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1. Introduction

Let E be a real Banach space and let C be a nonempty subset of E. Let E* be the dual space
of E and let J denote the normalized duality mapping. Let 7 : C — C be a mapping. We denote
the fixed point set of T by Fix(T), that is Fix(T) = {x € C : x = Tx}. Mapping T : C — C is

said to be nonexpansive iff

[Tx—Ty|| < [lx—yll, Vx,yeC.
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T : C — C s said to be k-strictly pseudo-contractive iff there exists a constant x € (0, 1) such
that
(Tx =Ty, j(x=y)) < |x =y = x| (1 =T)x—= (I =T)y|>, VaxyeC
for some j(x—y) € J(x—Y).

T : C — C is said to be pseudo-contractive iff
(Tx=Ty,j(x=y)) < |x=yl?, VxyecC

for some j(x —y) € J(x—Yy);
T : C — C is said to be strongly pseudo-contractive iff there exists a constant k € (0, 1) such

that

(Tx =Ty, j(x~y)) < klx—y|?, ¥ryeC
for some j(x—y) € J(x—y).

Remark 1.1. If T : C — C is a strict pseudo-contraction, then 7T is Lipschitz continuous and

Fix(T) is closed and convex; see [1, 2, 3] and the references therein.

Remark 1.2. The conception of strict pseudo-contraction was introduced by Browder and
Petryshyn [4] in a real Hilbert space in 1967. Let H be a real Hilbert space and C be a nonempty
subset of H. A mapping S : C — C is said to be a k-strict pseudo-contraction iff there exists a

K € [0,1] such that

12— Sy* < e =yl + K[| (I = S)x— (1= S)ylf*,  Wx,yeC. (1.1)

Example 1.3. Let H = [? and C = {(x,X2,"** ,Xp,-++) : %, >0, Vi€ Nand Y | x? < eo}. De-
fine a mapping S: C — Cby Sx = (3, —3x2, —3x3,--- ,—3x,,---) forall x = (x1,x2,x3,- -+ , X,
€ C. It is easy to see S satisfies (1.1) with k = % In fact, for each x = (xy,x2, -+, Xp, -+ ),y =

(yl,yz~- ,yn,~-) € C, we have

X1 —=V1
1Sx — Sy||* = 1= =302=¥2), =30 = yn), )P
2 %)
X1 —
_ o) 4y1) +9Y (xi—yi)?
=2

1
< =yl + AT =S)x— (1= S)y|l*

9(x; —y1)? >
:—( 18y1) +9Z(x,-—y,-)2.
i=2
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Hence Sisa %—strict pseudo-contraction. However, it is not a strong pseudo-contraction. Indeed,
the class of strongly pseudo-contractive mappings is independent of the class of k-strict pseudo-

contractions; see [3] and the references therein.

Theorem MX. [5] Let C be a closed convex subset of a real Hilbert space H. Let T : C — C
be a x-strict pseudo-contraction for some 0 < x < 1. Assume that Fix(T) # 0. Let {x,} be the

sequence generated by xy € C and
Xpt1 = OuXy+ (1 —04,)Txy, n€N. (1.2)

Assume that {0y, } € (k,1) satisfies Y (0, — K)(1 — ¢;) = oo. Then {x,} converges weakly to
a fixed point of T.

In an infinite-dimensional Hilbert space, the normal Mann’s iteration algorithm (1.2) has only
weak convergence for strict pseudo-contractions (even for nonexpansive mappings). In order to
get a strong convergence result, one has to modify the normal Mann’s iteration algorithm; see
[3,6,7,8,9,10, 11].

Recently, Marino, Scardamaglia and Karapinar [12] constructed a new iterative algorithm
by modifying the normal Mann’s iteration for a strict pseudo-contraction in Hilbert spaces. It
needs to mention that the mapping is defined on a nonempty closed cone of Hilbert spaces.

More precisely, they gave the following result:

Theorem MSK. [12] Let H be a Hilbert space and let C be a nonempty closed cone of H. Let
T : C — C be a k-strict pseudo-contractive mapping such that Fix(T) # 0. Suppose that {c, }

and {B,} are real sequences in (x,1) and in (0, 1), respectively, satisfying the conditions:
(1) ¥ < liminf, . 0, < limsup,, .., 00, < 1;
(1) limy, 500 Uy = 0;
(i) T2, 11, = oo,

Define a sequence {x,} as follows:
x1 €C, xpp1 = 0 (1 — y)x, + (1 —04,)Txp, n € N. (1.3)

Then {x,} converges strongly to p € Fix(T), that is, the unique solution of the variational

inequality (—p,y —p) <0, Vy € Fix(T).
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Marino, Scardamaglia and Karapinar also posed an open question whether the result in The-
orem MSK holds in the framework Banach spaces. Recently, some authors have studied the
fixed point problems for strict pseudo-contractions in Banach space; see [3, 13, 14, 15, 16] and
the references therein. On the other hand, the implicit iterative algorithms for strict pseudo-
contractions are also considered by some authors [1, 6, 17, 18, 19] and the references therein.
However, in general, the implicit iteration has no strong convergence.

In this paper, we continue to discuss the iterative algorithm (1.3) in Banach space. Inspired
by the results in [3, 12, 17], we prove that the iterative algorithm (1.3) still has the strong con-
vergence in 2-uniformly smooth Banach spaces. An implicit iterative scheme for strict pseudo-
contraction in 2-uniformly smooth Banach space is also introduced and the strong convergence
of the implicit iterative algorithm is proved. Our result improves the corresponding results of
Marino, Scardamaglia and Karapinar [12] from Hilbert spaces to 2-uniformly smooth Banach
spaces. This is a positive answer to the open question of them. Finally, we give an example to

illustrate the main result presented in this paper.
2. Preliminaries

A Banach space E is said to be strictly convex iff Hx—?” < 1forany x,y € E with ||x|| = ||y|| =
1 and x # y. A Banach space E is said to be uniformly convex iff for each € > 0 thereisa 6 > 0
such that for x,y € E with |x||,||y|| < 1 and ||x —y|| <2(1 — &) holds. The modulus of convexity
of E is defined by

, 1
Op(€) = inf{1 — |5 G+ )| =[xl Iyl < 1, flx =yl = €},

for all € € [0,2]. E is said to be uniformly convex iff §z(0) =0, and §(g) > 0 forall 0 < € < 2.
It is known that every uniformly convex Banach space is strictly convex.

Let E be a real Banach space with norm || - ||. The dual of E is defined by E*, the value of
f € E* atx € E by (x, f). The duality mapping J of E into 2£" is defined by

J@)={x" € E": (xx") = |uf* = "}, Wx€E.
Let S(E) = {x € E : ||x|| = 1}. The Banach space E is said to be smooth iff the limit
e+ 2yl — [lx]]

lim |
t—0 t
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exists for all x,y € S(E). It is known that if E is smooth, then duality mapping J is single-valued.
Let pe(7) : [0,00) — [0,0) be the modulus of smoothness of E defined by

PE(1) = Sup{%(||X+y|| +lx=yl) =1:x e S(E), [yl <1}

A Banach space E is said to be uniformly smooth iff pET(I) —0astr— 0. Let g > 1. A Banach
space E is said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such that pg () <
ctd. If E is g-uniformly smooth, then ¢ < 2. Typical examples of uniformly smooth Banach
space is LP, where p > 1. In fact, L? is min{ p,2}-uniformly smooth for every p > 1.

Let C be a nonempty closed and convex subset of E, and let K be a nonempty subset of C.
Let Q : C — K be a mapping. Q is said to be:

1. sunny iff for each x € C and ¢ € [0, 1] we have Q(rx+ (1 —1)Qx) = Ox;

2. aretraction of C onto K iff Qx = x, Vx € K;;

3. a sunny nonexpansive retraction iff Q is sunny, nonexpansive and a retraction onto K.

It it known that the following conclusions are equivalent [20, 21, 22]:

(a) Q is sunny and expansive.

(b) [|Qx— Oy[|* < (x—,J(Qx — Qy)), Vx,y € E.

(©) (x—0x,J(y—0x)) <0, Vxc E,yc K.

In the sequel, we will use the following lemmas for our main results.

Lemma 2.1. [16] Let E be a 2-uniformly smooth Banach space with best smooth constant K.
Then for any x,y € E,

eyl < Il 240, () + 211Ky,
where j(x—y) € J(x—y).
Lemma 2.2. [3] Let C be a nonempty subset of a real 2-uniformly smooth Banach space E with
best smooth constant K and let T : C — C be a k-strict pseudo-contraction. For o € ( ,%),
define Tyx = (1 — &t)x+ aTx for all x € C. Then Ty, is nonexpansive and Fix(Ty) = Fix(T).
Lemma 2.3. [23] Let {a,} C [0,1] be a real sequence. Let {0,} be a nonnegative sequence of
real numbers and let {Y,} be a sequence of real numbers. Suppose that

ap+1 < (1 - an)an+ 0,0+ Yu, 1 > 0.

If the following conditions are satisfied:
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1oy [07 1]72?:1 Ol = o9

(i1) limsup,,_,,, 0, < 0;

(i) L2 Y < oo,
then we have lim,,_e.a, = 0.
Lemma 2.4. [14] Let C be a closed convex subset of a real uniformly smooth Banach space E,
and let T : C — C be a nonexpansive mapping with a nonempty fixed point set Fix(T). Then
there exists a unique sunny nonexpansive retraction OFixr):C = F ix(T) such that

limsup(u — QFix(T)u7J(xn - QFix(T)u)> <0,

n—oo

for any given u € C and {x,} C C with x,, — Tx,, — 0.
3. Main results

In this section, we consider two iterative algorithms for finding fixed points of strict pseudo-
contractions defined on a nonempty closed cone of 2-uniformly smooth Banach spaces.

First, we give the following explicit iterative algorithm.

Theorem 3.1. Let C be a nonempty closed cone of a real 2-uniformly smooth Banach space E
with best smooth constant K. Let T : C — C be a K-strict pseudo-contraction with 0 < Kk < 1

and assume that Fix(T) # 0. Let {oy,} C (1 1) and {u,} C (0,1) be two real sequences

K
T 3K
satisfying the following conditions:

(D) 1 = 557 < liminfy e 06, < limsup,,_,,, 04, < 1;

(2) Xy [0t = 01| < oo, o e — n—1| < oo
(3) limy; 0 Wy = 0, Z:lo:l Uy = oo,

Define a sequence {x,} by
x1 €C, xp+1 = (1 — wy)xy + (1 — ) Txp, n € N (3.1)

Then {x,} converges strongly to some p € Fix(T).

Proof. Define a new mapping 7), : C — C by

THix=(1—A)x+ATx, VxeC, (3.2)
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K

where A = 3x2- From Lemma 2.2, one sees that 7 is a nonexpansive mapping from C into

itself and Fix(T) = Fix(Ty). Let B, = %’H and 7, = % for each n € N. We rewrite (3.1)

as
x1 €C, xp11 =Bn(1 —%)xn+ (1 = B,)T)xn, n € N. (3.3)
It is obvious that {f,} C (0,1). Since p, — 0, one has %, — 0. Hence we can assume that
{m} < (0,1).
Now we prove that {x, } is bounded. For p = Qp;y(7,)0 € F(T},), we have
%01 = Pl = [|Ba (1 = Ya)xn + (1 = Bn) Taxn — p||

= 1Ba(1 = %) (e = p) + (1 = ) (Th2tn — ) = Bap |

< Bu(1 =) [0 = pll + (1 = Ba) lben = pll + Bl Pl

= (1= Buy)llxn = Pl + Burallp |

< max{|lx, — pll, | I}

for each n € N. Hence {x,} is bounded. We show that ||x,+1 — x,|| — 0 as n — 0. From (3.3)

we have
X1 = Xn = PBa(1 = Ya)Xn + (1 = Bu) Taxn — Bt (1 = Yo1)Xn—1

— (1= Bu1)Tpxn—1

= Bu(1 = %) (tn — Xn—1) 4+ Ba(1 = V) xn—1 + (1 = Bu) (T30 — Ty X 1)
+(1=B)Toxn—1 = Bu1(1 = Yoe1)xn—1 — (1 = Bu1) T Xu—1

= Bu(1 =) (o —x0—1) + (Bu(1 = 1) = Bu—1 (1 = Y1) X1
+ (1= Ba) (Taxn — Taxn—1) + (Ba—1 = Bu) Taxn—1

= Ba(1 = %) (60 = Xn—1) + ((Br = Ba1) (1 = Ya1) + Bu(Yo1 — W) ) X1

+ (1 - Bn)(Tﬂan - T/lxnfl) + (ﬁnfl - ,Bn)T),xnfl-

It follows that
41 =%l < Bu(1 = Y %0 — X1 | + (1Bn = But | + Y1 — Wl ) -1 |
+ ’ﬁn—l _ﬁn’HTlxn—l H + (1 - Bn)”xn —Xn—1 H

(1= Bu¥u) 10 — Xn—1 1| + 2Bn — Ba1| + Vo1 — T )M

< (1=b¥)lxn = xn1ll + (21Bn = Bar| + [Yo1 = WM,
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where b = inf,>1 8, and M = max{sup,,~ ||x,||,sup, || T} x| }. Note that

’an - an71| <

S Y
r;mn_ﬁnll - 1

and

Z |Yn Y— 1| ’ Z O Un . Op—1Un—1

ﬁn ﬁnfl
_ i Bn 10Uy — ﬁnan l.un—ll
n=1 nﬁn 1
_ i |ﬁn lan .un—l)+(ﬁn—1(an_an—l)+(ﬁn—l_ﬁn>an—l).un—l|
n=1 Bnﬁn—l
- — Up— 1|+|O‘n O‘n*l|+|ﬁn71_ﬁn|
<y P
< o
Using Lemma 2.3, we get from (3.4) that
im [, 1| = 0. (3.5)

In view (3.3), we have

_ Xpgl —Xp Tt B YnXn

1-pB,

Ty x, —xp

Hence,

[t 1 = Xall + Bu¥a |
1-p,

Putting z,, = Buxn + (1 — By) Tyxn, Vn € N, we have z, —x, = (1 — B,,) (T xn — xp,). Using (3.3),

360 — x| < 0. (3.6)

we have

Xn+1 =Z2n — ﬁn’}/nxn
(1= BuYn)zn + Bu¥u(zn — xn) (3.7)

(1= Bu)zn + Bu¥n (1 — Bu) (Thxn — Xn).
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It follows from Lemma 2.1 and (3.2) that
20 = P11 < [l = PIP = 2(1 = Ba) (v = Taxn, j(xa = p)) +2K>(1 = Bu)?|l0n — Taxn) |

= Jlxa = pII* =2A(1 = Bu) [t — pII> +2A(1 = Bu)(Txa — T, j(n — p))
+2K>(1 = Ba)?|lxn — T
< Jotn = PP =22 (1 = B l| Tt — x| + 2K2(1 = B xn — T (3.8)
= Jlxa = pII* =241 = Bu) kl| Tow — 26|+ 2K*(1 = ) A xn — T
= Jlxa = plI* =2A(1 = ) [ — K*Al|lxs — Txa |
< Jpen — pl*.

Combining (3.7) with (3.8), we get

[Pne1 = pII* = 111 = Bada)zn + Buta (1 = Ba) (Taxn —xn) — plI?
= [1(1 = Bu¥) (20— ) + Butl (1 = Bu) (T — xa) — ]|

< (1= Bu¥)l|zn _pH2 + 2B Yu (1 = Bu)(TyXn — X, j(Xny1 —P))

(3.9)
+2B2Yn(—p, J(Xngt1 — D))
< (1 - ﬁnYH)Hxn - pH2 + 2ﬁn7n(1 - Bn)<T7an _xnaj(xn—i—l - p))
+ 2ﬁn7n<_p7 j(xn—H - ]9)>
Using Lemma 2.4, we find from (3.6) that
Tim (7% — %, /(01— p)) =0 (3.10)
and
limsup(—p, j(xa 11— p)) < 0. (3.11)
n—soo

Therefore, from (3.9)-(3.11) and Lemma 2.3, we get that lim,_,e ||x, — p|| = 0. The proof is

complete.

In 1974, Deimling [24] proved that each continuous strong pseudo-contraction defined on a
nonempty closed convex subset of a real Banach space has a unique fixed point. Let 7 : C — C
where C is a nonempty closed cone of a real Banach space E, be a strict pseudo-contraction.

Letu € Candt € (0,1). Define a mapping S : C — C by

Sx=tu+1tTx, VxeC.
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Then § has a unique fixed point in C. In fact, for each x,y € C, we have

(Sx— Sy, j(x—y)) =t{Tx Ty, j(x—y)) < tllx—y|

for some j(x—y) € J(x—y). Hence S is a strong pseudo-contraction.
Next, we give an implicit iterative algorithm for strict pseudo-contractions in a real 2-uniformly

smooth Banach space.

Theorem 3.2. Let C be a nonempty closed cone of a real 2-uniformly smooth Banach space E
with best smooth constant K. Let T : C — C be a k-strict pseudo-contraction with 0 < k < 1 and
assume that Fix(T) # 0. Let {0,} C (0,1) and {u,} C (0,1) be two real sequences satisfying

the following conditions:

(1) 0 < liminf, . 04, < limsup,, ., 0, < 1;
(2) Z;ozl |an - an71| < oo, Z;ozl |.un _Ianfl| <L 0o
(3) lim;, oo tt, = 0, Z:lo:l Uy = oo.

Define a sequence {x,} by
x0 € C, xp = 04y (1 — ty)xy—1+ (1 —04;)Txp, n € N. (3.12)

Then {x,} converges strongly to some p € Fix(T).

Proof. First, it is not hard to find that (3.12) is well defined. Define a mapping 7, : C — C by
T)x=(1—A)x+ATx, Vx € C, (3.13)

where A = % From [3], we see that 7 is a nonexpansive mapping from C into itself and

Fix(T) = Fix(Ty). Let B, = *(/}—/1) and ¥, = W, for each n € N. We rewrite (3.12) as

x1 €C, xp = Bu(1 =) x0—1+ (1= Bu)Tyxn, n € N. (3.14)

Itis obvious that {8,} C (0,1). Now we prove that {x, } is bounded. For p = Qpiy(r,)0 € F(T}),

we have

[xn = Pl = [|Ba(1 = Y)xn—1 + (1 = Ba) Txn — p||
= [|Bn(1 = %) (Xn—1 = p) + (1 = Bu) (Taxn — p) — Bup ||

< Bu(1 = %) [xXn—1— pl| + (1 = Ba) [|x0 — pll + BaYall Pl
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which implies that
[[xn = pll < (L= %) llxn—1 — Pl + WPl

< max{|x,—1 —pll, I pl[}
for each n € N. Hence {x,} is bounded.

Next, we show that |[x,+1 — x,|| — 0 as n — co. From (3.14), we have
Xnt1 = Xn = Bt (1= Vo)X + (1= Bt 1) Txne1 — Ba(1 — Y)xn—1 — (1 — Bn) Tpxn
= Bur1(1 =Yt 1) 0 —Xn—1) + B 1 (1 = Yog 1) X1 + (1 = B 1) (TpXng 1 — Tyxn)
+ (1= Bat 1) Taxn — Bu(1 = Ya)Xn—1 — (1 = Bn) Tpxn
= Bt 1 (1 =Yg 1) (o = Xn—1) + (Bar1 (1= Yar1) = Bu(1 — %) ) X1
+ (1= Bus1)(TaxXn+1 — Tpxn) + (Bn — But1) Tpxn
= Bur1 (1= Y1) (0 = Xn—1) 4+ ((Bae1t — Bu) (1 = %) + Bt (o — Y1) ) Xn1
+ (1= Bt 1) (Taxns1 — Tyxn) + (Bn — Bar1) Tpxn-
It follows that
X1 = Xl = [[Bue1 (1= Y1) (6 = Xn—1) + ((Bat1 = Ba) (1 = 1) + Bak 1 (= Y1) ) X1
+ (1= Bt 1) (Taxnt1 — Tpxn) + (B — Bu1) Ta x|
< Bt (1= Y ) [Itn — x| + (1Bas1 = Bul 1% — Yar [) 01 |

+ (1 _Bn+1)||xn+1 _an +Bns1— Bn| HT)an||~

Hence, one has

1
X1 = Xl | < (1= Vo) [0 — X || + ﬁ—(2lﬁn+1 = Bul + 1% = Yar )M

ntl (3.15)
l—a(l—A4)
< (1= Yo ) [J%n — X1 + T(Z\ﬁnﬂ = Bal + % — Yur1 )M,

where a = inf,,;>1 a, and M = max{sup,,~ [|[X,—1||,sup,> [| Taxx||}. Note that }'* | | — Yo—1| =

Yoot |tn — Hp—1] < oo and

[ ()

(Xn_ll ’

oA
Zl 1—o(1—A) T—au(1—A)

Z |.Bn_ﬁn71| =

n=1 n

B |t A — o1 A|
_n; (1—0(1—=2)) (1 — a1 (1 —2))
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Using Lemma 2.3, we get

r}i_r>r°10Hxn—xn_1H =0. (3.16)

In view of (3.14), we have Tjx, — x, = Bl 1)+Bu¥dn1 Hepce,

n

BallxXn — Xn—1|| + BaYallXn—1]] N

Tix, — x| < 0, 3.17

250~ — (3.17)
From (3.13) and (3.17), we conclude that

r}l_rgoloHTxn—an =0. (3.18)

By (3.12) and (1.1), we get
1 = PII* = (06u(1 = tn)xa—1 + (1 = ) Tty = p, j (0 — P))
= (0 (1 — ) (xn—1 — p) + (1 = @) (Tx — p) — O lnp, j(Xn — P))
= 0 (1 = pn){(xn—1 = P),j (%0 = p)) + (1 = ) {(Txp = p), j(xn — P))
+ 0 ltn(—p, j(6n — P))
< 0t (1= ) [Pxn—1 = plPn = plI (1 = 0ta) [l = 1> = Kllw — T |?]

+ Oy (—p, j(Xn — P)).

It follows that

1—a,)K .
o = PIP < (1= tt)llnt — Pl — 2l = L= iy = T2 =, 0 — )
n
<(1—I~ln) Ty 2 T2 I
< LB I e Ittt — Tl . ).
which implies that
w = PP < (1= )l lut — AP+ 26talln — Tl 4 20t (s jCra—p)). (3.19)

In view of (3.17) and Lemma 2.4, we find that
limsup(—p, j(x, — p)) <O0. (3.20)
n—soo
From (3.18)-(3.20) and Lemma 2.3, we conclude that lim,_ ||x, — p|| = 0. The proof is com-

plete.

Remark 3.3. Let T is a k-strict pseudo-contraction and best smooth constant is K. Let & € (0, 1)

and M € N such that 1+ o — 355 + L€ (0,1). Sequences {e,} and {{,} can be taken as
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an=1- 35 +a+ ML,, and U, = % for each n € N. Then {a,} and {u,} satisfy the conditions
of Theorem 3.1.

Remark 3.4. Theorem 3.1 improves the result of Marino, Scardamaglia and Karapinar from
Hilbert space to 2-uniformly smooth Banach space and gives a positive answer to the open

question of authors.
Finally, we give an example to illustrate Theorem 3.1.

Example 3.5. Let C = L[a,b]. It is known that C is a 2-uniformly smooth Banach space. Let
T :C — Cdefined by Tx = —%x for each x € C. For all x,y € C, we have

. 1 , 1
(Tx—Ty,J(x—y»=—§<x—y,J(x—y)>=—§Hx—y|\2
and
2 3 2 1 2
llx =]l —ZH(I—T)X—(I—T)yH Z—gﬂx—yH :

Hence T is a %—strict pseudo-contraction. Put oy, = %4— ﬁ and u, = % for each n € N. Then
{oy,} and {u,,} satisfy the conditions of Theorem 3.2. Let xo € L?[a,b]. We compute some {x, }
by (3.12) as follows:

9 15 525 19845

X1 = %XO, X2 = mxo, X3 = @x(% X4 = mxo-

By Theorem 3.2, we conclude that {x,} strongly converges to the fixed point x* € Fix(T). In
fact, x*(t) = 0 for all 7 € [a, D).
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