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STABILITY OF A STAGE-STRUCTURED PLANT-POLLINATOR MUTUALISM
MODEL WITH THE BEDDINGTON-DEANGELIS FUNCTIONAL RESPONSE

TINGTING LI, FENGDE CHEN∗, JINHUANG CHEN, QIAOXIA LIN

College of Mathematics and Computer Science, Fuzhou University, Fuzhou 350002, Fujian, China

Abstract. A stage-structured plant-pollinator mutualism model with the Beddington-DeAngelis functional re-

sponse is introduced and studied. Our results show that the mutual interference concerning pollinator k2 does not

have an impact on the permanence and the extinction of the stage-structured plant-pollinator mutualism. However,

when the positive equilibrium is unstable, a sufficient large k2 can drive the system into a globally stable. Further-

more, some sufficient cases which guarantee the permanence of the system are obtained. The local stability of the

system is discussed by the sign of eigenvalue. Finally, we analyze the global stability of the system via iterative

methods.
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1. Introduction

The Beddington-DeAngelis functional response represents a positive effect of the pollina-

tors on the plants. Beddington [1] and DeAngelis and Goldstein [2] recently proposed the

Beddington-DeAngelis functional response, which has been widely studied, see [1]-[5] and the

references therein. Recently, Chen, Chen and Huang [6] proposed and studied a two species

non-autonomous competitive phytoplankton system with the Beddington-DeAngelis functional

response and the effect of toxic substances. Particularly, sufficient conditions which guarantee

the extinction of a species and global attractivity of the other one are obtained. In [7], Han, Xie
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and Chen analyzed the permanence, extinction and globally attractive of the mutualism model in

the plant-pollinator system with the Beddington-DeAngelis functional response. In [8], Chen,

Chen and Shi investigated the stability of the boundary solution of a nonautonomous predator-

prey model with the Beddington-DeAngelis functional response, which reflects the dynamics

of interacting predators and prey in a fluctuating environment. In [9], Xiao studied the unique-

ness of positive equilibriums and its global asymptotic stability. The existence of limit cycles

is also obtained when inference parameter of predator is small. In [10], Chen and You studied

the permanence, extinction and periodic solutions of the periodic predator-prey system with the

Beddington-DeAngelis functional response and the stage structure for prey. According to the

dynamics of the models with properties of the evolutionary games, Wang, Wu and Sun [11]

analyzed the mechanisms by which the pollination mutualism could persist in the presence of

nectar robbers. They investigated the interactions between pollinators, nectar robbers, defensive

plants and non-defensive plants. They also used the Beddington-DeAngelis functional response

to describe the plant-pollinator interaction and assumed that the relationship is not obligate.

ẋ(t) = x(t)
(

r1−d1x+
a12y(t)

1+ax(t)+by(t)

)
,

ẏ(t) = y(t)
(
− r2 +

a21x(t)
1+ax(t)+by(t)

)
,

(1.1)

where x and y represent non-defensive plants and pollinators densities, r1 is the intrinsic growth

rate of the plants, r2 is the mortality rate of pollinators, d1 is their environmental capacity

without visitors, a12 is the efficiency of the mutual transformation between pollinators and

plants, a21 is the corresponding value of pollinators. They analyzed the global stability of the

system and proved that there is no periodic orbit in the system.

In [12], Li, Han and Chen studied the global stability of the equilibrium based on iterative

methods.

ẋ1(t) = r1x2(t)−dx1(t)− r1e−dτx2(t− τ),

ẋ2(t) = r1e−dτx2(t− τ)−bx2
m(t)−

a1x2(t)y(t)
k1 + x2(t)

,

ẏ(t) = y(t)
(

r2−
a2y(t)

x2(t)+ k2

)
,

(1.2)

where x1(t), x2(t) and y(t) denote functions of time concerning population densities of im-

mature prey, mature prey and predator, r1 can be regarded as the birth rate of the immature

population, d is the death rate of the immature population, e−dτ denotes the surviving rate of

immaturity to reach maturity. In [12], all the conclusions of the model did not consider the state
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during the life histories of plants. This is not realistic. In this paper, we, based on model (1.1),

follow interest with the stage structure for plants

ẋi(t) = αxm(t)− γxi(t)−αe−γτxm(t− τ),

ẋm(t) = αe−γτxm(t− τ)−βx2
m(t)+

mxm(t)y(t)
1+ k1xm(t)+ k2y(t)

,

ẏ(t) =
nmxm(t)y(t)

1+ k1xm(t)+ k2y(t)
−dy(t),

xi(θ) = φi(t), xm(θ) = φm(t), y(θ) = ϕ(t),−τ ≤ θ < 0, xi > 0, xm(0)> 0, y(0)> 0,
(1.3)

where xi(t), xm(t), y(t) can be described as the immature and mature plants densities, the pol-

linators densities at time t. System (1.3) satisfies the following conditions: (1) The per capita

birth rate of the immature population is α > 0. The per capita death rate of the immature pop-

ulation is γ > 0. The per capita death rate of the mature plants is proportional to the current

mature plants population with a proportionality constant β > 0, τ > 0 is the length of time

from birth to maturity e−γτ denotes the surviving rate of immaturity to reach maturity, m can

be regarded as the plants’ efficiency of mutual transformation between pollinators and plants,

nm represents the corresponding value for the pollinators. For the continuity of the solutions to

system (1.3), we require

xi(0) =
∫ 0

−τ

αe−γs
φm(s)ds. (1.4)

From the first equation of system (1.3), the initial conditions (1.4) and the arguments similar to

Lemma 3.1 in [13], we obtain

xi(t) =
∫ t

t−τ

αe−γ(t−s)xm(s)ds. (1.5)

Hence, we only need to analyse the last two equations in (1.3)

ẋm(t) = αe−γτxm(t− τ)−βx2
m(t)+

mxm(t)y(t)
1+ k1xm(t)+ k2y(t)

,

ẏ(t) =
nmxm(t)y(t)

1+ k1xm(t)+ k2y(t)
−dy(t),

xm(θ) = φm(θ)≥ 0, y(θ) = ϕ(t),−τ ≤ θ < 0, xm(0)> 0, y(0)> 0.

(1.6)

2. Permanence of the system

To investigate the persistent property of the system, we need the following lemmas.
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Lemma 2.1. [14] Consider the following equation:

ẋ(t) = ax(t− τ)−bx(t)− cx2(t), (2.1)

where a, c, τ > 0, b≥ 0, and x(t)> 0, f or− τ≤ t≤ 0.

(1) If a≥ b, then lim
t→∞

x(t) =
(a−b)

c
.

(2) If a≤ b, then lim
t→∞

x(t) = 0.

Lemma 2.2. [15] Consider the following equation:

ẋ(t) = ax(t− τ)+bx(t)− cx2(t), (2.2)

where a, b, c, τ > 0 and x(t)> 0, f or− τ≤ t≤ 0. We obtain lim
t→∞

x(t) =
a+b

c
.

Putting τ = 0 in Theorem 4.9.1 of ([16], pp.159), we directly get the following.

Lemma 2.3.

ẏ(t) =
nmMy(t)

1+ k1M+ k2y(t)
−dy(t). (2.3)

The coefficients of the above system are positive constants.

(1) If (nm− k1d)M > d, then lim
t→∞

y(t) =
(nm− k1d)M−d

k2d
= N.

(2) If (nm− k1d)M ≤ d, then lim
t→∞

y(t) = 0.

Lemma 2.4. Assume φ(θ)≥ 0 is continuous on θ∈[−τ,0], xm(0), y(0)> 0. Then the solutions

of system (1.6) satisfies all xm(t), y(t)> 0 for t > 0.

Theorem 2.5. If mn > k1d, then all solutions of system (1.6) are bounded on Ω.

Ω = {(xm(t),y(t)) : xm(t)≤M1,y(t)≤M2}. (2.4)

Proof. Using the first equation of system (1.6), we get

ẋm(t) < αe(−γτ)xm(t− τ)−βx2
m(t)+

mxm(t)y(t)
k2y(t)

. (2.5)

Consider the following equations

u̇(t) = αe(−γτ)xm(t− τ)−βx2
m(t)+

mxm(t)y(t)
k2y(t)

, t ≥ 0,

u(t) = ϕ(t), −τ ≤ t ≤ 0.
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It follows the Lemma 2.2 that u∗ = lim
t→∞

u(t) =
αe−γτ +

m
k2

β
. We also can obtain 0 < xm(t) <

u(t), t > 0. Hence,

limsup
t→∞

xm(t) ≤
αe−γτ +

m
k2

β
, (2.6)

that is, for any ε > 0 sufficiently small, there exists T ∗1 > 0 such that

xm(t) <
αe−γτ +

m
k2

β
+ ε , M1, t > T ∗1 .

Substituting M1 into the second equation of system (1.6), we obtain

ẏ(t) <
nmM1y(t)

k1(M1)+ k2y(t)
−dy(t). (2.7)

Consider the following equations

u̇(t) =
nmM1y(t)

k1M1 + k2y(t)
−dy(t).

From the comparison principle, we obtain u∗ = lim
t→∞

u(t) =
(nm− k1d)M1

k2d
. We also can get

0 < y(t)< u(t), t > T ∗1 . Hence,

limsup
t→∞

y(t) ≤ (nm− k1d)M1

k2d
, (2.8)

that is, for any ε > 0 sufficiently small, there exists T ∗2 > T ∗1 > 0 such that

y(t) <
(nm− k1d)M1

k2d
+ ε , M2, t > T ∗2 .

Theorem 2.6. Suppose that the coefficients of the system (1.6) satisfies (nm−k1d)m1 > d. Then

system (1.6) is permanent, where m1 =
αe−γτ

β
.

Proof. Using the first equation of system (1.6), we get

ẋm(t) > αe(−γτ)xm(t− τ)−βx2
m(t). (2.9)

Consider the following equations

u̇(t) = αe(−γτ)xm(t− τ)−βx2
m(t), t ≥ 0,

u(t) = ϕ(t), −τ ≤ t ≤ 0.
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It follows the Lemma 2.1 that u∗ = lim
t→∞

u(t) =
αe−γτ

β
. We also can get 0 < u(t)< xm(t), t > 0.

Hence,

liminf
t→∞

xm(t) ≥
αe−γτ

β
> 0, (2.10)

that is, for any ε > 0 sufficiently small, there exists T 1 > 0 such that

xm(t) >
αe−γτ

β
− ε , m1, t > T 1.

Substituting m1 into the second equation of system (1.6), we obtain

ẏ(t) >
nmm1y(t)

1+ k1m1 + k2y(t)
−dy(t), t > T 1. (2.11)

Consider the following equations

u̇(t) =
nmm1y(t)

1+ k1m1 + k2y(t)
−dy(t), t > T 1,

u(t) = ϕ(t), −τ ≤ t ≤ 0.

It follows the Lemma 2.3 that u∗ = lim
t→∞

u(t) =
(nm− k1d)m1−d

k2d
. We can also get 0 < u(t) <

y(t), t > T 1. Hence, for any ε > 0 sufficiently small, there exists T 2 > T 1 > 0 such that

liminf
t→∞

y(t) ≥ (nm− k1d)m1−d
k2d

, m2 > 0. (2.12)

In view of (2.6), (2.8), (2.10) and (2.12), we obtain that m1 ≤ liminf
t→∞

xm(t)≤ limsup
t→∞

xm(t)≤M1

and m2 ≤ liminf
t→∞

y(t)≤ limsup
t→∞

y(t)≤M2. This completes the proof.

3. Stability of equilibria

First, according to the equations of system (1.6), we can obtain three nonnegative equilibrium

points P0(0,0), P1(
αe−γτ

β
,0) and P2(x∗m,y

∗). Here x∗m, y∗ are the unique positive equilibrium

point of system (1.6) and satisfy the following equations

αe−γτxm−β (xm)
2 +

mxmy
1+ k1xm + k2y

= 0, (3.1)

mxmy(t)
1+ k1xm + k2y

−dy = 0. (3.2)

From system (3.2), we obtain that

x∗m =
d(1+ k2y∗)
mn− k1d

. (3.3)
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Substituting x∗m into system (3.1), we obtain

A
(
y∗
)2−By∗−C = 0, (3.4)

where

A =
ndβk2

2
(mn− k1d)2 ,B =

αe−γτk2n
mn− k1d

− 2βdk2n
(mn− k1d)2 +1,

C =
αe−γτn(mn− k1d)−βdn

(mn− k1d)2 .

Therefore, the unique positive equilibrium point P2 exists if C > 0, which is equivalent to the

following equation

αe−γτ(mn− k1d)−βd > 0. (3.5)

By solving inequality (3.5), we get

d <
nmαe−γτ

β+k1αe−γτ
. (3.6)

Hence, the unique positive equilibrium point P2 exists if d <
nmαe−γτ

β+k1αe−γτ
.

Theorem 3.1. The equilibrium point P0 is unstable.

Proof. The varitional matrix of system (1.6) at the equilibrium point P0 is

V (P0) =

 αe−(γ+λ )τ 0

0 −d

 .
We can obtain the characteristic equation at equilibrium point P0

F(λ ) = (λ −αe−(γ+λ )τ)(λ +d) = 0. (3.7)

Since F(0) =−dαe−γτ < 0 and F(+∞) =+∞, one finds that F(λ ) = 0 has at least one positive

solution and P0 is unstable.

Clearly, one positive eigenvalue is λ =−d. Hence equilibrium point P0 is a saddle point.

Theorem 3.2. The equilibrium point P1 is

(1) unstable assume that d <
nmαe−γτ

β+k1αe−γτ
,

(2) linearly neutrally stable assume d =
nmαe−γτ

β+k1αe−γτ
,

(3) locally asymptotically stable assume d >
nmαe−γτ

β+k1αe−γτ
.
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Proof. The variational matrix of system (1.6) at the equilibrium point P1 is

V (P1) =

 αe−(γ+λ )τ −2αe−γτ
mαe−γτ

β+k1αe−γτ

0
nmαe−γτ

β+k1αe−γτ
−d

 .

We can obtain the characteristic equation at the equilibrium point P1

F(λ ) = (λ −αe−(γ+λ )τ +2αe−γτ)(λ +d− nmαe−γτ

β+k1αe−γτ
) = 0. (3.8)

The solutions of characteristic equation at point P1 are given by

λ −αe−(γ+λ )τ +2αe−γτ = 0, (3.9)

G(λ ) = λ − nmαe−γτ

β+k1αe−γτ
+d = 0. (3.10)

The equation (3.9) implies Reλ < 0. We prove it by contradiction. Letting Reλ ≥ 0, we obtain

Reλ = αe−γτe−Re(λ )τ cos(Imλ )τ−2αe−γτ

≤ αe−γτ −2αe−γτ < 0.
(3.11)

It is a contradiction. Hence, Reλ < 0.

Next, we consider equation (3.10).

(1) Assumed d <
nmαe−γτ

β+k1αe−γτ
. Then G(0) = d− nmαe−γτ

β+k1αe−γτ
< 0, G(+∞) = ∞. Therefore,

G(λ ) = 0 has at least a positive root and P1 is unstable.

(2) As d =
nmαe−γτ

β+k1αe−γτ
, G(0) = 0 implies that λ = 0 is a root of G(λ ) = 0. Furthermore,

since Ġ(λ ) = 1, we obtain Ġ(0)> 0. So λ = 0 is a simple root. Hence equilibrium point P1 is

locally asymptotically stable.

(3) Supposed that d >
nmαe−γτ

β+k1αe−γτ
. Then λ =

nmαe−γτ

β+k1αe−γτ
−d < 0.

To prove equilibrium point P2 is locally asymptotically stable, we need to use the following

lemma.

Lemma 3.3. (see [17]) The necessary and sufficient conditions for equilibrium point P2 to be

asymptotically stable for τ ≥ 0 as the following

(1) The real parts of all the eigenvalue are negative in F(λ ,0) = 0.

(2) For all real b and τ ≥ 0, F(ib,τ) 6= 0, where i = 2
√
−1.

Theorem 3.4. Assume that k2αe−γτ > m. Then equilibrium point P2 is locally asymptotically

stable.
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Proof. The variational matrix of system (1.6) at the equilibrium point P2 is

V (P2) =

 αe−(γ+λ )τ −2βx∗m +A1 A2

nA1 nA2−d

 ,

where A1 =
my∗(1+ k2y∗)

(1+ k1x∗m + k2y∗)2 and A2 =
mx∗m(1+ k1x∗m)

(1+ k1x∗m + k2y∗)2 . We can have characteristic equa-

tion at the equilibrium point P2

F(λ ,τ) = λ 2 +λP1(τ)+P0(τ)+(λQ1(τ)+Q0(τ))e−λτ = 0. (3.12)

P1(τ) = 2βx∗m−A1−nA2 +d,

P0(τ) = (2βx∗m−A1)(d−nA2)−nA1A2,

Q1(τ) = −αe−γτ ,

Q0(τ) = −αe−γτ(d−nA2).

(3.13)

First, we prove

P0(τ)+Q0(τ) 6= 0, (3.14)

which implies that λ = 0 cannot be a root of equation (3.12) for any τ∈I = [0,τ∗), where

τ∗ =
1
γ

ln
α(mn− k1d)

dβ
.

P0(τ)+Q0(τ) = (2βx∗m−A1)(d−nA2)−nA1A2−αe−γτ(d−nA2)

= (2βx∗m−αe−γτ)(d−nA2)−dA1

= (αe−γτ +
2my∗

1+ k1x∗m + k2y∗
)(1− 1+ k1x∗m

1+ k1x∗m + k2y∗
)d−A1d

=
(

αe−γτk2y∗

1+ k1x∗m + k2y∗
+

k2my∗2

(1+ k1x∗m + k2y∗)2 −
my∗

(1+ k1x∗m + k2y∗)2

)
d

=
[
αe−γτk2(1+ k1x∗m + k2y∗)+ k2y∗−m

] dy∗

(1+ k1x∗m + k2y∗)2 .

Since k2αe−γτ > m, we have αe−γτk2(1+ k1x∗m + k2y∗)+ k2y∗−m > 0. It follows that

P0(τ)+Q0(τ)> 0, τ∈I = [0,τ∗), (3.15)

that is, λ = 0 is not a root of (3.12). Next, we consider the following steps. (1) From equation

(3.12), we have

F(λ ,0) = λ 2 +λ (P1(0)+Q1(0))+
(
P0(0)+Q0(0)

)
= 0. (3.16)
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We consider the sign of P1(0)+Q1(0) and P0(0)+Q0(0). Since P0(τ)+Q0(τ)> 0 as τ∈ [0,τ∗),

one has P0(0)+Q0(0)> 0,

P1(0)+Q1(0) = (
2my∗

1+ k1x∗m + k2y∗
+2α)−A1−nA2 +d−α

=
2my∗

1+ k1x∗m + k2y∗
− my∗(1+ k2y∗)

(1+ k1x∗m + k2y∗)2

− nmx∗m(1+ k1x∗m)
(1+ k1x∗m + k2y∗)2 +d +2α−α

> 0.

Since P1(0)+Q1(0) > 0, P0(0)+Q0(0) > 0, one sees that the all roots of equation (3.16) are

negative real parts. Hence, equilibrium point P2 is locally asymptotically stable at τ = 0. (2)

We consider F(ib,τ) 6= 0, for real b. If b = 0, then F(0,τ) = P0(τ)+Q0(τ)> 0. If b 6= 0, then

system (3.12) does not have the positive real roots. Note that

F(ib,τ) = −b2 + ibP1(τ)+P0(τ)+
(
ibQ1(τ)+Q0(τ)

)
(cosbτ− isinbτ) = 0,

F(ib,τ) = FR(ib,τ)+ iFI(ib,τ),

FR(ib,τ) = −b2 +P0(τ)+bQ1(τ)sinbτ +Q0(τ)cosbτ = 0,

FI(ib,τ) = bP1(τ)+bQ1(τ)cosbτ−Q0(τ)sinbτ = 0.

It follows that F(b,τ) = b4 +A(τ)b2 +B(τ) = 0, A(τ) = −2P0(τ) +P2
1 (τ)−Q2

1(τ) B(τ) =

P2
0 (τ)−Q2

0(τ).

P0(τ)−Q0(τ) = (2βx∗m−A1)(d−nA2)−nA1A2 +αe−γτ(d−nA2)

= (2βx∗m +αe−γτ)(d−nA2)−dA1

=
[
(3αe−γτ +

2my∗

1+ k1x∗m + k2y∗
)(1− 1+ k1x∗m

1+ k1x∗m + k2y∗
)−A1

]
d

= (3αe−γτ +
2my∗

1+ k1x∗m + k2y∗
)(1− 1+ k1x∗m

1+ k1x∗m + k2y∗
)d

− my∗(1+ k2y∗)
(1+ k1x∗m + k2y∗)2 d

=
( 3αe−γτk2y∗

1+ k1x∗m + k2y∗
+

k2my∗2
2

(1+ k1x∗m + k2y∗)2

)
d

−
( my∗

1+ k1x∗m + k2y∗)2

)
d

=
[
3αe−γτk2(1+ k1x∗m + k2y∗)+ k2y∗−m

] dy∗

(1+ k1x∗m + k2y∗)2 .
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This implies that P0(τ)−Q0(τ)> 0. Note that B(τ)=P2
0 (τ)−Q2

0(τ)=
(
P0(τ)−Q0(τ)

)(
P0(τ)+

Q0(τ)
)
. It follows from (3.15) that P0(τ)+Q0(τ) > 0,P0(τ)+Q0(τ) > 0. Therefore, we can

obtain B(τ)> 0. Next, we judge the sign of A(τ)

A(τ) = −2(2βdx∗m−2βnA2x∗m−dA1)+(2βdx∗m−A1−nA2 +d)2−α2e−2γτ

= −4βdx∗m +(2βx∗m +d)2 +4βnA2x∗m +2A1d

+(nA2 +A1)
2−2(2βx∗m +d)(A1 +nA2)−α2e−2γτ

= (2βx∗m)
2−α2e−2γτ +d2 +(nA2 +A1)

2−2dnA2−4βA1x∗m

= 2βx∗m
( 2my∗

1+ k1x∗m + k2y∗
− 2my∗(1+ k2y∗)

(1+ k1x∗m + k2y∗)2 +αeγτ

)
+αeγτ(2βx∗m−αeγτ)+(nA2−d)2 +A2

1 +2nA1A2

> 0.

Therefore, F(b,τ) 6= 0 for any real b. Using Lemma 3.3, we obtain equilibrium point P2 is

locally asymptotically stable. This completes the proof.

4. Global attractivity

In this Section, we investigate the global Stability of equilibrium point P1 and P2. To prove

the results, we need to the following lemma.

Lemma 4.1. Consider the following equation:

v̇(t) = αe−γτv(t− τ)−βv2(t)+
my0v(t)

1+ k1v(t)+ k2y0
, (4.1)

where α, β , m, k1, k2 > 0 and v(θ)> 0, f or−τ≤ θ≤ 0. System (4.1) has a single positive root

lim
t→∞

v(t) =
k1αe−γτ −β−k2y0β+

√
(k1αe−γτ +β+k2y0β )2 +4βk1my0

2k1β
.

Proof. From system (4.1), we obtain that

αe−γτv(t− τ)−βv2(t)< v̇(t)< αe−γτv(t− τ)−βv2(t)+
mv(t)

k2
.

It follows from Lemma 2.1, Lemma 2.2 and the comparison principle, for ε > 0 sufficiently

small that there exists T1 > 0 such that

v1 =
αe−γτ

β
− ε < v(t)<

αe−γτ +
m
k2

β
+ ε = v1. t ≥ T1.
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Substituting v1 and v1 into system (4.1), we have

v̇(t)> αe−γτv(t− τ)−βv2(t)+
my0v(t)

1+ k1v1 + k2y0
.

v̇(t)< αe−γτv(t− τ)−βv2(t)+
my0v(t)

1+ k1v1 + k2y0
.

It follows from Lemma 2.2 and the comparison principle for the above ε > 0 sufficiently small

that there exists T2 > T1 > 0 such that

v(t)>
αe−γτ +

my0

1+ k1v1 + k2y0
β

− ε = v2.

v(t)<
αe−γτ +

my0

1+ k1v1 + k2y0

β
+ ε = v2 t > T2.

Hence, we obtain that v1 < v2 < v(t)< v1 < v2 t > T2. By repeating the above steps, we obtain

that 0 < v1 < v2 < · · · < vn < v(t) < vn < · · · < v2 < v1. In view of the monotone bounded

theorem, we obtain that the limit of {vn}∞
n=1, {vn}∞

n=1 exist. Put v = lim
t→∞

vn and v = lim
t→∞

vn,

where

vn =

αe−γτ +
my0

1+ k1vn−1 + k2y0

β
− ε.

vn =

αe−γτ +
my0

1+ k1vn−1 + k2y0

β
+ ε.

Then we have vn− ε< v(t)< vn + ε as t→ ∞. It follows that v = v = v∗

v∗ = lim
t→∞

v(t) =
k1αe−γτ −β−k2y0β+

√
(k1αe−γτ +β+k2y0β )2 +4βk1my0

2k1β
.

This completes the proof.

Theorem 4.2. Assume that mn < k1d. Then equilibrium point P1 is globally asymptotically

stable.

Proof. Note that P1 is locally asymptotically stable. Next, we only need to show the globally

asymptotically stable. From system (1.6), we obtain

ẏ ≤
(mnxm(t)

k1xm(t)
−d
)

y(t) =
(mn

k1
−d
)

y(t).

In view of mn < k1d, we can get y(t)→ 0 as t → ∞. Therefore, for any sufficiently small

positive number ε , there exists a tε such that y(t) ≤ ε as t ≥ tε . From the first equation of

system (1.6), we get ẋm < α−γτxm(t− τ)−βx2
m(t)+mxm(t)ε. It follows the Lemma 2.2 that
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u∗= lim
t→∞

u(t)=
αe−γτ +mε

β
. We also get 0< xm < u(t), t > 0. Hence, for any ε > 0 sufficiently

small, there exists T ∗1 > 0 such that

xm <
αe−γτ +mε

β
+ ε, t > T ∗1 .

On the other hand, one has ẋm(t) ≥ αe−γτxm(t− τ)− βx2
m(t). It follows the Lemma 2.1 that

u∗ = lim
t→∞

u(t) =
αe−γτ

β
. We also get 0 < u(t)< xm(t), t > 0. Hence, for any ε > 0 sufficiently

small, there exists T ∗2 > T ∗1 > 0 such that xm >
αe−γτ

β
− ε. Hence, one has lim

t→∞
xm(t) =

αe−γτ

β

and lim
t→∞

(xm(t),y(t)) = (
αe−γτ

β
,0). This proof is completed.

Theorem 4.3. If 1− m(nm− k1d)
k2dβ

> 0, then equilibrium point P2 is globally attractive.

Proof. Using the first equation of system (1.6), we obtain ẋm(t) ≤ αe−γτxm(t− τ)−βx2
m(t)+

mxm(t)
k2

. Using Lemma 2.2 and the comparison theorem, we obtain that there exists a T1 > 0

such that

xm(t)<
αe−γτ +

m
k2

β
+ ε = u1.

It follows from system (1.6) that

ẏ(t) ≤ nmu1y(t)
1+ k1u1 + k2y(t)

−dy(t), t ≥ T1.

By comparison theorem and Lemma 2.3, we obtain that there exists a T2 > T1 > 0 such that

y(t) <
(nm− k1d)u1−d

k2d
+ ε = v1. Using the first equation of system (1.6), we get that ẋm ≥

α−γτxm(t− τ)−βx2
m(t). Using the comparison theorem and Lemma 2.1, we conclude there

exists a T3 > T2+τ > 0 such that xm(t)>
αe−γτ

β
−ε = u1. Using the second equation of system

(1.6), we have

ẏ(t) ≥ nmu1y(t)
1+ k1u1 + k2y(t)

−dy, t ≥ T3.

From the comparison theorem and Lemma 2.3, one sees that there exists a T4 > T3 > 0 such that

y(t) >
(nm− k1d)u1−d

k2d
− ε = v1, t ≥ T4.

v1 =
(nm− k1d)u1−d

k2d
− ε =

(nm− k1d)(
αe−γτ

β
− ε)−d

k2d
− ε.
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According to the hypothesis condition, we have v1 > 0, for sufficiently small ε > 0. Using the

first equation of system (1.6) again, we get

ẋm(t) ≤ αe−γτxm(t− τ)−βx2
m(t)+

mv1xm(t)
1+ k1xm(t)+ k2v1

.

Applying Lemma 4.1 and the comparison theorem, we obtain that there exists a T5 > T4+τ > 0

such that xm(t)< z∗+ ε = u2, where

z∗ =
k1αe−γτ −β−k2v1β+

√
(k1αe−γτ +β+k2v1β )2 +4βk1mv1

2k1β
.

By the simple computation, we get u1 < u2. Using the second equation of system (1.6) again,

we get the following equation ẏ(t) ≤ nmu2y(t)
1+ k1u2 + k2y(t)

− dy t ≥ T5. By using the comparison

theorem and Lemma 2.3, there exists a T6 > T5 > 0 such that

y(t) <
(nm− k1d)u2−d

k2d
+ ε = v2, t ≥ T6.

For u2 < u1, we obtain v2 < v1. Taking v1 into the first equation of system (1.6), we find that

ẋm(t) ≥ αe−γτxm(t− τ)−βx2
m(t)+

mv1xm(t)
1+ k1x(t)+ k2v1

.

Applying the comparison theorem and Lemma 4.1, we conclude there exists a T7 > T6 + τ > 0

such that xm(t)> z∗1− ε = u2, where

z∗1 =
k1αe−γτ −β−k2v1β+

√
(k1αe−γτ +β+k2v1β )2 +4βk1mv1

2k1β
.

Using the second equation of system (1.6), we obtain

ẏ(t) ≥ nmu2y(t)
1+ k1u2 + k2y(t)

−dy, t ≥ T7.

Using the comparison theorem and Lemma 2.3, there exists a T8 > T7 > 0 such that

y(t) >
(nm− k1d)u2−d

k2d
− ε = v2, t ≥ T8.

It follows that
0 < u1 < u2 < · · ·< un < xm(t)< un < · · ·< u2 < u1,

0 < v1 < v2 < · · ·< vn < y(t)< vn < · · ·< v2 < v1.

Hence, the limits of {un}∞
n=1, {un}∞

n=1, {vn}∞
n=1 and {vn}∞

n=1 exist. Putting u = lim
t→∞

un v =

lim
t→∞

vn, u = lim
t→∞

un and v = lim
t→∞

vn, one see that u ≥ u and v ≥ v. Next, we only need to prov

u = u and v = v. According to the relationship between un and vn, we see that

vn− vn =
(nm− k1d)(un−un)

k2d
+2ε.
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From the definitions of un and un, we find that

un+1−un+1 =
k1αe−γτ −β−k2vnβ+

√
(k1αe−γτ +β+k2vnβ )2 +4βk1mvn

2k1β

−k1αe−γτ −β−k2vnβ+
√

(k1αe−γτ +β+k2vnβ )2 +4βk1mvn
2k1β

+2ε

=
k2(vn− vn)

2k1
+

√
(k1αe−γτ +β+k2vnβ )2 +4βk1mvn

2k1β

−
√

(k1αe−γτ +β+k2vnβ )2 +4βk1mvn
2k1β

+2ε

<
k2(vn− vn)

2k1
+

4βk1m(vn− vn)

2βk1(2k1αe−γτ +2β+k2(vn + vn)β )

+
[2k1αe−γτ +2β+k2(vn + vn)β ](vn− vn)βk2

2βk1(2k1αe−γτ +2β+k2(vn + vn)β )
+2ε

<
2m(vn− vn)

(2k1αe−γτ +2β+k2(vn + vn)β )

<
m(vn− vn)

β
+2ε.

Taking the limit on both sides of the inequality and letting n→ ∞, we obtain that

u−u ≤ m(nm− k1d)(u−u)
k2dβ

+
2mε

β
+2ε,

(
1− m(nm− k1d)

k2dβ

)
(u−u) ≤ 2mε

β
+2ε.

In view of 1− m(nm− k1d)
k2dβ

> 0, we have u = u, and v = v. If 1− m(nm− k1d)
k2dβ

> 0, then

equilibrium point P2 is globally attractive. This completes the proof.

5. Numerical simulations

The following examples demonstrate the feasibility of main results.

Example 5.1. Consider the following system

ẋm(t) = 6e(−2.5)xm(t−5)− x2
m(t)+

xm(t)y(t)
1+ xm(t)+6y(t)

,

ẏ(t) =
0.8xm(t)y(t)

1+ xm(t)+6y(t)
− y(t),
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where α = 6, γ = 0.5, β = 1, k1 = 1, d = 1, k2 = 6, τ = 5, m = 1, n = 0.8. By computation, one

sees that nm− k1d = 0.8∗1−1∗1 = −0.2 < 0, αe−γτ(mn− k1d)−βd = 6∗ e(−2.5)(−0.2)−
1∗1 < 0, which satisfies the conditions of Theorem 4.2.
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FIGURE 1. The boundary equilibrium P1(
αe−γτ

β
,0) of system (1.6) with the ini-

tial conditions (xm(θ),y(0))=(0.1,0.5),(0.6,0.05) and (0.3,0.6) for−5 < θ< 0

is globally asymptotically stable.
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FIGURE 2. The unique positive equilibrium P2(x∗m,y
∗) of system (1.1) with the

initial conditions (xm(θ),y(0))=(1.1,0.25),(0.6,0.05), and (0.5,0.01) for−5 <

θ< 0 is globally asymptotically stable.
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Example 5.2. Consider the following system

ẋm(t) = 10e(−2.5)xm(t−5)−1.2x2
m(t)+

3xm(t)y(t)
1+ xm(t)+10y(t)

,

ẏ(t) = 3
0.9xm(t)y(t)

1+ xm(t)+10y(t)
−0.8y(t),

where α = 10, γ = 0.5, β = 1.2, k1 = 1, d = 0.8, k2 = 10, τ = 5, m = 3, n = 0.9. By com-

putation, one sees that (mn− k1d)
αe−γτ

β
−d =

(2.7−0.8)10∗ e(−2.5)

1.2
− 0.8 = 0.499 > 0 and

1− m(nm− k1d)
k2dβ

= 1− 3∗1.9
10∗0.8∗1.2

= 0.406 > 0, which implies the above values satisfy the

conditions of the Theorem 4.3.

6. Conclusion

In this paper, we study plant-pollinator system (1.6) of the Beddington-DeAngelis type func-

tional response with stage structure on plant, which is an extension of plant-pollination system

analyzed by Wang, Wu and Sun [11]. We give the sufficient conditions for the permanence and

extinction of system (1.6) and the sufficient conditions for the global stability of the coexistence

equilibrium. We also proved that system (1.6) is permanent if condition
αmne−γτ

k1αe−γτ +β
> d

holds. Assumed that system (1.6) satisfies
mn
k1

< d. Then lim
t→∞

(xm(t),y(t)) = (
αe−γτ

β
,0). Our

conclusions show that the pollinator coexists with plant permanently if pollinators recruitment

rate at the peak of plant abundance is larger than its mortality rate and that the pollinator goes

extinct if pollinator highest recruitment rate is less than its mortality rate. Furthermore, these

conditions show that the mutual interference concerning pollinator k2 does not have an impact

on the permanence and the extinction of system (1.6). But a sufficient large the mortality rate

of the immature plant can destroy the permanent condition make the pollinator become extinc-

tion. Next, we will further study the impact of pollinator interference k2 on the system. In view

of the condition
m(nm− k1d)

dβ
< k2 of Theorem 4.3, we get interesting conclusions when the

positive equilibrium P2 is unstable. A sufficient large k2 can drive the system into a globally

asymptotically stable and the increase of structure in the plant population does not change the

qualitative dynamics of system (1.6).
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