
J. Nonlinear Funct. Anal. 2017 (2017), Article ID 36 https://doi.org/10.23952/jnfa.2017.36

BOUNDARY VALUE PROBLEMS FOR FRACTIONAL DIFFERENTIAL
INCLUSIONS WITH CAPUTO FRACTIONAL DERIVATIVES AND

RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS IN BOUNDARY
CONDITIONS

SOTIRIS K. NTOUYAS1,2,∗, JESSADA TARIBOON3

1Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece
2Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics,

Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia
3Nonlinear Dynamic Analysis Research Center, Department of Mathematics,

Faculty of Applied Science, King Mongkut’s University of Technology North Bangkok, Thailand

Abstract. In this paper, we study a new class of boundary value problems consisting of a fractional differen-

tial inclusion with two fractional derivatives of Caputo type supplemented with boundary conditions which con-

sist by Riemann-Liouville type fractional integral or one fractional derivative of Caputo type and one fractional

Riemann-Liouville type integral. Some new existence results for convex as well as non-convex multivalued maps

are obtained based on standard fixed point theorems. Some illustrative examples are also provided.
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1. Introduction

In recent years, as an extended concept of integral differential equations, fractional differ-

ential equations are widely concerned in various fields of science such as physics, chemistry,

biology, economics, control theory, signal and image processing, and blood flow phenomenon.
∗Corresponding author.

E-mail address: sntouyas@uoi.gr (S.K. Ntouyas).

Received March 10, 2017; July 7, 2017.

c©2017 Journal of Nonlinear Functional Analysis

1



2 S. K. NTOUYAS, J. TARIBOON

The boundary value problem of fractional equations has emerged as a new branch in the fields

of differential equations for their deep backgrounds. For a detailed account of applications and

recent results on initial and boundary value problems of fractional differential equations, we

refer the reader to a series of books and papers ([1]-[17]) and references cited therein.

In this paper, we study a new class of boundary value problems consisting of a fractional dif-

ferential inclusion with two fractional derivatives of Caputo type supplemented with boundary

conditions which consist by Riemann-Liouville type fractional integral or one fractional deriv-

ative of Caputo type and one fractional Riemann-Liouville type integral. More precisely, we

consider the following boundary value problems which consist from the differential inclusion

(1)
(

λDα +(1−λ )Dβ

)
x(t) ∈ F(t,x(t)), t ∈ (0,T ),

which includes two Caputo type fractional derivatives, supplemented by boundary conditions

consisting of two Riemann-Liouville fractional integrals

(2) x(0) = 0, µIδ1x(T )+(1−µ)Iδ2x(T ) = δ3,

or one fractional derivative of Caputo type and one Riemann-Liouville fractional integral

(3) x(0) = 0, µDγx(T )+(1−µ)Iδ x(T ) = η ,

where Dφ is the Caputo fractional derivative of order φ ∈ {α,β ,γ} such that 1 < α,β ≤ 2,

δ3,η ∈ R, Iχ is the Riemann-Liouville fractional integral of order χ ∈ {δ1,δ2,δ}, 0 < λ ≤ 1,

0 ≤ µ ≤ 1 are given constants and F : [0,T ]×R→P(R) is a multivalued map, P(R) is the

family of all nonempty subsets of R.

Recently, Niyom et al. [18] studied the following boundary value problem which contains

four Riemann-Liouville fractional derivatives, two in differential equations and two in integral

conditions, of the form

(4)

(
λDα +(1−λ )Dβ

)
x(t) = f (t,x(t)), t ∈ (0,T ),

x(0) = 0, µDγ1x(T )+(1−µ)Dγ2x(T ) = γ3.

The existence and uniqueness results were proved via the Banach contraction principle, the

Krasnoselskii fixed point theorem and the Leray-Schauder nonlinear alternative. Problem (4)

was studied in [19] with two Caputo fractional derivatives in differential equations and two

derivatives or two integrals or one derivative and one integral in boundary conditions via the

Sadovski’s fixed point theorem. In [19], we also studied a multi-valued case of problem (4) via

nonlinear alternative for contractive maps.
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In this paper, we establish some existence results for problems (1)-(2) and (1)-(3). In Sec-

tion 3, we study problem (1)-(2) when the right hand side has convex as well as non-convex

values. In the case of convex values (upper semicontinuous case) we use the nonlinear alterna-

tive of Leray-Schauder type. When the right hand side is not necessarily convex valued (lower

semicontinuous case) we combine the nonlinear alternative of Leray-Schauder type for single-

valued maps with a selection theorem due to Bressan and Colombo for lower semicontinuous

multivalued maps with nonempty closed and decomposable values. Finally, in the last result

(Lipschitz case) we prove the existence of solutions for problem (1)-(2) with not necessary non-

convex valued right hand side, by applying a fixed point theorem for contractive multivalued

maps due to Covitz and Nadler. In Section 4, we consider problem (1)-(3), and prove existence

results by applying Krasnoselskii’s multi-valued fixed point theorem and nonlinear alternative

for contractive maps. The methods used are routine, however their exposition in the framework

of problem (1)-(2) and (1)-(3) is new.

2. Preliminaries

2.1. Basic materials for fractional calculus

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and

present preliminary results needed in our proofs later.

Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 of a function g :

(0,∞)→ R is defined by

Jαg(t) =
∫ t

0

(t− s)α−1

Γ(α)
g(s)ds,

provided that the right-hand side is point-wise defined on (0,∞), where Γ is the Gamma func-

tion.

Definition 2.2. The Riemann-Liouville fractional derivative of order α > 0 of a continuous

function g : (0,∞)→ R is defined by

Dαg(t) =
1

Γ(n−α)

( d
dt

)n ∫ t

0

g(s)
(t− s)α−n+1 ds, n−1 < α < n,

where n = [α]+ 1, [α] denotes the integer part of real number α , provided that the right-hand

side is point-wise defined on (0,∞).
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Definition 2.3. The Caputo derivative of order q for a function f : [0,∞)→ R can be written as

cDq f (t) = Dq

(
f (t)−

n−1

∑
k=0

tk

k!
f (k)(0)

)
, t > 0, n−1 < q < n.

Remark 2.4. If f (t) ∈Cn[0,∞), then

cDq f (t) =
1

Γ(n−q)

∫ t

0

f (n)(s)
(t− s)q+1−n ds = In−q f (n)(t), t > 0, n−1 < q < n.

Lemma 2.5. For q > 0, the general solution of the fractional differential equation cDqx(t) = 0

is given by

x(t) = c0 + c1t + . . .+ cn−1tn−1,

where ci ∈ R, i = 0,1,2, . . . ,n−1 (n = [q]+1).

In view of Lemma 2.5, one sees that

(5) Iq cDqx(t) = x(t)+ c0 + c1t + . . .+ cn−1tn−1,

for some ci ∈ R, i = 0,1,2, . . . ,n−1 (n = [q]+1).

2.2. Useful lemmas

Lemma 2.6. The boundary value problem

(6)


(

λDα +(1−λ )Dβ

)
x(t) = ω(t), t ∈ (0,T ),

x(0) = 0, µIδ1x(T )+(1−µ)Iδ2x(T ) = δ3,

is equivalent to the following integral equation

x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1

ω(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1

ω(s)ds(7)

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1

ω(s)ds

)
, t ∈ [0,T ],
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where the non zero constant Λ is defined by

(8) Λ =
µT 1+δ1

Γ(2+δ1)
+

(1−µ)T 1+δ2

Γ(2+δ2)
.

Proof. From the first equation of (6), we have

(9) Dαx(t) =
λ −1

λ
Dβ x(t)+

1
λ

ω(t), t ∈ J.

Taking the Riemann-Liouville fractional integral of order α to both sides of (9), we get

x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1

ω(s)ds+ C1 +C2t,

for C1, C2 ∈ R. The first boundary condition of (6) implies that C1 = 0. Hence

(10) x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1

ω(s)ds+C2t.

Applying the Riemann-Liouville fractional integral of order ψ ∈ {δ1,δ2} such that 0 < ψ <

α−β to (10), we have

Iψx(t) =
λ −1

λΓ(ψ +α−β )

∫ t

0
(t− s)ψ+α−β−1x(s)ds

+
1

λΓ(ψ +α)

∫ t

0
(t− s)ψ+α−1

ω(s)ds+C2
t1+ψ

Γ(2+ψ)
.

Substituting the values ψ = δ1 and ψ = δ2 to the above relation and using the second condition

of (6), we obtain

δ3 =
µ(λ −1)

λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

+
µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1

ω(s)ds+
µT 1+δ1

Γ(2+δ1)
C2

+
(1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

+
1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1

ω(s)ds+
(1−µ)T 1+δ2

Γ(2+δ2)
C2,
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which leads to

C2 =
1
Λ

[
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1

ω(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1

ω(s)ds

]
.

Substituting the value of constant C2 into (10), we deduce the integral equation (7). The con-

verse follows by direct computation. This completes the proof.

Lemma 2.7. The boundary value problem

(11)


(

λDα +(1−λ )Dβ

)
x(t) = ω(t), t ∈ (0,T ),

x(0) = 0, µDγx(T )+(1−µ)Iδ x(T ) = η ,

is equivalent to the following integral equation

x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1

ω(s)ds

+
t

Λ1

(
η− µ(λ −1)

λΓ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1x(s)ds

− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1

ω(s)ds

− (1−µ)(λ −1)
λΓ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1x(s)ds

− 1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1

ω(s)ds

)
, t ∈ J := [0,T ],(12)

where the non zero constant Λ1 is defined by

(13) Λ1 =
µT 1−γ

Γ(2− γ)
+

(1−µ)T 1+δ

Γ(2+δ )
.

Proof. The proof is similar to that of Lemma 2.6 and omitted.

2.3. Basic material for multivalued maps
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Here we outline some basic concepts of multivalued analysis; see [21, 22] and the references

therein.

Let U :=C([0,T ],R) denote the Banach space of all continuous functions from [0,T ] into R

with norm ‖x‖= sup{|x(t)|, t ∈ [0,T ]}. Also by L1([0,T ],R) we denote the space of functions

x : [0,T ]→ R such that ‖x‖L1 =
∫ T

0 |x(t)|dt. For a normed space (X ,‖ · ‖), let

Pcl(X) = {Y ∈P(X) : Y is closed},

Pb(X) = {Y ∈P(X) : Y is bounded},

Pcl,b(X) = {Y ∈P(X) : Y is closed and bounded},

Pcp(X) = {Y ∈P(X) : Y is compact},and

Pcp,c(X) = {Y ∈P(X) : Y is compact and convex}.

A multi-valued map G : X →P(X) :

(i) is convex (closed) valued if G(x) is convex (closed) for all x ∈ X .

(ii) is bounded on bounded sets if G(Y ) = ∪x∈Y G(x) is bounded in X for all Y ∈Pb(X)

(i.e. supx∈Y{sup{|y| : y ∈ G(x)}}< ∞).

(iii) is called upper semi-continuous (u.s.c.) on X if for each x0 ∈ X , the set G(x0) is a

nonempty closed subset of X , and if for each open set N of X containing G(x0), there

exists an open neighborhood N0 of x0 such that G(N0)⊆ N.

(iv) G is lower semi-continuous (l.s.c.) if the set {y∈ X : G(y)∩Y 6= /0} is open for any open

set Y in X .

(v) is said to be completely continuous if G(B) is relatively compact for every B ∈Pb(X);

If the multi-valued map G is completely continuous with nonempty compact values,

then G is u.s.c. if and only if G has a closed graph, i.e., xn→ x∗, yn→ y∗, yn ∈ G(xn)

imply y∗ ∈ G(x∗).

(vi) is said to be measurable if for every y ∈ X , the function

t 7−→ d(y,G(t)) = inf{|y− z| : z ∈ G(t)}

is measurable.

(vii) has a fixed point if there is x ∈ X such that x ∈G(x). The fixed point set of the multival-

ued operator G will be denoted by FixG.

3. Existence results for problem (1)-(2)
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3.1. The Carathéodory case

In this subsection, we consider the case when F has convex values and prove an existence re-

sult based on nonlinear alternative of the Leray-Schauder type, assuming that F is Carathéodory.

Definition 3.1. A multivalued map F : [0,T ]×R→P(R) is said to be Carathéodory if

(i) t 7−→ F(t,x) is measurable for each x ∈ R;

(ii) x 7−→ F(t,x) is upper semicontinuous for almost all t ∈ [0,T ].

Further a Carathéodory function F is called L1−Carathéodory if

(iii) for each ρ > 0, there exists ϕρ ∈ L1([0,T ],R+) such that

‖F(t,x)‖= sup{|v| : v ∈ F(t,x)} ≤ ϕρ(t)

for all ‖x‖ ≤ ρ and for a.e. t ∈ [0,T ].

For each y ∈C([0,T ],R), define the set of selections of F by

SF,y := {v ∈ L1([0,T ],R) : v(t) ∈ F(t,y(t)) on [0,T ]}.

We define the graph of G to be the set Gr(G) = {(x,y) ∈ X ×Y,y ∈ G(x)} and recall a result

for closed graphs and upper-semicontinuity.

Lemma 3.2. ([21, Proposition 1.2]) If G : X →Pcl(Y ) is u.s.c., then Gr(G) is a closed subset

of X ×Y ; i.e., for every sequence {xn}n∈N ⊂ X and {yn}n∈N ⊂ Y , if n→ ∞, xn→ x∗, yn→ y∗

and yn ∈ G(xn), then y∗ ∈ G(x∗). Conversely, if G is completely continuous and has a closed

graph, then it is upper semi-continuous.

The following lemma will be used in the sequel.

Lemma 3.3. [24] Let X be a Banach space. Let F : J×R→Pcp,c(X) be an L1− Carathéodory

multivalued map and let Θ be a linear continuous mapping from L1(J,X) to C(J,X). Then the

operator

Θ◦SF : C(J,X)→Pcp,c(C(J,X)), x 7→ (Θ◦SF)(x) = Θ(SF,x)

is a closed graph operator in C(J,X)×C(J,X).

We recall the well-known nonlinear alternative of Leray-Schauder for multivalued maps.

Lemma 3.4. (Nonlinear alternative for Kakutani maps) [20]. Let E be a Banach space, C a

closed convex subset of E,U an open subset of C and 0 ∈U. Suppose that F : U →Pcp,c(C) is

a upper semicontinuous compact map. Then either



BOUNDARY VALUE PROBLEMS FOR FRACTIONAL DIFFERENTIAL INCLUSIONS 9

(i) F has a fixed point in U , or

(ii) there is a u ∈ ∂U and λ ∈ (0,1) with u ∈ λF(u).

Definition 3.5. A function x ∈C2(J,R) is a solution of problem (1)-(2) if x(0) = 0, µIγ1x(T )+

(1−µ)Iγ2x(T ) = δ3, and there exists function v ∈ L1(J,R) such that v(t) ∈ F(t,x(t)) a.e. on J

and

x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v(s)ds(14)

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v(s)ds

)
, t ∈ J,

where Λ 6= 0 is defined by (8).

Theorem 3.6. Assume that:

(H1) F : [0,T ]×R→Pcp,c(R) is L1-Carathéodory;

(H2) there exists a continuous nondecreasing function Φ : [0,∞)→ (0,∞) and a function

p ∈ L1([0,T ],R+) such that

‖F(t,x)‖P := sup{|y| : y ∈ F(t,x)} ≤ p(t)Φ(‖x‖) for each (t,x) ∈ [0,T ]×R;

(H3) there exists a constant M > 0 such that

(1−Ω1)M
Φ(M)Ω2 +T |δ3|/Λ

> 1, Ω1 < 1,

where

Ω1 =
|λ −1|T α−β

λ

{
1

Γ(α−β +1)
+

T 1−γ1

ΛΓ(δ1 +α−β +1)
+

(1−µ)T 1−γ2

ΛΓ(δ2 +α−β +1)

}
,

Ω2 =
1

λΓ(α)

∫ T

0
(T − s)α−1 p(s)ds+

T
Λ

[
µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1 p(s)ds

+
(1−µ)

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1 p(s)ds

]
.
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Then boundary value problem (1)-(2) has at least one solution on [0,T ].

Proof. To transform problem (1)-(2) into a fixed point problem, we define an operator F :

C([0,T ],R)−→P(C([0,T ],R)) by

F (x) =



h ∈C([0,T ],R) :

h(t) =



λ −1
λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v(s)ds

)
,


for v∈ SF,x. It is obvious that the fixed points of F are solutions of the boundary value problem

(1)-(2).

Next, we are in a position to show that F satisfies the assumptions of the Leray-Schauder

nonlinear alternative (Lemma 3.4). The proof consists of several steps.

Step 1. F (x) is convex for each x ∈C([0,T ],R).

This step is obvious since SF,x is convex (F has convex values), and therefore we omit the proof.

Step 2. F maps bounded sets (balls) into bounded sets in C([0,T ],R).

For a positive number r, let Br = {x ∈C([0,T ],R) : ‖x‖ ≤ r} be a bounded ball in C([0,T ],R).

Then, for each h ∈F (x),x ∈ Br, there exists v ∈ SF,x such that

h(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v(s)ds

)
, t ∈ J.
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Then, for t ∈ J, we have

|h(t)| ≤ Φ(r)
λΓ(α)

∫ T

0
(T − s)α−1 p(s)ds+

T Φ(r)
Λ

[
µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1 p(s)ds

+
(1−µ)

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1 p(s)ds

]
+

T |δ3|
Λ

+
|λ −1|T α−β

λ

{
1

γ(α−β +1)
+

T 1−γ1

ΛΓ(δ1 +α−β +1)
+

(1−µ)T 1−γ2

ΛΓ(δ2 +α−β +1)

}
r.

Consequently, one has ‖h‖ ≤Φ(r)Ω2 + rΩ1 +T |δ3|/Λ.

Step 3. F maps bounded sets into equicontinuous sets of C([0,T ],R).

Let t1, t2 ∈ J with t1 < t2 and x ∈ Br. Then, for each h ∈B(x), we obtain

|h(t2)−h(t1)| ≤
Φ(r)

λΓ(α)

[∫ t1

0
[t2− s)α−1− (t1− s)α−1]p(s)ds+

∫ t2

t1
(t1− s)α−1 p(s)ds

]

+
|t2− t1|

Λ

[
|δ3|+

Φ(r)µ
λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−β−1 p(s)ds

+
Φ(r)(1−µ)

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1 p(s)ds

]

+
r|λ −1|

λΓ(α−β +1)

{
tα−β

2 − tα−β

1 − (t2− t1)α−β

}
+

r|λ −1|T α−β

λ

{
µT−γ1

Γ(δ1 +α−β +1)
+

(1−µ)T−γ1

Γ(δ2 +α−β +1)

}
|t2− t1|.

Obviously the right hand side of the above inequality tends to zero independently of x ∈ Br

as t2 − t1 → 0. Therefore it follows by the Ascoli-Arzelá theorem that B : C([0,T ],R) →
P(C([0,T ],R)) is completely continuous. Since F is completely continuous, in order to prove

that it is u.s.c. it is enough to prove that it has a closed graph. Thus, in our next step, we show

that

Step 4. F has a closed graph.
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Let xn→ x∗,hn ∈F (xn) and hn→ h∗. Then we need to show that h∗ ∈F (x∗). Associated with

hn ∈F (xn), there exists vn ∈ SF,xn such that, for each t ∈ [0,T ],

hn(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1vn(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1vn(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1vn(s)ds

)
, t ∈ J.

Thus it suffices to show that there exists v∗ ∈ SF,x∗ such that, for each t ∈ [0,T ],

h∗(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v∗(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v∗(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v∗(s)ds

)
, t ∈ J.

Let us consider the linear operator Θ : L1([0,T ],R)→C([0,T ],R) given by

f 7→Θ(v)(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v(s)ds

)
, t ∈ J.
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Observe that ‖hn(t)−h∗(t)‖→ 0, as n→ ∞, and thus, it follows by Lemma 3.3 that Θ◦SF is a

closed graph operator. Further, we have hn(t) ∈Θ(SF,xn). Since xn→ x∗, therefore, we have

h∗(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v∗(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v∗(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v∗(s)ds

)
, t ∈ J,

for some v∗ ∈ SF,x∗ .

Step 5. We show there exists an open set U ⊆C([0,T ],R) with x /∈ θF (x) for

any θ ∈ (0,1) and all x ∈ ∂U.

Let θ ∈ (0,1) and x ∈ θF (x). Then there exists v ∈ L1([0,T ],R) with v ∈ SF,x such that, for

t ∈ [0,T ], we have

x(t) = θ
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+θ

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
θ t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v(s)ds

)
, t ∈ J.



14 S. K. NTOUYAS, J. TARIBOON

Using the computations of the second step above, we have

|x(t)| ≤ Φ(‖x‖)
λΓ(α)

∫ T

0
(T − s)α−1 p(s)ds

+
T Φ(‖x‖)

Λ

[
µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1 p(s)ds

+
(1−µ)

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1 p(s)ds

]
+

T |δ3|
Λ

+
|λ −1|T α−β

λ

{
1

γ(α−β +1)

+
T 1−γ1

ΛΓ(δ1 +α−β +1)
+

(1−µ)T 1−γ2

ΛΓ(δ2 +α−β +1)

}
‖x‖

= Φ(‖x‖)Ω2 +Ω1‖x‖+T |δ3|/Λ,

which implies that

(1−Ω1)‖x‖
Φ(‖x‖)Ω2 +T |δ3|/Λ

≤ 1.

In view of (H3), there exists M such that ‖x‖ 6= M. Let us set

U = {x ∈C(I,R) : ‖x‖< M}.

Note that the operator F : U →P(C(I,R)) is a compact multi-valued map, u.s.c. with convex

closed values. From the choice of U , there is no x∈ ∂U such that x∈ θF (x) for some θ ∈ (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 3.4), we deduce that

F has a fixed point x ∈U which is a solution of problem (1)-(2). This completes the proof.

3.2. The lower semicontinuous case

In the next result, F is not necessarily convex valued. Our strategy to deal with this problem

is based on the nonlinear alternative of Leray Schauder type together with the selection theorem

of Bressan and Colombo [25] for lower semi-continuous maps with decomposable values.

Let X be a nonempty closed subset of a Banach space E and let G : X →P(E) be a mul-

tivalued operator with nonempty closed values. G is lower semi-continuous (l.s.c.) if the set

{y ∈ X : G(y)∩B 6= /0} is open for any open set B in E. Let A be a subset of [0,T ]×R. A is

L ⊗B measurable if A belongs to the σ−algebra generated by all sets of the form J ×D ,

where J is Lebesgue measurable in [0,T ] and D is Borel measurable in R. A subset A of
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L1([0,T ],R) is decomposable if for all u,v ∈A and measurable J ⊂ [0,T ] = J, the function

uχJ + vχJ−J ∈A , where χJ stands for the characteristic function of J .

Definition 3.7. Let Y be a separable metric space and let N : Y →P(L1([0,T ],R)) be a mul-

tivalued operator. We say N has a property (BC) if N is lower semi-continuous (l.s.c.) and has

nonempty closed and decomposable values.

Let F : [0,T ]×R→P(R) be a multivalued map with nonempty compact values. Define a

multivalued operator F : C([0,T ]×R)→P(L1([0,T ],R)) associated with F as

F (x) = {w ∈ L1([0,T ],R) : w(t) ∈ F(t,x(t)) for a.e. t ∈ [0,T ]},

which is called the Nemytskii operator associated with F.

Definition 3.8. Let F : [0,T ]×R→P(R) be a multivalued function with nonempty compact

values. We say F is of lower semi-continuous type (l.s.c. type) if its associated Nemytskii

operator F is lower semi-continuous and has nonempty closed and decomposable values.

Lemma 3.9. [26] Let Y be a separable metric space and let N : Y →P(L1([0,T ],R)) be a

multivalued operator satisfying the property (BC). Then N has a continuous selection, that is,

there exists a continuous function (single-valued) g : Y → L1([0,T ],R) such that g(x) ∈ N(x)

for every x ∈ Y.

Theorem 3.10. Assume that (H2), (H3) and the following condition holds:

(H4) F : [0,T ]×R→P(R) is a nonempty compact-valued multivalued map such that

(a) (t,x) 7−→ F(t,x) is L ⊗B measurable,

(b) x 7−→ F(t,x) is lower semicontinuous for each t ∈ [0,T ].

Then boundary value problem (1)-(2) has at least one solution on [0,T ].

Proof. It follows from (H2) and (H4) that F is of l.s.c. type. From Lemma 3.9, one sees that

there exists a continuous function f : C2([0,T ],R)→ L1([0,T ],R) such that f (x) ∈F (x) for

all x ∈C([0,T ],R). Consider the problem

(15)


(

λDα +(1−λ )Dβ

)
x(t) = f (x(t)), t ∈ (0,T ),

x(0) = 0, µDγ1x(T )+(1−µ)Dγ2x(T ) = δ3.
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Observe that if x ∈C2([0,T ],R) is a solution of (15), then x is a solution to problem (1)-(2). In

order to transform problem (15) into a fixed point problem, we define operator F as

F x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1 f (x(s))ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1 f (x(s))ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1 f (x(s))ds

)
, t ∈ J.

It can easily be shown that F is continuous and completely continuous. The remaining part of

the proof is similar to that of Theorem 3.6. So we omit it. This completes the proof.

3.3. The Lipschitz case

In this subsection, we prove the existence of solutions for problem (1)-(2) with a not neces-

sary nonconvex valued right hand side, by applying a fixed point theorem for multivalued maps

due to Covitz and Nadler [27].

Let (X ,d) be a metric space induced from the normed space (X ;‖·‖). Consider Hd : P(X)×
P(X)→ R∪{∞} given by

Hd(A,B) = max{sup
a∈A

d(a,B),sup
b∈B

d(A,b)},

where d(A,b) = infa∈A d(a;b) and d(a,B) = infb∈B d(a;b). Then (Pcl,b(X),Hd) is a metric

space (see [28]).

Definition 3.11. A multivalued operator N : X →Pcl(X) is called

(a) γ−Lipschitz if and only if there exists γ > 0 such that

Hd(N(x),N(y))≤ γd(x,y) for each x,y ∈ X .

(b) a contraction if and only if it is γ−Lipschitz with γ < 1.

Lemma 3.12. ([27]) Let (X ,d) be a complete metric space. If N : X→Pcl(X) is a contraction,

then FixN 6= /0.

Theorem 3.13. Assume that:
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(A1) F : [0,T ]×R→Pcp(R) is such that F(·,x) : [0,T ]→Pcp(R) is measurable for each

x ∈ R.

(A2) Hd(F(t,x),F(t, x̄))≤m(t)|x− x̄| for almost all t ∈ [0,T ] and x, x̄∈R with m∈L1([0,T ],R+)

and d(0,F(t,0)) ≤ m(t) for almost all t ∈ [0,T ].

Then boundary value problem (1)-(2) has at least one solution on [0,T ] if

δ : =
|λ −1|T α−β

λΓ(α−β )
+

µ|λ −1|T δ1+α−β+1

λΛΓ(δ1 +α−β )
+

T (1−µ)|λ −1|T δ2+α−β+1

λΛΓ(δ2 +α−β )

+
1

λΓ(α)

∫ T

0
(T − s)α−1m(s)ds+

T µ

λΛΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1m(s)ds

+
T (1−µ)

λΛΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1m(s)ds < 1.(16)

Proof. Consider F defined at the begin of the proof of Theorem 3.6. Observe that set SF,x is

nonempty for each x ∈ C([0,T ],R) by the assumption (A1). So F has a measurable selection

(see Theorem III.6 [29]). Now we show that the operator F satisfies the assumptions of Lemma

3.12. We show that F (x)∈Pcl((C[0,T ],R)) for each x ∈C([0,T ],R). Let {un}n≥0 ∈F (x) be

such that un→ u (n→ ∞) in C([0,T ],R). Then u ∈C([0,T ],R) and there exists vn ∈ SF,xn such

that, for each t ∈ [0,T ],

un(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1vn(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds− µ

λΓ(δ1 +α)

∫ T

0
(T

− s)δ1+α−1vn(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1vn(s)ds

)
, t ∈ J.
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As F has compact values, we pass onto a subsequence (if necessary) to obtain that vn converges

to v in L1([0,T ],R). Thus, v ∈ SF,x and for each t ∈ [0,T ], we have

un(t)→ v(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v(s)ds

)
, t ∈ J.

Hence, u ∈F (x). Next we show that there exists δ < 1 such that

Hd(F (x),F (x̄))≤ δ‖x− x̄‖ for each x, x̄ ∈C2([0,T ],R).

Let x, x̄ ∈C2([0,T ],R) and h1 ∈F (x). Then there exists v1(t) ∈ F(t,x(t)) such that, for each

t ∈ [0,T ],

h1(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v1(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v1(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v1(s)ds

)
, t ∈ J.

By (A2), we have

Hd(F(t,x),F(t, x̄))≤ m(t)|x(t)− x̄(t)|.

So, there exists w ∈ F(t, x̄(t)) such that

|v1(t)−w| ≤ m(t)|x(t)− x̄(t)|, t ∈ [0,T ].
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Define U : [0,T ]→P(R) by

U(t) = {w ∈ R : |v1(t)−w| ≤ m(t)|x(t)− x̄(t)|}.

Since U(t)∩F(t, x̄(t)) is measurable (Proposition III.4 [29]), there exists a function v2(t) which

is a measurable selection for U . So v2(t) ∈ F(t, x̄(t)) and for each t ∈ [0,T ], we have |v1(t)−
v2(t)| ≤ m(t)|x(t)− x̄(t)|. For each t ∈ [0,T ], let us define

h2(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x̄(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v2(s)ds

+
t
Λ

(
δ3−

µ(λ −1)
λΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1x̄(s)ds

− µ

λΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1v2(s)ds

− (1−µ)(λ −1)
λΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1x̄(s)ds

− 1−µ

λΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1v2(s)ds

)
, t ∈ J.

Hence, one has

|h1(t)−h2(t)| ≤
|λ −1|

λΓ(α−β )

∫ t

0
(t− s)α−β−1|x(s)− x̄(s)|ds

+
T µ|λ −1|

λΛΓ(δ1 +α−β )

∫ T

0
(T − s)δ1+α−β−1|x(s)− x̄(s)|ds

+
T (1−µ)|λ −1|

λΛΓ(δ2 +α−β )

∫ T

0
(T − s)δ2+α−β−1|x(s)− x̄(s)|ds

+
1

λΓ(α)

∫ T

0
(T − s)α−1|v1(s)− v2(s)|ds

+
T µ

λΛΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1|v1(s)− v2(s)|ds

+
T (1−µ)

λΛΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1|v1(s)− v2(s)|ds

≤

{
|λ −1|T α−β

λΓ(α−β )
+

µ|λ −1|T δ1+α−β+1

λΛΓ(δ1 +α−β )
+

T (1−µ)|λ −1|T δ2+α−β+1

λΛΓ(δ2 +α−β )

+
1

λΓ(α)

∫ T

0
(T − s)α−1m(s)ds+

T µ

λΛΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1m(s)ds

+
T (1−µ)

λΛΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1m(s)ds

}
‖x− x̄‖.
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It follows that

‖h1−h2‖ ≤

{
|λ −1|T α−β

λΓ(α−β )
+

µ|λ −1|T δ1+α−β+1

λΛΓ(δ1 +α−β )
+

T (1−µ)|λ −1|T δ2+α−β+1

λΛΓ(δ2 +α−β )

+
1

λΓ(α)

∫ T

0
(T − s)α−1m(s)ds

+
T µ

λΛΓ(δ1 +α)

∫ T

0
(T − s)δ1+α−1m(s)ds

+
T (1−µ)

λΛΓ(δ2 +α)

∫ T

0
(T − s)δ2+α−1m(s)ds

}
‖x− x̄‖.

Analogously, interchanging the roles of x and x, we obtain Hd(F (x),F (x̄))≤ δ‖x− x̄‖, wehere

δ is defined by (16). So F is a contraction. Therefore, it follows by Lemma 3.12 that F has a

fixed point x which is a solution of (1)-(2). This completes the proof.

4. Existence results for problem (1)-(3)

4.1. Existence result via Krasnoselskii’s multi-valued fixed point theorem

Lemma 4.1. (Krasnoselskii’s fixed point theorem [30]) Let X be a Banach space, Y ∈Pb,cl,c(X)

and A,B : Y →Pcp,c(X) be two multivalued operators. Then there exists y ∈ Y such that

y ∈ Ay+By provided that A and B satisfy the conditions: (i) Ay+By⊂ Y for all y ∈ Y ; (ii) A is

contraction, and (iii) B is u.s.c and compact.

Definition 4.2. A function x ∈C2(J,R) is a solution of problem (1)-(3) if x(0) = 0, µDγx(T )+

(1−µ)Dδ x(T ) = η , and there exists function v ∈ L1(J,R) such that v(t) ∈ F(t,x(t)) a.e. on J

and

x(t) =
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t

Λ1

(
η− µ(λ −1)

λΓ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1x(s)ds

− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds− (1−µ)(λ −1)

λΓ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1x(s)ds

− 1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)
, t ∈ J := [0,T ],(17)

where Λ 6= 0 is defined by (13).

Theorem 4.3. Assume that (H1) holds. In addition, we suppose that:
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(B1) there exists a continuous function p ∈C([0,T ],R+) such that

‖F(t,x)‖P := sup{|y| : y ∈ F(t,x)} ≤ p(t), for each (t,x) ∈ [0,T ]×R;

(B2) K1 :=
T α−β |λ −1|

λΓ(α−β +1)
+

T α−β−γ+1µ|λ −1|
λΛ1Γ(α−β − γ +1)

+
T δ+α−β+1(1−µ)|λ −1|

λΛ1Γ(δ +α−β +1)
< 1.

Then boundary value problem (1)-(3) has at least one solution on [0,T ].

Proof. Based on Lemma 2.7, we introduce an operator G : U →P(U ) as follows:

(18) G (x) =



h ∈C(J,R) :

h(t) =



λ −1
λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t

Λ1

(
η− µ(λ −1)

λΓ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1x(s)ds

− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1x(s)ds

− 1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)
,


for v ∈ SF,x, where SF,x denote the set of selections of F defined by

SF,x := {v ∈ L1(J,R) : v(t) ∈ F(t,x(t)) for a.e. t ∈ J}.

Let us introduce the operator A : U −→U by

(19) A (x) =



λ −1
λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds

+
t

Λ1

(
η− µ(λ −1)

λΓ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1x(s)ds

− (1−µ)(λ −1)
λΓ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1x(s)ds

)
,

and the multi-valued operator B : U −→P(U ) by

(20) B(x) =



h ∈C(J,R) :

h(t) =



1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t

Λ1

(
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

+
1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)
,


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for v ∈ SF,x. Observe that G = A +B, where the operator G : U −→P(U ) is given by

(18). We shall show that the operators A and B satisfy the conditions of Lemma 4.1 on [0,T ]

in several steps. We begin by showing that the operators A and B define the multivalued

operators A ,B : Br →Pcp,c(U ), where Br = {x ∈U : ‖x‖ ≤ r} is a bounded set in U . We

next only prove that operator B is compact-valued on Br and convex for all x ∈ U . Note that

operator B is equivalent to the composition L ◦SF , where L is the continuous linear operator

on L1(J,R) into U , defined by

L (v)(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1v(s)ds+

t
Λ1

(
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

+
1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)
.

Suppose that x ∈ Br is arbitrary and let {vn} be a sequence in SF,x. Then, by definition of SF,x,

we have vn(t) ∈ F(t,x(t)) for almost all t ∈ [0,T ]. Since F(t,x(t)) is compact for all t ∈ J,

there is a convergent subsequence of {vn(t)} (we denote it by {vn(t)} again) that converges

in measure to some v(t) ∈ SF,x for almost all t ∈ J. On the other hand, L is continuous, so

L (vn)(t)→ L (v)(t) pointwise on J. In order to show that the convergence is uniform, we

have to show that {L (vn)} is an equi-continuous sequence. Let t1, t2 ∈ J with t1 < t2. Then, we

have

|L (vn)(t2)−L (vn)(t1)|

≤ 1
Γ(α)

∣∣∣∣∫ t1

0
[(t2− s)α−1− (t1− s)α−1]p(s)ds+

∫ t2

t1
(t2− s)α−1 p(s)ds

∣∣∣∣
+
|t2− t1|

Λ1

(
µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

+
1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)

≤ ‖p‖
Γ(α +1)

[tα
2 − tα

1 +2(t2− t1)α ]+
‖p‖|t2− t1|

Λ1

(
µT α−γ

λΓ(α− γ +1)
+

(1−µ)T δ+α

λΓ(δ +α +1)

)
.

We see that the right hand of the above inequality tends to zero as t2 → t1. Thus, sequence

{L (vn)} is equi-continuous and hence it follows by the Arzelá-Ascoli theorem that there exists

a uniformly convergent subsequence {vn} (we denote it again by {vn}) such that L (vn)→
L (v). Note that L (v) ∈ L (SF,x). Hence, B(x) = L (SF,x) is compact for all x ∈ Br. So

B(x) is compact. To establish that B(x) is convex for all x ∈ U , let z1,z2 ∈B(x). We select
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v1,v2 ∈ SF,x such that

zi(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1vi(s)ds+

t
Λ1

(
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1vi(s)ds

+
1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1vi(s)ds

)
, i = 1,2,

for almost all t ∈ J. Let 0≤ ω ≤ 1. Then, we have

[ωz1 +(1−ω)z2](t)

=
1

λΓ(α)

∫ t

0
(t− s)α−1[ωv1(s)+(1−ω)v2(s)]ds

+
t

Λ1

(
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1[ωv1(s)+(1−ω)v2(s)]ds

+
1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1[ωv1(s)+(1−ω)v2(s)]ds

)
.

Since F has convex values, so SF,x is convex and ωv1(s)+(1−ω)v2(s)∈ SF,x. Thus ωz1+(1−
ω)z2 ∈B(x). Consequently, B is convex-valued.

The rest of the proof consists of the following steps and claims.

Step 1. We show that A is a contraction on U . Letting x,y ∈U , we have

‖A x−A y‖ ≤ |λ −1|
λΓ(α−β )

∫ T

0
(T − s)α−β−1|x(s)− y(s)|ds

+
T µ|λ −1|

λΛ1Γ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1|x(s)− y(s)|ds

+
T (1−µ)|λ −1|

λΛ1Γ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1|x(s)− y(s)|ds

≤

{
T α−β |λ −1|

λΓ(α−β +1)
+

T α−β−γ+1µ|λ −1|
λΛ1Γ(α−β − γ +1)

+
T δ+α−β+1(1−µ)|λ −1|

λΛ1Γ(δ +α−β +1)

}
‖x− y‖

= K1‖x− y‖,

which is contractive since K1 < 1.

Step 2. B is compact and upper semicontinuous. This will be established in several claims.
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CLAIM I. B maps bounded sets into bounded sets in C . Let Br = {x ∈ C : ‖x‖ ≤ r} be a

bounded set in C . Then, for each h ∈B(x),x ∈ Br, there exists v ∈ SF,x such that

h(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1v(s)ds+

t
Λ1

[
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

− (1−µ)

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

]
.

Then, for t ∈ J, we have

|h(t)| ≤ ‖p‖ T α

λΓ(α +1)
+

T
Λ1

[
|η |+ ‖p‖µT α−γ

λΓ(α− γ +1)
+
‖p‖(1−µ)T δ+α

λΓ(δ +α +1)

]
.

Thus,

‖h‖ ≤ ‖p‖ T α

λΓ(α +1)
+

T
Λ1

[
|η |+ ‖p‖µT α−γ

λΓ(α− γ +1)
+
‖p‖(1−µ)T δ+α

λΓ(δ +α +1)

]
.

CLAIM II: B maps bounded sets into equi-continuous sets. Let t1, t2 ∈ J with t1 < t2 and x∈ Br.

Then, for each h ∈B(x), we obtain

|h(t2)−h(t1)| ≤
‖p‖

Γ(α +1)
[tα

2 − tα
1 +2(t2− t1)α ]

+
|t2− t1|

Λ1

(
|η |+ ‖p‖µT α−γ

λΓ(α− γ +1)
+
‖p‖(1−µ)T δ+α

λΓ(δ +α +1)

)
.

Obviously the right hand side of the above inequality tends to zero independently of x ∈ Br

as t2− t1 → 0. Therefore it follows by the Ascoli-Arzelá theorem that B : U →P(U ) is

completely continuous.

Next we show that B is an upper semi-continuous multi-valued mapping. It is known by

Lemma 3.2 that B will be upper semicontinuous if we establish that it has a closed graph, since

already shown to be completely continuous. Thus we will prove that:

CLAIM III: B has a closed graph. Let xn → x∗,hn ∈B(xn) and hn → h∗. Then we need to

show that h∗ ∈B(x∗). Associated with hn ∈B(xn), there exists vn ∈ SF,xn such that for each

t ∈ J,

h(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1v(s)ds+

t
Λ1

[
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

− (1−µ)

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

]
.
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Thus it suffices to show that there exists v∗ ∈ SF,x∗ such that for each t ∈ J,

h∗(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1v∗(s)ds+

t
Λ1

[
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v∗(s)ds

− (1−µ)

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v∗(s)ds

]
.

Let us consider the linear operator Θ : L1(J,R)→U given by

v 7→Θ(v)(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1v(s)ds+

t
Λ1

[
η

− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

− (1−µ)

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

]
.

Observe that

‖hn(t)−h∗(t)‖ =

∥∥∥∥∥ 1
λΓ(α)

∫ t

0
(t− s)α−1(vn(s)− v∗(s))ds

+
t

Λ1

[
− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1(vn(s)− v∗(s))ds

− (1−µ)

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1(vn(s)− v∗(s))ds

]∥∥∥∥∥ → 0, as n→ ∞.

Thus, it follows by Lemma 3.3 that Θ◦SF is a closed graph operator. Further, we have hn(t) ∈
Θ(SF,xn). Since xn→ x∗, we have that

h∗(t) =
1

λΓ(α)

∫ t

0
(t− s)α−1v∗(s)ds+

t
Λ1

[
η− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v∗(s)ds

− (1−µ)

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v∗(s)ds

]
,

for some v∗ ∈ SF,x∗ . Hence B has a closed graph (and therefore has closed values). In conse-

quence, the operator B is compact valued and upper semi-continuous.

Step 3. Here, we show that A (x)+B(x)⊂Br for all x∈Br. Let us select r≥ ‖p‖K2 + |η |T/Λ

1−K1
,

where K1 defined by (B2) and

(21) K2 =
T α

λΓ(α +1)
+

T α−γ+1µ

λΛ1Γ(α− γ +1)
+

T δ+α+1(1−µ)

λΛ1Γ(δ +α +1)
.
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For any x ∈ Br, we have

‖Px‖ ≤ sup
t∈J

∣∣∣∣∣ λ −1
λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+
t

Λ1

(
η− µ(λ −1)

λΓ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1x(s)ds

− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds

− (1−µ)(λ −1)
λΓ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1x(s)ds

− 1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)∣∣∣∣∣
≤ ‖x‖

[
T α−β |λ −1|

λΓ(α−β +1)
+

T α−β−γ+1µ|λ −1|
λΛ1Γ(α−β − γ +1)

+
T δ+α−β+1(1−µ)|λ −1|

λΛ1Γ(δ +α−β +1)

]
+
|η |T

Λ

+ ‖p‖

[
T α

λΓ(α +1)
+

T α−γ+1µ

λΛ1Γ(α− γ +1)
+

T δ+α+1(1−µ)

λΛ1Γ(δ +α +1)

]

≤ rK1 +‖p‖K2 +
|η |T
Λ1
≤ r,

which implies that PBr ⊂ Br. Hence ‖h‖ ≤ r, which means that A (x)+B(x) ⊂ Br for all

x∈Br. Thus, operators A and B satisfy all the conditions of Lemma 4.1 and hence we conclude

that x ∈A (x)+B(x) has a solution in Br. Therefore problem (1)-(2) has a solution in Br and

the proof is completed.

4.2. Existence result via nonlinear alternative for contractive maps

Lemma 4.4. ([31]) Let X be a Banach space and let D be a bounded neighborhood of 0 ∈ X .

Let Z1 : X →Pcp,c(X) and Z2 : D̄→Pcp,c(X) be two multi-valued operators satisfying

(a) Z1 is contraction, and

(b) Z2 is upper semicontinuous and compact.

Then, if G = Z1 +Z2, either

(i) G has a fixed point in D̄ or

(ii) there is a point u ∈ ∂D and λ ∈ (0,1) with u ∈ λG(u).

Theorem 4.5. Assume that (H1) and (H2) hold. In addition, we suppose that:
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(B3) there exists a constant M > 0 such that
(1−K1)M
‖p‖Φ(M)K2

> 1, K1 < 1, where K1,K2 are

defined by (B2) and (21) respectively.

Then boundary value problem (1)-(3) has at least one solution on [0,T ].

Proof. We consider operator G : C([0,T ],R) −→P(C([0,T ],R)) by (18) and operators A :

U −→ U and B : U −→P(U ) defined by (19) and (20) respectively. As in Theorem 4.3,

one can show that the operators A and B are indeed the multivalued operators A ,B : Br →
Pcp,c(U ) where Br = {x ∈ U : ‖x‖ ≤ r} is a bounded set in U , A is a contraction on U

and B is u.s.c. and compact. It follows that A and B satisfy all the conditions of Theorem

4.4. Hence its conclusion implies either condition (i) or condition (ii) holds. We show that the

conclusion (ii) is not possible. If x ∈ θA (x)+θB(x) for θ ∈ (0,1), then there exists v ∈ SF,y

such that

x(t) = θ
λ −1

λΓ(α−β )

∫ t

0
(t− s)α−β−1x(s)ds+θ

1
λΓ(α)

∫ t

0
(t− s)α−1v(s)ds

+ θ
t

Λ1

(
η− µ(λ −1)

λΓ(α−β − γ)

∫ T

0
(T − s)α−β−γ−1x(s)ds

− µ

λΓ(α− γ)

∫ T

0
(T − s)α−γ−1v(s)ds− (1−µ)(λ −1)

λΓ(δ +α−β )

∫ T

0
(T − s)δ+α−β−1x(s)ds

− 1−µ

λΓ(δ +α)

∫ T

0
(T − s)δ+α−1v(s)ds

)
, t ∈ J.

Using the assumptions, we get

|x(t)| ≤ ‖x‖
[

T α−β |λ −1|
λΓ(α−β +1)

+
T α−β−γ+1µ|λ −1|

λΛ1Γ(α−β − γ +1)

+
T δ+α−β+1(1−µ)|λ −1|

λΛ1Γ(δ +α−β +1)

]
+
|η |T

Λ

+ ‖p‖Φ(‖x‖)

[
T α

λΓ(α +1)
+

T α−γ+1µ

λΛ1Γ(α− γ +1)
+

T δ+α+1(1−µ)

λΛ1Γ(δ +α +1)

]

≤ ‖x‖K1 +‖p‖Φ(‖x‖)K2 +
|η |T
Λ1

,

which implies that

(22)
(1−K1)‖x‖
‖p‖Φ(‖x‖)K2

≤ 1.
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If condition (ii) of Theorem 4.4 holds, then there exists θ ∈ (0,1) and x ∈ ∂BM with x = θG (x).

Then, x is a solution of (1)-(3) with ‖x‖= M. Now, by the inequality (22), we get

(1−K1)M
‖p‖Φ(M)K2

≤ 1,

which contradicts (B3). Hence, G has a fixed point on J by Theorem 4.4, and consequently

problem (1)-(3) has a solution. This completes the proof.

5. Examples

In this section, we present some examples to illustrate our results.

Example 5.1. Let us consider the following two orders fractional differential inclusion with two

orders fractional integral boundary conditions

(23)


(

33
38

D29/15 +
5

38
D16/15

)
x(t) ∈ F1(t,x(t)), t ∈ [0,3/2],

x(0) = 0,
6
11

I5/2x
(

3
2

)
+

5
11

I7/2x
(

3
2

)
=

2
3
,

where F1(t,x) is the multivalue function defined by

F1(t,x) =
[√

te−t

15

(
sin |x|

7(|x|+1)
+

1
9

)
,
(
√

t +1)
10

(
x2

5(|x|+1)
+

1
2

)]
.

Here λ = 33/38, α = 29/15, β = 16/15, µ = 6/11, δ1 = 5/2, δ2 = 7/2, δ3 = 2/3, T = 3/2.

We can find that Λ = 0.2476789227 and Ω1 = 0.4867106649. It is easy to see that

‖F1(t,x)‖P = sup{|y| : y ∈ F1(t,x)} ≤
(
√

t +1)
10

(
|x|
5
+

1
2

)
.

Set p(t) = (
√

t + 1)/10 and Φ(x) = (x/5) + (1/2). After that, we get Ω2 = 0.3107475249.

From the given data, we can find that there exists a positive constant M > 9.293923401 satis-

fying condition (H3) of Theorem 3.6. Therefore, by applying Theorem 3.6, we deduce that the

boundary value problem (23) has at least one solution on [0,3/2].

Example 5.2. Let us consider the following two orders fractional differential inclusion with two

orders fractional integral boundary conditions

(24)


(

49
53

D17/9 +
4

53
D10/9

)
x(t) ∈ F2(t,x(t)), t ∈ [0,1/2],

x(0) = 0,
2
5

I1/2x
(

1
2

)
+

3
5

I3/2x
(

1
2

)
=

2
7
,
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where F2(t,x) is the multivalue function defined by

F2(t,x) =
[

0,
(

t +3
t2 +1

)(
x2 +2|x|
2(1+ |x|)

+
1
2

)]
.

Here λ = 49/53, α = 17/9, β = 10/9, µ = 2/5, δ1 = 1/2, δ2 = 3/2, δ3 = 2/7, T = 1/2. By

direct computation, we can find that Λ = 0.1382999905. It is easy to see that

sup{|x| : x ∈ F2(t,x)} ≤
(

t +3
t2 +1

)(
x2 +2|x|
2(1+ |x|)

+
1
2

)
.

Also we have

Hd(F2(t,x),F2(t,y))≤
(

t +3
t2 +1

)
|x− y|.

Setting m(t) = (t + 3)/(t2 + 1), we can write as Hd(F2(t,x),F2(t,y)) ≤ m(t)|x− y| such that

d(0,F2(t,0)) ≤ m(t). From the above data, we find that δ = 0.9640022781 < 1. Therefore

all assumptions of Theorem 3.13 are fulfilled. Thus, by the conclusion of Theorem 3.13, we

deduce that the problem (24) with F2(t,x) given by (24) has at least one solution on [0,1/2].

Example 5.3. Let us consider the following two orders fractional differential inclusion with

mixed fractional derivative and integral boundary conditions

(25)


(

25
27

D19/13 +
2

27
D15/13

)
x(t) ∈ F3(t,x(t)), t ∈ [0,3/2],

x(0) = 0,
9
16

D8/15x
(

3
2

)
+

7
16

I11/15x
(

3
2

)
=

1
3
,

where F3(t,x) is the multivalue function defined by

F3(t,x) =

[
e−x2

sinx
(t2 +2)

, log
(
|x|+1
|x|+3

)
cosx

(t2 +1)

]
.

Here λ = 25/27, α = 19/13, β = 15/13, µ = 9/16, γ = 8/15, δ = 11/15, η = 1/3, T =

3/2. We can compute that Λ1 = 1.324284418 and K1 = 0.1994504661 < 1. Observe that the

following inequality holds

‖F3(t,x)‖P = sup{|x| : x ∈ F3(t,x)} ≤
1

t2 +1
.

Choose p(t) = 1/(t2+1). Then all conditions of Theorem 4.3 are satisfied. Hence, by applying

Theorem 4.3, we obtain a conclusion that boundary value problem (25) has at least one solution

on [0,3/2].
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Example 5.4. Let us consider the following two orders fractional differential inclusion with

mixed fractional derivative and integral boundary conditions

(26)


(

41
46

D13/7 +
5
46

D8/7
)

x(t) ∈ F4(t,x(t)), t ∈ [0,1/2],

x(0) = 0,
13
31

D5/9x
(

1
2

)
+

18
31

I4/9x
(

1
2

)
=

3
4
,

where F4(t,x) is the multivalue function defined by

F4(t,x) =
[(

1
t2 +4

)(
1
3

sinx+
1
2

e−|x|
)
,

(
1

t2 +3

)(
2x2

1+ |x|
+1
)]

.

Here λ = 41/46, α = 13/7, β = 8/7, µ = 13/31, γ = 5/9, δ = 4/9, η = 3/4, T = 1/2. We

can find that Λ1 = 0.5146859058, K1 = 0.1579843375 and K2 = 0.3824736642. In addition,

we have

‖F4(t,x)‖P = sup{|x| : y ∈ F4(t,x)} ≤
(

1
t2 +3

)
(2|x|+1) .

Now, we set p(t) = 1/(t2 +3) and Φ(|x|) = 2|x|+1. So, we get ‖p‖= 1/3. From the obtained

detail, we can find that there exists a constant M > 0.2171788872 satisfying inequality in The-

orem 4.5. Thus, from Theorem 4.5, we get that boundary value problem (26) has at least one

solution on [0,1/2].
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