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1. Introduction

This paper is devoted to the existence of positive solutions for the following third-order dif-

ferential equation
)+ f(t,x(2) =0, t>0, (1.1)

subject to the boundary conditions

¥ (0) =0, x" (o) =" (0) = 2x(0), (1.2)
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where f : [0,00) x R — R is a continuous function. We say that the boundary value problem
(bvp for short) (1.1)-(1.2) is at resonance if the linear equation Lx = —x”’ with boundary value
conditions (1.2) admits a nontrivial solution i.e., if dimKerL > 1.

The existence of positive solutions for multi-point boundary value problems at resonance on
finite or infinite intervals has been studied by several authors using various methods; see, e.g.
[17 12], [31], [4], [5] and references therein. However, most of the results on the third-order
bvps only concern the existence of positive solutions in the non-resonant case. For instance,
the following second-order bvp at resonance and set on the half-line is discussed in [6], where
sufficient conditions for the existence of positive solutions were obtained by using the Leggett-

Williams norm-type theorem

(P (1)x () +8(1) f (1,x(r)) = 0,21 € (0,00),
x(0) = f5 g (s)x(s)ds, lime p'(t)x(t) = p' (0)x(0),

where g € L' [0,%0), g (1) >0o0n [0,00), ["g (s)ds =1, p € C[0,00) NC" (0,%0) , 5 € L' [0,00) , p (1)
> 0on [0,), and [ ﬁds < 1. Resonant problems are generally more difficult to handle due
the special fixed point formulation they required.

Inspired and motivated by the above works, in particular, [2], and [5], our aim in this paper
is to investigate the existence of positive solutions to the third-order two-point bvp (1.1)-(1.2).
More precisely, we shall establish some sufficient conditions guaranteeing the existence of a
positive solution. In Section 2, we present some preliminaries and the fixed point formulation
of the problem. The main results and proofs are given in Section 3. Finally, we provide an

example in Section 4.
2. Preliminaries

For the convenience of the reader, we start with some standard facts about the theory of
Fredholm operators (more details can be found in [7]).

Let X, Y be real Banach spaces and consider a linear operator L : domL C X — Y and a
mapping N : X — Y. Assume that L is a Fredholm operator of index zero, namely ImL is
closed and dimKerL = codimImL < o, which implies that there exist continuous projections

P:X —Xand Q:Y — Y such that ImP = Ker L and Ker Q = Im L. Moreover, since dimKerL =
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codimImL, there exists an isomorphism J : InQ — KerL. Denote by K, the inverse of the

operator Lp =L |KerPﬂdOIn (L) -

It is known that the nonlinear equation Lx = Nx is equivalent to x = [P +JON + K, (I — Q) N| x.

We also recall that a nonempty convex closed set C C X is said to be a cone provided that
(1) uxeC, forallxe C, u >0 and
(2) x,—x € Cimply x =0.
Note that every cone C C X induces a partial order in X defined by
xXyifandonlyify—x e C.
The following property is valid for every cone in a Banach space X.

Lemma 2.1. [8] Let C be a cone in X. Then for every xo € C\{0}, there exists a positive number

O (x9) such that ||x+xo|| > o (x0) ||x||, Vx € C.

Let y: X — C be a retraction, that is, a continuous mapping such that yx = x for all x € C and

put

W:=P+JON+K,(I—Q)N and ¥y := Woy.

The following result is the main tool for the existence result.

Theorem 2.2. [9] Let C be a cone in X. Let Q1 and Q, be open bounded subsets of X with
Q CQyandCN (52\91) % ¢. Assume that L : domL C X — Y is a Fredholm operator of

index zero and

Cl): ON : X — Y is continuous and bounded and K,,(I — Q)N : X — Y is compact on
( p D
every bounded subset of X,
(C2): Lx # ANx, Vx € CNdom (L)NdQy and A € (0,1),
(C3): v maps subsets of Q, into bounded subsets of C,
C4):dp |(I—(P+JON)Y ,KerLN€Q,,0 0, where dp stands for the Brouwer
|KerL
degree,

(CS): there exists xo € C\ {0} such that ||x|| < o (xo)||¥x

, Vx € C(xp) N IQy, where
C(x0) ={x € C: uxo =< xfor some u > 0} and o (xp) is such that ||x+xo|| > o (x0) ||x]|
forall xeC,

(C6): (P+JON)Y(dQ) CC,

(CT): Py (2N Q) CC.
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Then equation Lx = Nx has a solution in CN (ﬁz\Q 1) .
3. Main results

We start by setting the functional framework for bvp (1.1)-(1.2).
3.1. Auxiliary Lemmas

Here and hereafter C[0,0) and L'[0,) denote the spaces of continuous and Lebesgue inte-

grable functions on interval [0, ), respectively. Define the space

t
X = {xe C[0,%0) : lim x(t) exists}

f—o0 | + 12

equipped with the norm ||x||, = sup %—?2' and the space
>0

Y = {y € C[0,00) NL'[0,00) : lim y (1) exists}

t—o0

with the norm [y]ly = max (.. [l ), where [[y].. = sup,= |y (1)] and [ly]}, = i Iy (s)| ds.
Obviously (X, ||.||x) and (Y, ||.||y) are real Banach spaces. Define the operator of differentiation

L:dom (L) C X — Y by
(Lx) (1) = =" (t), t>0, (3.1)
where
dom (L) = {x € X : ¥ €Y and x" (0) =x" (e0) =2x(0),x'(0) =0}

and the Nemytskii operator N : X — Y:

(Nx)(t) = f(t,x(r)), t>0. (3.2)
Thus, bvp (1.1)-(1.2) is equivalent to Lx = Nx, x € dom (L) . Regarding operator L, we prove
the following.

Lemma 3.1.

(1) L is a Fredholm operator of index 0.

(2) The associated linear continuous projectors P: X — X and Q : Y — Y are defined by

(Px) (1) =} (14+2) [ *x(s)ds and (@) (1) = " [y (s) ds.
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Proof. We can easily see that KerL = {a (1> +1) : a € R}. It follows that dimKerZ = 1 and
ImL={yeY: [y y(s)ds=0}dueto [y y(s)ds =0, forall y € Y. There exists x € dom (L)

such that y (r) = —x"" (r) , where

t

x(t) :a(t2—|—1) —% A (t—s)*y(s)ds,

which imply that y € ImL. In addition, for each y € ImL, there exists x € dom (L) such that
y(t) = —x""(t). It follows that x (1) = at® + bt +c — 5 f; (t — 5)?y(s)ds. This combined with
boundary conditions (1.2) implies [,y (s)ds = 0. Now, for y € ¥, we have, for all t > 0,

00 = ¢ [Toras=e [T ( [yas)ar
= e’ /Owy(S)dS/Owe’er (Qy) (1)
and 1(@9) (1)) < ], < ol and 7103 (5)1ds <yl < Iyl - Then

1Oylly < II¥lly (3.3)

which shows that Q is a linear continuous projector with Ker Q = Im L. Moreover, forall y € Y,
y=(I—-Q)y+Qy e KerQ+ImQ, thatis, Y =ImL+ImQ. If y € InLNImQ, then, for all
t>0,y(t)=a.e " and [, a.e”'dt =a=0. As aresult y = 0. It follows that Y =ImL&ImQ.
Note that ImL is closed and dimKerZL = ImQ = codimImL = 1. Therefore L is a Fredholm

operator of index 0. Finally, for x € X and ¢t > 0, we have

(1+7) [ (P s)ds

(142) [ (%(1“2) /Omerx(r)dr) s
() [[exoas) [Tl (145 as
) [ ey ds = (P o)

P(Px)(t) =

—~ W =

I
W] = W= W=
[S—
+
-~

and

|(Px)(1)]  _ %Ugoe_SX(S) ds|
3Jo e x(s)lds

%fow (1 +s2) e’ ‘les)J ds

IN

VAN

IN

[l -

So ||Px||y < |||y - This proves that P is a linear continuous projector such that Im P = KerL.
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Lemma 3.2. The generalized inverse Kp : ImL — dom LN Ker P of L can be represented by

(Kpy) ( 6/ k(t,s)y
where
K(t.s) = 2(t2—|—1)e’s—3(t—s)2, 0<s<t<oo,
2(t2+1)e_5, 0<t<s<oo,
and

5
IKpyllx < c Iylly, VyeImL. (3.4)

Proof. In fact, for all y € ImL, we have

(LKpy) (t) = —(Kpy)" (1)

t2+1/°° / t 11/
= - ds——~ —s
3 Jo

= y(t),1=0

and for x € dom (L) NKer P, we have

(KpLx)(t) = (Kp(—x")) ()
2 oo
_ t“+1 [ = (_x///) (s)ds

t

s) (— "/) (s)ds

3

ayy

_ f23+1 (x
n (—gx” (0)—x(0) —|—x(t)) 120,

Also x” (0) = 2x(0) and [; e *x(s)ds = 0. Thus (KpLx)(t) = x(t), for all > 0 and K, =

//(

2 (—x
0)+x(0) —/Oooesx (s)ds)

(L |dom (L)NKer P) - Finally, for y € ImL and ¢ > 0, we have

|(Kpy) (1)] / _s / (t—s)°
1EPY) A1 )|d
142 = 3 y(s)lds+3 1—|—t2 ¥

3 b@lds3 [T holds

5 5
= 6 ||)’||1 < 6 ||Y||Y

IN

which implies that ||Kpy||y < % ||l¥|ly - This completes the proof.

We always assume that the following condition holds throughout this paper.
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Hy): The function f : |0,) x R — R is continuous and, for ever > 0, there exists
yp

@p € C[0,00) N L[0,00) satisfying ¢, (t) > 0, for all # > 0 and lim, . @p () < o0 such

that | £ (¢, (1+ %) x)

Also, the condition f(z,0) # 0, on (0,4o0) allows to avoid the trivial solution. The second

< @ (1) for all x € R such that |x| < p and all # > 0.

technical lemma we need is as follows.

Lemma 3.3. The operator N defined as in (3.2) is L-completely continuous on X . (i.e., contin-

uous and L-compact on every bounded subset of X ).

Since the Arzela-Ascoli theorem fails in the noncompact interval case, we will make use of

the following criterion to prove this lemma.

Theorem 3.4. ([10]) A subset M is relatively compact in X if and only if the following condi-
tions are satisfied:

(1) M is uniformly bounded, that is, there exists a constant m > 0, such that ||x|| < m, Vx € M,
(2) functions from M are quasi-equicontinuous, i.e., equicontinuous on every compact subin-
terval of [0,+o0), that is, given a compact subinterval J C [0,+o0), for each € > 0, there exists
0 = 8(¢&) > 0 such that, for ty,ty from J with |t; —t;| < 9,

x()  x(n)
1+ 1+1

<e, VYxeM,

(3) functions from M are equiconvergent at infinity, that is, given € > 0, there exists T =T (€) >
0 such that, forallt > T,

X))

1412 10 1412

<e, VxeM.

Proof of Lemma 3.3. Letting B be a nonempty bounded subset of X, one sees that there exists

r > 0 such that, for all x € B, ||x||y = sup, > ﬁ—% < r. By condition (Hp), we get

V()| = F(sx@)] = |7 (s (1452 28]
< ol < ll@rlly -
This implies that
INel, = Ji71F (s,x(s))]ds

< foe(s)ds= ol < lloly-
It follows that

INx]ly < ll@rlly <o (3.5)
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From (3.3), one sees that

IONx|ly < [INx]ly, (3.6)

which shows that QN is bounded. Next, we show that K, (I — Q)N is compact on B. For all

()
/Oookts Sds/fsx ))d )

w

+ (267 — 6t —6e" +5) /Ooof(s,x(s))ds> .

t > 0, we have

o)

k(t ,x(5)) ds

S~

AN =

K, (I Q)Nx(t) =

()

k(t ,x(5))ds

S—

AN =

In view of (3.4), (3.5), and (3.6), one obtains

Ky (1= Q)Nxly < HKNXIIX+HKPQNxHx

< 2 (INxlly + Nl
5

< §||NXHY

< 2oy <o,

which shows that K}, (I — Q) N (B) is uniformly bounded. Using the Lebesgue dominated con-
vergence theorem and condition (Hp), we can easily find that that QN and K, (I — Q)N are
continuous. It remains to study the equicontinuity. Forx € Band 0 <t} <1, < T < oo, we have
the estimates

Kp(IfQ)Nx(Q) _ K,(I-Q)Nx(t1)
1+13 1+

_ ,s k(t1,s)
= 1 (5 ) Gxlon s
+ (1L 25 2\ _ (o _ g
6 \ 1455 1417 1+ 144
e

" N 5 1 1 oo
- <1+r§ B szf) o (@ - m)) Jo [ (s,x(s))ds.
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It follows that
Kp(l—Q)Nx(lz) _ Kp(I-Q)Nx(t1)

1+t2 1+
(t2,s) _ k(t1.s
< by - 1 sx o) s
125 273 L o f e el
+<6‘1+t§ 1417 t 1+ 1+ 1+ 1+

+#| ey - H,z\)fo £ (5,%(5))]ds.

By simple calculation, we find that

0, if0<t <1 <s,
2
Afs) = k(tz’sz)—k(tl’sz) ={ 32 if 0< <s<t,<T,
1+ L+1; 0 .
3 _(tf;sg) __(tllJ:_:lZ) , if0<s<t<n<T.

In view of (3.5), (3.6), we have

Kp(I-Q)Nx(t)  K,(I—Q)Nx(t,) 1 (%A 1
_ < 1 A
1+13 1+ < oy (6o Als)ds+35 1+t2 1417
h 4 e 2 1
T 1+3 1+ + 1413 1+r2 +6 1+t2 T )

By the uniform continuity of functions

2 — .
1jrt2, 14;2’ 11;2, liﬂ in [0, T] and the fact that A(s) — 0

uniformly as |f, —¢;| — 0 in all possible cases above, we deduce that K, (I — Q) N is equicon-

tinuous on [0, 7] for all 7 > 0. Since

Kp(I—Q)Nx(e0) = limy_. eT2M0

= §Jo (2 =1)f(s,x(s))ds,

one has

W—M—wa]

= IR (sx (o)) ds o (OGS o (s, (s)) ds
— 5 2 = 1) £ (s,x(s))ds

= (5 (A3~ 2e7=3)) £ (5,x(5)) ds)
+(2“;+—,6;’+5—2)f5°f<s,x<s>>ds
LI | = e = 3)|If (s, ()l ds

+\M—z\fa‘°rf<s,x<s>>rds

1412
||<PrH - —6t—6e~'+3
< b fO —(2e7 =3)|ds+ | =),

where the last term tends to O uniformly, as t — oo for lim;_e I;(itsz) =2¢°—3.S0K,(I-Q)N

is equiconvergent at infinity. Therefore Kp(I — Q)N(B) is relatively compact, which completes

IN

1+t2

the proof.
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For simplicity of notations, we set

1| g4 16t ppms GBI p (g < <t < oo,

Ult,s)=— 1412 1412 ’
" .
8+ L0 e — B if 0 <1 <5< oo
We can verify that 0.17 < 2 —I— 1+t2 < Ult,s) < .

3.2. Existence theorems
We are now in position to prove our main result.

Theorem 3.5. Further to condition (Hy) , we assume that

(H\): there exist three positive real numbers o, 3, K and three non negative functions
q,v,r such that a#0,0< k<5, r(t),v(t) €L0,), q(t)>0,foralt>0and

So = sup,>0 () < oo satisfying

RS £ € g0 g v, ()
ft,x) < —alft,x)|+Be'x+r(t), (3.8)
where
1
M=ty i= 5 (54 25 ) VT4 o .

(H,): there exists a real R such that My < R < M; and f (t,R (1 +t2)) <0, forallt >0,
(H3): there exists r € (0,My),to € [0,00),1 € (0,1), and b € (0,1), such that for each
2
t € [0,00), the function x — w is nonincreasing on (0,r], with

/ U (HS) >dszlb%1b. (3.9)

Then bvp (1.1)-(1.2) has at least one positive solution in dom (L).

Proof. In view of Lemma 3.1, one sees that L is a Fredholm operator of index 0. From Lemma
3.3, the condition (Cj) of Theorem 2.2 is fulfilled.

Define the cone C of nonnegative functions and the subsets Q,Q, of X by

C={xeX:x(t)>0,t>0},

t
QI:{xEX:b||x||X< lli(rt)z’ <r,t20} and Q) ={xe X : x|y <R},
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where R, r and b are defined in conditions (H,),(H3) of Theorem 3.5. Clearly Q1,Q, are

bounded open sets in X. Furthermore, one has

J— t
Q1:{X€X3bHXHX§ < (0)] <r<R,t20}CQ2

and

(r+R)t? satisfies

B[ —

because x (1) =

x(t)>0,t>0and r < ||x]|y = = (r+R) <R.

| =

Define a mapping y: X — C by (yx) (t) = |x(¢)|. Then ¥ is a retraction and maps subsets of Q
into bounded subsets of C because we have (yx) (1) > 0,7 > 0 and % = 'f‘i—’t)J <|x|ly <R
for all x € Q,. This means that condition (C3) of Theorem 2.2 holds.

To show that (C;) holds, suppose, by contradiction, that there exists xo € CNdom (L) N dQ,
and A € (0, 1) such that Lxo = AgNxo. Then x;' (¢) + Ao f (£,x0 (1)) =0, >0, x0 (t) > 0,1 >0,

|lx0]|y = R, and x satisfies the boundary conditions (1.2). For all # > 0, one has

xo(t)  (Pxo)(t)+ (KpLxo) (1)
1+12 1472
1 [ L [=k(t, m
= 5/0 efsxo(s)ds—i-g A l(j_:z) <_x0 (s))ds
1 /> 1 >~k
= st t [T 0r 50001
1 [ 5%
< 3/, e Sxo(s)dS—i—g/O |f (s,x0(s))|ds

Using (H;) and (3.8), we obtain that

—x0 (5) = Aof (5,20 (5)) < Ao (—a|f (5,0 ()| + Be X0 (s) +7(s)) -
By integrating both sides of inequality, we get

Jo =x0'(s)ds = Ao Jy f(s:%0(s))ds
Ao (—a fo | (s:x0(s))|ds+ B fg e *x0 (s)ds
+ Jo r(s)ds).

IN

Since
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one has
oo oo 1 oo
/0 |f (s,x0(s))|ds < g/o e *xo (s)a’s+a/0 r(s)ds. (3.10)
Using (3.7) in (H;), we find

—xp (8) = Ao f (s,x0(s)) < Ao (—q(s) o0 (s)

1+s2

+v(s)>.
Then
Jo =xg'(s)ds = Qo J§ f(s.x0(s))ds
< Mo (—J5a()e 1 ds + [§7v(s)ds)

This implies that

< . 11
/0 q(s)e™ 1+S d A v(s)ds (3.11)
From (3.10), (3.11), we deduce that
< L JTexo(s)ds+ 3 [ f (s,%0(s) | ds
< %fo e *xp (s)ds+—af0 e *xo (s)ds+%f5°r(s)ds

oo (1452 — 5 X
(§+28) r Sla e+ & 4y )

q(s)
< So(3+38) 7 al)e ehds+ 5 i (s)ds
< o (4+38) v+ & [ r(s)ds
Therefore
1 5B
Iroll =R <o (5420 ) ol + o Il = Mo,
3

which contradicts R > My. Let J : InQ — KerL be the 1somorphism defined by J(ae™") =
a (1*+ 1) and consider the mapping G (x,A) = I — A (P+JQN)¥]x, A €[0,1]. For x € KerLN
Q, and t > 0, we have x (1) = a (1 + 1) , where |a| < R. Hence
Gx,A)(t) = a(t?+1)-— ( (1+7%) [ e " |a] (s*+ 1) ds
+ (L4+122) f5" f (s,]al (s* + 1)) ds) .

By simple calculation, we find that

GlA) (1) = (14+) (a—?t <|a|+/0°°f(s, il (s2+1))ds)).

Suppose G (x,A) = 0. By (H;) (3.7), we get

i (al+ [ (el (2 1) as)

<|a|+/ —Ke s|a|(s +1)d ) Alal (1-3K) > 0.

a

Vv
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Hence G (x,A) = 0, which implies that a > 0. For x € KerLN dQy,, if G(x,A) =0, then R =
|a| = a. Therefore R=A (R+ [;" f (s,R (s*+ 1)) ds). By (H>), we get

(1-2)R = l/()oof(s,R(l+s2))ds <0,
which contradicts (1 —A)R > 0. Then G (x,A) # 0 for all x € Ker LN d€,. Thus, the degree
di (11 =2 (P JON) V) jger - Ker LN ©2,0)
is well defined. By the homotopy property of the topological degree, we have

dy ([I—(P+JQN)}/]‘KerL,KerLﬂ92,O> — dp(G(x,1),KerLNQ,0)
= dp(G(x,0),KerLNy,0)

= 1#0,

which shows that condition (C4) of Theorem 2.2 holds. For x € dQ,, by condition (H}), we

have
(PHION)1x(t) = (1+£) G/Omes|x(s)\ds+/0°°f(s,\x<s)|)ds)
> (1—|—t2) <%/Owe_s |x(s)\ds—K/0°°e_s\x(s)|ds)

(1412 (%— K‘) (/Owe-s |x(s)|ds)

> 0, Vt>0.

v

Hence (P+JQON)y(dQ,) C C. Notice that

0< o e *lx(s)|ds = [y (1+s2)e’3|ﬁ—‘?2|ds

RJy (1+5s%) e *ds=3R.

IN

Taking x (t) = 142 on [0, ) yields xo € C\ {0} and

C(xo):{xec:infﬂ:uw}:{xec: * (1) >o}.

>0 x¢ (1) 1412

So we can choose o (xg) = 1. For x € C(xp) NdQ, we have fft)z > 0, li(:z)Z > b||x||y for all

t >0, and 0 < ||x||y < r. Therefore, in view of (H3) ,we have

(W) (10) = (1+12) (%/Oooe_sx(s)ds—{—/omU(to,s)f(s,x(s))ds), Wx € C(x0) N 9L
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Putting X (s) = IJ(F >2, we obtain the estimates

Fn o) _ %/‘”(He)esx(s)ds

1415
(1+s*)X X (s)N
O DTN
(X (s))
> b||x||X§/0 (H—sz)e_sds
oo f(s, (1 +s2)X(s))
+(b||x ﬂ/ U (t9,s ds
o fs, (1+5%)r
> b+ Gl [ U0 C <,,,7 1),
(b 1+
2 beHX HXHX / Ut S S) )dS
r
(beHX)n 1-b
> beH)(‘i_ -1 pn
r 1=n
— bl (1) ol (7
X X ||X||X
> bllxlly + (1 =) [lx]x = llx[lx -
Consequently, ||¥x > (F)l) 2 > x||x and hence condition (Cs) is also fulfilled. Now, let x €
q Y. X +

O\ Q. By (H;) (3.7), we have, for all 1 > 0,

W () = (147 (%/Oooe_s|x(s)|ds+/0wU(t,s)f(s,|x(s)|)ds)

> (1+4%) (%/Owes]x()\ds—lc/owU(t s)e " |x( )\ds)
> (1+t2) (%/Owe_s]x(sﬂds—%l( Ooe_s|x(s)|ds)
= (1+t2) (%—%K) /Oooe Ylx(s)|ds >0

Thus ¥, (52\91) C C, which completes the proof of the theorem.

4. Example
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Consider the two-point boundary value problem

) 1 (1) - (x_ il

18 t2+1 eljt2+l
X' (0) =0, x” (o) =2 (0) = 2x(0).

>+6e—f:0, t>0,

Remark 4.1. We have, forall >0andx e R, x—1 <x— el% <x;1< (;;ﬂ
el+r” 41

p—|— Pe~!, we can see that f : [0,00) x R — R, where

<2.

(1) By taking @p(t) = 5 (r4+1)%e™"

+1)%e
2 . . .
ft,x)= —11—3 (Zr H e! (x — elj ) +6¢e~" is a continuous function that satisfies con-
el+t= +1
dition (Hp).

(2) It can be checked that

1 ¢ 1 2 ¢ X 55 —t
- <flt,x)<——(t+1 -+ —
e X f(,X)_ 18(+)e [2+1+9e )
. _ 24
ie. K:é,q(t)zl—lg(t—i-l)z,v(f)z%se !, So = sup,>p " () = 18 and [|v[] —55 In
addition
LD L), e »
t,x)] < —-—5—2-e'x T + 6e
£t 0)] 18 2+1 18 2+1 et 41
2 2 2 55
< I—Se_tx+ 186_t+6e_’: 186 x+Ee t,
one has
1 t+1)*\ , 110 _
< (2 e
|f(t7x)|+f(t7x) = 18( t2+1 )e X+ o ¢
1 < 2t > _ +110 _
= — — e 'x+—e
18 241 9
< 1, +110 _
—e 'x+ —e
- 18 9
Therefore
1 110
ft,x) <—|f(t, x)|+—e X+T€ -,

e, a=1,f= 15 r(t) =12 |r|, = 5° and

1 58 1 51,55 5110
Mo=30 (3422 ) I+ S =185+ 202 2P w2
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(3) Taking R = 111 implies that, for ¢t > 0,

1 _ 1(t+1) ek _
L,R(1+7%)) = D2e 'R t 60—
fER(1+17)) 18(+) T 241 °¢ eR+1+e
1
< 2 "R+ —e ' +6e”
< 18( +1) +9e + 6e
! 2 55 _
< ——(t+1 R4+ ==
< 18( +1)7e 'R+ 9¢
2.\ e’
= (110=(t+1 R>—
(10— (r+17R)
e ! e_’
< (110—=R ~_<o.
< (0=R)Fo=—7g <0
(4) Fortg=0,1=1,r =8 and b= 0.64, let
t, (14 x 1 B 1 (t+1) & 1 6e!
VX T 18 2+1° ex+1\/} VX
. _ 1 (t+1)2 -t 1 (t+l)2 _ o~ 6e~—!
slnceh;(x)_—<E g e (1 - 2x) Zxﬁ(ex+l)2+2;ﬁ) <0, forall

x € (0,r] (because, we have ¢* + 1 —2x >3 —2In2,for all x > 0 ) , one sees that A, is

non increasing on (0, r], forallz > 0 and

(l—l—s) r)
/U ds

) | S N () T
— S 7 __1 S S = _ S
6/ + ( TR A T-av wrar R p )ds

) 1 , 6
> 2s 1 s
_6/ e+7(18(—|—) +e)ds

27
_ 2s s 2
= 108 (Ze +7e™*) ((1+S) —z)ds

47 1— 0.64
> i
72— 0.8

Hence, all the conditions of the existence theorem holds. This guarantees that problem (4.1)

has at least one positive solution.
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