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1. Introduction

In this paper, we study the existence of at least three non-negative classical solutions to the

multi-point boundary value system

—(0p, () = AFy, (x,u1, ... ,uy) + UGy, (x,u1,. .., uy), in (0,1),

ui(0) = X0y ajui(x;), wi(1) = X0, bjui(x;)),
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fori=1,...,n, where p; > 1, ¢p,(x) = |x|1’i_2x fori=1,...,n, A > 0,u > 0 are parameters,
m,n €N, F,G :[0,1] x R" — R are measurable with respect to x, for every (¢, ...,t,) € R", con-
tinuously differentiable in (x1,...,x,), foralmostevery z € [0, 1], F(x,0,...,0) = G(x,0,...,0) =
0 for all x € [0, 1] and satisfy the standard summability condition
s {max{IF(.£)1 166 IR )1 1G5 &)L i=1,on f L1 (1)
<pi
for any p; > 0 with & = (&;,...,&,) and |§| = /Y & and aj,b; € Rfor j=1,....m.

Multi-point boundary value problems (BVPs) that arise from different areas of applied math-
ematics, physics, finance and economics have received a lot of attention in the literature in the
last decades; see, for example, [1, 2] and the references therein. Indeed, a number of problems
in the theory of elastic stability can be treated as a multi-point problem [3] and also the vibra-
tions of a guy wire of a uniform cross-section and composed of N parts of different densities
can be handled as a multi-point boundary value problem [4].

Recently, multi-point BVPs have been extensively studied by many researchers, see [35, 6,
7] and the references therein. In [8], Ma, based on Guo-Krasnoselskii fixed point theorem,
studied the existence and multiplicity of positive solutions for following m-point boundary value
problem

(p(u) —q()u+Ah(t)f(u) =0, 0<t<l,
au(0) ~ bp(0)u'(0) = X1 cu(&).
cu(1) —dp(1)u'(1) = X7 Bu(&),
where a,b,c,d € [0,+00), E € (0,1), 04, B; € [0,+00) (fori € {1,...,m—2}) are given constants,
p,q € C([0,1],(0,40)), h € C([0,1],[0,400)), and f € C([0,+o0),[0,+0o0)) satisfying some

suitable conditions. In [5], Feng and Ge studied the existence of at least three positive solutions
to the following boundary value problem based on a fixed point theorem due to Avery and
Peterson

(0p ()" +q(0)f(t,u,') =0, in (0,1),

u(0) =0, u(1) = 57> au (&),
where ¢,(s) = [s|P" %5, p>1, & € (0,1) with0 < & < ... < &, <l and g; € [0,1), 0 <
Z;”:_]Z a; < 1. Liu [9] established the existence of at least three solutions for a non-homogeneous
multi-point boundary value problem of second order differential equation with one-dimensional

p-Laplacian by using multiple fixed point theorems. In [6], the existence and multiplicity of
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classical solutions to parametric version of system (Pf:sz) was discussed based on a critical
point theorem due to Ricceri. Also, in [10], the existence of at least one nontrivial solution
to parametric version of the system (P)ILp g) was studied based on variational methods and crit-
ical point theory. In [11], the existence of at least three classical solutions for a second-order
multi-point boundary value problem with impulsive effects was discussed based on variational
methods for smooth functionals defined on reflexive Banach spaces.

In this paper, by using a three critical points theorem proved in [12], we ensure the existence
of at least three non-negative classical solutions for system (Pff) for appropriate values of
parameters A and U belonging to real intervals. In particular, we require that there is a growth
of F which is greater than quadratic in a suitable interval, and which is less than quadratic in
a following suitable interval. An example and some remarks are also provided to illustrate our
main results.

The organization of this article is as follows. In Section 2, we recall some definitions and
notations. In Section 3, we state and prove the main results of the paper.

We assume throughout and without further mention that the following conditions hold:

(H1) Either p > 2 or p <2, where p = min{py,...,p,} and p = max{p1,...,pu}.
(H2) Y7 ya;# 1and Y7 b # 1.

2. Preliminaries

In this section, we discuss the existence of at least three solutions for system (P)ILp g) Here, X*
denotes the dual space of X. Let X be a nonempty set and let &, ¥ : X — R be two functions.
For all r, ry, rp, > infxy ®, r, > ry, r3 > 0, we define

e e (Puco (g P0) W)
ue®=1(]—oo,r|) r—®(u

ﬁ r 7r = lnf Sup D) — b))’
(r1,72) ue® ! (J=eor1[) ye1([ry 1)) D(v) — D(u)

SUP,cp—1(]—co rytr W(”)
Yrars) = 2 o 21130 :

a(r1,72,73) == max{@(r1),9(r2),¥(r2,73)}.

Theorem 2.1. [12, Theorem 3.3] Let X be a reflexive real Banach space. Let ® : X — R be a

convex, coercive and continuously Gateaux differentiable functional whose Gdteaux derivative
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admits a continuous inverse on X* and let ¥ : X — R be a continuously Gateaux differentiable
functional whose Gateaux derivative is compact such that

(ay) infx ® = P(0) =¥(0) =0;

(az) for every uy,uy € X such that ¥(uy) > 0 and ¥(up) > 0, one has

inf W(su;+ (1—s)uz) >0.
5€[0,1]

Assume that there are three positive constants ry,ry,r3 with ri < rp, such that

(az) @(r1) < B(ri,r);

(as) @(r2) < B(ri,r2);

(as) y(r2,r3) < B(ri,r2).
Then, for each A €] ﬁ(r37r2) a0 ,]rz7r3) [ the functional ® — A admits three distinct critical points
uy, uz,uz such that wy € @~ (] —oo,r1[), uy € @71 ([r1,72[) and uz € @~"(] — o0, r2 +13]).

We remark here that Theorem 2.1, which extends previous results of Pucci and Serrin [13,
14], is a counter-part of a general result (three critical point theorem) of Ricceri [15, 16]. The-
orem 2.1 has been successfully employed to obtain the existence of at least three solutions for
boundary value problems; see [17, 18, 19] and the references therein. In order to investigate the
existence of solutions for system (Pf:g), we introduce the following basic notations and results
which will be used in the proofs of our main results.

Throughout this paper, we let X be the Cartesian product of n spaces

m m
X; = {5 ewhri([0,1]) = £(0) =Y a;&(xj), &(1)= ijé(xj')}
j=1 j=1
fori=1,...,n,1e., X =X; X --- XX, endowed with the norm

n
||(u17"'7”n)|| = Z Hui”PH
i=1

1 1/pi
Hu,-Hp,:(/O |u;<x>\pfdx) el

By a classical solution of (Pff), we mean a function u = (uy,...,u,) € X such that, for i =

1,...,n, u; € C'[0,1], ¢,,(uf) € C'[0,1], and u satisfies (Pff). We say that a function u =

where

(uy,...,u,) € X is a weak solution of (Pf”g) if

/Oli_zn‘i]ug(xﬂpizug(x)vg(x)dx—l/oli_zn‘iFui(x,ul(x),...,un(x))v,-(x)dx
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1
—,u/o Gy, (x,u1 (x),...,un(x))vi(x)dx =0

forany v= (vi,...,v,) € X.
From Lemma 2.4 below, we see that a weak solution of (Pf ’g) is indeed a classical solution.

Let ¢1;il denote the inverse of ¢, for eachi=1,...,n. Then, (P[;il(t) = ¢y, (¢) where pllﬂ—% =

1. It is clear that ¢, is increasing on R,

lim ¢, (1) = —c and lim ¢,,(f) = oo. (2.1)

t——oo t—r+too

Lemma 2.2. Forfixed A, L € R, u= (uy,...,u,) € (C([0,1)))", andi=1,... n, define ;(t;u) :
R — R by

)
aj(l‘;bl):/ol(Pp_il (t_l/o Fui(évul(g)f"vun(é))dg

) m m
_‘u/o Gui(§7u1 (5), ce ,Lt,&é))dé) do + Z aju,-(xj) - Z bjui(xj).
j=1 j=1
Then, equation
o;i(t;u) =0 (2.2)
has a unique solution t,, ;.

Proof. Taking (2.1) into account, we have

IEIEIOO Oti(l‘,u) — —oo and tgrfw (Xi(l‘7u) = o0,

Since a;(-;u) is continuous and increasing on R, we can obtain the desired conclusion immedi-

ately.

Lemma 2.3. The function u = (uy,...,uy) is a solution of system (Pf ’fj) if and only if u;(x) is a

solution of the equation

m X S
ui(x) :j—Z‘lajui(xj)—i_/o ¢pi1<tu,i_l/0 Fu;(éaul(g)""vun(é))dé’

é
—u [ Gu,@,ul(&),...,un<é>>dé>d6
0

fori=1,...,n, wheret,; is the unique solution of (2.2).

Proof. This can be verified from direct computations.
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Lemma 2.4. [20, Lemma 2.5] A weak solution to (Pff) coincides with a classical solution to
Py

In order to prove our main result, we need the following result.

Lemma 2.5. [20, Lemma 2.6] Let T : X — X* be the operator defined by

Tt ) = [ 3P0 )
forevery (uy,...,uy),(hi,...,h,) € X. Then T admits a continuous inverse on X .
Let
max u;i(x)|Pi
c=max<{ sup s |pl_l( ) s for1<i<ny;. (2.3)
u,EX,-\{O} HuiHPi

Since p; > 1 fori=1,...,n, the embedding X = X x - -+ x X, = C°([0,1]) x --- x C°([0, 1]) is
compact. So, ¢ < +oo. Moreover, if (H2) holds, from [21, Lemma 3.1],

- max,c o, V(x)| _ 1 . Y lajl N 1 1bj]
veX,\ {0} V]l =2 [1=Xa)l  [1=X7 bl

fori=1,...,n

For any y > 0, we denote by K(7y) the set

{(tl,. L) ER": Z' |pl }
i=1

This set will be used in some of our hypotheses with appropriate choices of y. For positive

constants 0 and T, set

1
GY = / sup G(x,t1,...,t,)dx
0

and
G;:= inf G.
[0,1]x[0,7]x+-x[0,7]

3. Main results

We are now in a position to present our main results.
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From now on, for positive constant 7, let T be the vectors in R” defined by 7 = (0,...,0,1).

Let
m Py 7 1/Pn
Op = [2""_1 <xi_p" 1-— Z aj >] . (3.1)
j=1

We fix four positive constants 81, 6>, 63 and 7 and put

n 1
Gf”—lcnp,-/o sup F(x,ty,...,t;)dx
i=1

Pn
+(1=xp, 1 ~Pn

6 X 1 X ([17 7tn)EK(H;’l:11pl)
LG = min m mln{ Gel 9
n 1
95’*1 — /’Lchi/O sup . F(x,t1,...,t;)dx
i1 (11 ,tn)eK(ng =)
GO ’
. (3.2)
(95”—95")—101_[17,-/ sup F(x,ty,...,t;)dx
i= 0 Pn
! (tb Jn)e[((ng 1171)
o J
1+xm
(0— T)Pl‘l 2 _ 1
G —)b(/1 F(x,T)dx—/ sup F(ut1,... 1))
n X1 0 Pn
2 ([17 7 )EK(H? ll’ )
G, —GY% ’

Theorem 3.1. Let F : [0, 1] x R" — R satisfies the condition F (x,t1,...,t,) > 0forall (x,ty,...,t,) €

[0,1] x (RTU{0})" for 1 <i < n. Assume that there exist positive constants 0y, 6>, 65 and T
with 0y < %/ =P, 7 < 0, and 6, < 05 such that

(A1)
Jy sup o F(x,ty,...,t;)dx
(zl,...,tn)eK(Hn vz
max{ 9{7” ,
flsup m F(x,t,...,ty)dx
0 (tl,...,tn)eK(iniSjlpi "
Pn )
)
1
Jo sup o F(x,t1,...,1,)dx
(1) K () ! }
Gén" 95’”
1+xm |
Jo* F(x,7T)dx— [, sup orn  F(x,01,...1n)dx

G,f"CH?Zl Di TPn
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Then, for every

(an)pn
Ae ( e Ln ,
[o? F(x,%)dx— [} sup on F(x,01,... 1y)dx
2 (tl,...,t,,)eK(ﬁ
i=1Pi
1 or
- mm{ T ,
cITii pi Jo sup o F(x,t1,...,t;)dx
(tl,..,,z,,)eK(H,, P
1Pi
957;1
Iy sup o F(x,01,... 0)dx
O ) K () "
epn 91711
Iy sup o/ F(x,ty,...,t;)dx }>

(t1eeetn) €K (50
for every non-negative function G : [0,1] X R" — R there exists 8, ¢ > 0 given by (3.2) such that,

for each u € [0,6; ), system (PF ) possesses at least three non-negative classical solutions

w = (ub,.. ul), ? = @a3,..., %), and u® = (u3,...,u>) such that
epn epn
max Z|u )< 2o , max Z |u? (x)|Pi < Bn 2
x€[0,1] 2 [T pi’ x€o,1] 1 Di

and

epn
max Z 3 (x)|Pi < %_3
x€[0,1] ;= i—1Di

Proof. In order to apply Theorem 2.1 to this problem, we introduce functionals ®, ¥ : X — R

for each u = (uy,...,u,) € X as follows

i=1 Pi
and
1 1
lP(u):/o F(x,ul(x),...,un(x))dx+%/0 G(x,up(x),...,un(x))dx. (3.4)

Since p; > 1 for 1 <i < n, X is compactly embedded in C%([0,1]) x --- x C°([0,1]) and it is
well known that @ and W are well defined and continuously differentiable functionals whose

derivatives at point u = (uy,...,u,) € X are the functionals ®’(u), ¥'(u) € X* given by

= [ Y W@ s
i=1
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and
1 n
W (u)(v) = / ZFM,@ w1 (%), oy un () Vi (x)dx
,u
Gu, x,up(x U (x))vi(x)dx
forevery v=(vi,...,v,) € X. Moreover, ¥ is sequentially weakly upper semicontinuous. From

Lemma 2.5, @’ admits a continuous inverse on X*, and since @’ is monotone, ® is sequentially
weakly lower semi continuous (see [22, Proposition 25.20]). Put I) (u) = ®(u) — A¥(u) for

every u € X. Note that the solutions of (PF ’G) are exactly the critical points of I;. Put r| =

einn epn epn epn .
CHZ’.’:lpi rp = CH:I i’ r3 = CH:l _1P and w = (0, e ,07Wn(x)) with
( 2(1-Y7  a)) . X
T( it x>, if xe[0,%),
wn(x) =< 1, if xe [y, 1+2xm],
2-Y bj—xm X by 201X, b)) . L,
\ T < I—xm - 1—xp 'x> ) if x € (T? l]

It is easy to see that w = (0,...,0,w,) € X, in particular, ||w,||}! = (0,7)"". So ®(w) = (G”p%.
From conditions 63 > 6, and 0; < %/ CH‘ lp’ 0,7 < 0, we getthat r3 >0 and r; < D(w) < ry.
From (2.3), for each (uy,...,u,) € X,

sup |u; (x)|7" < cf|ui|5;
x€[0,1]

fori=1,...,n, we

)|P: n
Z‘”’ Sl Z |”’ . (3.5)
xe[0,1]i=1 Pi
It follows that

& N—oco,r)) = {u=(uy,...,up) €X; ®(u) <r}

B { ||uzr|m }
= uecX; Z < r
=1

C { €X; Z’ul <cr1 for each x € |0, 1]}

Pn

i 0
= {ueX E ]u nlp foreacth[O,l]}.
i

i=1
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Hence
1
sup Y(u) = sup / F(x,up(x),...,uy(x))dx
(ul’”.,un)eq)fl(—ooll) (M],...,M,1)€¢71(*°°,r1) 0
1
< / sup F(x,11,...,t,)dx.
0 epn
(t1estn) €K ()
In a similar way, we have
1
sup Y(u) §/ sup F(x,t1,...,t;)dx
—1(_oco.p 0 Pn
(Mh-..,un)GCD ( 72) (t1> o )GK(H?Z][,[)
and
1
sup W(u) g/ sup F(x,ty,...,t,)dx.
—1(_oo 0 n
(Mlvuwun)EcD 1( 7r3) (117 W )GK(Hspp)
=171

Since 0 € ®~!(—oo,ry) and ®(0) = ¥(0) = 0, one has

(SUPyeq—1 (—oo,ry) F(1)) — ¥ (0)

(p(rl) = inf

ue®=1(—oo,ry) r —(I)(I/t)
S Supueq)*l(—oo,rl)qj(u)
ry
1
_ SUPucd ! (—oor) Uo F(x, (x))a’x+%f0 G(x,u(x))dx]
— o
folsup o F(x,tl,...,t,l)dx+%G9'
(t],...,zn)eK(nn o
< 17
—_ epn 9
CH?:]P:‘
sup  W(u)
—1 ooy
(P(rz) S ued ( 72)
r
1
 SUPueq () Lo F 05 u(x))dx+§ 5 Glx,u(x))dx]
= -
1 u~0
su n F(x,ty,...,t)dx+ 5G™
fo p([],.,,,ln)EK(Hsg P ( : ) A
< L

epn
+
CH,':] pi



MULTI-POINT BOUNDARY VALUE PROBLEMS 11

and
sup Y (u)
—1({_oo
)/(rz,r3) < ued1(—oo,ry+r3)
r3
1
. SUP,cqp-1 —oo,1p413) [fO ( (x))dx"'—%fo G(x7”(x))dx}
= -
fol sup o F(x,t1,...,t;)dx+ %G‘93
(l17 )EK(I—[H T
< o
— epn epn
LH 1 Pi
Note that
‘L'j:Zlaj <wp(x) <1 foreach x € [O’E] if j:zlaj <1,
T <wp(x) < ‘L'JZ a; foreach x e [O,E] if ]Zaj > 1,
m
Tijgwn()<r foreachxe[ be <1,
j=1
and

m 1+Xm . m
TSwn(x)S"chj for each x € | : 1] if ij>1.

j=1 =
Since F is non-negative, we have

1 e
/F(x,wl(x),...,wn(x))dxzﬁl " F G wi(0), - wn(x))dx. (3.6)
0 2
On the other hand, we have
1
/ F(x,wy(x ,,(x))dx—k%/ G(x,wi(x),...,wy(x))dx
0
1+xm ‘u
= Jy F(x,T)dx+ QLGT'
For each u € ®~!(—o0,r}), one has
B(ri,r)
14+xm
[ ? F(x,%)dx— [, sup o Fxt1,... ty)dx+5(G: — G%)
P (t17"'7[")€K(HV!]1p-
> =
- P(w) — P(u)
14+xm
[4? F(x,%)dx— [, sup o F(x,t1,... ty)dx+ 5 (G — G%)
2 (zl,...,z,,)eK(Hnl —
> i=1Pi
= (ouT)Pn

Pn
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In view of (A;), we get a(ry,r2,r3) < B(ry,r2). Now, we show that functional 7, satisfies the
assumption (ay) of Theorem 2.1. Let u* = (uj,...,u}) and w*™ = (u7*,...,u};*) be two local
minima for ® — A¥. Then u* and u** are critical points for ® — AP, and so, they are weak
solutions for the system (Pff). Since F(x,ty,...,t;) > 0 for all (x,zy,...,,) € [0,1] x (RT U
{0})" for 1 <i<nand G is a non-negative function, from the Weak Maximum Principle (see
for instance [23]) we deduce u}(x) > 0 and u*(x) > 0 for every x € [0,1] for 1 <i <n. So, it
follows that su’ + (1 —s)u* > 0 for all s € [0,1] for 1 <i <n, and that

Fsu + (1 —s)u**,tl,...,tn)—l—%G(su*—l—(l U 1) > 0

for 1 <i < n, and consequently, ¥(su* 4 (1 —s)u**) > 0 for all s € [0, 1]. Hence, Theorem 2.1

implies that

(0nT)Pm
Ae ( EEm 1 B ,
Jo? F(x,7T)dx— [, sup o F(x,t1,...t,)dx
2 (tl,...7tn)€K(Hn1
17i
| oy
mm{ : ,
cIT pi Jo sup o F(x,t1,...,t;)dx
(z],...,z,,)eK(H,l
1Pi
Pn
6,
1 )
Jo sup o F(x,t1,... t,)dx
(tlv"'7tn)€K(Hn21pl ’ ’ ’
Pn Pn
fol sup o F(x,t1,...,t;)dx
(l17...,tn)€K(l_[” 7
and y1 € [0,8; ), functional I, has three critical points u' = (u},...,u}), u> = (u},...,u%), and
ud = (u3,...,u}) such that
Pn Pn
P9 po
max Z\u < = , max Z|u W< = 2
xel0,1] /= z 1 Pi x€[0,1] i=1DPi
and
Pn
po
max Z |} (¥)|P < = S
xe[0,1] ;= i=1Pi

Then, taking into account the fact that the weak solutions of system (Pf ’3) are exactly critical

points of functional /;, we find from Lemma 2.4 the desired conclusion immediately.
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Remark 3.2. There are no asymptotic conditions on F' and G are needed and only algebraic

conditions on F' are imposed to guarantee the existence of the classical solutions in Theorem
3.1.

For positive constants 0y, 6, and 7, set

n 1
Of”—lcnp,-/ sup F(x,t1,...,t;)dx
i=1 70

epn

§ o mi 1 . (tl,...,tn)el((nnlilpl)
7.6 ‘= min T —————min oo ,

n 1
Gf"—Zchpi/ sup F(x,t,...,t,)dx

— 0 Pn

=1 (tl,,..,tn)eK(%)

267 ’ 37

n 1 :
o ZAch,-/ sup F(x,ty,...,t,)dx

— 0 Pn

i=1 (1. tn)€K( His;‘l o )

e J
2 oy 1
(c,;?r) n _/l(/] F(x, ‘Z’)dx—/ sup F(x,t1,...,1;)dx)
" ul§ 0 pPn
2 (117...,1‘;«,)EK(H3171PI)
Gz — GO '

Now, we deduce the following straightforward consequence of Theorem 3.1.

Theorem 3.3. Let F : [0, 1] x R" — R satisfy condition F (x,ty,...,t,) > 0 for all (x,t,...,t,) €
[0,1] x (RTU{0})" for 1 <i < n. Assume that there exist positive constants 0y, 64 and T with
0 <tand 6, < %/ %6,,1’ < ”(f such that

(A2)
F(x,11,...,t;,)dx

Jo sup o
(t17...7z,1)eK(Hn P )
max L

or- ’
2 [o sup o F(x,t,...,ty)dx
O ek () "
i=1"1
o
14+xm
Jo? F(x,T)dx
pn >

pn+ cHl iz TPn
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Then, for every
Put0n" eIl Pi p, )
A« e PnCH?zlpi T 1 min Glp
14+xm 1 5
[+ F(x,7)dx eIl pi Jo sup o F(x,ty,...,t,)dx
71 (tlv 7,,)61((1_1,, lpl)

94'1 })
2 [Lsu n o F(x,t1,...,t;)dx
Jo p(th i) EK( o ) (.t )

I—[n |7

and for every non-negative function G : [0,1] x R" — R, there exists 5/'l c > 0 given by (3.7)

such that, for each p € [0, 6)/L G)> System (Pf ’5) possesses at least three non-negative classical
solutions u' = (ul,...,ul), u?> = (u3,...,u2), and u* = (u3,...,u}) such that

pl‘t

p _poy"
max u; (x)|P < = , max us (x)|Pr <
xe[m]Z' )l i1 Pi x€[0,1] Z’ & 2[T% pi
and
epn
max Z 3 (x) PP < Bn .
xe[0,1] ;= i=1Pi
Proof. Choose 6, = <f94 and 03 = 64. From (A;), one has
flsup o F(x,ty,...,t,)dx 2flsup o F(x,ty,...,t,)dx
0 (t17~'~7tn)€K(ﬁ) " . 0 (t17~'~7tn)€K(% "
ezpn efn
2f01sup on F(x,ty,... ty)dx
< (tlv“atn)eK(H;lilpi) (38)
= Pn
6,
14xm
[4? F(x,7)dx
pn 2
pn‘l’cnncnl lpl TPn
and
1 1
su n F(x,t1,...,t;)dx 2 [, su n F(x,ty,...,t,)dx
Jo p(th t,,)eK(ng ) (x,11 n) Jo p(tl,u-,tn)EK(Hsf . (x,11 n)
_ 1Pi
epn o epn - epn
30072 f+ (3.9)
[q? F(x,7)dx
p}’l v

Pn+0'n”CH, 1 Pi TPn
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Moreover, taking into account that 8; < 7, by using (A,), we have

1+xm

Jy? F(x,T)dx— [, sup o F(xn,. . t)dx
Pn 2 (tl,...,zn)el((n,, T
on"cIT pi Iz
Lom _ 1sup m  F(x,t1,...,t,)dx
e : )
Gr’f”CH?:lpi TPn ef)n
JE= Tdxm
Js? F(x,T)dx Jy? F(x,7T)dx
pn ( 2 p}’l 2
Gf"CH?:wz TPn Pn+0n"CH, 1 Pi TPn
1+xm
» Jyu® F(x,T)dx
pn + Grzl)nCH;’l:] pl Tpn

Hence, from (A;), (3.8) and (3.9), it is easy to see that the assumption (A;) of Theorem 3.1 is

satisfied, and it follows the conclusion.
We now present the following example to illustrate Theorem 3.3.

Example3.4. Letn=2, py=py=2,m=1,x = % and ay = by = 2. We consider the following

problem
( —uf = AF,, (u1,u2) + UGy, (ur,u2), te(0,1),
—ul = AF,, (u1,uz) + UGy, (ur,uz), te€(0,1), (3.10)
w1 (0) =2u1 (), wi(1) =2u (%),
ur(0) =2us(3),  ua(1) =2ur(3),
where

(F+13)°, ifti+12 <1,

F(t),1) =
ifti+63> 1.

1
(13 +13)2”

By choosing T =1, we have w(t) = (0,w(t)) with

2’(1_21), lfte[()ult)
wi(t) =9 1, ift € [3.3);
_2(1 _2l)7 lft € (%7 1]

By some simple calculations, we obtain ¢ = % and 6y = 2+/2. Taking 6, = 1073 and 6, =

4 x 102, we see that all conditions in Theorem 3.3 are satisfied. Therefore, it follows that for
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each

2+32c 2x 108
Ae ( , )
4c c
and for every non-negative function G : R*> — R, there exists § > 0 such that, for each u €

[0,8), system (3.10) possesses at least three non-negative classical solutions u' = (u},ul), u* =

(u?,u3), and u® = (u3},u3) such that

10 10
max Z|u )P < ) max Z|u (x)]> <4 x10*

x€[0,1]

and

2 4
max u; <8 x 107,
xGOIZ’ |

Following the idea in [24, Corollary 3.1] we present the below result as a consequence of

Theorem 3.3.

Theorem 3.5. Let F : [0,1] x R" — R be a continuous function such that
36,‘, Féi(x,gl,...,gi,...,gn)gi >0,i=1,...,n

and
F(x,&,...,0,...,&) >0

forall (x,&1,...,&,) €[0,1] x R". Assume that
(A3) lim F(x,nél,...,én) _ lim F(x,nél’.”,;n) -0
(&15--58n)—(0,...,0) i1 |GilP (&1l Enl) = (om,m00) Xy |Gl
Then, for every A > A, where

Tpn -7 Pn
max{ inf ——— ,inf (=7)
O FxB)dx T [ 2 F(x,t)dx
2

2

71— pnt+0n"cll pi
PnCH,_lpz

system (P;LF ’g), in the case L = 0, possesses at least four distinct non-trivial and non-negative

classical solutions.

Proof. Set
F(x,ty,....ty), if(x,t1,...,t,) € 0,1] X |0,400)"
Fl(.x,ll,...,ln): ( l I’l) ( l I’l) [ ] [ )
0, otherwise,
and
F(x,—t1,...,— 1), if (x,11,...,8) € [0,1] X [0,4o0)",
FZ(X7t17 tn) ==

0, otherwise.
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Fix A > A*, and let T > 0 such that

pn+6n LH, 1pi

TPn
Lo —pl
flz Fl(x T)d
2
From
hm l(x;léla 76?1) — hm l(xvnéh 76}’1) :07
(&)= (07,.0) KLy |&if (&) (Hooto) Ly |G|
there is 0; > 0 such that 0; < ”{:/ H}, 1% & 7 and
Jy sup on Fi (x,11,...,1;)dx
(l17...,tn)€K(l_[,, 7 1
9{’" lcn"cHl | Di
and there is 64 > 0 such that ”{i/ CH}) PG 1< K’f and
flsup pn Fl(x,tl,...,t )a’x
O ek () " 3 I
Then, (A;) in Theorem 3.3 is fulfilled,
Pn+(7:flri[¢;ln?:1 Di Pn
PnClli—1 Pi
A’ S ( 14xm 1 ?
fjlz Fi(x,T)dx
o
- mm{ ] ,
cIlizi pi Jo sup o Fi(x,11,... Jtn)dx
(tlv"'Jn)eK(Hn D;
1Pi
Gpn
2 (Ysu n F1(x,t,...,t dx}>.
fo p(n,...J,,)EK(%) 1( ! n)
=17
Hence, system (Pflf), in the case i = 0 admits two solutions u! = (ul,...,ul), u? = (u3,...,u2),

which are positive solutions of the system (PF G) in the case 1 = 0. Next, by similar arguments,

from
F F
hm 2(-x7n§17 7571) _ llm Z(X;élv 7&]’[) _ 07
(517"'7éﬂ)%(0+7"'70+) Zi:l |§i|pl (517"'7511)%(+°°7"'7+°°) ZiZl |§i|pl
we ensure the existence of two solutions u® = (u3,...,u3), u* = (uf,...,u}) for system (szf),
in the case p = 0. Clearly, —u® = (—u3,...,—u}), —u* = (—u},...,—u}) are solutions of

system (P;LF ’5), in the case 1 = 0 and the conclusion is achieved.
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Remark 3.6. We explicitly observe that in Theorem 3.5 no symmetric condition on F is as-
sumed. However, whenever F is an odd continuous non-zero function such that F (x,7y,...,t,) >

0 for all (x,71,...,t,) € [0,1] X [0,4)", (A3) can be replaced by

(A4> lim F(X,él,...,én): lim F(x,gl,...,gn)zo’

(&)= (07,...,0%) rLED (Etyorfn)—(60,10,90) rLED

ensuring the existence of at least four distinct non-trivial and non-negative classical solutions

for system (P/{p ’g), in the case u = 0 for every A > A*, where

pn+6rlz)n C’H?:l Pi
2« * pnCH?:l Pi
- I4+xm

[ * F(x,T)dx
2

TPn

For more studies on the subject, we refer the reader to [25,26] and the references therein.
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