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1. Introduction

Fractional differential equations as generalization of differential equations of integer order
can describe many phenomena in different fields of applied sciences and engineering such as
viscoelasticity, rheology, thermodynamics, biosciences, bioengineering, etc, see [1, 2] and the
references therein. Several methods are involved in the study of the existence of solutions, we

can mention the upper and lower solutions method, the theory of Mawhin and the method of
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successive approximation. In particular, some fixed point theorems, such the Schauder fixed
point theorem, nonlinear alternative of the Leray-Schauder and the Guo-Krasnoselski theorem
are used in the study of the existence of solutions or positive solutions for boundary value
problems for nonlinear fractional differential equations; see [3, 4, 5, 6, 7, 8, 9, 10, 11] and the
references therein.

The upper and lower solutions method allows us to prove not only the existence of a solution
of the considered problem but to get also information on its localization. In fact, by the use of
this method, we ensure the existence of the solution between the lower and the upper solutions.
So the most important step of this method is to find two well-ordered functions that satisfy some
appropriate inequalities.

This work concerns the existence of positive solutions for the following boundary value prob-

lem for nonlinear fractional differential equation. Let

(L.1) D% (1) + f(t,y(t)) =0,t € (0,1)
and

yD(0)=0, i=0,...n—2,
(1.2) mo M

y(1) =X A [ y(s)ds,

k=0 0
where f € C((0,1),Ry) is a given function,n—1 <o <n,neN,n>2,0<n, <1, >0,
k=0,..,m Note §E =1—2 ¥ A4n¢ > 0.
The proofs are based on the lower and upper solutions and the Schauder fixed point theorem.

The organization of the paper is as follows. In Section 2, we give some definitions and lemmas
to prove our main results. In Section 3, we construct the lower and upper solutions and establish

the existence of at least one positive solution for boundary value problem (1.1)-(1.2) between

these two functions. The obtained results are illustrated by an example.
2. Preliminaries

For the convenience of the reader, we give some background materials from the fractional

calculus theory to facilitate the analysis of problem (1.1)-(1.2), that can be found in [2, 11].
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Definition 2.1. The Riemann-Liouville fractional integral of order @ > 0 of a function 4 :
t

(0,+00) — Ris given by [, h(t) = ﬁ [ (¢ —5)*"" h(s)ds provided that the right side is point-
0

wise defined on (0, +o0).

Definition 2.2. The Riemann-Liouville fractional derivative of order o« > 0 of a function

h:(0,+e) — R is given by

1= (8 s () 0

provided that the right side is pointwise defined on (0, +oc0), where n = [a] + 1, [@] denotes the

integer part of «.

Lemma 2.1. Let oo > 0. Then the fractional differential equation D%u(t) = 0 has u(t) =

Cit* ' Ot 2+ C3t* 3+ ..+ Cut* ™" Ci € R,i=1,2,...,n as a solution.

Lemma 2.2. Assume that h € C(0,1) NL! (0,1) and n—1 < a <n,n > 2. Then the solution

to boundary value problem

(2.1) D% (t)+h(t)=0, te€(0,1),

yD(0)=0, i=0,..,n—2,

2.2) m Mk
y()=Y A& [y(s)ds, >0
k=0 0
is given by
! l‘a_l m !
v = [Ges)h)ds+ " Y A [ H ) h(s)ds,
P
0 0
where
| [ta—l(l—s)“—l—(z—s)“—l], 0<s<r<l,
G(t,s) = =——
I'o) 191 (1—5)% ! 0<r<s<l1

] (=5 =9)%], 0
SRR ACERIA R :

IA
ta
IN
IA

IN
IA
o7
IN

Y

Proof. Let y be a solution of problem (2.1)-(2.2). By Lemma 2.1, we have

t
1
(2.3) y(#) =1t et P foat® et 0 / (t—$)* "h(s)ds.
0
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Taking conditions (2.2) into account, it yields c; = c3 = ... = ¢, =0, and
o m Nk m atl ot
y(1) =ca—I1%((1)= Z lka(S)dSI ; M (12 R (M) + 9né)
m
=-Y M““h(n )+Cl Z ang,

k=0

which implies

1
1 .
cl:él"(a) (O/(ls) Yh(s)ds ——Z?Lko/ M —s)% (s)ds).

Hence the solution of problem (2.1)-(2.2) is

)% h(s)ds

sz‘”
S—
o .
—
-~

This implies that

y(t):‘%oc)/(f )" h(s)ds
0
- LY and 1
t% 1 . ak:O k / -
" i ; (1—)% " h(s)ds
I'(a) I'(a) <1—§k§0)tknka) 0
o1 g‘,ﬂ,k Mk
k=0 o
- éocF(oc) J (nk_s) h(S)dS
/ 1
:FL(X)O/OO‘_](I )%= (1 —5)® l>h(s)ds+%oc)t/ta_l(l ) h(s)d
tOt—l m Tk " .
+§r(a+1)kz;)’lk/("k (1) = (e =5)*) h(s)ds
tafl m 1 o w_t
+€F(a+1);;o/lk1{nk (1=9)"""h(s)ds
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The proof is completed.

We analyze functions G and H to get their following properties:
Lemma 2.3. The functions G and H are continuous nonnegative on [0, 1] x [0,1] and satisfy
G(t,s) < % and H (t,5) < F(&—Zl),forallt,s €[0,1].

Now we define the concept of upper and lower solutions for fractional boundary value prob-

lem (1.1)-(1.2).

Definition 2.3. A function 8 € C|0, 1] is called a lower solution of the fractional boundary value

problem (1.1)-(1.2), if

—D*B (1) <f(t,B (1)), 1€(0,1),

and

Definition 2.4. A function y € C|0, 1] is called a upper solution of the fractional boundary value
problem (1.1)-(1.2), if

—D%y(t) = f(t,7(1), t€(0,1),

and
YD (0)>0, i=0,...n—2,
m Nk
y(1) szOlkM(SMS, A > 0.
=0 0

3. Main results

Define an operator F : C([0,1],R) — C([0,1],R) by

1

Fy(t):/G(t,s)f( ))ds+ -

0

Oclm

e Lk / H (M) £ (5.3(5)) ds.
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Then y is a solution of problem (1.1)-(1.2) if and only if y is a fixed point of F. Let K be the
cone K ={y € C[0,1],y(t) > 0,7 € [0,1]}. Note that

! oc 1 m 1
p0) = [Gsds+ Y 2 [Hins)
0 = 0
% tocfl tocfl m A a+1 a
_ + 4 Z k —Tk +n_k
Ma+1) E mT(a+1)\ a+l o
re1 L 1 N
T T(a+1) (1-n+z ZE)A""" (E_ocﬂ)

The function

1
§() = [G(t.5)F(s.p(s 2 ¢ [ Hws) £ (s.p(9)ds.r € 0.1]
k=09

is a positive solution of the following problem

(3.D —D% (1) = f(t,p(t)), 1€(0,1),
and
g (0)=0, Vi=0,..,n—2,
(3.2) mo T
g(l)= X A [g(s)ds
k=0 0

Consequently, one has

(33) aip(t) < g(t) <axp(t), te€0,1],

where

(3.4) aj :min{l min f (¢, p (¢ ))}, azzmax{l maxf(t p(t ))}
r€[0,1] 1€[0,1]

We have the following result.

Theorem 3.1. Assume that following conditions are satisfied
(H1) There exist a function ¢ € L' ([0,1],R) and a continuous nondecreasing function

v:R, — Ry, such that

fty) <o) w(lyl),t€0,1],yeR.
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(H2) There exists a constant p > 0 such that

(3.5) v (p) (F(loc) + 5“;“);1@?) Il <p.

(H3) f(t,p(t)) #0, fort € [0,1] and there exists a constant |1, 0 < p < 1 such that for all k,
0<k<1,we have

(36) k“f(t7u)§f(t7ku>7 MER+'
Then problem (1.1)-(1,2) has at least one positive solution y € C [0, 1] satisfying
B(t)<y()<vy(),r€[0,1].

Moreover, B and y are respectively lower and upper solution of problem (1.1)-(1.2), where
(3.7) B (1) =kig(t),y(t) =kog (1),

(3.8) ki =min (1,r) k3, kp = max (1,R) k4,

r=min(f (t,y(r)), € [0, 1], [[yl| < p),
R=max (f (t,y(1)),t € [0, 1], Iyl < p)

and

| —— | ——
3.9) k3 = min (—,af“) , k4 = max <—,a21”) .

a aj

Proof. Let us prove that F' is completely continuous operator. Letting

yeEBy={yeK: |yl <p},
we have

1
1 o
FY(0) < g 0/ (1-9)"" f (5.3(5))d

_|_

1
1 m
o LI (=97 f(s.y(9)ds.
Era+1) & ™ O/

Applying Condition (H 1), one has

1
Fy()<v(p) (F(la) +§F(;+1)k§lkn;?‘> 0/(1—s)°“1<p(s)ds-
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It follows that
1

IFy]l < w(p) (F( T k'"oaknk>||<p||u

and consequently F is uniformly bounded on By, and F (Bp) C Bp.

Let t1,1, € [0,1],7; < fp. Then

Py - Fyie)l < ) Tty

Thanks to Condition (H1), we obtain
|[Fy(t2) = Fy(11)]

a-1_ .a—1 a-1_ ,a-1 )% !
Sll/(p)“q)”Ll<<t r(at)l )+(t2 r(o:)1 >+(QF(I:;)

(’2 L)
T T a1 Z’l"”"

v () llolly (5" ") L A [ R
< LF(O?) 1 <2—|—Oﬂ—kgolknk> + lf(a)Z 1 ,

that tends to 0 as r; — t;. Hence F (Bp) is equicontinuous. By means of the the Arzela-Ascoli
Theorem, F is completely continuous. Applying the Schauder fixed point Theorem, it follows

that F has a fixed point y € Bp. Let us remark that the solution y satisfies

rp(t) <y(t) <Rp(t), vVt €(0,1).

Now we prove that B () <y(t) < y(r),t € [0,1]. Combining (3.3) and (3.7), we get the fol-

lowing estimates for 7 € (0, 1)

(3.10) kia; < —= < kay,
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L _p@)_ 1

3.11 .
( ) krar — ’}/(l‘) ~ kay

Furthermore (3.8) implies

(3.12) kyar <1, kga; > 1.

Lett € (0,1). From (3.6), (3.10)-(3.12), we obtain

% < lyay < min (1,7 ksar <,
and
1;8 < kzlal N ;’8 > kyay = max (R, 1) ksa; > R.
Hence
(3.13) B() <rp(t), y(t) = Rp(r) forany 1 € [0,1].

From (3.7) and (3.13), one has

B(t) < y(r) < 7(t) forany r € [0,1].

Finally, we shall prove that B (t) = k1g(t), y(t) = kog(t) are respectively lower and upper
solutions of problem (1.1)-(1.2). Thanks to (3.10), we get the following estimates

(ksai)" > ks and (kga)* < k4,

(3.14) (klal)“ > ky and (kzaz)“ <k.

Using (3.6), (3.10) and (3.14), we get, for any ¢ € (0, 1), that

(3.15)
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and
kaf t.p(1) =kof (1, 507())
> ko (2)" £ (1, 7(0)
(3.16) AN ’
> ka (kaag) ™™ f (1, 7(1))
> f(t,y()).

Consequently, one has

and

m Nk
(1) > ¥ A [y(s)ds.
k=0 0

Thus B (t) =k1g(t), y(t) = kog (¢) are respectively lower and upper solutions of problem (1.1)-
(1.2). The proof of Theorem 3.1 is completed.

Now, we give an example to illustrate the obtained results.

Example 3.1. Consider fractional boundary value problem (1.1)-(1.2) with

a = 2.5,).1 :0.25,2,2:0.75,1‘[1 :0.5,1’]2:0.25,

(S

I(a+1)[yl
(1 —f)+%k§07tk771?‘ (& —ax7)

=1

We denote by (P). Then

p() = 0.3009¢3 (1.019595—1),
ft,p@) = 1—|—t—|—0.01t%,

0.97295 > 0.

T
Q
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For u = % and for 0 < k < 1, it is easy to verify that

o=

C(o4-1)k|y|
(44 £ dung (- 2)

K2 f(t,y) = k2 +k2t+ 1hs

o=

< l—l-t-l—L anoc—i—l)k|y|
100 (14)%&0%11/?‘(%*%)
< [t ky).
Moreover
1
2
1 I'(oe+1) 1
ty(t < 211 2

(=42 ¥ A (G —at)
1
< 2 (1 +0.0751886 |y|2> — o) v (ly)).
It follows that

1
o) =2,v(ly) = <1+0.0751886 \y\z) .

If we choose p = 2, then

1 1 i
AnZ —p =—0.3008 < 0.

Hence, (3.5) is satisfied. Since f (¢, p(¢)) is increasing in ¢, one has

i = min (1 1072%%) =1
tle%,r}}f(t’p(t» tg[léﬂ] ( +1+ t4> )
— -2,3) —
lren[&phf(t,p(t)) = trerﬁ)l(] (1 +7+10 t4> =2.01.

Hence, f (t,p(t)) # 0. Since all conditions of Theorem 3.1 are satisfied, one sees that the frac-
tional boundary value problem (P) has at least one positive solution such that () < y(z) <
Y(t),t € [0,1]. Let us find the explicit forms of the functions g,  and y. By computation, we
get

a; = 1,ar=2.01,r = 1,R=2.184174,k; = ks = 0.49751,

ky = 2.01, ko =4.390189,

g(t) = 0.36506¢"5 — 0.75225¢% (0.4+0.11429t 10.84263 x 10—3zo~75) :
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1) = 0.181621:15 —0.374251127 (0.11429¢ + 1.4746 x 1073%73 +0.4),
B (1)

y(r) = 1.602682¢'° —3.3025197%7 <0.11429t+1.4746><10_3t0‘75+0.4>.

Finally, we show that the functions f (1) = kg (¢) and y(¢) = kpg (¢) are respectively lower and
upper solutions of problem (P). In fact, since function g is solution of problem (3.1)-(3.2), we

find from (3.15) that

—D%B (t) = =k D%g (1) = ki f (t,p (1)) < f(t,B (1))

and

BD(0) =kig) (0)=0, Vi=0,...,n—2,
m Nk m Nk
B(1)=kig(l)= ¥ A [kig(s)ds= ¥ A | B (s)ds.
k=0 0 k=0 0

Similarly, by using (3.16), we show that y(¢) = kpg(t) is an upper solution of problem (P).
Finally, we remark that if y is an approximate solution of problem (P), then the error is ap-
proximative 0.4. This shows that the upper and lower solutions f3 and y are good approximations

of the solution of problem (P).
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