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Abstract. This paper is devoted to the study of the existence of at least three non-negative classical solutions for

a second-order multi-point boundary value system. We use variational methods for smooth functionals defined on

reflexive Banach spaces in order to achieve our results. An example is provided to illustrate the applicability of our

results.
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1. Introduction

In this paper, we study the existence of at least three non-negative classical solutions to the

multi-point boundary value system

(PF,G
λ ,µ )


−(φpi(u

′
i))
′ = λFui(x,u1, . . . ,un)+µGui(x,u1, . . . ,un), in (0,1),

ui(0) = ∑
m
j=1 a jui(x j), ui(1) = ∑

m
j=1 b jui(x j),
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for i = 1, . . . ,n, where pi > 1, φpi(x) = |x|pi−2x for i = 1, . . . ,n, λ > 0,µ ≥ 0 are parameters,

m,n∈N, F,G : [0,1]×Rn→R are measurable with respect to x, for every (t1, . . . , tn)∈Rn, con-

tinuously differentiable in (x1, . . . ,xn), for almost every t ∈ [0,1], F(x,0, . . . ,0)=G(x,0, . . . ,0)=

0 for all x ∈ [0,1] and satisfy the standard summability condition

sup
|ξ |≤ρ1

{
max{|F(·,ξ )|, |G(·,ξ )|, |Fξi(·,ξ )|, |Gξi(·,ξ )|, i = 1, . . . ,n}

}
∈ L1([0,1]) (1.1)

for any ρ1 > 0 with ξ = (ξ1, . . . ,ξn) and |ξ |=
√

∑
n
i=1 ξ 2

i and a j,b j ∈ R for j = 1, . . . ,m.

Multi-point boundary value problems (BVPs) that arise from different areas of applied math-

ematics, physics, finance and economics have received a lot of attention in the literature in the

last decades; see, for example, [1, 2] and the references therein. Indeed, a number of problems

in the theory of elastic stability can be treated as a multi-point problem [3] and also the vibra-

tions of a guy wire of a uniform cross-section and composed of N parts of different densities

can be handled as a multi-point boundary value problem [4].

Recently, multi-point BVPs have been extensively studied by many researchers, see [5, 6,

7] and the references therein. In [8], Ma, based on Guo-Krasnoselskii fixed point theorem,

studied the existence and multiplicity of positive solutions for following m-point boundary value

problem 
(p(t)u′)′−q(t)u+λh(t) f (u) = 0, 0 < t < 1,

au(0)−bp(0)u′(0) = ∑
m−2
i=1 αiu(ξi),

cu(1)−d p(1)u′(1) = ∑
m−2
i=1 βiu(ξi),

where a,b,c,d ∈ [0,+∞), ξi ∈ (0,1), αi,βi ∈ [0,+∞) (for i∈{1, . . . ,m−2}) are given constants,

p,q ∈ C([0,1],(0,+∞)), h ∈ C([0,1], [0,+∞)), and f ∈ C([0,+∞), [0,+∞)) satisfying some

suitable conditions. In [5], Feng and Ge studied the existence of at least three positive solutions

to the following boundary value problem based on a fixed point theorem due to Avery and

Peterson  (φp(u′))′+q(t) f (t,u,u′) = 0, in (0,1),

u(0) = 0, u(1) = ∑
m−2
i=1 aiu(ξi),

where φp(s) = |s|p−2s, p > 1, ξi ∈ (0,1) with 0 < ξ1 < .. . < ξm−2 < 1 and ai ∈ [0,1), 0 ≤

∑
m−2
i=1 ai < 1. Liu [9] established the existence of at least three solutions for a non-homogeneous

multi-point boundary value problem of second order differential equation with one-dimensional

p-Laplacian by using multiple fixed point theorems. In [6], the existence and multiplicity of
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classical solutions to parametric version of system (PF,G
λ ,µ ) was discussed based on a critical

point theorem due to Ricceri. Also, in [10], the existence of at least one nontrivial solution

to parametric version of the system (PF,G
λ ,µ ) was studied based on variational methods and crit-

ical point theory. In [11], the existence of at least three classical solutions for a second-order

multi-point boundary value problem with impulsive effects was discussed based on variational

methods for smooth functionals defined on reflexive Banach spaces.

In this paper, by using a three critical points theorem proved in [12], we ensure the existence

of at least three non-negative classical solutions for system (PF,G
λ ,µ ) for appropriate values of

parameters λ and µ belonging to real intervals. In particular, we require that there is a growth

of F which is greater than quadratic in a suitable interval, and which is less than quadratic in

a following suitable interval. An example and some remarks are also provided to illustrate our

main results.

The organization of this article is as follows. In Section 2, we recall some definitions and

notations. In Section 3, we state and prove the main results of the paper.

We assume throughout and without further mention that the following conditions hold:

(H1) Either p≥ 2 or p < 2, where p = min{p1, . . . , pn} and p = max{p1, . . . , pn}.

(H2) ∑
m
j=1 a j 6= 1 and ∑

m
j=1 b j 6= 1.

2. Preliminaries

In this section, we discuss the existence of at least three solutions for system (PF,G
λ ,µ ). Here, X∗

denotes the dual space of X . Let X be a nonempty set and let Φ,Ψ : X → R be two functions.

For all r, r1, r2 > infX Φ, r2 > r1, r3 > 0, we define

ϕ(r) := inf
u∈Φ−1(]−∞,r[)

(supu∈Φ−1(]−∞,r[)Ψ(u))−Ψ(u)

r−Φ(u)
,

β (r1,r2) := inf
u∈Φ−1(]−∞,r1[)

sup
v∈Φ−1([r1,r2[)

Ψ(v)−Ψ(u)
Φ(v)−Φ(u)

,

γ(r2,r3) :=
supu∈Φ−1(]−∞,r2+r3[)

Ψ(u)

r3
,

α(r1,r2,r3) := max{ϕ(r1),ϕ(r2),γ(r2,r3)}.

Theorem 2.1. [12, Theorem 3.3] Let X be a reflexive real Banach space. Let Φ : X → R be a

convex, coercive and continuously Gâteaux differentiable functional whose Gâteaux derivative



4 S. HEIDARKHANI, G.A. AFROUZI, S. MORADI, G. CARISTI

admits a continuous inverse on X∗ and let Ψ : X → R be a continuously Gâteaux differentiable

functional whose Gâteaux derivative is compact such that

(a1) infX Φ = Φ(0) = Ψ(0) = 0;

(a2) for every u1,u2 ∈ X such that Ψ(u1)≥ 0 and Ψ(u2)≥ 0, one has

inf
s∈[0,1]

Ψ(su1 +(1− s)u2)≥ 0.

Assume that there are three positive constants r1,r2,r3 with r1 < r2, such that

(a3) ϕ(r1)< β (r1,r2);

(a4) ϕ(r2)< β (r1,r2);

(a5) γ(r2,r3)< β (r1,r2).

Then, for each λ ∈] 1
β (r1,r2)

, 1
α(r1,r2,r3)

[ the functional Φ−λΨ admits three distinct critical points

u1,u2,u3 such that u1 ∈Φ−1(]−∞,r1[), u2 ∈Φ−1([r1,r2[) and u3 ∈Φ−1(]−∞,r2 + r3[).

We remark here that Theorem 2.1, which extends previous results of Pucci and Serrin [13,

14], is a counter-part of a general result (three critical point theorem) of Ricceri [15, 16]. The-

orem 2.1 has been successfully employed to obtain the existence of at least three solutions for

boundary value problems; see [17, 18, 19] and the references therein. In order to investigate the

existence of solutions for system (PF,G
λ ,µ ), we introduce the following basic notations and results

which will be used in the proofs of our main results.

Throughout this paper, we let X be the Cartesian product of n spaces

Xi =

{
ξ ∈W 1,pi([0,1]) : ξ (0) =

m

∑
j=1

a jξ (x j), ξ (1) =
m

∑
j=1

b jξ (x j)

}
for i = 1, . . . ,n, i.e., X = X1×·· ·×Xn, endowed with the norm

‖(u1, . . . ,un)‖=
n

∑
i=1
‖ui‖pi,

where

‖ui‖pi =

(∫ 1

0
|u′i(x)|pidx

)1/pi

, i = 1, . . . ,n.

By a classical solution of (PF,G
λ ,µ ), we mean a function u = (u1, . . . ,un) ∈ X such that, for i =

1, . . . ,n, ui ∈ C1[0,1], φpi(u
p
i ) ∈ C1[0,1], and u satisfies (PF,G

λ ,µ ). We say that a function u =

(u1, . . . ,un) ∈ X is a weak solution of (PF,G
λ ,µ ) if∫ 1

0

n

∑
i=1
|u′i(x)|pi−2u′i(x)v

′
i(x)dx−λ

∫ 1

0

n

∑
i=1

Fui(x,u1(x), . . . ,un(x))vi(x)dx
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−µ

∫ 1

0
Gui(x,u1(x), . . . ,un(x))vi(x)dx = 0

for any v = (v1, . . . ,vn) ∈ X .

From Lemma 2.4 below, we see that a weak solution of (PF,G
λ ,µ ) is indeed a classical solution.

Let φ−1
pi

denote the inverse of φpi for each i = 1, . . . ,n. Then, φ−1
pi

(t) = φqi(t) where 1
pi
+ 1

qi
=

1. It is clear that φpi is increasing on R,

lim
t→−∞

φpi(t) =−∞ and lim
t→+∞

φpi(t) = +∞. (2.1)

Lemma 2.2. For fixed λ , µ ∈R, u = (u1, . . . ,un)∈ (C([0,1]))n, and i = 1, . . . ,n, define αi(t;u) :

R→ R by

αi(t;u) =
∫ 1

0
φ
−1
pi

(
t−λ

∫
δ

0
Fui(ξ ,u1(ξ ), . . . ,un(ξ ))dξ

−µ

∫
δ

0
Gui(ξ ,u1(ξ ), . . . ,un(ξ ))dξ

)
dδ +

m

∑
j=1

a jui(x j)−
m

∑
j=1

b jui(x j).

Then, equation

αi(t;u) = 0 (2.2)

has a unique solution tu,i.

Proof. Taking (2.1) into account, we have

lim
t→−∞

αi(t,u) =−∞ and lim
t→+∞

αi(t,u) = +∞.

Since αi(·;u) is continuous and increasing on R, we can obtain the desired conclusion immedi-

ately.

Lemma 2.3. The function u = (u1, . . . ,un) is a solution of system (PF,G
λ ,µ ) if and only if ui(x) is a

solution of the equation

ui(x) =
m

∑
j=1

a jui(x j)+
∫ x

0
φ
−1
pi

(
tu,i−λ

∫
δ

0
Fui(ξ ,u1(ξ ), . . . ,un(ξ ))dξ

−µ

∫
δ

0
Gui(ξ ,u1(ξ ), . . . ,un(ξ ))dξ

)
dδ

for i = 1, . . . ,n, where tu,i is the unique solution of (2.2).

Proof. This can be verified from direct computations.
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Lemma 2.4. [20, Lemma 2.5] A weak solution to (PF,G
λ ,µ ) coincides with a classical solution to

(PF,G
λ ,µ ).

In order to prove our main result, we need the following result.

Lemma 2.5. [20, Lemma 2.6] Let T : X → X∗ be the operator defined by

T (u1, . . . ,un)(h1, . . . ,hn) =
∫ 1

0

n

∑
i=1
|u′i(x)|pi−2u′i(x)h

′
i(x)dx

for every (u1, . . . ,un),(h1, . . . ,hn) ∈ X. Then T admits a continuous inverse on X .

Let

c = max

{
sup

ui∈Xi\{0}

maxx∈[0,1] |ui(x)|pi

‖ui‖pi
pi

: for 1≤ i≤ n

}
. (2.3)

Since pi > 1 for i = 1, . . . ,n, the embedding X = X1×·· ·×Xn ↪→C0([0,1])×·· ·×C0([0,1]) is

compact. So, c <+∞. Moreover, if (H2) holds, from [21, Lemma 3.1],

sup
v∈Xi\{0}

maxx∈[0,1] |v(x)|
‖v‖pi

≤ 1
2

(
1+

∑
m
j=1 |a j|

|1−∑
m
j=1 a j|

+
∑

m
j=1 |b j|

|1−∑
m
j=1 b j|

)

for i = 1, . . . ,n.

For any γ > 0, we denote by K(γ) the set{
(t1, ..., tn) ∈ Rn :

n

∑
i=1

|ti|pi

pi
≤ γ

}
.

This set will be used in some of our hypotheses with appropriate choices of γ . For positive

constants θ and τ , set

Gθ :=
∫ 1

0
sup

(t1,...,tn)∈K( θ pn
∏

n
i=1 pi

)

G(x, t1, . . . , tn)dx

and

Gτ := inf
[0,1]×[0,τ]×···×[0,τ]

G.

3. Main results

We are now in a position to present our main results.
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From now on, for positive constant τ , let τ̄ be the vectors in Rn defined by τ̄ = (0, . . . ,0,τ).

Let

σn =

[
2pn−1

(
x1−pn

1

∣∣∣∣∣1− m

∑
j=1

a j

∣∣∣∣∣
pn

+(1− xm)
1−pn

∣∣∣∣∣1− m

∑
j=1

b j

∣∣∣∣∣
pn
)]1/pn

. (3.1)

We fix four positive constants θ1, θ2, θ3 and τ and put

δλ ,G := min

{
1

c∏
n
i=1 pi

min
{θ

pn
1 −λc

n

∏
i=1

pi

∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

Gθ1
,

θ
pn
2 −λc

n

∏
i=1

pi

∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
2

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

Gθ2
,

(θ pn
3 −θ

pn
2 )−λc

n

∏
i=1

pi

∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
3

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

Gθ3

}
,

(σnτ)pn

pn
−λ

(∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx
)

Gτ −Gθ1

}
.

(3.2)

Theorem 3.1. Let F : [0,1]×Rn→R satisfies the condition F(x, t1, . . . , tn)≥ 0 for all (x, t1, . . . , tn)∈

[0,1]× (R+∪{0})n for 1 ≤ i ≤ n. Assume that there exist positive constants θ1, θ2, θ3 and τ

with θ1 <
pn
√

c∏
n
i=1 pi
pn

σnτ < θ2 and θ2 < θ3 such that

(A1)

max
{∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
1

,

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
2

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
2

,

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
3

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
3 −θ

pn
2

}

<
pn

σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

τ pn
.
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Then, for every

λ ∈
( (σnτ)pn

pn∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

1
c∏

n
i=1 pi

min
{

θ
pn
1∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

θ
pn
2∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
2

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

θ
pn
3 −θ

pn
2∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
3

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

})

for every non-negative function G : [0,1]×Rn→R there exists δλ ,G > 0 given by (3.2) such that,

for each µ ∈ [0,δλ ,G), system (PF,G
λ ,µ ) possesses at least three non-negative classical solutions

u1 = (u1
1, . . . ,u

1
n), u2 = (u2

1, . . . ,u
2
n), and u3 = (u3

1, . . . ,u
3
n) such that

max
x∈[0,1]

n

∑
i=1
|u1

i (x)|pi ≤
pθ

pn
1

∏
n
i=1 pi

, max
x∈[0,1]

n

∑
i=1
|u2

i (x)|pi ≤
pθ

pn
2

∏
n
i=1 pi

and

max
x∈[0,1]

n

∑
i=1
|u3

i (x)|pi ≤
pθ

pn
3

∏
n
i=1 pi

.

Proof. In order to apply Theorem 2.1 to this problem, we introduce functionals Φ, Ψ : X → R

for each u = (u1, ...,un) ∈ X as follows

Φ(u) =
n

∑
i=1

‖ui‖pi
pi

pi
(3.3)

and

Ψ(u) =
∫ 1

0
F(x,u1(x), . . . ,un(x))dx+

µ

λ

∫ 1

0
G(x,u1(x), . . . ,un(x))dx. (3.4)

Since pi > 1 for 1 ≤ i ≤ n, X is compactly embedded in C0([0,1])× ·· ·×C0([0,1]) and it is

well known that Φ and Ψ are well defined and continuously differentiable functionals whose

derivatives at point u = (u1, . . . ,un) ∈ X are the functionals Φ′(u), Ψ′(u) ∈ X∗ given by

Φ
′(u)(v) =

∫ 1

0

n

∑
i=1
|u′i(x)|pi−2u′i(x)v

′
i(x)dx
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and

Ψ
′(u)(v) =

∫ 1

0

n

∑
i=1

Fui(x,u1(x), . . . ,un(x))vi(x)dx

+
µ

λ

∫ 1

0
Gui(x,u1(x), . . . ,un(x))vi(x)dx

for every v= (v1, . . . ,vn)∈ X . Moreover, Ψ is sequentially weakly upper semicontinuous. From

Lemma 2.5, Φ′ admits a continuous inverse on X∗, and since Φ′ is monotone, Φ is sequentially

weakly lower semi continuous (see [22, Proposition 25.20]). Put Iλ (u) = Φ(u)− λΨ(u) for

every u ∈ X . Note that the solutions of (PF,G
λ ,µ ) are exactly the critical points of Iλ . Put r1 =

θ
pn
1

c∏
n
i=1 pi

, r2 =
θ

pn
2

c∏
n
i=1 pi

, r3 =
θ

pn
3 −θ

pn
2

c∏
n
i=1 pi

and w = (0, . . . ,0,wn(x)) with

wn(x) =


τ

(
∑

m
j=1 a j +

2(1−∑
m
j=1 a j)

x1
x
)
, if x ∈ [0, x1

2 ),

τ, if x ∈ [x1
2 ,

1+xm
2 ],

τ

(2−∑
m
j=1 b j−xm ∑

m
j=1 b j

1−xm
− 2(1−∑

m
j=1 b j)

1−xm
x
)
, if x ∈ (1+xm

2 ,1].

It is easy to see that w = (0, . . . ,0,wn) ∈ X , in particular, ‖wn‖pn
pn = (σnτ)pn. So Φ(w) = (σnτ)pn

pn
.

From conditions θ3 > θ2 and θ1 <
pn
√

c∏
n
i=1 pi
pn

σnτ < θ2, we get that r3 > 0 and r1 < Φ(w)< r2.

From (2.3), for each (u1, . . . ,un) ∈ X ,

sup
x∈[0,1]

|ui(x)|pi ≤ c‖ui‖pi
pi

for i = 1, . . . ,n, we

sup
x∈[0,1]

n

∑
i=1

|ui(x)|pi

pi
≤ c

n

∑
i=1

‖ui‖pi
pi

pi
. (3.5)

It follows that

Φ
−1(−∞,r1) = {u = (u1, . . . ,un) ∈ X ; Φ(u)< r1}

=

{
u ∈ X ;

n

∑
i=1

‖ui‖pi

pi
< r1

}

⊆

{
u ∈ X ;

n

∑
i=1

|ui(x)|pi

pi
≤ cr1 for each x ∈ [0,1]

}

=

{
u ∈ X ;

n

∑
i=1

|ui(x)|pi

pi
≤

θ
pn
1

∏
n
i=1 pi

for each x ∈ [0,1]

}
.
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Hence

sup
(u1,...,un)∈Φ−1(−∞,r1)

Ψ(u) = sup
(u1,...,un)∈Φ−1(−∞,r1)

∫ 1

0
F(x,u1(x), . . . ,un(x))dx

≤
∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx.

In a similar way, we have

sup
(u1,...,un)∈Φ−1(−∞,r2)

Ψ(u)≤
∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
2

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

and

sup
(u1,...,un)∈Φ−1(−∞,r3)

Ψ(u)≤
∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
3

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx.

Since 0 ∈Φ−1(−∞,r1) and Φ(0) = Ψ(0) = 0, one has

ϕ(r1) = inf
u∈Φ−1(−∞,r1)

(supu∈Φ−1(−∞,r1)
Ψ(u))−Ψ(u)

r1−Φ(u)

≤
supu∈Φ−1(−∞,r1)

Ψ(u)

r1

=
supu∈Φ−1(−∞,r1)

[∫ 1
0 F(x,u(x))dx+ µ

λ

∫ 1
0 G(x,u(x))dx

]
r1

≤

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx+ µ

λ
Gθ1

θ
pn
1

c∏
n
i=1 pi

,

ϕ(r2) ≤
sup

u∈Φ−1(−∞,r2)

Ψ(u)

r2

=
supu∈Φ−1(−∞,r2)

[∫ 1
0 F(x,u(x))dx+ µ

λ

∫ 1
0 G(x,u(x))dx

]
r2

≤

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
2

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx+ µ

λ
Gθ2

θ
pn
2

c∏
n
i=1 pi
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and

γ(r2,r3) ≤
sup

u∈Φ−1(−∞,r2+r3)

Ψ(u)

r3

=
supu∈Φ−1(−∞,r2+r3)

[∫ 1
0 F(x,u(x))dx+ µ

λ

∫ 1
0 G(x,u(x))dx

]
r3

≤

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
3

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx+ µ

λ
Gθ3

θ
pn
3 −θ

pn
2

c∏
n
i=1 pi

.

Note that

τ

m

∑
j=1

a j ≤ wn(x)≤ τ for each x ∈ [0,
x1

2
] if

m

∑
j=1

a j < 1,

τ ≤ wn(x)≤ τ

m

∑
j=1

a j for each x ∈ [0,
x1

2
] if

m

∑
j=1

a j > 1,

τ

m

∑
j=1

b j ≤ wn(x)≤ τ for each x ∈ [
1+ xm

2
,1] if

m

∑
j=1

b j < 1,

and

τ ≤ wn(x)≤ τ

m

∑
j=1

b j for each x ∈ [
1+ xm

2
,1] if

m

∑
j=1

b j > 1.

Since F is non-negative, we have∫ 1

0
F(x,w1(x), . . . ,wn(x))dx≥

∫ 1+xm
2

x1
2

F(x,w1(x), . . . ,wn(x))dx. (3.6)

On the other hand, we have

Ψ(w) =
∫ 1

0
F(x,w1(x), . . . ,wn(x))dx+

µ

λ

∫ 1

0
G(x,w1(x), . . . ,wn(x))dx

≥
∫ 1+xm

2

x1
2

F(x, τ̄)dx+
µ

λ
Gτ .

For each u ∈Φ−1(−∞,r1), one has

β (r1,r2)

≥

∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx+ µ

λ
(Gτ −Gθ1)

Φ(w)−Φ(u)

≥

∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx+ µ

λ
(Gτ −Gθ1)

(σnτ)pn

pn

.
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In view of (A2), we get α(r1,r2,r3) < β (r1,r2). Now, we show that functional Iλ satisfies the

assumption (a2) of Theorem 2.1. Let u? = (u?1, . . . ,u
?
n) and u?? = (u??1 , . . . ,u??n ) be two local

minima for Φ− λΨ. Then u? and u?? are critical points for Φ− λΨ, and so, they are weak

solutions for the system (PF,G
λ ,µ ). Since F(x, t1, . . . , tn) ≥ 0 for all (x, t1, . . . , tn) ∈ [0,1]× (R+ ∪

{0})n for 1 ≤ i ≤ n and G is a non-negative function, from the Weak Maximum Principle (see

for instance [23]) we deduce u?i (x) ≥ 0 and u??i (x) ≥ 0 for every x ∈ [0,1] for 1 ≤ i ≤ n. So, it

follows that su?i +(1− s)u??i ≥ 0 for all s ∈ [0,1] for 1≤ i≤ n, and that

F(su?+(1− s)u??, t1, . . . , tn)+
µ

λ
G(su?+(1− s)u??, t1, . . . , tn)≥ 0

for 1≤ i≤ n, and consequently, Ψ(su?+(1− s)u??)≥ 0 for all s ∈ [0,1]. Hence, Theorem 2.1

implies that

λ ∈
( (σnτ)pn

pn∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

1
c∏

n
i=1 pi

min
{

θ
pn
1∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

θ
pn
2∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
2

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

θ
pn
3 −θ

pn
2∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
3

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

})

and µ ∈ [0,δλ ,G), functional Iλ has three critical points u1 = (u1
1, . . . ,u

1
n), u2 = (u2

1, . . . ,u
2
n), and

u3 = (u3
1, . . . ,u

3
n) such that

max
x∈[0,1]

n

∑
i=1
|u1

i (x)|pi ≤
pθ

pn
1

∏
n
i=1 pi

, max
x∈[0,1]

n

∑
i=1
|u2

i (x)|pi ≤
pθ

pn
2

∏
n
i=1 pi

and

max
x∈[0,1]

n

∑
i=1
|u3

i (x)|pi ≤
pθ

pn
3

∏
n
i=1 pi

.

Then, taking into account the fact that the weak solutions of system (PF,G
λ ,µ ) are exactly critical

points of functional Iλ , we find from Lemma 2.4 the desired conclusion immediately.
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Remark 3.2. There are no asymptotic conditions on F and G are needed and only algebraic

conditions on F are imposed to guarantee the existence of the classical solutions in Theorem

3.1.

For positive constants θ1, θ4 and τ , set

δ
′
λ ,G := min

{
1

c∏
n
i=1 pi

min
{θ

pn
1 −λc

n

∏
i=1

pi

∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

Gθ1
,

θ
pn
4 −2λc

n

∏
i=1

pi

∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
4

2∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

2G
1

pn√2
θ4

,

θ
pn
4 −2λc

n

∏
i=1

pi

∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
4

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx

2Gθ4

}
,

(σnτ)pn

pn
−λ

(∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0
sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)

F(x, t1, . . . , tn)dx
)

Gτ −Gθ1

}
.

(3.7)

Now, we deduce the following straightforward consequence of Theorem 3.1.

Theorem 3.3. Let F : [0,1]×Rn→R satisfy condition F(x, t1, . . . , tn)≥ 0 for all (x, t1, . . . , tn)∈

[0,1]× (R+∪{0})n for 1≤ i≤ n. Assume that there exist positive constants θ1, θ4 and τ with

θ1 < τ and θ1 <
pn
√

c∏
n
i=1 pi
pn

σnτ < θ4
pn
√

2
such that

(A2)

max

{∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
1

,

2
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
4

}

<
pn

pn +σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn
.
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Then, for every

λ ∈

( pn+σ
pn
n c∏

n
i=1 pi

pnc∏
n
i=1 pi

τ pn

∫ 1+xm
2

x1
2

F(x, τ̄)dx
,

1
c∏

n
i=1 pi

min

{
θ

pn
1∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

,

θ
pn
4

2
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

})

and for every non-negative function G : [0,1]×Rn → R, there exists δ ′
λ ,G > 0 given by (3.7)

such that, for each µ ∈ [0,δ ′
λ ,G), system (PF,G

λ ,µ ) possesses at least three non-negative classical

solutions u1 = (u1
1, . . . ,u

1
n), u2 = (u2

1, . . . ,u
2
n), and u3 = (u3

1, . . . ,u
3
n) such that

max
x∈[0,1]

n

∑
i=1
|u1

i (x)|pi ≤
pθ

pn
1

∏
n
i=1 pi

, max
x∈[0,1]

n

∑
i=1
|u2

i (x)|pi ≤
pθ

pn
4

2∏
n
i=1 pi

and

max
x∈[0,1]

n

∑
i=1
|u3

i (x)|pi ≤
pθ

pn
4

∏
n
i=1 pi

.

Proof. Choose θ2 =
1

pn
√

2
θ4 and θ3 = θ4. From (A2), one has

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
2

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
2

=

2
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

2∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
4

≤

2
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
4

<
pn

pn +σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn

(3.8)

and∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
3

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
3 −θ

pn
2

=

2
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
4

<
pn

pn +σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn
.

(3.9)
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Moreover, taking into account that θ1 < τ , by using (A2), we have

pn

σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx−
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

τ pn

>
pn

σ
pn
n c∏

n
i=1 pi

(∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn
−

∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)
F(x, t1, . . . , tn)dx

θ
pn
1

)

>
pn

σ
pn
n c∏

n
i=1 pi

(∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn
− pn

pn +σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn

)

=
pn

pn +σ
pn
n c∏

n
i=1 pi

∫ 1+xm
2

x1
2

F(x, τ̄)dx

τ pn
.

Hence, from (A2), (3.8) and (3.9), it is easy to see that the assumption (A1) of Theorem 3.1 is

satisfied, and it follows the conclusion.

We now present the following example to illustrate Theorem 3.3.

Example 3.4. Let n= 2, p1 = p2 = 2, m= 1, x1 =
1
2 and a1 = b1 = 2. We consider the following

problem 

−u′′1 = λFu1(u1,u2)+µGu1(u1,u2), t ∈ (0,1),

−u′′2 = λFu2(u1,u2)+µGu2(u1,u2), t ∈ (0,1),

u1(0) = 2u1(
1
2), u1(1) = 2u1(

1
2),

u2(0) = 2u2(
1
2), u2(1) = 2u2(

1
2),

(3.10)

where

F(t1, t2) =

 (t2
1 + t2

2)
6, if t2

1 + t2
2 ≤ 1,

1
(t2

1+t2
2 )

2 , if t2
1 + t2

2 > 1.

By choosing τ = 1, we have w(t) = (0,w1(t)) with

w1(t) =


2(1−2t), if t ∈ [0, 1

4),

1, if t ∈ [1
4 ,

3
4 ],

−2(1−2t), if t ∈ (3
4 ,1].

By some simple calculations, we obtain c = 5
2 and σ2 = 2

√
2. Taking θ1 = 10−8 and θ4 =

4× 102, we see that all conditions in Theorem 3.3 are satisfied. Therefore, it follows that for
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each

λ ∈
(2+32c

4c
,
2×108

c

)
and for every non-negative function G : R2 → R, there exists δ > 0 such that, for each µ ∈

[0,δ ), system (3.10) possesses at least three non-negative classical solutions u1 = (u1
1,u

1
2), u2 =

(u2
1,u

2
2), and u3 = (u3

1,u
3
2) such that

max
x∈[0,1]

2

∑
i=1
|u1

i (x)|2 ≤
10−16

2
, max

x∈[0,1]

2

∑
i=1
|u2

i (x)|2 ≤ 4×104

and

max
x∈[0,1]

2

∑
i=1
|u3

i (x)|2 ≤ 8×104.

Following the idea in [24, Corollary 3.1] we present the below result as a consequence of

Theorem 3.3.

Theorem 3.5. Let F : [0,1]×Rn→ R be a continuous function such that

∃ξi, Fξi(x,ξ1, . . . ,ξi, . . . ,ξn)ξi > 0, i = 1, . . . ,n

and

F(x,ξ1, . . . ,0, . . . ,ξn)≥ 0

for all (x,ξ1, . . . ,ξn) ∈ [0,1]×Rn. Assume that

(A3) lim
(ξ1,...,ξn)→(0,...,0)

F(x,ξ1, . . . ,ξn)

∑
n
i=1 |ξi|pi

= lim
(|ξ1|,...,|ξn|)→(∞,...,∞)

F(x,ξ1, . . . ,ξn)

∑
n
i=1 |ξi|pi

= 0.

Then, for every λ > λ , where

λ =
pn +σ

pn
n c∏

n
i=1 pi

pnc∏
n
i=1 pi

max
{

inf
τ>0

τ pn∫ 1+xm
2

x1
2

F(x, τ̄)dx
, inf

τ<0

(−τ)pn∫ 1+xm
2

x1
2

F(x, τ̄)dx

}
,

system (PF,G
λ ,µ ), in the case µ = 0, possesses at least four distinct non-trivial and non-negative

classical solutions.

Proof. Set

F1(x, t1, . . . , tn) =

 F(x, t1, . . . , tn), if (x, t1, . . . , tn) ∈ [0,1]× [0,+∞)n,

0, otherwise,

and

F2(x, t1, . . . , tn) =

 F(x,−t1, . . . ,−tn), if (x, t1, . . . , tn) ∈ [0,1]× [0,+∞)n,

0, otherwise.
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Fix λ > λ ∗, and let τ > 0 such that

λ >

pn+σ
pn
n c∏

n
i=1 pi

pnc∏
n
i=1 pi

τ pn

∫ 1+xm
2

x1
2

F1(x, τ̄)dx
.

From

lim
(ξ1,...,ξn)→(0+,...,0+)

F1(x,ξ1, . . . ,ξn)

∑
n
i=1 |ξi|pi

= lim
(ξ1,...,ξn)→(+∞,...,+∞)

F1(x,ξ1, . . . ,ξn)

∑
n
i=1 |ξi|pi

= 0,

there is θ1 > 0 such that θ1 <
pn
√

c∏
n
i=1 pi
pn

σnτ and∫ 1
0 sup

(t1,...,tn)∈K(
θ

pn
1

∏
n
i=1 pi

)
F1(x, t1, . . . , tn)dx

θ
pn
1

<
1

λσ
pn
n c∏

n
i=1 pi

and there is θ4 > 0 such that pn
√

c∏
n
i=1 pi
pn

σnτ < θ4
pn
√

2
and∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

∏
n
i=1 pi

)
F1(x, t1, . . . , tn)dx

θ
pn
4

<
1

2λσ
pn
n c∏

n
i=1 pi

Then, (A2) in Theorem 3.3 is fulfilled,

λ ∈
( pn+σ

pn
n c∏

n
i=1 pi

pnc∏
n
i=1 pi

τ pn

∫ 1+xm
2

x1
2

F1(x, τ̄)dx
,

1
c∏

n
i=1 pi

min
{

θ
pn
1∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
1

∏
n
i=1 pi

)
F1(x, t1, . . . , tn)dx

,

θ
pn
4

2
∫ 1

0 sup
(t1,...,tn)∈K(

θ
pn
4

∏
n
i=1 pi

)
F1(x, t1, . . . , tn)dx

})
.

Hence, system (PF1,G
λ ,µ ), in the case µ = 0 admits two solutions u1 =(u1

1, . . . ,u
1
n), u2 =(u2

1, . . . ,u
2
n),

which are positive solutions of the system (PF,G
λ ,µ ), in the case µ = 0. Next, by similar arguments,

from

lim
(ξ1,...,ξn)→(0+,...,0+)

F2(x,ξ1, . . . ,ξn)

∑
n
i=1 |ξi|pi

= lim
(ξ1,...,ξn)→(+∞,...,+∞)

F2(x,ξ1, . . . ,ξn)

∑
n
i=1 |ξi|pi

= 0,

we ensure the existence of two solutions u3 = (u3
1, . . . ,u

3
n), u4 = (u4

1, . . . ,u
4
n) for system (PF2,G

λ ,µ ),

in the case µ = 0. Clearly, −u3 = (−u3
1, . . . ,−u3

n), −u4 = (−u4
1, . . . ,−u4

n) are solutions of

system (PF,G
λ ,µ ), in the case µ = 0 and the conclusion is achieved.
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Remark 3.6. We explicitly observe that in Theorem 3.5 no symmetric condition on F is as-

sumed. However, whenever F is an odd continuous non-zero function such that F(x, t1, . . . , tn)≥

0 for all (x, t1, . . . , tn) ∈ [0,1]× [0,+∞)n, (A3) can be replaced by

(A4) lim
(ξ1,...,ξn)→(0+,...,0+)

F(x,ξ1, . . . ,ξn)

∑
n
i=1 ξ

pi
i

= lim
(ξ1,...,ξn)→(∞,...,∞)

F(x,ξ1, . . . ,ξn)

∑
n
i=1 ξ

pi
i

= 0,

ensuring the existence of at least four distinct non-trivial and non-negative classical solutions

for system (PF,G
λ ,µ ), in the case µ = 0 for every λ > λ ∗, where

λ
∗ =

pn+σ
pn
n c∏

n
i=1 pi

pnc∏
n
i=1 pi

τ pn

∫ 1+xm
2

x1
2

F(x, τ̄)dx
.

For more studies on the subject, we refer the reader to [25,26] and the references therein.
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