists a positive constant M > 9.293923401 satis-
fying condition (H3) of Theorem 3.6. Therefore, by applying Theorem 3.6, we deduce that the

boundary value problem (23) has at least one solution on [0,3/2].
Example 5.2. Let us consider the following two orders fractional differential inclusion with two
orders fractional integral boundary conditions

(gD”/‘) + %010/9) x(t) € Fy(t,x(1)),  1€[0,1/2],

— % 1/2 l E 3/2 1 _%
x(O) 0, 5I x(z) +51 X > =
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where F»(t,x) is the multivalue function defined by

143 (242 1
F(t,x) = |0 =
2(1%) { ’<t2+1) (2(1—|—|x|)+2
Here A =49/53, a=17/9,=10/9,u=2/5,81=1/2,8,=3/2,5:=2/7,T =1/2. By
direct computation, we can find that A = 0.1382999905. It is easy to see that

t+3 42k 1
cx€R(t,x)} < o).
supiir| : x € Fo(t,0)} < (t2+ 1) (2(1 +x)) 2

Also we have

HalFe.0). R0 < (557 ) ol

Setting m(t) = (t +3)/(t> + 1), we can write as Hy(F>(t,x),F>(t,y)) < m(t)|x — y| such that
d(0,F,(t,0)) < m(t). From the above data, we find that 6 = 0.9640022781 < 1. Therefore
all assumptions of Theorem 3.13 are fulfilled. Thus, by the conclusion of Theorem 3.13, we

deduce that the problem (24) with F>(¢,x) given by (24) has at least one solution on [0, 1/2].

Example 5.3. Let us consider the following two orders fractional differential inclusion with

mixed fractional derivative and integral boundary conditions

(§D19/13 + 3015/13) x(t) € F3(t,x(1)), t€][0,3/2],

(25 . 927 3 7 3 1
_ 2 n8/15 (2 Laps (2 1
x(0) =0, 16D x<2)—|—161 x<2) 3
where F3(t,x) is the multivalue function defined by
2
e sinx x|+ 1Y cosx
F(t,x) = | ——=,lo .
30 = | Ty g<|x|—l—3) (2 +1)

Here A =25/27, oo =19/13, B =15/13, u =9/16, y=8/15, 6 =11/15,n=1/3, T =
3/2. We can compute that A = 1.324284418 and K; = 0.1994504661 < 1. Observe that the
following inequality holds

1F3(2,%) || 2> = sup{x| : x € F3(t,x)} <

?+1
Choose p(t) = 1/(t>41). Then all conditions of Theorem 4.3 are satisfied. Hence, by applying

Theorem 4.3, we obtain a conclusion that boundary value problem (25) has at least one solution

on [0,3/2].
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Example 5.4. Let us consider the following two orders fractional differential inclusion with

mixed fractional derivative and integral boundary conditions

(ﬂDwﬁ N iD8/7) () € Fa(t,x(0)), t€[0,1/2],

(26) N 14;6 1\ 18 1\ 3
0)=0, —Dx(=)+rx(=)=2
H0)=0. 3 x(2)+31 \2) 7w

where Fy(t,x) is the multivalue function defined by

() (o). o15) (2]

Here A = 41/46, o =13/7, 3 =8/7, u =13/31,7=5/9, 8§ =4/9, 1 =3/4, T =1/2. We
can find that A = 0.5146859058, K| = 0.1579843375 and K, = 0.3824736642. In addition,

we have

IFi()l = sup{l 3 € Fae} < (s ) 2+,

Now, we set p(t) = 1/(¢> +3) and @(|x|) = 2|x| + 1. So, we get || p|| = 1/3. From the obtained
detail, we can find that there exists a constant M > 0.2171788872 satisfying inequality in The-
orem 4.5. Thus, from Theorem 4.5, we get that boundary value problem (26) has at least one

solution on [0, 1/2].
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