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MODEL WITH THE BEDDINGTON-DEANGELIS FUNCTIONAL RESPONSE
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Abstract. A stage-structured plant-pollinator mutualism model with the Beddington-DeAngelis functional re-
sponse is introduced and studied. Our results show that the mutual interference concerning pollinator k, does not
have an impact on the permanence and the extinction of the stage-structured plant-pollinator mutualism. However,
when the positive equilibrium is unstable, a sufficient large k, can drive the system into a globally stable. Further-
more, some sufficient cases which guarantee the permanence of the system are obtained. The local stability of the
system is discussed by the sign of eigenvalue. Finally, we analyze the global stability of the system via iterative
methods.
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1. Introduction

The Beddington-DeAngelis functional response represents a positive effect of the pollina-
tors on the plants. Beddington [1] and DeAngelis and Goldstein [2] recently proposed the
Beddington-DeAngelis functional response, which has been widely studied, see [1]-[5] and the
references therein. Recently, Chen, Chen and Huang [6] proposed and studied a two species
non-autonomous competitive phytoplankton system with the Beddington-DeAngelis functional
response and the effect of toxic substances. Particularly, sufficient conditions which guarantee

the extinction of a species and global attractivity of the other one are obtained. In [7], Han, Xie
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and Chen analyzed the permanence, extinction and globally attractive of the mutualism model in
the plant-pollinator system with the Beddington-DeAngelis functional response. In [8], Chen,
Chen and Shi investigated the stability of the boundary solution of a nonautonomous predator-
prey model with the Beddington-DeAngelis functional response, which reflects the dynamics
of interacting predators and prey in a fluctuating environment. In [9], Xiao studied the unique-
ness of positive equilibriums and its global asymptotic stability. The existence of limit cycles
is also obtained when inference parameter of predator is small. In [10], Chen and You studied
the permanence, extinction and periodic solutions of the periodic predator-prey system with the
Beddington-DeAngelis functional response and the stage structure for prey. According to the
dynamics of the models with properties of the evolutionary games, Wang, Wu and Sun [11]
analyzed the mechanisms by which the pollination mutualism could persist in the presence of
nectar robbers. They investigated the interactions between pollinators, nectar robbers, defensive
plants and non-defensive plants. They also used the Beddington-DeAngelis functional response

to describe the plant-pollinator interaction and assumed that the relationship is not obligate.

| any(t)
x(t) = X@)(’”l_dlx—'—1—|—a)cl(i)—i-by(t)>7

a21x(l) >
1 +ax(t)+by(t)/)’

(1.1)

¥ = yo)(-r+

where x and y represent non-defensive plants and pollinators densities, ry is the intrinsic growth
rate of the plants, rp is the mortality rate of pollinators, d; is their environmental capacity
without visitors, aj; is the efficiency of the mutual transformation between pollinators and
plants, a; is the corresponding value of pollinators. They analyzed the global stability of the
system and proved that there is no periodic orbit in the system.

In [12], Li, Han and Chen studied the global stability of the equilibrium based on iterative

methods.
X1(1) = rixp(t) —dx(t) —rie xa(t — 1),
X2(t) = rie x(t — 1) —bxl (1) — %, (1.2)
. B axy(t)
0 = 0(r- i)

where x; (), x2(¢) and y(¢) denote functions of time concerning population densities of im-
mature prey, mature prey and predator, r; can be regarded as the birth rate of the immature
population, d is the death rate of the immature population, %% denotes the surviving rate of

immaturity to reach maturity. In [12], all the conclusions of the model did not consider the state
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during the life histories of plants. This is not realistic. In this paper, we, based on model (1.1),

follow interest with the stage structure for plants

xi(t) = oxpu(t) —yxi(t) — ae x,(t — 1),

An(t) = oe Vx,(t—1) — B2 () + T ijcC:((tt)))—)k(tk)gy(t) ,

. B nmxy(t)y(t)

Y = T k() + hoy() P

xi(0) = @i(t), xn(0) = P(t),¥(0) = @(t), —T <0 <0, x; >0, x,,(0) >0, y(0) >0,

(1.3)

where x;(), x,(t), y(¢) can be described as the immature and mature plants densities, the pol-
linators densities at time 7. System (1.3) satisfies the following conditions: (1) The per capita
birth rate of the immature population is ¢ > 0. The per capita death rate of the immature pop-
ulation is ¥ > 0. The per capita death rate of the mature plants is proportional to the current
mature plants population with a proportionality constant § > 0, T > 0 is the length of time
from birth to maturity e~ 7" denotes the surviving rate of immaturity to reach maturity, m can
be regarded as the plants’ efficiency of mutual transformation between pollinators and plants,
nm represents the corresponding value for the pollinators. For the continuity of the solutions to

system (1.3), we require
0
x(0) = / ate P Gy (s)ds. (1.4)
—T
From the first equation of system (1.3), the initial conditions (1.4) and the arguments similar to

Lemma 3.1 in [13], we obtain

t
xi(t) = / oe ") x,(5)ds. (1.5)
—7
Hence, we only need to analyse the last two equations in (1.3)
. mxm (1)y(t)
1) = e "? n

. nmxn(t)y(t)

) = —dy(t), (1.6)
M= 0 a0

in(0) = 0m(8)>0,9(8)=0(t), —7 < 0 < 0, x,(0) >0, y(0) > 0.

2. Permanence of the system

To investigate the persistent property of the system, we need the following lemmas.
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Lemma 2.1. [14] Consider the following equation:
X(t) = ax(t — ©) — bx(t) — cx’(t),

where a,c,T>0,b>0,and x(t) > 0, for —t<t<0.

(1)If a> b, then lim x(r) = (a=b)

(2) If a < b, then tli_>m x(t)=0.

o

Lemma 2.2. [15] Consider the following equation:

%(t) = ax(t — 7) +bx(t) — ex?(t),

b
where a, b, c, T > 0and x(t) > 0, for — 1< t< 0. We obtain tlex(t) _at :
00 c

Putting T = 0 in Theorem 4.9.1 of ([16], pp.159), we directly get the following.

Lemma 2.3.
nmMy(t)

(1) = —dy(t).
The coefficients of the above system are positive constants.
—kid)M—d
(1) If (nm—kyd)M > d, then lim y(r) = (nm = kid) =N

kod
(2) If (nm — ki d)M < d, then }Lmy(t) =0.

(2.1)

(2.2)

Lemma 2.4. Assume ¢(6) > 0 is continuous on 0€[—1,0], x,,(0), y(0) > 0. Then the solutions

of system (1.6) satisfies all x,,(t), y(t) > 0 fort > 0.

Theorem 2.5. If mn > kid, then all solutions of system (1.6) are bounded on Q.

Q = {(5nl0),y(0) s xnt) < My ¥(1) < Mo},

Proof. Using the first equation of system (1.6), we get

- B m()y(1)
() < aelYx,(t—1)— x,znt +w.
g (1)~ B () + " T
Consider the following equations
ut) = ae' Vf)xm t—7T x,%1 t)+ mxm(t)y(t), t>0,
) (1) = Blo) + " T 12

(2.4)

(2.5)



A STAGE-STRUCTURED PLANT-POLLINATOR MUTUALISM MODEL 5

P
It follows the Lemma 2.2 that u* = lim u(r) = TZ We also can obtain 0 < x,,(f) <
u(t), t > 0. Hence,
m
oe T4 —
limsupx,(r) < —kz, (2.6)
100 B
that is, for any € > 0 sufficiently small, there exists 7}° > 0 such that
oe T+ kﬁ
xm(t) < TZ +e2M, 1 >Ty.
Substituting M into the second equation of system (1.6), we obtain
_ nmM1y(t)
t —dy(t). 2.7
ARSI 27
Consider the following equations
. nmMy(t)
ut) = —————————dy(t).
) kiMy + koy(t) )
—kid)M
From the comparison principle, we obtain u* = tli_>m u(t) = W We also can get
o 2
0 <y(t) <u(t),t > T;". Hence,
—kid)M
limsupy(r) < M=KidMi (2.8)
[—yoo kzd

that is, for any € > 0 sufficiently small, there exists 75" > T;" > 0 such that

(nm — ki d)M,

od +eEMy, t > T5.

y(t)

Theorem 2.6. Suppose that the coefficients of the system (1.6) satisfies (nm —kyd)m; > d. Then
oe T

B

Proof. Using the first equation of system (1.6), we get

system (1.6) is permanent, where m; =

Am(t) > e x,(t — 1) — Bad,(1). (2.9)

Consider the following equations
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It follows the Lemma 2.1 that u* = tlim u(t) = eB . We also can get 0 < u(t) < x,(t), t > 0.
—yo0
Hence,
oe T
liminfx,(t) > >0, (2.10)

o0 - B

that is, for any € > O sufficiently small, there exists T > 0 such that

oe 7t -
xm(t) ¢ —Sémh t>Ti.
B
Substituting m; into the second equation of system (1.6), we obtain
. nmmyy(t) —_
t —dy(t), t > Ty. 2.11
) > e ), > Th @.11)
Consider the following equations
] nmmyy(t) —
ult) = —dy(t), t > Ty,
®) 1+ kymy + kpy(t) y() !

u(t) = o), —1<t<0.

—kid)my —d
It follows the Lemma 2.3 that u* = lim u(z) = (m — kyd)m,
f—o0 kod

y(t), t > T;. Hence, for any € > 0 sufficiently small, there exists T > T > 0 such that

. We can also get 0 < u(z) <

(nm—kid)m) —d ,

lilrgglfy(t) > iod S my > 0. (2.12)
In view of (2.6), (2.8), (2.10) and (2.12), we obtain that m; < liln_1>infxm(t) < limsupx,(t) < M,
©° t—ro0

and my < litrninf y(t) <limsupy(t) < M,. This completes the proof.
e f—o0
3. Stability of equilibria

First, according to the equations of system (1.6), we can obtain three nonnegative equilibrium
oe 7t
points Py(0,0), Pi(—5—,0) and P»(x},,y*). Here x,, y* are the unique positive equilibrium

m

point of system (1.6) and satisfy the following equations

-yt 2 MXmy -0
mxyy(t)
—— —dy=0. 3.2
1+ kixp + koy Y ( )

From system (3.2), we obtain that

d(1+kyy*)
P 7 3.3
m mn —kid (3:3)
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Substituting x};, into system (3.1), we obtain

A(y*)z—By*—C:O, (3.4)
where
4 ndfk3 _ae Thon  2pdlon
(mn—kid)?"~  mn—kd (mn—kd)?
c — oe ""n(mn —kid) — Bdn

(mn—kid)?
Therefore, the unique positive equilibrium point P, exists if C > 0, which is equivalent to the

following equation
ae "*(mn—kid)— Bd > 0. (3.5)
By solving inequality (3.5), we get

nmoe” 17

d< ———. 3.6
= B-+kioe= 7" (3.6)
u the uni . Libri it P exists if d nmoe '*
ence, the unique positive equilibrium point P, exists if d < W.
Theorem 3.1. The equilibrium point Py is unstable.
Proof. The varitional matrix of system (1.6) at the equilibrium point F is
a e—(‘}’-i—l)l’ 0
V(R) =
0 —d
We can obtain the characteristic equation at equilibrium point P
F(A)=(A— ae*(Hl)f)(?L +d)=0. (3.7)

Since F(0) = —dae " <0 and F (+o0) = oo, one finds that F(A) = 0 has at least one positive

solution and P is unstable.
Clearly, one positive eigenvalue is A = —d. Hence equilibrium point P is a saddle point.

Theorem 3.2. The equilibrium point Py is

nmaoe” 1"
(1) unstable assume that d < W’
ae 7"
(2) linearly neutrally stable assume d = %,

nmoe” 17

(3) locally asymptotically stable assume d > W.
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Proof. The variational matrix of system (1.6) at the equilibrium point P; is

oAt _ogere  _M¥e T
B+kioe=1*
ViR = nmoe”1*
0 B
/3—}-](1 e 1T

We can obtain the characteristic equation at the equilibrium point Py

nmoe” 17
B+kioe= 1t

The solutions of characteristic equation at point P; are given by

F(A) = (A —ae~ )7 4 200 YT) (A +d — ) =0. (3.8)

A —ae AT L oge 1T =0, (3.9)
nmote "

MN=A——"" _4+d=0. 3.10

G( ) ﬁ—f—kl Qe 7T + ( )

The equation (3.9) implies ReA < 0. We prove it by contradiction. Letting ReA > 0, we obtain

Red = o "Pe ReMTcos(ImA)t — 207"
(3.11)
< ae V" -2ae 7" <0.
It is a contradiction. Hence, ReAd < 0.

Next, we consider equation (3.10).

-t -t
(1) Assumed d < %. Then G(0) =d — % < 0, G(+00) = oo. Therefore,
1xe 10te
G(A) = 0 has at least a positive root and P; is unstable.
oe 1t
(2) Asd = %, G(0) = 0 implies that A = 0 is a root of G(A) = 0. Furthermore,
1xe

since G(A) = 1, we obtain G(0) > 0. So A = 0 is a simple root. Hence equilibrium point P; is

locally asymptotically stable.

nmoe 17 nmoe” 17
3)S dthatd > ———. Then A = ——— —
(3) Supposed tha B+kioe 7" en B+kiote 7"

To prove equilibrium point P; is locally asymptotically stable, we need to use the following

d <0.

lemma.

Lemma 3.3. (see [17]) The necessary and sufficient conditions for equilibrium point P, to be
asymptotically stable for T > 0 as the following

(1) The real parts of all the eigenvalue are negative in F(A,0) = 0.

(2) For all real b and T > 0, F(ib,T) # 0, where i = v/—1.

Theorem 3.4. Assume that kyote™"" > m. Then equilibrium point P, is locally asymptotically
stable.
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Proof. The variational matrix of system (1.6) at the equilibrium point P; is

ae AT _2Bx* + A As

V(Pz) - )
nA1 nA2 —d
where A; = my” (1+ k2y") and Ay = (14 kixy,) . We can have characteristic equa-
(1+kyx, + koy*)? (1 +kix;, +kay*)?

tion at the equilibrium point P

F(ALT) = A24AP(D)+R(T)+(A0i(1)+ Qo())e T =0.  (3.12)
PI(T) = ZBXL—Al—nA2+d,
Py(t) = (2Bx, —A1)(d—nAz) —nA Ay,
(3.13)
QI(T> = _aei}q:
Qo(t) = —ae 7" (d—nAy).
First, we prove
Po(T) + Qo(7) # 0, (3.14)
which implies that A = 0 cannot be a root of equation (3.12) for any t€l = [0,7*), where
Tt — lln Oc(mn—kld)

dp ’
Po(T)+Q0(’L’) = (2ﬁx;kn—A1)(d—nA2)—nAlAz—ae_W(d—nAz)
— (2B, — ce ") (d — ndy) — dA,

2my* )(1 1 + ki),
1+ kyx}, 4 koy* 1+ kyx}, 4 koy*
_ ( oe "Tkyy* koniy*? my* >

= (ae 7"+ )d —Ad

1+ kixs, +koy*  (1+kixt, +koy*)2 (1 +kyxt, + koy*)?
dy*
(1 +kyx, + koy*)?

B [O‘e_”kz(l +kixy, +koy") +koy* —m
Since kyae " > m, we have ace™ "k (1 + kX, + koy*) + koy* —m > 0. It follows that
Py(T)+ Qo(7) >0, tel =[0,7"), (3.15)

that is, A = 0 is not a root of (3.12). Next, we consider the following steps. (1) From equation
(3.12), we have

F(A,0) = A%+ A(Pi(0)+01(0))+ (P(0) + Q0(0)) = 0. (3.16)



10 T. LL F. CHEN, J. CHEN, Q. LIN

We consider the sign of P;(0) +Q1(0) and Py(0) +Q0(0). Since Py(7)+Qo(7) >0as 7€ [0,77),
one has Py(0) + Qo(0) > 0,

2my*
P0)+01(0) = (1+k1x*y+k2y*+2a)—A1—nA2+d—a
m
2my* my* (1 + kpy*)

1+ kixg, +koy* (1+kixi, + koy*)?
nmxy, (14 kix,)
- +d+2a—-a
(1 +k1x}, +k2y*)2

> 0.

Since P;(0) + Q;1(0) > 0, Py(0) + Qo(0) > 0, one sees that the all roots of equation (3.16) are
negative real parts. Hence, equilibrium point P is locally asymptotically stable at T = 0. (2)
We consider F(ib,T) # 0, for real b. If b =0, then F(0,7) = Py(7) + Qo(7) > 0. If b # 0, then

system (3.12) does not have the positive real roots. Note that

F(ib,t) = —b*+ibPi(T)+Py(7)+ (ibQ1(T)+ Qo(7))(cosbt —isinbT) =0,
F(ib,t) = Fg(ib,7)+iF(ib,7),
Fr(ib,7) = —b>+Py(t)+bQ;(7)sinbt+ Qy(7)cosbt =0,

Fi(ib,t) = bP(T)+bQ;(T)cosbt — Qo(7)sinbt = 0.
It follows that F(b,T) = b* +A(7)b* + B(1) = 0, A(1) = —2Py(7) + P? (1) — Q3(7) B(7) =
Fy(7) — Q5(7).

P()(T) — Q()(T) = (2[3)6;:1 —Al)(d - nAz) —nA1Ar + OCe_yT(d — nAz)

= (2Bx),+ae ") (d —nAy) —dA,

2my* 1+kix;
= |Bae "+ - y —A]d
( 1+k1x;;1+k2y*)( 1+k1x;<n+k2y*) !
2my* 1+kix;
= Boe "+ 1-— L d
( 1+ kx4 koy* A 1 4 kx5, —|—k2y*)
~ my*(14+koy")
(1 +kixgy +koy*)?
B ( 3ae Tkyy* koymy’? )d
T\ Hkgxt +ky* (14 kixt, +koy*)?
(e )
1+ kyx, + kzy*)
dy*

— [3ae "k (1 + kix* +koy*) + & *—m} .
|: 2( Am 2y> 2y (1+k1x,’;1+kzy*)2
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This implies that Py(7) — Qo (7) > 0. Note that B(7) = 5 () — Q% () = (Po(7) — Qo(7)) (Po(7) +
Qo(7)). It follows from (3.15) that Py(7) + Qo(7) > 0,Py(7) 4+ Qo(7) > 0. Therefore, we can
obtain B(7) > 0. Next, we judge the sign of A(7)

A(t) = —2(2Bdx:, —2BnAsrxi, —dA;) + (2Bdx:, — A; —nAy +d)? — a?e 27"
= —4Bdx’, + (2Bx:, +d)? +4BnArxt, +2Ad
+(nAy +A1)? —2(2Bx;, +d) (A1 +nAy) — a2e 27"
= (2Bx})? —a?e T +d?> + (nAy +Ay)? —2dnA; — 4BA L,

2my* 2my* (1 + koy*
_ 2ﬁx;kn( ny _ amy (1+koy™) +aeyr>
1+ kixt, +kyy* (14 kixs, +koy*)2

+ae?® (2Bxk, — ae?®) + (nAy — d)? + AT +2nA A,
> 0.

Therefore, F(b,7) # 0 for any real b. Using Lemma 3.3, we obtain equilibrium point P is

locally asymptotically stable. This completes the proof.
4. Global attractivity

In this Section, we investigate the global Stability of equilibrium point P; and P,. To prove

the results, we need to the following lemma.

Lemma 4.1. Consider the following equation:

=ae 080 0

where o, B, m, ki, ko >0 and v(0) >0, for— 1< 0< 0. System (4.1) has a single positive root
kyoe 1" — B—kyyoB++/ (ke 1" + B+kayoB)* + 4B kimyo

limv(t) =

t—oo 2k1ﬁ
Proof. From system (4.1), we obtain that
t
ae "(t — 1) — Bv3(t) < v(t) < e Y(t — 1) — Bv3(t) + %()
2

It follows from Lemma 2.1, Lemma 2.2 and the comparison principle, for € > 0 sufficiently
small that there exists 77 > O such that

Oce_w—i—kﬂ
—e<v(t) < ————2+e=7. t >T.

B

oe T
Vl =

B B
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Substituting v; and v; into system (4.1), we have

myov(t)
1+ kv +kayo

myov(t)
1+kiv +hoyo

v(t) > ae Vv(t — 1) — Bv2(t) +

v(t) < ae Y(t — 1) — Bv3(t) +

It follows from Lemma 2.2 and the comparison principle for the above € > 0 sufficiently small

that there exists 7> > T > 0 such that

- myo
oe T+ -
W(t) > 1+ kv +kayo —e—,
B
_ myo
oe T4
1+k k
v(t) < Tan T .5,

B

Hence, we obtain that v; < v, < v(f) <V| <V, t > T,. By repeating the above steps, we obtain
that 0 < v; <wvy < -+ <y, <V(t) <V, < -+ <V < V. In view of the monotone bounded

theorem, we obtain that the limit of {v,}> |, {V,}_, exist. Putv = tlim vp and v = limy,,
—>00

Ay
where
_ nyo
oe "+
. 1+kiv,—1 +kyyo
v, = —€.
B
_ myo
oe T+
1+kv,_,+k

B

Then we have v, — €< v(f) <V, + € ast — 0. It follows that v=v =v

rr—B—- -7 244
o }Lmv@:klae B k2y0ﬁ+\/(k12(zeﬁ + B-tkayoB)? + 4Bkumyo
= 1

*

This completes the proof.

Theorem 4.2. Assume that mn < kid. Then equilibrium point P; is globally asymptotically

stable.

Proof. Note that P is locally asymptotically stable. Next, we only need to show the globally

asymptotically stable. From system (1.6), we obtain

(hey o= (3 2o

In view of mn < kjd, we can get y(t) — 0 as t — . Therefore, for any sufficiently small

positive number &, there exists a ¢ such that y(t) < € as t > te. From the first equation of

system (1.6), we get X, < o Yx,, (t — T) — Bx2,(¢) + mx,(¢)€. Tt follows the Lemma 2.2 that
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. oe "+ me ,
u' = thm u(t)= — 5 We also get 0 < x,, <u(t), t > 0. Hence, for any € > 0 sufficiently
—oo0
small, there exists 7;" > 0 such that
ae " +me
X ge TIME e > Ty
B

On the other hand, one has X, (t) > ae™ ""x,,(t — ) — Bx2 (). It follows the Lemma 2.1 that
ut = tli_>m u(t) = eﬁ . We also get 0 < u(t) < xu(t), t > 0. Hence, for any € > 0 sufficiently

oe " oe "
small, there exists 7" > T;" > 0 such that x,,, > B €. Hence, one has tlim xm (1) = 5

—>00

oe 7"
and llim (xm(2),y(1)) = ( eﬁ ,0). This proof is completed.
—oo
m(nm —kid) —_— . : :
Theorem 4.3. If 1 — W > 0, then equilibrium point P, is globally attractive.
2
Proof. Using the first equation of system (1.6), we obtain x,,(t) < ot ""x,,(r — 7) — Bx2 (1) +
m(l . . . .
min ) Using Lemma 2.2 and the comparison theorem, we obtain that there exists a 77 > 0
2
such that
oe 7T+ kﬂ
xm(t) < — 2 +E=u.
B
It follows from system (1.6) that
) < ) sy
Y 1 4kup +koy(t) Y b= A

By comparison theorem and Lemma 2.3, we obtain that there exists a 7> > 77 > 0 such that
(nm — kld)ﬁl —d

y(t) < d + & = ¥;. Using the first equation of system (1.6), we get that x,, >
2
o ""x(t — T) — Bx2,(t). Using the comparison theorem and Lemma 2.1, we conclude there
oe 7t

exists a T3 > T» + T > 0 such that x,,, (1) > eﬁ — € = u;. Using the second equation of system
(1.6), we have

. nmuy (1)

t) > —dy, t > T;.
3(0) 1+ kjuy +koy(t) Yh=13

From the comparison theorem and Lemma 2.3, one sees that there exists a 7y > T3 > 0 such that

—kid)u, —d
y(r) > o kld)ﬂl —e=v, 12Ty
2

ae 7t
(nm—kid)u, —d e B
- kod kod

(nm—kyd)(

—&)—d
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According to the hypothesis condition, we have v; > 0, for sufficiently small € > 0. Using the
first equation of system (1.6) again, we get

mv X, (t)
1+ klxm(t) +kovy

Applying Lemma 4.1 and the comparison theorem, we obtain that there exists a 7s > T4+ 7 > 0

in(t) < ote am(t — ) — Bl (1) +

such that x,,(t) < z* + € = iip, where

. kiae™"" — B—kov1 B++/ (ki e YT + B-+kyvi B)2 + 4B kymv,

© = 2k B
By the simple computation, we get u; < up. Using the second equation of system (1.6) again,
: o nmiizy(t) : :
we get the following equation y(7) < —dyt > Ts. By using the comparison
g geq y()_1+k1ﬁ2+kzy(t) yt > Ts. By using P

theorem and Lemma 2.3, there exists a T > T5 > 0 such that

3(0) (nm—k\d)up —d

+e=vy, t > Tp.

kod
For upy < u;, we obtain v, < vy. Taking v, into the first equation of system (1.6), we find that
_ my X, (t)
in(1) > ae Txy(t — 1) — Bx2 (¢ Sl .

Applying the comparison theorem and Lemma 4.1, we conclude there exists a 77 > T+ 7 > 0
such that x,,(t) > z] — € = u,, where
oo kiae™"" — B—kov, B++/ (kiae VT + B-+kov, B)2 + 4B kymy,
1 — .
2k1B

Using the second equation of system (1.6), we obtain

. nmuyy(t)
t >
y(t) 1+ kyuy + koy(t)

Using the comparison theorem and Lemma 2.3, there exists a 7g > 77 > 0 such that

—kid —d
y(t) > (nm kld)ﬂz —e=v,, t > T
2

—dy, t > Ty.

It follows that
O<u; <y <<y <xp(t)<u, <---<up <uy,

0<y <y <<y, <Y(t) <V < -+ <V < V.

Hence, the limits of {u,}> |, {u,}r_;,{v,}r, and {v,}_, exist. Putting u = }iﬁm Uy v=

limv,, u = limu, and y = limy,, one see that u > u and v > v. Next, we only need to prov
t—oo T {0 Tt - -

u =u and v = . According to the relationship between u, and v,, we see that

(nm —kd) (i, —u,)

— = 2€.
- kod +
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From the definitions of u, and u,, we find that

kiae™"" — B—kav,B++/ (kiae V" + B-+kav,B)2 + 4B kymv,

ﬁn—H _ﬂn+1 = 2k]B
kioe™ 7" — B—kov, B++/ (ki cte V" + B+kov, B)? + 4B kimy, Loe
2k B
kv, — V) N (ki7" + B+kyv, B)2 + 4B kymv,
- 2k 2kip
—YT 2 4
_V(kioe 7+ Bk, B)2 4+ 4Bkimy,
2k B
- ka(v,, — V) N 4Bkym(v, —v,)
2k Zﬁkl (2/{1 e 77+2B+k2(v )B)
[2k1 (Xe‘”—i—Zﬁ—f—kz(T/n +v )ﬁ]( -V )Bkz P
2[3/{1 (2k1 oe~ 7’7+2B+k2(vn—|—v ) )
< 2m(vn _Zn)
(2k10e™ 7" +2B+ks (Vn+v,)B)
< —m(v”ﬁ_ ) | og.
Taking the limit on both sides of the inequality and letting n — oo, we obtain that
_ m(nm—kyd)(u—u) 2me
u—u < — + +2¢,
N kod B
m(nm—kid), ,_ 2me
l—-——)(u—u) < ——+2
—kid —kid
In view of 1 — m(nm — kid) >0, we have u =u, and v=y. If 1 mnm — kid) > 0, then

kodPp B T kdp
equilibrium point P; is globally attractive. This completes the proof.

5. Numerical simulations

The following examples demonstrate the feasibility of main results.

Example 5.1. Consider the following system

Xm (1)y(t)
1+ x(1) +6y(2)’

im(t) = 66(*2'5)xm(t—5)—x,2n(t)+

0.8, (¢)y(t)
1+ (1) 4+ 6y(

) = (),
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wherex =6,y=0.5,=1,kj=1,d=1,ky=6,7=5,m=1,n=0.8. By computation, one
sees that nm —kyd = 0.8% 1 —1x1 = —0.2 <0, ae ""(mn—kid) — Bd = 6% =2 (—0.2) —

1 %1 < 0, which satisfies the conditions of Theorem 4.2.

o
=

O
a
/’ /'/ — ==X
0.4/ / y
/
!
03} /

solution
o
N}

o

S
2

20 40 60 80 100 120 140 160 180 200
time t

o

— '}/T

FIGURE 1. The boundary equilibrium P ( ,0) of system (1.6) with the ini-

tial conditions (x,,(0),y(0))=(0.1,0.5),(0.6,0.05) and (0.3,0.6) for -5 <6< 0
is globally asymptotically stable.

o
©
1

o
3

solution
o o o o
w = [5,] (2]

o
N}

o

[

"~
A
w

\ \ \ \ \ \ \ \ )
0 20 40 60 80 100 120 140 160 180 200
time t

FIGURE 2. The unique positive equilibrium P»(x,,y*) of system (1.1) with the
initial conditions (x,,,(6),y(0))=(1.1,0.25),(0.6,0.05), and (0.5,0.01) for —5 <
0< 0 is globally asymptotically stable.
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Example 5.2. Consider the following system

Xm(t) = 10023y, (1 —5) — 1.2x% (1) + 1 _f_izn(l[()t)_z(lt())y(t)’
| 0.95m(1)3(1)
y(t) 1+ x,(2) +10y(2) —08(0),

where & = 10,y =058 =1.2,k; = 1,d = 0.8, ko = 10,7 =5,m = 3,n = 0.9. By com-
oe 7" (2.7—0.8)10% e(~23)

—d = 12 —0.8=0.499 > 0 and

putation, one sees that (mn — k;d)

_ m(nm—kid) _1 3%1.9

kodB  10%0.8x1.2
conditions of the Theorem 4.3.

1 = 0.406 > 0, which implies the above values satisfy the

6. Conclusion

In this paper, we study plant-pollinator system (1.6) of the Beddington-DeAngelis type func-
tional response with stage structure on plant, which is an extension of plant-pollination system
analyzed by Wang, Wu and Sun [11]. We give the sufficient conditions for the permanence and

extinction of system (1.6) and the sufficient conditions for the global stability of the coexistence
omne 1*
—>d
kioe=yt+
, mn , oe 7t
holds. Assumed that system (1.6) satisfies o < d. Then tl;m (xm(2),y(1)) = (T,O). Our

1
conclusions show that the pollinator coexists with plant permanently if pollinators recruitment

equilibrium. We also proved that system (1.6) is permanent if condition

rate at the peak of plant abundance is larger than its mortality rate and that the pollinator goes
extinct if pollinator highest recruitment rate is less than its mortality rate. Furthermore, these
conditions show that the mutual interference concerning pollinator k, does not have an impact
on the permanence and the extinction of system (1.6). But a sufficient large the mortality rate
of the immature plant can destroy the permanent condition make the pollinator become extinc-
tion. Next, we will further study the impact of pollinator interference k, on the system. In view

—kid
of the condition M

< ky of Theorem 4.3, we get interesting conclusions when the
positive equilibrium P is unstable. A sufficient large k, can drive the system into a globally
asymptotically stable and the increase of structure in the plant population does not change the

qualitative dynamics of system (1.6).
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