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1. Introduction

Fractional differential equations have gained considerable importance due to their widespread
applications in various disciplines of social and natural sciences, and engineering. In recent
years, there has been a significant development in fractional calculus and fractional differential
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equations, for instance, see the monographs by Kilbas et al. [1], Lakshmikantham et al. [2],
Miller and Ross [3], Podlubny [4], Samko et al. [5], Diethelm [6] and the papers [7, 8, 9, 10,
11,12, 13, 14, 15, 16].

The aim of the present work is to study a new class of nonlinear differential equations and
inclusions with multiple fractional derivatives and Caputo-Liouville type integro-differential
boundary conditions. We consider the following single-valued boundary value problem of non-

linear fractional differential equations:

0 D[DPx(t) - g(t,x(1))] = f(1,x(1)), 1 € T := [0,T],
x(0) =0, (D"x)(T) = A(1°x)(T),

where DX is Caputo fractional derivative of order y € {a,B,y}, 0 < a,B,y < 1, I9 is the

Riemann-Liouville fractional integral of order 8, f,g:J xR — R are given functions and

jo TB+8+1)

THOT(B—y+1)
The existence of solutions for the problem (1) is established by applying the Leray-Schauder

nonlinear alternative [17] and the Krasnoselskii’s fixed point theorem [18]. The uniqueness
result for the problem (1) is obtained by means of a celebrated fixed point theorem due to

Banach. We also focus our study on the multivalued problem given by

D*[DPx(r) — g(t,x(1))] € F(1,x(t)), t € J := [0,T],
2)
x(0) =0, (DYx)(T) = A (I°x)(T),

where F : J xR — Z(R) is a multivalued map (Z?(R) is the family of all nonempty subsets of
R).

Using topological methods, we discuss the cases when F is convex valued (upper semicon-
tinuous case) as well as non-convexed valued (Lipschitz case) multivalued maps. The nonlinear
alternative of the Leray-Schauder type is applied to study the upper semicontinuous case, while
the Lipschitz case is investigated by means of a fixed point theorem for contractive multivalued
maps due to Covitz and Nadler. In Section 2, we recall some useful preliminaries related to our
work. Section 3 contains the existence results for problem (1). Section 4 is devoted to the study

of problem (2). Examples are given in Section 5 for illustration of the main results.

2. Preliminaries
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In this section, we introduce some notations and definitions of fractional calculus [1, 4] and

present preliminary results.

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a function g :
(0,00) — R is defined by

t(f—g)a-1
g0 = [l el

provided the right-hand side is point-wise defined on (0,00), where I is the Gamma function.

Definition 2.2. The Riemann-Liouville fractional derivative of order o > 0 of a continuous
function g : (0,00) — R is defined by
1 dym [t g(s)
RL
b= (DY B caa,
$O=to—a\ar) Jy Gogemids " "
where n = [a] + 1, [@] denotes the integer part of real number o, provided the right-hand side

is point-wise defined on (0,0).

Definition 2.3. The Caputo derivative of order q for a function f : [0,00) — R can be written as

n—1 l‘k

Dif(r) =Kt D4 (f(t)— ) F]‘(")(0)) , t>0, n—1<g<n.

Remark 2.4. If f(t) € C"[0,0), then

L ) n—q ln
qu(t):r(n_q)/o(t_s)qil_ndszl (), >0, n—1<g<n.

Lemma 2.5. If o+ B > 1, then the equation (I%IPu)(t) = (I%TPu)(t),t € J is satisfied for
ucL'(J,R).

Lemma 2.6. Let B > o. Then the equation (D*IPu)(t) = (IB~%u)(r),t € J is satisfied for u €
C(J.R).

Lemma 2.7. Let n = [o] + 1] if o € N and n = a if a € N. Then the following relations hold:
Q) fork€{0,1,2,...,n—1}, D%* =0;

(i) if B > n then D%B~! = F(Z(—E)a)tﬁal;

oy g B—1 F(B) B+a—1
(1) It _—F(ﬁ—l—a)t .

Lemma 2.8. For g > 0, the general solution of the fractional differential equation Dx(t) =0
is given by x(t) = co+cit +...+c,_1t" ', wherec; €R, i=0,1,2,....n—1 (n=[g] +1).
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In view of Lemma 2.8, one has
3) 19 Dx(t) = x(1) +cotcitt...Hep gt
forsomec; €R,i=0,1,2,....n—1 (n=[g]+1).

The following lemma is concerned with a linear variant of problem (1).

Lemma 2.9. Let h € C(J,R) and
B-r B+é
A= d —A d
rB—y+1) "T(P+6+1)

The function x € C>(J, R) is a solution of the problem

“) #0.

DY[DPx(r) — g(t,x(1))] = h(t), t € J:=0,T],
(5)
x(0) =0, (D"x)(T) = A(1°x)(T),

if and only if

p
© x(t) = 1Bg(s,x(s)) () +1Ph(r) + m {A1P+3g(5,x(5))(T)

F AP (TY — 1P Yg(s5,x(s))(T) _1a+ﬁ—7h(r)}.

Proof. In view of (3), the solution of fractional differential equation in (5) can be written as
DPx(t) — g(t,x(t)) = I®h(t) + c1, where ¢ € R is an arbitrary constant and moreover

B
C(1+p)

where ¢, € R is an arbitrary constant. Using the condition x(0) = 0 in (7) implies that ¢, = 0.

(7) x(t) = 1P g(s,x(5)) (1) + I Ph(r) + c1+c2,

Applying the operators DY and / % to (7), we get

tﬁ—y
DYx(t) = 1P g(sx(9)) (1) + 1P Th(e) + pep— e
and
B+6
Px(t) =1PT0g(s,x(s))(t) + 1P on(r) + l"([3t+—+5+l)cl'

Using boundary condition (DYx)(T) = A(I®x)(T), one has

1

C1 A

{Mﬁ+5g(s,x(s))(T) + AP EOR(T) — 1P g (s,x(s))(T) — 1% TP TH(T) }

Inserting the values of c¢; and ¢, in (7) we get the solution (6). The converse follows by direct

computation. This completes the proof. U
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Let C(/,R) denote the Banach space of all continuous functions from J into R with the norm

||| = sup{|x t)|, t € J}. Also by L'(J,R) we denote the space of functions x : J/ — R such that

el = [ bl

In the following, for brevity, we use the notations:

Th A|TB+o A7
®) A= )<1+ ad n ,

C(B+1 AL(B+6+1)  [AL(B—vy+1)
and
N TP Tf AT P reth
O A= B D TTB ) \ AT (@ B+o+1) T JAT(@+B—y+1)

3. Main results for problem (1)

In this section, we establish the existence and uniqueness of solutions for the BVP (1).

Theorem 3.1. Assume that the following conditions hold:

(A}) there exists a nonnegative constant k such that
lg(t,u) —g(t,v)| <kllu—vl||, forteJ andeveryu,v€R;
(Ay) there exists ¢ > 0 such that
|f(t,u) — f(t,v)| <L|lu—vl|, forteJ andeveryu,veR.
If
(10) kAL + A < 1,

where A1, A, are defined by (8) and (9) respectively. Then there exists a unique solution for the
BVP (1) on the interval J.

Proof. Let us introduce the operator N : C(J,R) — C(J,R) associated with the problem (1) as

follows:
NG =1Pg(s,x(s))(0) + 17 £, x(5)) 1)
P B+6 a+p+é
(a1 FARE UM el (1) + A (s 2()(T)

1P (s, x())(T) = 1P fs,x(s))(T) |, £ € 4.



6 B. AHMAD, S. K. NTOUYAS, A. ALSAEDI

With A and A, respectively given by (8) and (9), we fix

A1go+ A2 fo
r> ————, g0 =-Su t,0)|, fo =-su t,0)[,
= 1T kA — (A 80 t€?|g( ), fo te?|f( )

and show that NB, C B, where B, = {x € C(J,R) : ||x|| < r}. For x € B,, using (A;) and (A3),

we get
NGO < 1Plg(s.x(5)) — g(5,0) |+ |g(5,0)[)(1)
1B £ (5,1(5) — £(5,0)] + | £(5,0) | (0)
b (AP g (5x(9) — ¢(5:0)| + (6. O))(T)
[AT(B+1)

RSP f(s,x(5)) — £(5,0)| + /(5. 0) )(T)
17 lg(s,x(5)) — &(5,0)] + g5, O)}(T)
FIBY| f(s,x(5)) — £(5,0)| + (5 O)(T) }

(K|lx]) + o) PP 1(T) + (¢llx]| + fo) 1B 1(T)
TB
TIATB D)

+ (K[l + g0)IP T L(T) + (]| +fo)1°‘+ﬁ’71(T)}

IN

{Ml(kHXH +g0)IP O U(T)ds + [ A[THPHOL(T) (£lx]| + fo)

< Ai(kr+go)+A(lr+ fo) <r.

Taking the norm for 7 € J, one finds that ||N(x)|| < r. This shows that N maps B, into itself.
In order to show that the operator N is a contraction, let x,y € C(J,R). Using (8) and (9), we

get
NGO~ NGO
< 1Plg(s.x(s)) — (s DIT) 1P F(s.x(s)) — (5. ()| (T)
e T LRI lg5.x(5) — gl (s)(T)
AT+ 1) | |
A (5,x(5)) — £ s, y()I(T)
P g(5,x(5)) — (5, 9(5))(T) 4 1% fls.x(s)) — F(5.(5)) (7))
< {1+ LA i )}kux—yn

r'(B+1) IAIT(B+6+1) |AT(B—y+1

TOH_ﬁ Tﬁ |A‘TOH-[3+5 Ta+ﬁ_7 ,
+ F(Ot+ﬁ+l)+|A|F(ﬁ—|—l) F((x+ﬁ+5+1)+r‘(a+ﬁ_,},) Hx_yH
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= (kA; +LA)||x— |

Consequently ||N(x) —N(y)|| < (kAj + ¢A2)|lx —y||. In view of (10), one finds that N is a
contraction. Hence N has a unique fixed point by Banach’s contraction principle. This, in turn,

shows that problem (1) has a unique solution on J. The proof is completed. 0

The next existence result is based on the Leray-Schauder nonlinear alternative.

Lemma 3.2. (Nonlinear alternative for single valued maps) [17] . Let E be a Banach space
and let C be a closed, convex subset of E. Let U be an open subset of C and let O € U. Suppose
that F : U — C is a continuous, compact (that is, F (U) is a relatively compact subset of C) map.

Then either

(i) F has a fixed point in U, or

(ii) there is a u € AU (the boundary of U in C) and A € (0,1) with u = AF (u).
Theorem 3.3. Assume that the following hypotheses hold:

(Hy) f,g:J xR — R are continuous functions;

(H,) there exist constants dy < 1 /A and dy > 0 such that
lg(t,u)| <di||ul| +da, t€J, ueR;

(H3) there exist a continuous nondecreasing function y : [0,00) — (0,00) and a function p €

C(J,R™) such that

[f(t,u)] < p(O)w(||ull) for each (t,u) € J XR;

(Hy) there exists a constant M > 0 such that

(1—diA)M

> 1.
drA1 4+ As||pllw(M)

Then the BVP (1) has at least one solution on J.

Proof. Consider the operator N : C(J,R) — C(J,R) defined by (11). We show that N is contin-
uous and completely continuous.

Step 1. N is continuous.
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Let {x,} be a sequence such that x, — x in C(J,R). Then

IN () () = N (x) (1)
< 1Plg(s,xa(s)) = 8(s,x()|(T) + 1P| £ (5,20 (5)) = f(5,x(s))|(T)

TB

TG UM el m() — 85, I(T)

+ |7L|[(X+B+3|f(s,xn(s)) — f(s,x(s))|(T) _|_]ﬁ—)’|g(s7xn(s)) — g(s,x(s))|(T)
+ 1%BY| (5,5, (s5)) —

< Adllg(txn) —g(ox) ||+ Aallf (2 x) = f (-, 2)]]-

Since f,g are continuous functions, therefore, we have
INGn) =N < Adlg(t5x0) = g(- 0| + Al f (£ x0) = f (- 2)[| = 0, as n — oo,

Step 2. N maps bounded sets into bounded sets in C(J,R).
Indeed, it is enough to show that for any 6 > 0 there exists a positive constant £ such that for
eachx € Bg = {x € C(J,R) : ||x|| < 8}, we have |[N(x)|| < 7. By (H>) and (H3), for each t € J,

we have

IA

1P |g (s, x(s)) (1) +1%P | £ (s, x(s)) (1)

Th .
+m{”L|1‘”‘3|g<s,x<s>>|<T>+|7L|1 B (s,x(s))|(T)

+1P7|g (s, x(s))|(T) +I“+ﬁ_y|f(saX(S))l(T)}
1P (dy x| +d2)(T) + 1P p(s) (|| )(T)

B
+|A|F(TB—+1){WIB 3] + o) () + A1 p(s)w( ] (7)

P T+ o) (T) + 1948 p(s) (] ()}

Ai(di|lx]l +d2) + Azl plw([|x]])-

IN(x)(0)]

IN

IN

Thus [|N(x)| < A1(d10 +da) + Aol pl w(6) := 1.
Step 3. N maps bounded sets into equicontinuous sets of C(J,R).
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Lett),1p € J, t; <1, Bg be a bounded set of C(J,R) as in Step 2, and let x € Bg. Then

[N (x)(r2) = N(x)(11)]

Lﬁ‘/’l f—5)f~1 (ll_S)ﬁ—l]g(s7x(s))ds—|—ﬁ/tltz(tz—s)ﬁ_lg(s,x(s))ds

a+B ‘/n oH—ﬁ 1 (tl —S)aﬂg_l}f(s,x(s))ds

*WA )P s )

M{|A|ﬂ*+5|g<s x(5)|(T) + A0 £(5,x(5)|(T)

AT(B+1) ’ ’
18 g5, x()|(7) + 17| f(5,x()|(7) }

di+dy g p gy, IPIW(6) a+p [+ o+p
S R T A R vrae T

i — 10| IA|TB+ 87
+ \A\lz“([j’jrl) { <F([)’+5+ 1) T T(B—7+ 1)> (di16+d>)

MlToH—[HS To+B—Y 0
+ F(a+B+6+1)+F(a+ﬁ—}/+l) Iplly(8) -

Clearly the right-hand side of the above inequality tends to zero independent of x as t; — f;.
In consequence of Steps 1 to 3, it follows by the Arzeld-Ascoli theorem that the operator
N:C(J,R) — C(J,R) is continuous and completely continuous.
Step 4. We show that there exists an open set U C C(J,R) with x # uN(x) for u € (0,1) and
x€adU.
Let x € C(J,R) and x = uN(x) for some 0 < p < 1. Thus, for each ¢ € J, we have

B
o) = (s, x(o))(0) + 1P F(5.5(0))(0) + 1 gy {17 () (7)

FALPR (s x()) (T) = 1P g(s,x(s)) (T) = 1P f(5,(5))(T) }.

As in Step 2, for each ¢ € J, it can be established that |x(7)| < A (dy||x]| +da) + Az pllw(||x]]),
L—di Ay)||]

+Aolplly(lx] B
||x|| # M. Let us set U = {x € C(J,R) : ||x|| < M}. Note that the operator N : U — C(J,R)

which can be expressed as A A(l ) < 1. In view of (Hy), there exists M such that

is continuous and completely continuous. From the choice of U, there is no x € dU such that

x = uNx for some u € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder
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type (Lemma 3.2), we deduce that N has a fixed point x € U which is a solution of the problem

(1). This completes the proof. U

Our next existence result is based on the Krasnoselskii’s fixed point theorem.

Lemma 3.4. (Krasnoselskii’s fixed point theorem) [18]. Let S be a closed, bounded, convex and
nonempty subset of a Banach space X . Let %, ,%; be the operators such that (a) %51+ %52 €S
whenever si,s2 € S; (b) % is compact and continuous; (c) %5 is a contraction mapping. Then

there exists s3 € S such that s3 = %153+ %s3.

Theorem 3.5. Assume that (A1) and (Hy) hold. In addition we assume that:
(Hs) |g(t.x)] <o), [f(t,x)| <q(t), V(t,x)€J xR, andq,¢ € C(J,RT).

Then the BVP (1) has at least one solution on J, provided
(12) kA < 1.

Proof. Let us split the operator N : C(J,R) — C(J,R) defined by (11) as N = A+ B, where A

and B are given by

B
A0 = Plsx(9) () + 5 {1 Sl o) (1)~ P Telsn(9) ()}
and
B(X)(f) = ] +ﬁf(s,x(s))(l)+m{ﬂ,] +B+5f(s,x(s))(T)

1P (5x())(T) }.
Setting sup;c; |¢ (1) = [|@|[, sup,e;[¢(¢)| = ll¢]| and choosing p > [|@[[A1 + [|g[| A2, we consider
By, ={x € C(J,R) :||x|| < p}. For any x,y € By, we have
Ax(t) +By (1) < 1P|g(s,x(5))] (1) +1%TP| £ (s5,x(5))](1)

Th .
*m{"tilﬁﬂg(xx(s)N(T)+wl B (s5,x(s))|(T)

1P g5, x(s))|(T) + 1948 | (s,x()|(T) }

< [lolAr+llgllAz < p.

Hence ||Ax+ By|| < p, which shows that Ax+ By € By. In view of (12), it is easy to show that A

is a contraction mapping. Continuity of f implies that the operator B is continuous. Also, B is
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uniformly bounded on By, as ||Bx|| < ||¢||A>. Finally we prove the compactness of the operator

B. For that we define sup; ,e;xp, | /(1,x)| = f < oo. Then, for t;,t; € J, 1) < 1, we have
Br) ~Brln)] < L] [ =) B (1= ) B (sl
— T(a+p)l)o ’
1 2

+m/tl (tr — s)a+ﬁ_lf(s7x(s))ds

18— P wtpis b
B A P 1)) + 1248 5.x(0) ()

f
Foe+B+1)

|l§ —tﬁf M|T0‘+ﬁ+6 . To+B—Y
IAIC(B+1) | T(a+B+6+1) T(e+p—y+1)|’

+

o+p

It —t{”ﬁ +2(ty — 1)+

which is independent of x and tends to zero as t, —#; — 0. Thus, B is equicontinuous. So B is
relatively compact on By. Hence, by the Arzeld-Ascoli theorem, B is compact on B,. Thus all
the assumptions of Lemma 3.4 are satisfied. So the conclusion of Lemma 3.4 implies that the

problem (1) has at least one solution on J. O

4. Main results for problem (2)

In this section, we establish the existence results for the BVP (2). We outline first some basic
concepts of multivalued analysis [19, 20].
For a normed space (X, || -[|), let Z(X) ={Y € Z(X):Y isclosed}, Z,(X)={Y € Z(X):
Y is bounded}, Py ,(X) = {Y € Z(X) :Y is closed and bounded}, Z.,(X) ={Y € Z(X):
Y is compact}, and ) (X) ={Y € Z(X) :Y is compact and convex }.
A multi-valued map G : X — Z(X) :
(i) is convex (closed) valued if G(x) is convex (closed) for all x € X.
(ii) is bounded on bounded sets if G(Y) = U,cyG(x) is bounded in X for all Y € Z7,(X)
(i.e. sup,cy {sup{[y[:y € G(x)}} <eo).
(iii) is called upper semi-continuous (u.s.c.) on X if for each xo € X, the set G(xg) is a
nonempty closed subset of X, and if for each open set N of X containing G(xg), there
exists an open neighborhood .4 of xy such that G(.4y) C N.
(iv) G is lower semi-continuous (L.s.c.) if the set {y € X : G(y)NY # 0} is open for any open
setY in X.



12 B. AHMAD, S. K. NTOUYAS, A. ALSAEDI

(v) is said to be completely continuous if G(B) is relatively compact for every B € Z,(X);
If the multi-valued map G is completely continuous with nonempty compact values,
then G is u.s.c. if and only if G has a closed graph, i.e., x, — Xi, Yn — Vi, Yn € G(xp)
imply y. € G(x.).

(vi) is said to be measurable if for every y € X, the function
t—d(y,G(t)) = inf{[y—2z| : 2€ G(1)}

is measurable.
(vii) has a fixed point if there is x € X such that x € G(x). The fixed point set of the multival-

ued operator G will be denoted by FixG.

4.1. The Carathéodory case. In this subsection we consider the case when F has convex
values and prove an existence result based on nonlinear alternative of Leray-Schauder type,

assuming that F' is Carathéodory.

Definition 4.1. A multivalued map F : J X R — Z(R) is said to be Carathéodory if

(i) t —> F(t,x) is measurable for each x € R;

(ii) x — F(t,x) is upper semicontinuous for almost all t € J;
Further a Carathéodory function F is called L' —Carathéodory if
(iii) for each p > 0, there exists @p € L' (J,RT) such that
|F(2,x)|| = sup{[v| : v € F(t,x)} < @p (t)

forall ||x|| < p and fora.e. t € J.

For each x € C(J,R), define the set of selections of F by
Spx:={veL'(J,R):v(r) € F(t,x(t)) on J}.
We define the graph of G to be the set Gr(G) = {(x,y) € X x Y,y € G(x)} and recall a result

for closed graphs and upper-semicontinuity.

Lemma 4.2. ([19, Proposition 1.2]) If G : X — Z(Y) is u.s.c., then Gr(G) is a closed subset
of X XY, ie., for every sequence {xn}nen C X and {yn}nen C Y, if when n — oo, x,, — xy,
Yn — Y« and y, € G(xp), then y, € G(x,). Conversely, if G is completely continuous and has a

closed graph, then it is upper semi-continuous.
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The following lemma will be used in the sequel.

Lemma 4.3. ([21]) Let X be a Banach space. Let F : J xR — P, (X ) be an L'— Carathéodory
multivalued map and let ® be a linear continuous mapping from L' (J,X) to C(J,X). Then the

operator @oSg : C(J,X) = Pp(C(J,X)), x = (00 SF)(x) = O(SFyx) is a closed graph op-

erator in C(J,X) x C(J,X).

We recall the well-known nonlinear alternative of Leray-Schauder for multivalued maps.

Lemma 4.4. (Nonlinear alternative for Kakutani maps) [17]. Let E be a Banach space and let
C be a closed convex subset of E. Let U be an open subset of C and let 0 € U. Suppose that

F:U— Pep(C) is a upper semicontinuous compact map. Then either

(i) F has a fixed point in U, or
(ii) thereisau € dU and A € (0,1) withu € AF (u).

Definition 4.5. A function x € C*>(J,R) is a solution of the problem (2) if x(0) = 0, (D"x)(T) =
A(I%X)(T), and there exists function v € L' (J,R) such that v(t) € F(t,x(t)) a.e. on J and
x(t) =1Pg(s,x(5)) () +1°Pv(t) + L{llﬁﬂsg(s x(s))(T)
(13) ’ AT(B+1) ’
HIPHR(T) — 1P g5, x(5))(T) — 1P =1(T)

where A # 0 is defined by (4).

Theorem 4.6. Assume that (Hp) and (Hs) hold. In addition, we suppose that:

(By) F:JxR— P, (R) is L'-Carathéodory;

(By) there exists a continuous nondecreasing function ¢ : [0,00) — (0,00) and a function
p € L'(J,R") such that ||F(t,x)| 2 := sup{|y| : y € F(t,x)} < p(t)¢(||x|) for each
(t,x) € J xR;

(B3) there exists a constant M > 0 such that

(I-diA)M

> 1.
doA1 + Ao pl|o (M)

Then the BVP (2) has at least one solution on J.
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Proof. Associated with the problem (2), we introduce an operator .%# : C(J,R) — Z(C(J,R))

as follows:
([ heCU,R): )
_ Pg(s,x(s)) () + 1% P(r)
e T —1—Ar(;ﬁ_i_l){llﬁ+5g(s,x(s))(T) + 1B 0y(T)
1P g(s,x(5))(T) = IF1(T) },

for v € S . It is obvious that the fixed points of .# are solutions of the boundary value problem
(2). We next show that .# satisfies the assumptions of Leray-Schauder nonlinear alternative
(Lemma 4.4). The proof consists of several steps.

Step 1. F (x) is convex for each x € C(J,R).
This step is obvious since Sr, is convex (F has convex values), and therefore we omit the proof.

Step 2. .F maps bounded sets (balls) into bounded sets in C(J,R).
For a positive number r, let B, = {x € C(J,R) : ||x|| < r} be a bounded ball in C(J,R). Then,
for each h € .# (x),x € B,, there exists v € Sg such that

B

AT(B+1)
OB (7Y — 1B Yg (5, x(s))(T) — I‘H'B_yv(T)}, telJ.

hi) = Pals,x(s)() +14Pv(e) + {A1P+2g(s,x(5))(T)

Then, for ¢ € J, one can easily obtain that ||| < A{(d10 +db) + Az || p|lo(6) := 1.
Step 3. F maps bounded sets into equicontinuous sets of C(J,R).

Let 11,1, € J with t; < t; and x € B,. Then, for each h € .7 (x), it follows by the assumptions
(H») and (B;) that

Ih(t) — h(n)| < %vﬁ .
F(|(|Xp-|||-¢ﬁ(i)1) i P —tfP 421y — 1)+

if el A|TB+ 8-
|A|12“(ﬁ41r1) { (F(ﬁ+5+1) +F(ﬁ —y+1)> (d160 +dy)

M’Toc+ﬁ+6 To+B—Y
+ + Ipllo(6) -
Da+B+6+1) T(a+p—y+1)
Obviously the right hand side of the above inequality tends to zero independently of x € B, as
ty —t; — 0. Therefore it follows by the Arzela-Ascoli theorem that .% : C(J,R) — Z(C(J,R))
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is completely continuous. Since .# is completely continuous, in order to prove that it is u.s.c. it

is enough to prove that it has a closed graph. Thus, in our next step, we show that
Step 4. F has a closed graph.

Let x,, — x4, hy, € F (x,) and h, — h,. Then we need to show that i, € % (x,). Associated with
hn € Z (x,), there exists v, € S, such that for eachr € J,

B
@) = Pl x()0)+ 1P + gy {4828 x0)(T)

AT(B +
APy () — 1BV g(s,x())(T) — I“J“B”’vn(T)}, el

Thus it suffices to show that there exists v, € Srx, such that for eacht € J,

B
h0) = Pels )0+ Pra(0)+ gy (AP st x(o)(T)

APy () — 1B~V (s,x(s))(T) —1“+ﬁ*7v*(r)}, =

Let us consider the linear operator ® : L' (J,R) — C(J,R) given by

B
AF(ﬁ + 1)

1B (T BTg (5, x(s))(T) —1a+ﬁ*VV(T)}, tel.

frr@)n) = Pglsx(s)(0)+1Pu()+ {18 +3g(s,x(5))(T)

Observe that ||, (1) — h.(t)|| — 0, as n — oo, and thus, it follows by Lemma 4.3 that ® o S¢ is a

closed graph operator. Further, we have £,(1) € ©(Sr.,). Since x, — x., therefore, we have

B
hi(t) = Iﬁg(S»X(S))(f)+1a+ﬁv*(f)+m{llﬁ+‘sg(s,X(S))(T)

SISy, (1) P Tg(5,5(5))(T) 195 T (1) ) r e

for some vy € Spy, .

Step 5. We show there exists an open set U C C(J,R) with x ¢ u.% (x) for any
u e (0,1)andall x € JU.

Let u € (0,1) and x € % (x). Then there exists v € L' (J,R) with v € S, such that, for ¢ € J,

we have

B
x(r) = ulﬁg(SaX(S))(f)+H1a+ﬁf(S7X(S))(f)+um{ilﬁ+58(w(®)(n

FALBED £ (5, x(5))(T) — 1P (s, x(s)) (T) = 1PV (s, x(s))(T) }.
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As before (Step 2), we can find that [x(2)| < Aj(dy||x|| +d2) + Az||p||¢ (]|x]|), which yields
(1 =diAy)||x]

dayA1+ Aol 9 (llxl])

In view of (H3), there exists M such that ||x|| # M. Let us set V = {x € C(I,R) : ||x|| < M}.

<1.

Note that the operator .% : V — Z2(C(I,R)) is a compact multi-valued map, u.s.c. with convex
closed values. From the choice of V, there is no x € dV such that x € u.% (x) for some p € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 4.4), we deduce that

.7 has a fixed point x € U which is a solution of the problem (2). This completes the proof. [

Remark 4.7. In case F is not necessarily convex valued (lower semicontinuous case), we
can combine the nonlinear alternative of Leray Schauder type and a selection theorem due
to Bressan and Colombo [22] for lower semi-continuous maps with decomposable values to
prove the existence of solutions for the problem (2). We can formulate this result as fol-
lows: “Let F : J x R — Z(R) be a nonempty compact-valued multivalued map such that (a)
(t,x) —> F(t,x) is £ ® B measurable and (b) x — F (t,x) is lower semicontinuous for each
t € J. In addition we assume that (B;) and (B3) hold. Then the problem (2) has at least one
solution on J”. Here we recall that a subset of J X R is £ ® BB measurable if it belongs to the
o —algebra generated by all sets of the form ¢ x 9, where ¢ is Lebesgue measurable in J

and 9 is Borel measurable in R. One can find more details about such results in [10].

4.2. The Lipschitz case. In this subsection we prove the existence of solutions for the problem
(2) with a not necessary nonconvex valued right hand side, by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler [23].

Let (X,d) be a metric space induced from the normed space (X;|| - ||). Consider H,; : (X)) x
P (X) — RU{eo} given by H;(A,B) = max{sup,c4 d(a,B),sup,.pd(A,b)}, where d(A,b) =
infycad(a;b) and d(a,B) = infycpd(a;b). Then (P 5(X),Hy) is a metric space (see [24]).

Definition 4.8. A multivalued operator N : X — P .(X) is called
(a) y—Lipschitz if and only if there exists y > 0 such that
Hy(N(x),N(y)) < yd(x,y) for each x,y € X;

(b) a contraction if and only if it is y—Lipschitz with y < 1.

Lemma 4.9. ([23]) Let (X,d) be a complete metric space. If N : X — Z.;(X) is a contraction,
then FixN # 0.
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Theorem 4.10. Let (A1) and the following assumptions holds:
(C1) F:J xR — Zp(R) is such that F(-,x) : J = Pcp(R) is measurable for each x € R.
(C2) Hy(F(t,x),F(t,%)) < m(t)|x — | for almost all t € J and x,% € R with m € L'(J,R™T)
and d(0,F (1,0)) < m(t) for almost all t € J.
Then the boundary value problem (2) has at least one solution on J if
B
TIAITB+T)

Proof. Consider the operator .% defined at the begin of the proof of Theorem 4.6. Observe that

(14) @ := kA, +1%Pm(T) {wla+ﬁ+5m(T) +1“+ﬁ—7m(T)} <1.

the set S is nonempty for each x € C(J,R) by the assumption (Cj), so F has a measurable
selection (see Theorem II1.6 [25]). Now we show that the operator .% satisfies the assumptions
of Lemma 4.9. We show that % (x) € Z.((CJ,R)) for each x € C(J,R). Let {u, },>0 € F (x)
be such that u,, — u (n — o) in C(J,R). Then u € C(J,R) and there exists v, € Sg,, such that,
foreacht € J,

B
wlt) = Pl )0+ 1) + gy AP 28 x(0)(T)

AL(B +
FAIY POy, (T) — 1P (s,x(s))(T) —Io‘*B‘yvn(T)}, tel.
As F has compact values, we pass onto a subsequence (if necessary) to obtain that v, converges

tovin L'(J,R). Thus, v € Sk, and for each t € J, we have

B
T A e

1B y(TY — 1BYg(s,x(5))(T) —I‘”B’VV(T)}, =

un(t) > v(t) = IPg(s,x(s))(t) +1%Pv(r) +

which implies that u € % (x).

Next we show that there exists @ < 1 (defined by (14)) such that H;(.% (x), Z (X)) < ®||x — X||
for each x,% € C*(J,R). Let x, € C*>(J,R) and h; € .7 (x). Then there exists vy (t) € F(¢,x(t))
such that, for each ¢ € J,

B
M) = Pl )0+ Pl + g (AP sl xo)(T)

FATOHBAS (T — 1B~V (s,x(s))(T) — 19Ty, (T)}, tel.

By (C>), we have Hy(F (t,x),F(t,%)) < m(t)|x(t) — %(t)|. So, there exists w € F(t,x(¢)) such
that |v1 (1) —w| < m(t)|x(t) — %(¢)|, t € J. Define U : J — 2(R) by

Ut) = {weR: i) —w| < mt)|x(t) - %(1)]}.
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Since the multivalued operator U(r) N F(¢,%(t)) is measurable (Proposition 1114 [25]), there
exists a function v, (¢) which is a measurable selection for U. So v,(z) € F(t,%(¢)) and for each

t € J,wehave |vi(t) —vo(t)| <m(t)|x(t) — %(¢)|. For eacht € J, let us define

B
m(t) = Iﬂg(s,i(s))(t)+la+ﬁv2(t)—I—m{llﬁJrég(s,f(s))(T)
AP () — 1BV (s, 7(s))(T) — 1°‘+ﬁ*7vz(T)}, =

Thus,

(1) = ha(t)] < 1P|g(s,x(s)) — g(s,%(s))|(T)

Th ]
+\A\F(T1>{Wﬁ+5 18(s,x(s)) — g(s,%(s))(T)

+1P Y g(s,x(5)) — (5, 5D (T) } + 1% vy = v (T)

+${|ﬂwa+ﬁ+% — o (T) +1%B 1)y, —vzy(T)}

. T—ﬁ{1+ LA }kux—xu
FB+D|  ATB+o+1)  JATB—y+1)
+[1“+ﬁm<s><T>+%{wz“*ﬁ”m@m
1P () () } | x5

< [kAl+I°‘+ﬁm(s)(T)+%{wl“*“m@)m
1P m(s)(T) } e = 5l

It follows that
lhn—hal < km+1°‘+ﬁm<s><T>+ﬁ{wz“ﬁ”mcxn

+1“+ﬁfym<s)<T)H I — .

Analogously, interchanging the roles of x and X, we obtain Hy(.% (x),.7 (X)) < @||x — %,
where @ is defined by (14). So .% is a contraction. Therefore, it follows by Lemma 4.9 that .%

has a fixed point x which is a solution of (2). This completes the proof. 0J

5. Examples
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In this section we give examples to illustrate the usefulness of our main results.

5.1. Single-valued case. Let us consider the fractional functional differential equation

D7D 7x(t) — g(t,x(1))] = £(t,x(1)), t €J:=[0,2],
(15

x(0) =0, (D*7x)(2) = (1%7x)(2).
Here a =3/7,8=4/7,y=2/7,0 =8/7,A = 1,T =2 (note that we can chose any A such that
AAT(B+8+1)/TY (B —y+1)=0.645119), and g(z,y), f(t,y) will be chosen suitably for
the illustration of the obtained results. Using the given data, we find that |A| = 0.745299,A| =
9.40315,A, = 10.34570, where A, A and A; are respectively given by (4), (8) and (9). Let us
take
x|

(16) T+ ]

1
tan ' x+e " and g(r,x) = (

= s +t+1).

1
ft,x) = o0
It is easy to check that f(¢,x) and g(z,x) satisfy the conditions (A}) and (A,) respectively with
¢=1/30 and k = 1/25. Also kA| + ¢A; ~ 0.72098 < 1. Thus all the conditions of Theorem
3.1 are satisfied. So, by the conclusion of Theorem 3.1, the problem (15) with f(r,x) and g(z,x)
given by (16) has a unique solution on [0,2]. Also the hypothesis of Theorem 3.5 holds true
with ¢(r) =4/(24+¢€"), q(t) = \/% + e " and kA; ~ 0.37613. Thus by the conclusion of
Theorem 3.5, there exists at least one solution for the problem (15) with f(z,x) and g(¢,x) given

by (16).

5.2. Multivalued case. Consider the following multivalued fractional functional boundary val-

ue problem:

- D7 (DY7x(1) = g1,x(1)) ) € F(t,x(0)), 1 € [0,2],
x(0) =0, (D*7x)(2) = (1°7x)(2),
where g(,x(t)) = 55 sinx(t) + 45 and F(¢,x(t)) will be chosen appropriately.
For the illustration of Theorem 4.6, we take

et S+ )
cost , —(|x :
200(]x2+1) " 250 ' 150
Using the given data, we find that d; = 1/20,d> = 1/15, ||p|| = (¢* — 1) /150, ¢ (||x||) = 1+ ||x]|

and by the Condition (B3), we have M > M| ~ 11.970818. Thus, all the conditions of Theorem

(18) F(r,x(1) = |

4.6 are satisfied and consequently, there exists at least one solution for the problem (17) with

F(t,y) given by (18) on [0,2].
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In order to demonstrate the application of Theorem 4.10, let us choose

(t+1)tan" x4+

(19 Flty(0) = |0, 05

Clearly, H;(F(t,y),F(t,%)) < (t+ 1)||x — x||. Letting m(¢) = (¢ + 1), it is easy to check that
d(0,F(t,0)) < m(t) holds for almost all # € [0,2] and that @ < 0.865783 (@ is given by (14)).
As the hypotheses of Theorem 4.10 are satisfied, we conclude that the problem (17) with F(z,x)

given by (19) has at least one solution on [0, 2].

6. Some analogous problems

In this section, we present some problems analogue to (1) by replacing x(0) = 0 with the
nonlocal condition of the form x(0) = @ (y), ¢ : C(J,R) — R is given function, and the condition
(DYx)(T) = A(I%x)(T) with Riemann-Liouville type integral and discrete multipoint boundary

conditions of the form:
() DPy(n) = Y A "y(&), (i) DPy(n) =} A (&), n, & € (0,T).
i=1 i=1
Precisely we consider the problems:

DDBy(1) = g(t.3(0))] = £(1.3(1)), £ €J 1= J,
20 n
GO 5(0) = 005). DPy(m) = Y A I5(E), 0< p< 1,350, m,& € (0.7),
i=1

and

DDPy(1) —g(t,y(1))] = f(t.¥(1)), t €T =1,

D ¥(0) = (), DPy(m) = Y A y(E), 0< p < 1, 1.& € (0.T).
=1

Using the boundary conditions given by (20) in (7) together with the expressions:

+1
y(&) = IB”"g(s,y(S))(é)+I“+ﬁ+”f(say(S))(§i)+%Cl
&
JFF(}/,-Jrl)C2
and
nh-r

DPy(n) = 1P Pg(s,y() () +1%PP f(s,3(s)) (1) + TB—pr1)"
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the solution of the problem (20) is found to be

() =1Pgls.y()(e) +1%P f(5,5()) (1) + 9 (7)

B , o)
iR {Z““” 8(s,()(8) +ZM; N+ 7)
(22) n ; A 9B (s, 3(s)) (&) — 1P Pg(s,y(s)) (M)
—I“+ﬁ"’f(s,y(S))(n)}a
where
B nh-r ! /3+,
(23) Q= L(1+B-p) L l”%“)5 Y

l:1
In a similar manner, we can find the solution of the problem (21) which is given by
() =1Pg(s,y()) (1) +1%7P f(5,3(5)) (1) + 9 ()

P "
(24) +(B+1)91{Z7”gsy N(E)+90) ;

+ Z 2 1P £ (5,3(5)) (&) — 1P ~Pg(s,¥(s)) () —Io‘*ﬁ”f(s,y(S))(n)},

i=1
where
nﬁ*P
r0+B-p) [3+1

The existence results for the problems (20) and (21) can be obtained by following the method-

(25) Q=

nguo

ology employed in Section 3, while the inclusions case for the problems (20) and (21) can be

studied by employing the strategy used in Section 4.
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