J. Nonlinear Funct. Anal. 2017 (2017), Article ID 38 https://doi.org/10.23952/jnfa.2017.38

foret of

g—g@ Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR A SYSTEM OF
IMPULSIVE DIFFERENTIAL EQUATIONS ON THE HALF-LINE

HALIMI BERREZOUG!, JOHNNY HENDERSONZ?, ABDELGHANI OUAHAB!*

1Laboratory of Mathematics, University of Sidi Bel Abbes, P.O. Box 89, 22000 Sidi-Bel-Abbes, Algeria
ZDepartment of Mathematics, Baylor University, Waco, Texas 76798-7328 USA
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1. Introduction

Differential equations with impulses were considered for the first time by Milman and Myshkis
[7] and then followed by a period of active research which culminated with the monograph by
Halanay and Wexler [6]. Many phenomena and evolution processes in physics, chemical tech-
nology, population dynamics, and natural sciences may change state abruptly or be subject to
short-term perturbations. These perturbations may be seen as impulses. Impulsive problems
arise also in various applications in communications, mechanics (jump discontinuities in veloc-

ity), electrical engineering, medicine and biology. A comprehensive introduction to the basic
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theory is well developed in the monographs by Benchohra et al. [2], Graef et al. [5], Lasksh-
mikantham et al. [1], and Samoilenko and Perestyuk [15]. and the references therein.

The classical Banach contraction principle was extended for contractive maps on spaces en-
dowed with a vector-valued metric by Perov in 1964 [11] and Perov and Kibenko [12]. Up to
now, there have been a number of attempts to generalize the Perov fixed point theorem in sev-
eral directions and also there have been a number of applications in various fields of nonlinear
analysis, for systems of ordinary differential and semilinear differential equations. Recently
Precup [13] established the role of vector-valued metric convergence in the study of semilinear
operator systems. In recent years, many authors studied the existence of solutions for systems
of differential equations by using the vector version fixed point theorem; see [3, 10, 14, 8, 9]
and the references therein.

In this paper, we consider the following system of impulsive differential equations

X ()= f(t,x,y),t €J:=[0,00),t 1, k=1,...,
y,(t):gOaXJ)JEJ, t#t/ﬂk:l?'“;
t]j) —x(t, :Ik(X(lk),y(lk)), k= 17"'7

)
) = L(x(t),y(t)), k=1,...,

where x0,y0 € R, f,g:J x R xR — R are a given functions, I;,I; € C(R x R,R). The notations
x(t;") = limy,_,o+ x(tx + h) and x(z;") = limy,_,+ x(t; — h) stand for the right and the left limits of
the functions y at t = 1, respectively.

This paper is organized as follows. In Section 2, we introduce all the background material
used in this paper such as some properties of generalized Banach spaces and fixed point theory.
In Sections 3 and 4, we state and prove our main results by using Perov’s and Krasnoselskii

fixed point type theorems in generalized Banach spaces.
2. Preliminaries

In this section, we introduce notations and definitions which are used throughout this paper.
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Definition 2.1. Let X be a nonempty set and consider space R endowed with the usual
component-wise partial order. The mapping d : X x X — R! which satisfies all the usual axioms
of the metric is called a generalized metric in Perov’s sense and (X,d) is called a generalized

metric space.

Let (X,d) be a generalized metric space in Perov’s sense. For r:= (ry,...,ry) € R, we
denote by
B(xo,r) ={x € X :d(xp,x) < r},
the open ball centered at xp with radius r, and

B(xo,r) ={x € X :d(x0,x) <r},

the closed ball centered at xy with radius r.

In the case of generalized metric spaces in the sense of Perov, the notions of convergent
sequence, Cauchy sequence, completeness, and open and closed subsets are similar to those for
usual metric spaces.

If, vr e R",v:= (vi,...,vm), and r:= (ry,...,ry), then by v <r we mean v; < r; for eachi €
{1,...,m} and by v < r we mean v; < r; foreach i € {1,...,m}. Also |v| := (|v1],...,|vm|) and
max(u,v) := (max(uy,vy),...,max(uy,,vy)). If ¢ € R, then v < ¢ means v; < ¢ for each i €
{1,...,m}.

Definition 2.2. A square matrix A of real numbers is said to be convergent to zero if and only if

A" —0asn— oo,

Lemma 2.3. Let A € My n(RY). Then the following statements are equivalent:

e A is a matrix convergent to zero;

o The eigenvalues of A are in the open unit disc, i.e.,|A| < 1, for every A € C with det(A —
Al =0;

e The matrix I — A is non-singular and (I —A) ™' =+ A+ A"+,

e The matrix I — A is non-singular and (I — A)~" has nonnegative elements;

e A'q — 0and gA" — 0 as n — oo, for any g € R™.
Example 2.4. Some examples of matrices convergent to zero are:

a a
(1) A= , where a,b € Ry anda+b < 1;
b b
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b
(2) A= , where a,b € Ry anda+b < 1;
a b
a b
(3) A= , where a,b,c € R and max{a,c} < 1.
0 ¢

Definition 2.5. Let (X,d) be a generalized metric space. An operator N : X — X is said to be

contractive if there exists a convergent to zero matrix A such that

d(N(x),N(y)) <Ad(x,y), Vx,yeX.

Theorem 2.6. Let (X, d) be a complete generalized metric space and N : X — X be a contractive
operator with Lipschitz matrix A. Then N has a unique fixed point x* and for each xo € X we

have

d(N*(x0),x*) < A*(I —A)~'d(xo,N(x0)) for all k € N.

In [16], the following version of the Krasnoselskii fixed point theorem was obtained.

Theorem 2.7. (Krasnoselskii type) [16] Let (X, || - ||) be a generalized Banach space. Suppose
that A and B map X into X such that

(i) A is a completely continuous operator,
(i1) B is a contraction with constant o¢ < 1,

(iii) the set M = {x € X : x=AB(3)+AA(x),A € (0,1)} is bounded.
Then there exists x € .# with A(x) + B(x) = x.

Denote by Z(X) ={Y CX: Y #0}, Z,4(X) ={Y € Z(X): Y closed}, Z(X)={Y €
Z(X): Y bounded}. Let (X,d) and (Y, p) be two metric spaces and F : X — Z(Y) be a multi-
valued mapping. The map F is called upper semi-continuous (u.s.c.) on X if for each xo € X the
set F(xp) is a nonempty, closed subset of X, and if for each open set N of Y containing F(xo),
there exists an open neighborhood M of xq such that F(M) C Y. That is, if the set F~!(V) is
closed for any closed set V in Y. Equivalently, F is w.s.c. if the set F*1(V) is open for any open
setVinY.

The mapping F is said to be completely continuous if it is u.s.c. and, for every bounded subset

A CX, F(A) is relatively compact, i.e., there exists a relatively compact set K = K(A) C X such
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that

F(A)=|J{F(x):xeA} CK.
Also, F is compact if F(X) is relatively compact, and it is called locally compact if for each
x € X, there exists an open set U containing x such that F(U) is relatively compact.

Theorem 2.8. [4] Let F : X — Z.,(Y) be a closed locally compact multifunction. Then F is

u.s.c.

3. Uniqueness and continuous dependence on initial data

In order to define a solution for problem (1.1), we consider the space of piecewise continuous

functions
PCp = {y € PC([0,),R) : y is bounded},
where PC([0,00),R) = {y : [0,00) = R,y € C((tx,tx+1],R), k =0,...,y(t; ) and y(;") exists

and satisfies y(fx) = y(t, ) for k= 1,...}. PC, is a Banach space with norm ||y||, = sup{|y()| :
1 € [0,00)} < oo

Definition 3.1. A function (x,y) € PC(J,R) x PC(J,R) is said to be a solution of (1.1) if and

only if
x(t) = xo+ fo f(s,x(s),y(s)ds+ Y, L(x(te),y(t)),t € J,
0<t <t
V(1) = yo+ figls,x(s),y(s))ds+ Y Te(x(t),y(tx).t € J.
0<ty <t

In this section we assume the following conditions:

(Hy): There exist functions /; € L' (J,R*),i = 1,...,4, such that
1f(t,x,y) = f(8,%7)] < Li(1)lx—X[+ L(t)[y -], forall x,X,y,y € R
and
g(t,x,y) — 8(s,%,3)| < 3(t)|x — X[+ 14(2)]y — |, for all x,X,y,y € R.
(H»): There exist constants ai,ax; > 0, k=1,..., such that

[l (x,y) — L(X,5)| < ayxlx —%| +ay|y—y|, forall x,x,y,y € R
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and

Y 11:(0,0)] < eo.
k=1
(H3): There exist constants by, by, > 0, k= 1,..., such that
|7k(X,y) —Tk()_C,y)’ < blk‘x_x‘ +b2k‘y_y|7 for all X, X, ),y € R

and

i Ix(0,0)] < oo.

We will use the Perov fixed point theorem to prove that a solution of problem (1.1) is bounded

and tends to zero as t — oo.

Theorem 3.2. Assume that (H,) — (Hz) are satisfied and the matrix

1l + Y a2l + Y, ax
M= k=1 = € My (RY), (3.1)
110+ Y, b Nallp+ ) ba
=1 =1

where

iaik < oo and ibik<°°,i: 1,2,

converges to zero and f(-,0,0),g(-,0,0) € L'(J,R). Then problem (1.1) has unique solution. If
we add that and Y ;7 | ayx+ Y5 Gk + Ype 1 b1k + X b2k < 1, the unique solution of (1.1) is
bounded.

Proof. Consider operator N : PC x PC — PC x PC defined by

N(X,y) - (Nl (x,y),Nz(x,y)),
where

M) =50+ [ [f(w(S),y(S))dHO Y L(x(t)y(1)). 1 € [0,50)
and

Na(x,y yo+/ sx(s)y()ds+ Y Te(x(t)y(1)) 1 € 0,0).

o< <t
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We show that N was well defined. Given (x,y) € PCj, X PCp,t € [0,00), we have

[N (xy)lle - < IXO|+/Otlf(S7X(S),y(S))IdS+ Y (x(), y(n))|

o< <t

< Itz lixlls + el vl + ) (awdlxlls +axdlylls)

o<y <t

+H£C.0,0)ll+ X (17(0,0)] +[7(0,0)]).

0<f<t

Similarly we have

IN2Ge ) o < 03]l el + Nall e ylls + ). (Brellxlls + b2k llylle)

0<tr<t
+g(0,0)ll+ Y (1(0,0)] +[1x(0,0)]).
0<t <t
Thus
INee)ls ) [ i+ B e 122l + X ax [x[l5
[V (x, ) [l 03]l 0 + X1 Dk [llallr + Xy Drellxll 4 Do [l

17C50,0) 1z + X521 (14 (0, 0) [ + [1£:(0,0) 1)

180, 0) I + X2 (17(0,0) |+ [4(0,0)])
This implies that N is well defined.
Clearly, fixed points of N are solutions of problem (1.1). We show that N is a contraction.

Let (x,y),(xX,y) € PCy x PCy. Then (H}) and (H,) imply
N1 (x,y) () = N1 (x,3)(1)] - < /OtIf(SaX(S),y(S))—f(S»)_C(S)J(S)WS

+ Y (@), y() — k(x(), 3(1)]

O<t<t
< /0 (1 () x(s) — X(5)] + Ba(s)y(s) — 3(s)]) ds

+ Y (awx() = x(5) |+ azely () — ¥ (1))
0<t<t
Thus

1N Ge,y) =M @) < (Il + Y @)l =l
k=1

+ (Il + ) a)lly =l
k=1
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Similarly, we have

IN2e,y) =Na @)l < (I8l + Y bl =l
k=1

(o]

+ (lall+ Y b20)ly = Slo-
k=1

It follows that

X—X
INGy) —NED s <M [ T orall (1), (5.7) € P, x PG,

1y =l

Hence, by Theorem 2.6, the operator N has at least one fixed point which is a solution of
problem (1.1).

Now we show that the solution (x,y) is bounded. Letting ¢ € [0,0). we get

O] < bl [ 176 56lds+ T i) (o)

0<p<t

< bl + [ )+ RS+ ¥ anda] + Y (v
0 k=1 k=1

k=1 k=1

and
MOl < ol + [ GO+l Dds+ ¥ bulstul + X bacbie)
k=1 k=1
FIF00+ (0.0l + X 10,00+ X [5(0.0)]
Thus

O]+ O] < ol ol + [ ((106)+5(6)) (5) + (o) + 1(6)) y(s) s

+ (i a+ i ax + i bix+ i o) (Jx(ti) | + [y(#)])

k=1 k=1 k=1 k=1

k=1 k=1
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Hence

sup (|x(s)|+[y(s)]) < |x0!+|y0!+/t(ll(S)+l3(S)+12(S)+l4(5))><
s€(0,1) 0

sup ([x(s)[+[y(s)|)ds
s€[0,¢]

+ (Zalk+zazk+2b1k+zb2k> sup (|x(t)] + y(t)])

s€[0,t]
k=1 k=1
This implies that

sup (Jx(s)|+ [y(s) <OH—/ s) sup (Jx(s)| + |y(s)|)ds

5€(0,¢) s€[0,¢]
where
_ Ixol+ [yl +2]I£(-,0,0) [l +2[18(-,0,0)[| 2 + 2 X5, [7(0,0) + 2 ¥ |1(0,0))
1 — (X @ik + Ypey Gok + Ly bk + Ly bax)
and

) 1(5) + Ba(5) + 1(5) + ()
1 — (Yo ane+ Xy aok+ Xy b+ Xy bax)
Using the Gronwall-Bellman lemma, we obtain

sup ([x(s)| + [y(s)]) < vexp ( J ’z<s>ds) .

s€[0,7]

Then
Ixlls + Iyls < crexp ( /0 z<s>ds> |

This implies that the solution (x,y) is bounded.
For the next result we prove the continuous dependence of solutions on initial conditions.

Theorem 3.3. Assume that conditions (H,) — (Hz) hold, I;,(0,0) = I;(0,0), k=1,..., f(,0,0) =
g(1,0,0) =0, t € J and matrix M defined in (3.1) converges to zero. For every (xp,y0) € R xR,
we denote by (x(t,xo),y(t,y0)) the solution of (1.1). Then (xo,yo) — (x(-,x0),y(+,y0)) is contin-

uous.

Proof. Let (x0,y0), (X0, 50) € R x R. From Theorem 3.2, we see that there exist (x(-,x0),y(+,¥0)),
(%(+,%0),¥(+,¥0)) € PCp x PCy such that

X, xo)—xo+/fsxsxo) yis.yo)ds+ Y L(x(tex0),y(t,y0)).t € [0,50),

o<y <t



10 H. BERZOUG, J. HENDERSON, A. OUAHAB

y(tayO) :yO+/Otg(svx(saxO)?y(SvyO))ds+ Z jk(x(tbe)’y(tkvyO))?t € [Ovoo)a

O<t <t

x(t,%o) Zfo-l-/Otf(syx(safo),)’(syy_o))ds+ Y. I(x(t, %), y(11:50)) £ € [0,00),

0<fp<t

and

t p—
y(t,30) :y_o-l-/o g(s,x(s,%0),y(s,30) )ds + Z L (x(tk, %0 ),y (25, 30) ), € [0,00).
o< <t

In view of Theorem 3.2, we deduce that

[1x(-,x0) = X(-,%0) |5 + 1y (-, y0) = F(-, 30) [l

|x0 — Xo| + |yo — Jol (/‘” )
< = = — - exp 1(s)ds | .
1 — (X ak+ Yy ask + Xy bk + Xy bak) 0 )

Then

[|x(+,x0) — (-, %0)|[5 + Iy (-;30) = 3(-,30)ll» — O, as (xo,y0) — (Xo,0)-

4. Existence and compactness of solution sets

In this section we present an application of the Krasnoselskii type fixed point theorem to
problem (1.1).
Lemma 4.1. Let M C PCy,. Then M is relatively compact if it satisfies the following conditions:
(a) M is uniformly bounded in PC;(R™,R").
(b) The functions belonging to M are almost equicontinuous on R™, i.e. equicontinuous on
every compact interval of R™ .
(c) The functions from M are equiconvergent, that is, given € > 0, there corresponds T (g) > 0

such that |x(t1) —x(T2)| < € for any 7,7 > T(€) and x € M.

Theorem 4.2. Let (H)) be satisfied and the following conditions: (Hy) There exist oy, B >
0, k=1,..., such that

Ik (x,y)| < og|x|+ Bly| +cx, V(x,y) € RxR.

(Hs) There exist 0, B >0, k=1,..., such that

[Te(x,9)| < @lx| + Bely| + e, for all (x,y) € R xR.
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If

12l 2]z

M, = € %QXQ(R+) (4.1)

131z (lallz
converges to zero and Y71 O+ Y 0 O+ Y B+ Xr Ek <LY7: ek <ocoand Y ¢ <

oo, then problem (1.1) has at least one bounded solution.

Proof. Let N : PC}, x PC, — PC}, x PCj, be the operator defined in Theorem 3.1. N = A + B,
where A, B : PCj, x PC, — PCj, X PCy, are defined by

B(x(1),y(t)) = (Bi(x(1),5(1)), B2(x(t),y(t)), t €J,

where
Bi(x,y) = x0+fotf(s,x(s),y(s))ds,
Bz(x7y)) = yo—l—fég(s,x(s),y(s))ds,
and
A(x(2),y(t)) = (A1 (x(1),5(1)), Aa(x(1),¥(1)), t €,
where

MGy = Y R (n),

0<t<t

Aaey) = Y Telaln) y(w).

o<ty <t

Step 1. B is a contraction. Let (x,y), (X,y) € PCp, X PCyp. Then

B0 =B SO < [ 1(5.3(6),5(6)) = £(5:7(5),3(6))

IA

/0 (L (s)|x(s) —=X(s)[ +L2(s) |y (s) — ¥(s)]) ds.
Hence

1B1(x,y) =BixXW)le < [l =%+ 1220t [[y = llb-
Similarly, we have

[B2(x,y) =B2(X, 9l < [13llp1[[x =X+ [lall 1 [[y — P llb-
Therefore

1l N2l |l — ]|

1531l (12l 1y =3l

IA

1B(x,y) =B )ls
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Step 2. A is continuous. Given (x,,y,) — (x,y) in PCp, x PCp, we see that there exists
M,M/ > 0 such that

a2l < M and ||y,||, < M’ for every n € N,

and
[(A1x) (1) — (A1x) ()| < ) Y (X, yn) — I(x,y)].

Since ¥ oy < oo, and ¥ i < oo, for every € > 0, there exists ky € N such that

= € = €
Z O < —, Z Br < .
P 6M Pl 6M'’

Using the fact that limy_,..#; = o0, we see that there exists ng € N, such that for each k£ > nyg =
tx > ko. From (H3), we get
| A1 (xXn,yn) —A1(x,Y) |l P,

o5}

S Z |Ik(xn7yn)_1k(xvy)’+ Z (2Mak+2M/Bk)

0<t<tny—1 k=ko

ko1 2¢e
<Y (2, ) = Lie, y) [ + -

k=1

Using the fact that [; are continuous functions, we have

I’l()*l

Z ’Ik(xna)’n) —Ik(x,y)| —0asn— oo,
k=0

Hence ||A|(x,,yn) —A1(x,y)]|p — 0 as n — oo. Similarly, we have ||A2(x,,yn) —A2(x,y)||p — O
as n — oo. It follows that ||A(xp,y,) —A(x,y)||p — 0 as n — co.

Step 3. From (H3), we can easily prove that A maps bounded sets into bounded sets in
PC x PC. We next show that A(M) is contained in a compact set.

Step 4. A maps bounded sets in PCp, x PCj, into almost equicontinuous sets of PCj X PCp.
Letting r = (ry,r2) >0, B, :={(x,y) € PCy, X PCp : ||(x,y)||- < r} be a bounded set in PC x PC,

71,72 € [0,00), 7| < Tp, and ¢ € B,, we have

A19(t1) = Yo<p<r Ik(91(te), ¢2(t))

A —(A A , where '
¢(Tl) ( 1¢(Tl) 2¢(T1)) Azfl)(Tl)- — Zogrkgrzlk(‘pl(tk>’¢2(tk)>

Then
A10(12) —A10(T)| < Y Te(@1 (1), 62 (1))

1<K <7
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Thus [A1¢(72) —A19(71)| = 0 as 71 — 7. Similarly, we have |[A2¢(72) —A29(71)| — 0 as
7| — Tp. It follows that [A@ (7)) —Ad(12)| — 0 as 11 — 1.

Step 5. We now show that the set A(B(0,r)) is equiconvergent, i.e., for every € > 0, there
exists T(&) > 0 such that ||[A(¢(z)) —A(¢(s))|| < € for every t,s > T(€) and each ¢ € B(0,r).

Letting ¢ € B(0,r), for every € > 0, we see that there exists ko € N such that

Z(Xk< Zﬁk<—

k=ko k=k

A9 () —A19(s)| < Y Le(on (), 92(t))

SSlkSl

Y (ouri+ Bir2).

<t <t

IN

Then, for every s, > ko, we get
A19 (1) —A19(s)] < 1 Y ow+r2 Y, B
k=ko k=k

Therefore for all ¢ € B(0,r) and s, > ko we have |[A1¢9(t) —A19(s)| < €. Similarly ,we can
prove that there exists kg > O such that for all ¢ € B(0,r) and s, > ko we have |A2¢ (1) —
A2¢(s)| < €. Thus, for every (g,€) > 0 there exists (kg,kg) > O such that for all s,# > ko and

s,t > ko we have
[A9(71) —A¢(1)| < (¢,€), Vo €B(0,r).

Step 6. Now, we show that set

M ={(x,y) € PC X PC;(x,y) = AB( )+ AA(x,y),A € (0,1)}

&<

il
A{ Y
is bounded. Letting (x,y) € .#, one has

x(s) y(s)
|)C0| +/ ‘f( S, )

< ol + [ O+ BN+ Y ol + Y ()| + ¥ ci
0 k=1 k=1 k=1

|x(2)]

IN

ds+ Y |h(x(),y(1))|

0<fp<t

) [

Ry KOOSO RTIEE yCARRIES WARCATES 3
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Thus

t

x(6)|+y(0)] < |x0|+|yO|+/((ll(s)+13(S))|X(S)|+(Z(S)2+l(s)4)|y(s)|)ds
i )y ( tk|+ZCk+ZCk-

\TM&;

ZE |x tk|+

HMS

Hence

sup (|x(s)[ +|y(s)])

s€[0,¢]

< |XO!+|yo!+/Ot(ll(5)+13(S)+12(S)+l4(8))>< zl[lori](IX(S)Hly(S)l)dS

(Zak+26k sup |x(z| + ( Z Z ) sup |y( tk"l‘zck“‘zck-
k=1 k=1 k=1 k=1

s€(0,1) s€(0,t) k=1 k=1

This implies that

sup ([x(s)[+Iy(s))) < B+ [ L(s) sup (Jx(s)[+|y(s)[)ds,

s€(0,1) 0 s€[0,]
where
ol + [vol + Y ek + Y @
B = k=1 k=1 _
1= (X o+ Xy O+ Xy B+ X By)
and

Li(s) +13(s) + la(s) + la(s) -
1— (Zzozl O+ Y p g Ok + Y0 B +Yi ﬁk)

By the Gronwall-Bellman lemma, we have

L(s) =

sup (Jx(s)|+y(s)]) < Bell“lur,
s€(0,)

Then x|, < Bel™Iut and ||y, < Bel*IL'. In view of Theorem 2.7, we see that problem (1.1)
has at least one solution.

By simple modification in the prove we can obtain the following result.

Theorem 4.3. Let (H,) be satisfied and the following condition:
(Hg) There exists p € L'(J,R ), and let @ : R — (0,00) be a continuous nondecreasing func-

tion such that

1f(6,x,9)] < p(O)w(lxl +[y]), for all (x,y) e R xR
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and
g(#,x,3)| < p(t)w(|x|+[y]), for all (x,y) € R xR,
If

_ Y11k Yp—ido
M. — k=1 k=1
Yoo b Li—ibx

converges to zero, then problem (1.1) has unique bounded solution.

c //ZXQ(R+) (4.2)

Using the nonlinear alternative in generalized Banach spaces, we can also obtain the follow-

ing result.

Theorem 4.4. Assume that (Hy) — (Hg) hold. If
ZOCk—i-Zﬁk-f-Zﬁk—i— Zﬁk<°°,ZCk<°°and ka<°°,
k=1 k=1 k=1 k=1 k=1 k=1

then problem (1.1) has at least one solution. Moreover, the solution set
S(x0,y0) = {(x,y) € PC, x PCy : (x,y) is solution of (1.1)}

is compact and S : (xo,y0) — S(x0,y0) is u.s.c.
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