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1. Introduction

A simultaneous minimization with a finitely many objective functions and an infinite set of
constraints is called multiobjective semi-infinite programming (MSIP). Many theoretical as-
pects and various fields of applications of the semi-infinite programming have been considered
by many researchers, see [1, 2] and references therein. Recently, weak and strong Karush-
Kuhn-Tucker (KKT) optimality conditions and duality for MSIP have been investigated by

many authors. In [3, 4], optimality conditions for some types of efficient solutions of MSIP
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2 L.T. TUNG

and duality relations were investigated in terms of the Mordukhovich subdifferential. Weak and
strong KKT optimality conditions for weakly efficient solutions and Pareto efficient solutions
were obtained in [5, 6, 7] based on some regularity conditions in sense of Clarke subdifferen-
tial. Constraint qualifications in convex vector semi-infinite optimization were investigated in
[8]. Recently, Caristi and Ferrara [9] considered the necessary optimality conditions for weakly
efficient solution of MSIP via Michel-Penot subdifferential; see [9] and the references therein.

Strong KKT optimality conditions give more information than the weak KKT optimality con-
ditions since all the multipliers corresponding to the objective functions are positive. In [10],
many regularity conditions for differentiable functions were investigated to establish the strong
KKT optimality conditions for Pareto efficient solutions of multiobjective optimization prob-
lem. Regularity conditions in sense of Clarke subdifferential were considered in [11] and [12].
In [13], strong KKT type sufficient optimality conditions for nonsmooth multiobjective semi-
infinite mathematical programming problems with equilibrium constraints were given in terms
of the Clarke subdifferential. We observe that the strong KKT necessary conditions for weakly
efficient solution and the Pareto efficient solution of MSIP via the Michel-Penot subdifferential
were not investigated in [9]. Moreover, there is no work dealing with duality relations for non-
smooth multiobjective semi-infinite programming via the Michel-Penot subdifferential. Some
models in real life are nonsmooth MSIP such as FIR filter design in [14] or moment robust
optimizations and their applications in [15]. The Wolfe and Mond-Weir duality schemes can be
used to give the optimality conditions for solving these problems or reformulate the nonsmooth
MSIP in [16].

Motivated by the above observations, by using the Michel-Penot subdifferential as general-
ized derivatives, we establish necessary and sufficient conditions for the Pareto efficient solu-
tions and weakly efiicient solution and duality theorems of the Wolfe and Mond-Weir types for
MSIP. The paper is organized as follows. Section 2 recalls basic concepts and some prelimi-
naries. In Section 3, the strong necessary and sufficient KKT optimality conditions for weakly
efficient solution and the Pareto efficient solution of MSIP are established. Section 4 is de-
voted to investigating the Wolfe and Mond-Weir dual type problems of MSIP in term of the

Michel-Penot subdifferential. Some examples are provided to illustrate our results.

2. Preliminaries
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The following notations and definitions will be used throughout the paper. R" stands for a
finite-dimensional normed space. We write R” also for the dual space (R")* and (x*,x) for the
value of x* € (R")* at x € R". For a given &, % (%) stands for the system of the neighborhoods
of X. For p > 0, denote B(X,p) := {x € R" | ||x—X|| < p} ball of radius p centered at X. For
S C R, intS, clS, bdS, spanS, coS and C(S) denote its interior, closure, boundary, linear hull,
convex hull and the cone {Ax | x € S,A > 0}, respectively (resp). Denote |S| the cardinality
of S, i.e., the number of elements of S. The convex cone containing the origin generated by S,

denoted by conesS, is defined as

k
cones := {xe R" | x= Zk,-xi,xi €S, A >0,i= 1,...,k}.
i=1

The affine hull of S, denoted by affS, defined by

k k
affs := {xER" |x= Z?Lixi,xiES,/liER,Zﬂ,iz 1}.

i=1 i=1

The relative interior of a convex set S C R", denoted by riS, defined by
riS := {x € affS | 3¢ > 0,B(x, &) N (affS) C S}.

Note that riS of a convex set S is also a convex set and riS C S C clS C affS. The negative polar

cone and strictly negative polar cone of S are defined resp by

§7 = {x" e R"|(x",x) <0Vx €S},

¥ ={x" e R"|{(x",x) < 0Vx e S}.
The contingent cone of S at X € clS is
T(S,x):={xeR"| 3t | 0, Ixy — x,Vk € N, x+ 5px; € S}.

The right-sided directional derivative of a function ¢ : R” — R at X € R” in the direction d € R"
is denoted by ¢’(x,d) and defined by

0t (%,d) :=limsup ¢(x+7d) - 9(%) ‘
7l0 T
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Definition 2.1. [17] Let ¥ € R” and ¢ : R" — R be a locally Lipschitz function. The Clarke
directional derivative of ¢ : R” — R at X in direction u is defined by

0°(%,u) :=limsup ¢(x+Tu) — 9 (x) .

7}0,x—% T

The Clarke subdifferential of ¢ at X is

€ (%) := {x* e R"|(x*,d) < ¢°(%,d), ¥d € R"}.
We say that ¢ is Clarke regular at X if ¢’ (¥,d) exists and ¢°(x,d) = ¢’ (x,d) for all d € R".
Definition 2.2. [18, 19] Let ¥ € R” and let ¢ : R” — R be a locally Lipschitz function. The

Michel-Penot (MP) directional derivative of ¢ : R" — R at X in direction u is defined by

0°(£,1) = sup limsup¢(2+r(u—|—v))—(l)(f—i—’cv).
7 veR"  7]0 T

The MP subdifferential of ¢ at i is

MP (%) := {x* e R"|(x*,d) < ¢°(%,d), Vd € R"}.

We say that ¢ is MP regular at X if ¢’ (x,d) exists and ¢°(¥,d) = ¢'(x,d) for all d € R".
The following properties of MP directional derivative and MP subdifferential are useful in
the sequel; see [18, 19] and the references therin.
Lemma 2.3. Let ¢ be function from R" to R, which is Lipschitz near X. Then, the following
assertions hold.
(i) The function v — §°(X,v) is finite, positively homogenous, subadditive on R", ¢°(x,0) =
0 and 9(9°(%,.))(0) = dMF ¢ (%), where 9 denotes the subdifferential in sense of convex
analysis.
(i) oMP¢(X) is nonempty, convex and compact subset of R".
(i) ¢°(x,v) = o (f)<§,V>-
(iv) If ¢ is Gateaux differentiable at X, then dM¢ (%) = {V@(%)}. If ¢ is convex, then
IMP9(3) = o(%).
(v) If ¢ is Clarke regular at X, then ¢ is MP regular at X.
(vi) 9MF¢(%) C 99 (%).
(vii) Forx,y € R", there exist a point c in the open line segment (x,y) and x* € dMF ¢ (c) such

that (y) — ¢ (x) = (x*,y — x).
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By Lemma 2.3 (vi), we can see that the necessary optimality conditions in terms of the MP
subdifferential are sharper than the necessary optimality conditions via the Clarke subdifferen-
tial; see, e.g., [20, 21, 22, 23] and the references therein. The following example shows that the

inclusion in Lemma 2.3 (vi) may be strict.

Example 2.4. Let ¢ : R — R be defined as follows

x2sin2, ifx#0,

o (x) = o
0, if x=0.

Then, for X = 0, one has

oMo (x) = {0},

0“9 (%) = [-2,2].
Hence,

Mo (x) G 999 ().

Lemma 2.5. [24] Let {Cili = 1,...,m} be a collection of nonempty convex sets in R" and

m m m
K:co(U Cl->. Then, riK:U{ Y ArGi | Y Ai=1,4>0,i= 1,...,m}
i=1 i=1 i=1

Lemma 2.6. [24] Let C; and C> be non-empty convex sets in R". In order that there exist a
hyperplane separating C and Cy properly, it is necessary and sufficient that riC| and riCy have
no point in COMmmon.

Lemma 2.7. [24] Let {C;|t € T'} be an arbitrary collection of nonempty convex sets in R" and
K =co|( U G ). Then, every nonzero vector of K can be expressed as a non-negative linear

tel’
combination of n or fewer linear independent vectors, each belonging to a different C;.

3. Optimality conditions

In this section, we consider the following multiobjective semi-infinite programming
(P) mingy f(x) := (f1(x), ..., fin(x))
s.t. g(x) <0, reT,
x € R",
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where f;,i=1,...,m, g;,t € T are Lipschitz functions from R" to R. The index set T is arbitrary
nonempty set, not necessary finite. Set I := {1,....m}, f:= (f1,....fm) and gr := (g)ser-
Denote the feasible solution set of (P) Q:={x € R" | g/(x) <0, € T}.

Definition 3.1. For problem (P), let X € Q.

(i) A point ¥ is a locally weakly efficient solution of (P), denoted by x € LWE(P), if there
exists U € % () such that f(x) — f(x) € intR",Vx € QNU.

(ii) A point X is a locally (Pareto) efficient solution of (P), denoted by x € LE(P), if there
exists U € % () such that f(x) — f(x) € RT \ {0},Vx € QNU.

If U =R", the word “locally” is omitted. In this case, the weakly efficient solution set-
s/the weakly efficient solution sets are denoted by WE(P)/E(P). It is easy to see that LE(P) C
LWE(P); see, e.g., [25] for more details.

Denote RlJrTl the collection of all the functions A : T — R taking values A,’s positive only at
finitely many points of 7', and equal to zero at the other points, i.e., there exists a finite index
set J:={1,2,...,k} C T such that &, >0 forallr € Jand A, =0 for all r € T \ J. For a given
X € Q, denote T(X) := {t € T|g:(x) = 0} the index set of all active constraints at X. The set of

active constraint multipliers at X € Q is
A ={1 e R A gx) =0,vr e T},

Note that A € A(X) if there exists a finite index set I := {1,2,...,m} C T(X) such that 4, > 0 for
allt € I and A, =0 for all r € T(x) \ I. For a given x € Q, define the extension of constraints

system of (P)

Q"= {xeR"| fi(x) < fik(%),&(x) <0j e \{i},t €T} iel,

0:=[C"

icl
Then, we have Q = {x € R" | fi(x) < fx(%),8:(x) <0,j €1,t € T}. Recall the following condi-

tions in [9] (with the convention UgcpXg = 0)

(RC1):<G&MPf,-(x)> n| U &@® ]| <109,

i=1 teT (%)
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N

cQn: | U &@ | #o,

teT (%)

(C1): T is a compat set and the set-valued map j = g;(X) is upper semicontinuous on 7'(X).
Theorem 3.2. [9] Suppose that (Cl) is satisfied at X € Q. Then, (CQ1) implies (RC1) at x.

Theorem 3.3. [9] Let x € Q. If one of the following assertions holds:
(I) (RC1) holds at X and closedness of cone (UIET(X) & ()Z)),
(Il) (CQI) and (C1) hold at %,

then there exist o > 0 (fori € I) with ' | oy = 1 and A € A(%) such that

0e Z 0 0™ fi(%) + Y ,0MP g, (%).

i=1 teT
Now, in line of [5, 6, 10], we propose the following conditions:

(RC2):<68MP]‘,~(X)> Nl U & QﬁT(Qi,X),

i=1 teT (%) i=1

<Rc3>:<[]aMPﬁ<x>> |l U a@®]| o

i=1 teT (%)

(€C2): (U BMPfi(f)> \{0} c U@ @),
i=1 i=1

(C3): T is a compat set, the function (x,#) — g;(x) is upper semicontinuous on R” x T and the

set-valued map j = g;(x) is an upper semicontinuous mapping in ¢ on each x.

Remark 3.4. Let x € Q. The following relations of the above conditions are easy to see.
(1) (RC3) implies (CQ1).
(i1) (C3) implies (C1).

Now, we establish the strong necessary KKT condition for locally weakly efficient solutions of
(P).
Proposition 3.5. Suppose that x € IWE(P) and (RC3), (C3) are satisfied at X. Then, there exist

o € intRY with ", o; = 1 and A € A(X) such that

0 Z 0" fi(%) + Y, 4,0 g, (%).

teT
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Proof. It follows from Theorem 3.2 and Theorem 3.3 that there exist & € R with }/" ; o =1
and A € A(X) such that

0¢ i 0;0M" f;(x) + Y 4,0M g, ().
i=1

teT
This implies that there exist x; € 9™ f;(%) and y; € 9MF g (%) with (i,k) € I x K, where K is a
finite subset of 7'(x) such that
Y oixf+ ) 40"y =o0. (3.1)
i=1 jel
Suppose to contrary that a; = 0 for some i € 1. Since (RC3) holds, there exists u € R" such that
(xj,u) <0, jeI\{i},
(v u) <0, 1€T(x).

The above inequalities together with (3.1) deduce that

0:

on

o (x;,u) + Z M dMP (v u) <0,
1 kekK

1
which is a contradiction. Hence, o; > 0,Vi € I and the conclusion is obtained.
Similarly, the strong necessary KKT condition for locally efficient solutions of (P) is estab-

lished as follows.

Proposition 3.6. Suppose that X € LE(P) and (RC2), (C2) are satisfied at X. Then, there exist

o € intRY with Y" | o; =1 and A € A(X) such that

0¢c i ;0™ fi(%) + Y 4,0M g (%).
i=1

1T
Proof. First, we prove that, for every i € I,
(@Y fi(0))* NT(Q"x) =0. (3.2)
Suppose to the contrary that there exist iy € I and a vector d such that
d e (M £(%) NT(Q",%). (3.3)
Since d € T(Q", %), there exist T; | 0,d; — d such that ¥+ t;d; € Q% for all k, i.e.,

fix+ndr) < fi(x) Viel\{i},Vk,
X+ Tidy € Q, Vk.

(3.4)
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By Lemma 2.3 (vii), for each k, there exist ¢, in the open line segment (X, % + Txdy) and x; €

M £, (cy) such that
Jio %+ Tedi) — fiy (%) = Tl , i) (3.5)

It follows from the upper semicontinuity of 0™ f; (.) and ¢; — ¥ that we can assume, taking

subsequence if necessary, x; — X* € OMP f; (%). Thus, we deduce from (3.3) and (3.5) that

fim JoH %) = fo®) _ (x},dp) = (¥°,d) < 0.

k—roo Tk k—roo

Hence, for k large enough, one has

Jio (X4 Trdi) < fiy (%),

which contradicts with x € LE(P). Therefore, (3.2) holds. It follows that
m m .
(U(aMPfi(f))S> n (ﬂ T(Q’J)) =0. (3.6)
i=1 i=1
Now, we prove that
0eri (co U 8Mpf,~()€)) +cone | oMPg.(%). (3.7)
i=1 teT (%)
Suppose to contrary that (3.7) does not hold. Then,
m
ri (COU 8MPf,~()E)) N | —cone U Mg (x) | =0.
i=1 teT (%)
Using Lemma 2.5, one sees that there exists d € R"\ {0} such that
m o a m o
de (co U 8MPf,~(x)> N|cone |J Mg ]| = <U aMPf,»(x)) n{ U o"&x)
i=1 1T (%) i=1 teT (%)

which together with (C2) contradicts with (3.6). Hence, (3.7) holds. Then, it follows from (3.7)
and Lemma 2.6 that there exist a € intR"} with }'” ; &; = 1 and A € A(%) such that

0¢c f ;0™ fi(%) + Y 4,0M g (%).
i=1

teT

The following example shows that condition (C2) is essential.
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Example 3.7. Let n =2,T = [0,1],D:={a € R?* | -1 <a; < —a3,—1 < ay < 1} and let
f:R?> =R, g : R? = R be defined as follows
f1(x) = =2x2, fo(x) = sup(a,x),
acD

g(x)=—xy—t,teT.
Then Q := {x € R? | x, > 0}. For & = (0,0) € Q, one has
Q' =Ry x{0},0* =R xR,
M f1(%) = {(0,-2)},0"" fo(x) = D,
T(x)={0}, |J o""&(® ={(0,-1)}.

teT (%)

Hence, by some calculations, we have
T(Q',%) = 0" T(Q* % =0,

5 _
(U aMPﬁ<x>> B, (0],
i=1
(M £ () = R x intR., (M7 f2(x))* = 0,
U o"Pe(x) | =RxR,.
teT (%)

It follows that

2 2
(U aMPfi(f)) N U a(x) | < ﬂT(Qi,f),
i=1 i=1

teT (%)
i.e., (RC2) holds at x; but (C2) does not hold at x since

(1,0) € (U 3Mpfi(f)> \{0}, (1,0) ¢ J(@"" fi())".
i=1 i=1

It is easy to check that there are no o € intR2 with o + @ = 1 and A € A(%) such that

(0,0) € 04(0,-2) + D+ Y 2,0 g, (%) = 041 (0, —2) + 0D + A9(0,—1).

teT
Definition 3.8. [23] Let ¢ : R” — R be a locally Lipschitz function.

(i) ¢ is said to be ?MP-convex at ¥ if for each x € R” and any x* € dMP¢ (%),

O (x) —(¥) = (x",x —X).
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(ii) ¢ is said to be strictly 9MF-convex at x if for each x € R"\ {x} and any x* € 9MF ¢ (%),

¢(x) — (%) > (x*,x —%).
(iii) ¢ is said to be ?MP-pseudoconvex at ¥ if for each x € R”,

d(x) — 9 (%) <0= (x*,x—%) <0,Vx* € IMP¢(x).

aMP

(iv) ¢ is said to be strictly -pseudoconvex at X if for each x € R"\ {x},

d(x) — 9(X) <0= (x*,x—%) < 0,Vx* € "¢ ().
(v) ¢ is said to be dMP-quasiconvex at ¥ if for each x € R” and any x* € dMP¢ (%),

O(x)— (%) <0= (x",.x—x) <0

Remark 3.9. Let f be differentiable at X. Then if f is convex/pseudoconvex/quasiconvex at x
then f is ?MP-convex/ dMF-pseudoconvex/dMF-quasiconvex at .
Proposition 3.10. Lez X € Q. Suppose that there exist o € intR"} with }'1" | oy =1 and A € A(X)

such that

0¢ i 0;0M" f;(%) + Y 0™ g, (). (3.8)
i=1

teT
(i) If fi,i € 1, is OMP-pseudoconvex at % and g;,t € T, is IMP-quasiconvex X, then X is a
weakly efficient solution of (P).
(ii) If fi,i € I, is strictly OMP-pseudoconvex at % and g;,t € T, is OMF-quasiconvex %, then X

is an efficient solution of (P).

Proof. (i) Suppose on the contrary that ¥ is not a weakly efficient solution. Then there exists
a feasible point x such that fj(x) < fi(x), Vi = 1,...,m. Since ¥ € Q satisfies (3.8), there exist

xf € OMP fi(x),i € I and y; € 0MPg,(%),t € J, where J is a finite subset of T (%), such that

=Y Ay =) o (3.9)
i=1

teJ

aMP

Since each f; is -pseudoconvex, we have

(xi,x—%) <0, Vxf € IMP£,(%).
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Hence, we deduce from «; > 0 and (3.9) that
m
- Z?L,tyf,x—f = Zaixf,x—)? <0. (3.10)
= i=1

For each ¢ € J,g,(x) <0 = g,(%). Thus, by the 9M”-pseudoconvexity of g,z € T, at %, one has
(7, x—%) <0,y € Mg (%),0 €.

Consequently,

<Zﬁ¢y;ﬁ>X—f> < 07

teJ
which contradicts with (3.10).

(i1) Suppose on the contrary that X is not an efficient solution. Then there exists a feasible point

x and at least iy € I such that
filx) < fi(x),  Viel\{io},
Jio(x) < fiy (%)

Since ¥ € Q satisfies (3.8), there exist x} € IMP f;(%),i € I and y; € dMPg,(%),t € J, where J is

a finite subset of 7'(x), such that

=Y Ay =) oy (3.11)
i=1

teJ

Since each f; is strictly 9MF-pseudoconvex, we have
(xf,x—x) <0, Vxf € IMP f£i(%).

Hence, we deduce from o; > O that

— <Zﬁ¢yf,x—f> = <f Ocixjf,x—)?> < 0. (3.12)
i=1

teJ

For each ¢ € J,g,(x) <0 = g,(x). Thus, by the ?M”-pseudoconvexity of g,z € T, at %, one has
(7, x—%) <0,y; € Mg (%),r €.

Consequently,

<ZA¢y;‘,x—X> <0,

teJ
which contradicts with (3.12).
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Corollary 3.11. Let X € Q. Suppose that there exist o € intR"} with Y' |, o; =1 and A € A(X)

such that
m
0e Y ad" fi(x)+ ) 20" g (x).
i=1 teT
(i) If fi,i € I, is OMP-convex at % and g;,t € T, is OMF-convex %, then X is a weakly efficient
solution of (P).

(ii) If fi,i € 1, is strictly OMP-convex at X and g;,t € T, is OMP-convex %, then % is an efficient

solution of (P).

aMP

The following example shows that the strictly -convexity of f;,i € I, and g;,t € T, im-

posed in the Proposition 3.10 cannot be dropped even in the smooth case.

Example 3.12. Let n = 2,7 = (0, +o0) and let f : R? — R, g; : R* — R be defined as follows
fi(x) = folx) = =22,

g(x)=—t’teT.

Then, Q = R and for x € R, one has
M fi(x) = oM () = {—6x},
T(x)=T,0Mg, (%) = {—2tx},Vr €T.
Let ¥ = 0 € Q. Then, it is easy to see that
M fi(x) = M fo(x) = oM gi(x) = {0},

and hence, X satisfies (3.8) with any o € Ri, o1+ 0p =1and A € A(X). However, we can check
that X is not a weakly efficient solution or an efficient solution of (P). The reason is that f;,i € I,

is not (strictly) M”-convex at ¥ and g;,¢ € T, is not 9MF-convex x.
4. Duality

In this section, we consider the Wolfe [26] and Mond-Weir [27] duality schemes for (P) in

terms of the Michel-Penot subdifferential. In what follows, we use the notations:
u<veu—ve —intRY, u A vis the negation of u < v.

u=veu—ve—RT\{0}, u A vis the negation of u < v.
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4.1. The Wolfe type duality

m
For u € R", € intR" with ¥ oy =1 and A € RI!, define

i=1

L(u, 0, ) (Z Argi(u >

teT

where e := (1,...,1) € R™. We define the Wolfe type dual problem as follows:
(Dw): max L(u,0,A) = f(u)+ (thl,g,(u)> e
s.t. 0 € 21 0;0MF fi(u )+[€2T248Mpg,(u),
a ellntRT, A Rm uecR".
The feasible set of (Dy) is defined by
Qw = {(u a,A) € R" xintRY x Rm | ZO&,: 1,0 e ZO&,B fi(u —f-Z?L,a*g, }

i=1 i=1 teT

Definition 4.1. Let (i, &, 1) € Qy.

(i) (@, a,A) is a weakly efficient solution of (Dy ), denoted by (i@, &, 1) € WE(Dy), if

L(u,00,1) — L(ii, &, A) & intR"”, V(u,a,A) € Quy.

(i) (@,@,2) is an efficient solution of (Dy ), denoted by (i, &,A) € E(Dy), if

L(u, 00, A) —L(#, 0, 1) ¢ R7\ {0}, Y, 1) € Q.

The following proposition describes weak duality relations between the primal problem (P)

and the dual problem (Dy).

Proposition 4.2. (Weak duality) Let x € Q, (u,0t,A) € Q. If fi,i €1, and g,,t € T, are IMF-

convex at u, then

(i) f(x) 2 L(u, 0, ),
(i) f(x) A L(u, 0, ).

Proof. (i) Forx € Q and (u,a,A) € Qu, we have

g(x)<0,VreT, (4.1)
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and there exist x; € OMP f;(x),i € I and y; € 9MPg,(%),t € T such that

m
Y i+ ) Ay =0. (4.2)
i=1 teT
Suppose to contrary that
f(x) 2 L(u,o,A). (4.3)

This implies that x = u. If x = u, then

f(x)—L(u, 0, 1) Z Mgi(x) | e € =R\ {0},
teT

which is impossible since g;(x) < 0,Vt € T. Moreover, we deduce from (4.3) and « € intR"}

and that (o, f(x) — L(u,a, 1)) < 0, i.e.,

i%(ﬁ() filu Z (Z%g, ) (4.4)

i=1 teT

m
Since ) o; =1, we have
i=1

Y (i) — filw) ~ L ) <0 (45)

teT

Since f;,i €I, and g;,t € T, are M -convex at u, we have
[ix) = fiw) > (x5 ,x—u), Y} € 9P fi(w), Vi€,

gi(x) —gi(u) > (yF,.x—u),Vy; € M g, (u),vt € T.

It follows from the above inequalities and (4.2) that

<Z o + Y Ay x— M> < iai(fi(x) —fiw) + Y Aulgi(x) —gi (). (4.6)

teT teT

The above inequalities and (4.1) lead to

f o (fi(x) — i) + ¥ Auge ()

=1 teT

~.

which contradicts with (4.5).
(i1) Note that
(f(x) < L(u, o, A) = f(x) 2 L(u, 0, 1))

is equivalent to

(f(x) 2 L(u, 0, 4) = f(x) A L(u, &, 1))
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Hence, the conclusion can be deduced from (i). This completes the proof.

Proposition 4.3. (Strong duality) Suppose that ¥ € LE(P) and (RC2) and (C2) are satisfied

at X. Then there exist & € intR" with ¥, = 1 and A € A(X) such that (%,&,A) € Qy and
i

f(x) = L(x,&, ). Moreover, if fi,i €I, and g;,t € T, are dMP-convex, then (%,0,A) is an

efficient solution of (Dy).

Proof. According to Proposition 3.6, there exist & € intR"! with }/” | @ = 1 and A € A(%) such
that

OeZoclaM”f, )+ Y A0MPg (%)

i=1 teT

Since A € A(%) and % € Q, one has ¥ A,g,(%) = 0. Therefore,
teT

f(x) = f(x)+ Z Z,g,(f) = L(X,GC,Z),

teT
e., (£, 0,A) € Qy and f(%) = L(%, &, ). Moreover, if f;,i € I, and g;,7 € T, are ?M"-convex,

by invoking Proposition 4.2, we obtain
L(x,a,A) = f(X) A L(x,a,1),Y(x, &, 1) € Q.
This means that (%, &, ) is an efficient solution of (DW). This completes the proof.
Now we give an example to illustrate the results in Proposition 4.3.

Example 4.4. Let n = 1,T = [0, +o0) and let f : R?> — R?, g, : R? — R be defined as follows
fl(x) :Xl,fQ(x) = |.X'1| + |x2|7

g(x)=—x—1,teT.

Then, Q = {(x1,x2) € R? | x; > 0} and for u € R?,
aMPfl(u) - {(170)}7: aMPfZ(u> = [_17 1] X [_17 1]7

IMPg.(u) = {(—1,0)}, V¢ € T.

Hence, the Wolfe type dual problem of (P) is
(Dw): max L(u, 00, A) = (uy,|ui|+ |uz|) + (ZTL(—ul +t)) (1,1)
1€
s.t. (0,0) € o (1,0)+ o [—1,1] x [—-1,1]+ ¥ A4(—1,0),
teT

lT‘,uERZ.

or,00>0withay +a =1, € R}
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Let x = (0,0) € Q be a local efficient solution of (P). Then,

P £,(7) = {(1,0)}, = M fo(®) = [1,1] x [~1,1],

T(@={0}, J &®={(-10)}

teT (%)
Ql = {070}7T(Q17X) = {(070)}7

Q> ={xeR?|x; =0},T(Q*%) = {ucR* | u; =0}.

Hence, (C2) holds and

2 - 2
<U aMpfi(f)> Nl U &® ] ={00}cT(Q.%),
i=1 teT (%) i=1
i.e., (RC2) holds. Let & = (1/2,1/2) and A : T — R be defined respectively by
1/2, ift=0,

0, ifr<0.

17

Then, (, 66,1) € Q. Moreover, f;,i €I, and g;,t € T, are 9MP-convex at 7. By employing

Proposition 4.3, we get that (%, &, 1) is an efficient solution of (Dy).

Proposition 4.5. (Strong duality) Suppose that ¥ € W(P) and (RC3) and (C3) are satisfied

m - —
at X. Then there exist & € intR"} with Y, &; = 1 and A € A(X) such that (%,0,1) € Qw and

i=1

f(X) = L(x,&,L). Moreover, if f;,i € I, and g;,t € T, are 9MF-convex, then (%, &, L) is a weakly

efficient solution of (Dy).
4.2. The Mond-Weir type duality

Our Mond-Weir type dual problem is
(Dpyw): max f(u)
SLOE Y P fi(u)+ ¥ AdMPe(u),
th Z;’z(”) >0, “

o €intR?, A € IR{LT', ucR"
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The feasible set of (Dpsw) 1s defined by

m
Quw = {(u, 0, 2) € R x inR? xR0 € Y oycod™” fi(u)
i=1

+ Z LCO&MPgt Z A:gi(u) > 0}

teT teT

Proposition 4.6. (Weak duality) Let x € Q,(u,0t,A) € Quw. If fi,i €1, and g;,t € T, are

OMP_convex at u, then

(i) f(x) 2 L(u, 0, 1),
(i) f(x) A L(u, 00, 2).

Proof. We only need to prove (i). Since x € Q and (u, 0, A) € Quw, we have
gr(x) <0,vreT. (4.7)

There exist x} € 0MPf;(x),i € I and y; € IMPg,(%),t € T such that

Z OC,X + Z A'tyt = U (4'8)
teT
Z Aigi(u) > 0. (4.9)
teT

Assume to contrary that f(x) < f(u). Thus, (¢, f(x) — L(u,o,A)) < 0. This is equivalent to

Y. ol fi(x) — fiw) <. (4.10)

i=1

Since f;,i € I, and g;,t € T, are ?MP-convex at u, we have
filx) = filu) > (xF,x—u),Vxr € IMP fi(u), Vi€ 1,

g (x) — g (u) > (yF,x—u),Vy; € 0MPg(u),vr € T.

By the above inequalities, we deduce from (4.8) that

Ms

0<]

04 (x; +Z%n—u<2%ﬁ — i)+ ) Mg (x) —gi(u)).  (4.11)

1 teT teT

The above inequality together with (4.7) implies that

osi%mw—ﬂm+szm

teT

By combining (4.9) and (4.11), one has 0 < ¥ o;(fi(x) — fi(u)), which contradicts with with
i=1
(4.10). This completes the proof.
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Proposition 4.7. (Strong duality) Suppose that X € LE(P) and (RC2) and (C2) are satisfied

at X. Then there exist @ € intR"} with ' =1 and A € A(X) such that (%,&,1) € Quw and

f(X) =L(%,&,A). Moreover, if f,i € I,and g;,t € T, are IMP-convex, then (%, a, ) is a efficient

solution of (Dyw ).

Proof. According to Proposition 3.6, there exist & € intR! with }/" | @; =1 and A € A(%) such

that
0e Y ad" fi(®)+ Y 20" g (x).

i=1 =
Since A € A(%),Ag(X) =0 for all t € T, one has ¥ A,g;(X) = 0. Hence, (%, &,1) € Quw.
teT

urthermore, for any (u, @, 1) € Quw, from Proposition 4.1, we derive that
L(Xa d71) = f(f) ﬁ L(X, OC,A,),V(X, OC?A’) € 'Q'W-
So, (%, &, 1) is a efficient solution of (Dyw). This completes the proof.

Proposition 4.8. (Strong duality) Suppose that X € IWE(P) and (RC3) and (C3) are satisfied

at X. Then there exist 0 € intR"} with ¥, = 1 and A € A(X) such that (%,0,A) € Quw and

f(x) = L(X,&, ). Moreover, if fi,i €I, and g;,t € T, are dMP-convex, then (z,0,A) is an

efficient solution of (Dyw ).
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