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GLOBAL ANALYSIS OF A RATIO-DEPENDENT PREDATOR-PREY SYSTEM
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Abstract. In this paper, we consider a ratio-dependent predator-prey system incorporating a prey refuge. The

qualitative behavior of the system at the origin in the interior of the first quadrant is studied. Using the prey refuge

m as control, the global qualitative analysis of the system and conditions of the existence and the non-existence of

limit cycles for the system is obtained.
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1. Introduction

The traditional prey-dependent predator-prey models have been challenged by several biol-

ogists, such as, Arditi and Ginzburg [1], Akcakaya [2], Gutierrez [3], based on the fact that

functional responses over typical ecological time scales ought to depend on the densities of

both prey and predators, especially when predators have to search for food and therefore they

have to share or compete for food. Such a functional response is called a ratio-dependent re-

sponse function. Based on the Michaelis-Menten function, Arditi and Ginzburg [1] proposed
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the following ratio-dependent predator-prey model

ẋ = x(a−bx)− cxy
ny+ x

, ẏ = y
(
−d +

f x
ny+ x

)
, (1.1)

where x(t) and y(t) represent population densities of the prey and the predator at time t, respec-

tively. a
b > 0 is the carrying capacity of the prey, d > 0 is the death rate of the predator, and

a,c,n and f are positive constants that stand for the prey intrinsic growth rate, capturing rate,

half-saturation constant, and conversion rate, respectively.

There are some arguments (see Berry [18], Lundberg and Fryxell [19]) about the advan-

tages of the ratio-dependent versus prey-dependent models. Differing from the prey-dependent

predator-prey models, the ratio-dependent predator-prey systems have two principal prediction-

s: (a) equilibrium abundances are positively correlated along a gradient of enrichment (see

Arditi and Ginzburg [1] and (b) the ”paradox of enrichment” (see Rosenzweig [20]) either com-

pletely disappears or enrichment is linked to the stability in a more complex way.

However, system (1.1) is not well-defined at the origin (0,0) and thus cannot be linearized at

(0,0). It sets up a challenging issue regarding its dynamics near the origin since it is not well-

defined there. Because the Jacobian matrix at (0,0) is a zero matrix, there are some difficulties

to analyze the singularity at the origin of system (1.1). Several researchers have studied system

(1.1) recently. Freedman and Mathsen [4] restricted their analysis to parameter values that

ensure the equilibrium (0,0) behaves like a saddle point and established conditions for the

persistence of the model. Jost, Arino and Arditi [5] studied the analytical behavior at (0,0) for

a general ratio-dependent predator-prey model and showed that this equilibrium can be either

a saddle point or an attractor for certain trajectories. Kuang and Beretta [6] considered the

global behaviors of solutions of system (1.1). Hsu, Hwang and Kuang [8] obtained a complete

classification of the asymptotic behavior of the solutions of the Michaelis-Menten type ratio-

dependent predator-prey model. Motivated by the above work (Freedman and Mathsen [4],

Jost, Arino and Arditi [5], Kuang and Beretta [6]), Xiao and Ruan [7] redefined system (1.1) at

(0,0)) as

ẋ = x(a−bx)− cxy
ny+ x

,

ẏ = y
(
−d +

f x
ny+ x

)
,

ẋ = ẏ = 0 when (x,y) = (0,0)

(1.2)
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and they found that (0,0) has its own basin of the attraction at the first quadrant, which is

important for the global behavior of the model and observed the interesting dynamic behavior

such as deterministic extinction, the existence of multiple attractors, and the existence of a limit

cycle.

In this paper, we extend system (1.2) by incorporating a refuge protecting mx of the prey,

where m ∈ [0,1) is a constant number of the prey using refuges. This leaves (1−m)x of the

prey available to the predator, and modifies system (1.2) accordingly yielding the system:

ẋ = x(a−bx)− c(1−m)xy
ny+(1−m)x

,

ẏ = y
(
−d +

f (1−m)x
ny+(1−m)x

)
,

ẋ = ẏ = 0 when (x,y) = (0,0).

(1.3)

We study system (1.3) based on the techniques, which had been well taken in Xiao and Ruan

[7], Hwang [9, 10]. Many scientists have paid more attention to the effects of a prey refuge to

a predator-prey system. McNair [12] showed that several kinds of refuges could exert a locally

destabilizing effect and create stable, large amplitude oscillations which could damp out if no

refuge was present. Even now, prey refuges are widely believed to prevent prey extinction and

damp predator-prey oscillations. For example, Kar [11] and Huang, Chen and Li et al. [13]

considered an Lotka-Volterra type predator-prey system incorporating a constant proportion of

the prey using refuges mx, which protects mx of prey from predation, with the Holling type

II response function and the Holling type III response function, respectively. They all pointed

that increasing the amount of the refuge could increase prey densities and lead to population

outbreaks. For more biological backgrounds and results on the effects of a prey refuge, one

refers to [14, 15, 16] and the references therein.

This paper is organized as follows. In Section 2, the dynamical analysis and boundedness

of system (1.3) are obtained. We also study the singularity (0,0) of system (1.3) and give all

possibilities for the orbits of system (1.3) to approach (0,0) as t → +∞ or t →−∞ depending

on all parameters in the interior of the first quadrant. In Section 3, the existence and the sta-

bility of the equilibria of system (1.3) except (0,0) are discussed, which contains that the local

asymptotic stability of the positive steady state implies the nonexistence of nontrivial positive
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periodic solutions. It also contains the uniqueness of limit cycles. In Section 4, the global quali-

tative analysis of system (1.3) is carried out, which contains some results on the global stability

of the positive steady state and the existence of multiple attractors and a limit cycle of system

(1.3). In Section 5, the global analysis of system (1.3) is summarized and classified into a table

depending on the parameters m and f , and some numerical simulations illustrate the established

results. Concluding remarks are presented in Section 6.

2. Dynamical analysis of system (1.3)

Letting I+ = {(x,y)|x > 0,y > 0}, for practical biological meaning, we simply study system

(1.3) in I+ or ¯I+. From the first equation of system (1.3), it is easy to derive limsupt−→∞ x(t)≤
a
b .

Lemma 2.1. The solution x(t),y(t) of system (1.3) with initial values x(0) > 0,y(0) > 0 are

positive and bounded for all t ≥ 0.

Proof. Obviously the solution x(t),y(t) of system (1.3) with initial values x(0) > 0,y(0) > 0

are positive for all t ≥ 0. Define the function ω(x,y) = x+ c
f y. Given any ε > 0,x(t) ≤ a

b + ε

for t sufficiently large, one finds from system (1.3) that

ω̇ = x(a−bx)− cdy
f
≤−min{a, d f

c
}ω +2a(

a
b
+ ε).

Then ω ≤ 2a( a
b+ε)

min{a, d f
c }

, for t sufficiently large. This completes the proof.

In the following, we study the orbits of system (1.3) to approach (0,0). Our method is the

same one elegantly applied by Xiao and Ruan [7] on system (1.2) and their success inspires us.

We can make a time scale change dt = (ny+(1−m)x)dτ such that system (1.3) is equivalent

to the following system in I+

ẋ = a(1−m)x2 +[an− (1−m)c]xy−nbx2y−b(1−m)x3 ≡ P2(x,y)+Φ(x,y),

ẏ = ( f −d)(1−m)xy−dny2 ≡ Q2(x,y),
(2.1)

where P2 and Q2 are homogeneous polynomials in x and y of degree 2 and Φ(x,y) =−nbx2y−

b(1−m)x3. The equilibrium (0,0) of system (2.1) is an isolated critical point of higher order.

Obviously, system (2.1) is analytic in a neighborhood of the origin. By Theorem 3.10 on page
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79 of [8], any orbit of (2.1) tending to the origin must tend to it spirally or along a fixed direction,

which depends on the characteristic equation of system (2.1).

First of all, we introduce the polar coordinates x = r cosθ , y = r sinθ and define

G(θ) = cosθQ2(cosθ ,sinθ)− sinθP2(cosθ ,sinθ).

Then the characteristic equation of system (2.1) takes the form

G(θ) = sinθ cosθ [( f −d−a)(1−m)cosθ +((1−m)c−n(a+d))sinθ ]. (2.2)

Clearly, either G(θ) = 0 has a finite number of real roots or G(θ)≡ 0. By the results in section

II. 2 in [8], we know that no orbit of system (2.1) can tend to the critical point (0,0) spirally.

In the following, we discuss three cases according to the number of real roots to the charac-

teristic equation (2.2) in 0≤ θ ≤ π

2 .

2.1. f −d−a = 0 and (1−m)c−n(a+d) = 0

In this case, G(θ) ≡ 0. Performing the Brio-Bouquet transformation [17] y = ux, system

(2.1) in I+ is transformed into

ẋ = a(1−m)x2 +[an− (1−m)c]x2u−bx3(1−m+nu),

u̇ = bx2u(1−m+nu).
(2.3)

On the (u,x)-plane system (2.3) can be written as

dx
du

=−1
u

x+
a
bu
− (1−m)c

b(1−m+nu)
. (2.4)

Equation (2.4) has a general solution as follows

x =
an− (1−m)c

nb
+ ku+

(1−m)2c
n2bu

ln(1−m+nu),

where k is an arbitrary constant. So the general solution of system (2.1) in I+ is

x =
an− (1−m)c

nb
+ k

y
x
+

(1−m)2cx
bn2y

ln
ny+(1−m)x

x
,

when f−d−a= 0 and (1−m)c−n(a+d)= 0. The topological structure of the orbits of system

(1.3) in I+ is sketched in Figure 3 (a), which consists of an elliptic sector and a parabolic sector.

2.2. ( f −d−a)[(1−m)c−n(a+d)] = 0 but one of them is not zero
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In this case, equation (2.2) has two roots in 0≤ θ ≤ π

2 , θ1 = 0, and θ2 =
π

2 , and

G′(θ) = sinθ cosθ [((1−m)c−n(a+d))cosθ − ( f −d−a)(1−m)sinθ ]

+ cos2θ [( f −d−a)(1−m)cosθ +((1−m)c−n(a+d))sinθ ],

G′′(θ) = 2cos2θ [((1−m)c−n(a+d))cosθ − ( f −d−a)(n−m)sinθ ]

−5sinθ cosθ [((1−m)c−n(a+d))sinθ +( f −d−a)(1−m)cosθ ],

H(θ) = sinθQ2(cosθ ,sinθ)+ cosθP2(cosθ ,sinθ)

= a(1−m)cos3
θ −dnsin3

θ + sinθ cosθ [( f −d)(1−m)sinθ

+(an− (1−m)c)cosθ ].

(2.5)

Case 1. f −d−a 6= 0 and (1−m)c−n(a+d) = 0.

In this case, θ1 is a simple root of equation (2.2) and θ2 is a multiple root with multiplicity 2

of equation (2.2). We have

Theorem 2.2. Suppose that f −d−a 6= 0 and c(1−m)−n(a+d) = 0. Then

(a) there exist ε1 > 0 and r1 > 0 such that

(i) if f − d− a > 0, all orbits of system (2.1) in {(θ ,r) : 0 ≤ θ < ε1, 0 < r < r1} tend to

(0,0) along θ1 as t→−∞;

(ii) if f − d−a < 0, there exists a unique orbit of system (2.1) in {(θ ,r) : 0 ≤ θ < ε1, 0 <

r < r1} that tends to (0,0) along θ1 as t→−∞; and

(b) there exist ε2 > 0 and r2 > 0 such that all orbits of system (2.1) in {(θ ,r) : 0≤ π

2 −θ <

ε2, 0 < r < r2} tend to (0,0) along θ2 as t→+∞.

Proof. Note that G′(θ1) = ( f − d− a)(1−m) and H(θ1) = a(1−m). If f − d− a > 0, then

G′(θ1)H(θ1) > 0, by Theorem 4.4 of [8] there exist ε1 > 0 and r1 > 0 such that all orbits

of system (3.1) in {(θ ,r) : 0 ≤ θ < ε1, 0 < r < r1} tend to (0,0) along θ1 as t → −∞. If

f −d−a < 0, then G′(θ1)H(θ1)< 0. The conclusion follows from Theorem 4.7 of [8].

On the other hand, when c(1−m)−n(a+d) = 0 than G′(θ2) = 0 and G′′(θ2) = 2( f −d−

a)(1−m), H(θ2) = −dn, that is G′′(θ2)H(θ2) 6= 0, one finds from Theorem 4.8 [8] that there

exist ε2 > 0 and r2 > 0 such that all orbits of system (2.1) in {(θ ,r) : 0≤ π

2 −θ < ε2, 0< r < r2}

tend to (0,0) along θ2 as t→+∞.

Case 2. ( f −d−a) = 0 and [c(1−m)−n(a+d)] 6= 0.
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In this case, θ2 is a simple root of equation (2.2) and θ1 is a multiple root with multiplicity 2

of equation (2.2). Similarly, we have the following.

Theorem 2.3. Suppose that f −d−a = 0 and c(1−m)−n(a+d) 6= 0. Then

(a) there exist ε3 > 0 and r3 > 0 such that all orbits of system (2.1) {(θ ,r) : 0≤ θ < ε3, 0 <

r < r3} tend to (0,0) along θ1 as t→−∞; and

(b) there exist ε4 > 0 and r4 > 0 such that

(i) if c(1−m)−n(a+d)> 0, all orbits of system (2.1) in {(θ ,r) : 0≤ π

2 −θ < ε4, 0< r < r4}

tend to (0,0) along θ2 as t→+∞;

(ii) if c(1−m)− n(a+ d) < 0, there exists a unique orbit of system (2.1) in {(θ ,r) : 0 ≤
π

2 −θ < ε4, 0 < r < r4} tends to (0,0) along θ2 as t→+∞.

2.3. ( f −d−a)[c(1−m)−n(a+d)] 6= 0

In this case, we discuss two subcases because we only consider (2.2) in 0≤ θ ≤ π

2 .

(A) If ( f −d−a)[c(1−m)−n(a+d)]> 0, then equation (2.2) has two simple roots: θ1 = 0,

θ2 =
π

2 .

(B) If ( f − d− a)[c(1−m)− n(a+ d)] < 0, then equation (2.2) has three simple roots: θ1,

θ2 and θ3 = arctan (a+d− f )(1−m)
(1−m)c−n(a+d) . For the simple roots of (A) and (B): θ1 and θ2, we have the

following theorem according to Theorems 4.4 and 4.7 in [18].

Theorem 2.4. Assume that ( f −d−a)[c(1−m)−n(a+d)] 6= 0. Then

(a) there exist ε5 > 0 and r5 > 0 such that

(i) if f − d− a > 0, all orbits of system (2.1) in {(θ ,r) : 0 ≤ θ < ε5, 0 < r < r5} tend to

(0,0) along θ1 as t→−∞;

(ii) if f − d− a < 0, there exists a unique orbit of system (2.1) in {(θ ,r) : 0 ≤ θ < ε5, 0 <

r < r5} tends to (0,0) along θ1 as t→−∞; and

(b) there exist ε6 > 0 and r6 > 0 such that

(i) if c(1−m)−n(a+d)> 0, all orbits of system (2.1) in {(θ ,r) : 0≤ π

2 −θ < ε6, 0< r < r6}

tend to (0,0) along θ2 as t→+∞;

(ii) if c(1−m)− n(a+ d) < 0, there exists a unique orbits of system (2.1) in {(θ ,r) : 0 ≤
π

2 −θ < ε6, 0 < r < r6} that tends to (0,0) along θ2 as t→+∞.

In the following, we consider θ3.
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Theorem 2.5. Suppose that f −d−a > 0 and c(1−m)−n(a+d)< 0. Then

(a) there exist ε7 > 0 and r7 > 0 such that there exists a unique orbit of system (2.1) in

{(θ ,r) : 0≤ |θ −θ3|< ε7, 0 < r < r7} that tends to (0,0) along θ3 as t→−∞ when one of the

following conditions holds

(i) a+d < f and c(1−m)≤ an or

(ii) a+d < f < c(1−m)d
c(1−m)−an and an < c(1−m)< n(a+d); and

(b) there exist ε8 > 0 and r8 > 0 such that all orbits of system (2.1) in {(θ ,r) : 0≤ |θ−θ3|<

ε8, 0 < r < r8} that tend to (0,0) along θ3 as t→+∞ when f ≥ c(1−m)d
c(1−m)−an and an < c(1−m)<

n(a+d).

Proof. We apply the Briot-Bouquet transformation

x = x, y = ux, dτ = xdt

to transform system (2.1) into

dx
dτ

= a(1−m)x+[an− c(1−m)]ux−bx2(1−m+nu),

du
dτ

= ( f −d−a)(1−m)u+[c(1−m)−n(a+d)]u2 +bxu(1−m+nu).
(2.6)

Similar to the discussion in [7], we only consider the equilibria of system (2.6) in the u-axis.

In the u-axis system (2.6) has two equilibria (0,0) and
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
. (0,0) is an unstable

node. In the following, we consider the equilibrium
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
.

Let x1 = x, x2 = u− ( f−d−a)(1−m)
n(a+d)−c(1−m) . Then system (2.6) becomes

dx1

dτ
=

(1−m)[(an− c(1−m)) f + c(1−m)d]
n(a+d)− c(1−m)

x1 +[an− c(1−m)]x1x2

− b(1−m)(n f − c(1−m))

n(a+d)− c(1−m)
x2

1−bnx2
1x2,

dx2

dτ
=

b(1−m)2( f −d−a)(n f − c(1−m))

[n(a+d)− c(1−m)]2
x1− ( f −d−a)(1−m)x2

+
b(1−m)(2n f −n(a+d)− c(1−m))

n(a+d)− c(1−m)
x1x2 +[c(1−m)−n(a+d)]x2

2 +bnx1x2
2.

(2.7)

We define the functions

K =
(1−m)[(an− c(1−m)) f + c(1−m)d]

n(a+d)− c(1−m)
,L =

b(1−m)(n f − c(1−m))

n(a+d)− c(1−m)
,
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M =
b(1−m)2( f −d−a)(n f − c(1−m))

[n(a+d)− c(1−m)]2
,N =

b(1−m)(2n f −n(a+d)− c(1−m))

n(a+d)− c(1−m)
.

The Jacobian matrix at the equilibrium is given by Kx1−2Lx1−2bnx1x2 [an− c(1−m)]x1−2bnx1x2

M+Nx2 +bnx2
2 −( f −d−a)(1−m)+Nx1 +2[c(1−m)−n(a+d)]x2 +2bnx1x2

 .

The Jacobian matrix at the equilibrium (0,0) is given by (1−m)[(an−c(1−m)) f+c(1−m)d]
n(a+d)−c(1−m) 0

b(1−m)2( f−d−a)(n f−c(1−m))
[n(a+d)−c(1−m)]2

−( f −d−a)(1−m)

 .

The Jacobian matrix at the equilibrium
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
is given by (1−m)[(an−c(1−m)) f+c(1−m)d]

n(a+d)−c(1−m) 0

M−b(1−m)2( f −d−a)(n f − c(1−m))+bn ( f−d−a)(1−m)
n(a+d)−c(1−m)

2
−3( f −d−a)(1−m)

 .

equilibrium (0,0) and
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
is saddle if any one of the following conditions holds

(a) a+d < f and c(1−m)≤ an, (b) a+d < f < c(1−m)d
c(1−m)−an and an < c(1−m)< n(a+d). Con-

dition (a) (b) indicate that m is large enough, then both equilibrium (0,0) and
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
exist, so that predator extinction or survive is depending on m. And there exists a unique sepa-

ratrix of this equilibrium in I+ of system (2.6), which tends to
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
as t →−∞.

By the inverse Briot-Bouquet transformation, there exist ε7 > 0 and r7 > 0 such that there exists

a unique orbit of system (2.1) in {(θ ,r) : 0≤ |θ −θ3|< ε7, 0 < r < r7} which tends to (0,0)

along θ3 as t→−∞.

Similarly, when f = cd(1−m)
c(1−m)−an and an < c(1−m)< n(a+d), one sees that equilibrium (0,0)

of system (2.7) is a saddle-node. In this case, the equilibrium
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
of system (2.6)

is a saddle-node, and the stable node part is in I+ of system (2.6). When cd(1−m)
c(1−m)−an < f and

an < c(1−m) < n(a+ d), the equilibrium (0,0) of system (2.7) is a saddle-node. Hence, the

equilibrium
(

0, ( f−d−a)(1−m)
n(a+d)−c(1−m)

)
of system (2.6) is a stable node. For both cases, we use the

inverse Briot-Bouquet transformation to obtain the result: there exist ε8 > 0 and r8 > 0 such

that all orbits of system (2.1) in {(θ ,r) : 0≤ |θ −θ3|< ε8, 0 < r < r8} tends to (0,0) along θ3

as t→+∞. This completes the proof of the theorem.

Using a similar method as in the proof of Theorem 2.4, we obtain the following.

Theorem 2.6. Assume that f −d−a < 0 and c(1−m)−n(a+d)> 0. Then
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(a) there exist ε9 > 0 and r9 > 0, such that there exists a unique orbit of system (2.1) in

{(θ ,r) : 0≤ |θ −θ3|< ε9, 0 < r < r9} which tends to (0,0) along θ3 as t → +∞ if one of the

following conditions holds:

(i) f ≤ d and c(1−m)> n(a+d), or

(ii) d < f < cd(1−m)
c(1−m)−an and c(1−m)> n(a+d); and

(b) there exist ε10 > 0 and r10 > 0 such that there exists an infinite number of orbits of system

(2.1) in {(θ ,r) : 0≤ |θ −θ3|< ε10, 0 < r < r10} which tend to (0,0) along θ3 as t→−∞ when
cd(1−m)

c(1−m)−an ≤ f < a+d and c(1−m)> n(a+d).

3. Equilibria of system (1.3) except (0,0)

In this section, we discuss the existence and stability of equilibria of system (1.3) except

(0,0). We show that if the positive steady state of the system (1.3) is locally asymptotically

stable. The system has no nontrivial positive periodic solution. Moreover, we show system

(1.3) has at most one limit cycle for some parameters.

System (1.3) always has a boundary equilibrium (a
b ,0) and at most one interior equilibrium

(x∗,y∗), where

x∗ =
[an− (1−m)c] f +(1−m)cd

bn f
, y∗ =

( f −d)(1−m)

nd
x∗.

The unique interior equilibrium (x∗,y∗) exists if and only if any one of the following conditions

holds: (i) f > d and an≥ (1−m)c, that is, f > d and 1− an
c ≤ m < 1;

(ii) d < f < (1−m)cd
(1−m)c−an and an < (1−m)c, that is, f > d and 1− an f

( f−d)c < m < 1− an
c .

Next, we discuss the stability of the equilibrium (a
b ,0) and (x∗,y∗). The Jacobian matrix of

the system (1.3) is given by

J(x,y) =

 a−bx− (1−m)cy
ny+(1−m)x −bx+ (1−m)2cxy

[ny+(1−m)x]2 − (1−m)2cx2

[ny+(1−m)x]2

n f (1−m)y2

[ny+(1−m)x]2 −d + f (1−m)x
ny+(1−m)x −

n f (1−m)xy
[ny+(1−m)x]2

 .

The Jacobian matrix at the equilibrium (a
b ,0) is given by −a −c

0 f −d

 .

Clearly, (a
b ,0) is a saddle when f > d and a stable node when f < d. When f = d, the equilib-

rium (a
b ,0) is saddle-node.
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The Jacobian matrix at the equilibrium (x∗,y∗) is given by

J(x∗,y∗) =

 −bx∗+
(1−m)2cx∗y∗

(ny∗+(1−m)x∗)2 −
(1−m)2cx2

∗
(ny∗+(1−m)x∗)2

n f (1−m)y2
∗

(ny∗+(1−m)x∗)2 − n f (1−m)x∗y∗
(ny∗+(1−m)x∗)2

 .

The determinant of J(x∗,y∗) is positive and its trace is

trJ(x∗,y∗) =
[(1−m)c−an−dn] f 2 +nd2 f − cd2(1−m)

n f 2 . (3.1)

Theorem 3.1. Suppose that system (1.3) has a positive equilibrium (x∗,y∗), 0≤ m < 1. Then

(1) (x∗,y∗) is locally asymptotically stable if any one of the following conditions holds

(i) f > d and c(1−m)≤ an,

(ii) d < f < cd(1−m)
c(1−m)−an and an < c(1−m)≤ an+dn,

(iii) d < f < −nd2+
√

∆

2(c(1−m)−an−dn) and c(1−m)> an+dn, where ∆ = n2d4 +4cd2(1−m)(c(1−

m)−an−dn);

(2) (x∗,y∗) is unstable if

(iv) −nd2+
√

∆

2(c(1−m)−an−dn) < f < cd(1−m)
c(1−m)−an and c(1−m)> an+dn.

Proof. It is clear that (x∗,y∗) is locally asymptotically stable (unstable) if trJ(x∗,y∗) < 0

(trJ(x∗,y∗)> 0, respectively). From (3.1), we define the function F = [c(1−m)−an−dn] f 2+

nd2 f − cd2(1−m). If the condition (i) holds, then F = (c(1−m)− an) f 2− nd f ( f − d)−

cd2(1−m)< 0, which implies that (x∗,y∗) is locally asymptotically stable. If the condition (ii)

holds, then we consider three subcases: (a) d < f < c(1−m)
n and an < c(1−m) < an+ dn. (b)

c(1−m)
n < f < cd(1−m)

c(1−m)−an and an < c(1−m) < an+dn. (c) d < f < cd(1−m)
c(1−m)−an and c(1−m) =

an+ dn. In the subcase (a), we have F = (c(1−m)− an− dn) f 2− d2(c(1−m)− n f ) < 0.

Hence, (x∗,y∗) is locally asymptotically stable. In subcase (b), when f > c(1−m)
n , we find from

(3.1) that

trJ(x∗,y∗) =−bx∗+
(1−m)(c(1−m)−n f )x∗y∗

(ny∗+(1−m)x∗)2 < 0,

when f < cd(1−m)
c(1−m)−an , we have (1−m)cd > (1−m)c f −an f . It follows that

F < (c(1−m)−an−dn) f 2+nd2 f −c(1−m)d f +and f = f ( f −d)(c(1−m)−an−dn)< 0.

Hence, in subcase (b), (x∗,y∗) is locally asymptotically stable. In subcase (c), we have d <

f < a+ d and F = nd2 f − cd2(1−m) = nd2( f − a− d) < 0, which imply (x∗,y∗) is locally
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asymptotically stable. When c(1−m)−an−dn > 0, after some straightforward computations,

we have d < −nd2+
√

∆

2(c(1−m)−an−dn) <
cd(1−m)

c(1−m)−an < a+d. We can rewrite F as follows

F = (c(1−m)−an−dn)
(

f − −nd2 +
√

∆

2(c(1−m)−an−dn)

)(
f +

−nd2 +
√

∆

2(c(1−m)−an−dn)

)
. (3.2)

If the condition (iii) holds, it is clear that F < 0, which implies that (x∗,y∗) is locally asymp-

totically stable. If the condition (iv) holds, we find from (3.2) that F > 0. Hence, (x∗,y∗) is

unstable. This proves the theorem.

Theorem 3.2. If (x∗,y∗) is locally asymptotically stable, then system (1.3) has no nontrivial

positive periodic orbit in I+.

Proof. Let Γ(t) = (x(t),y(t)) be any one nontrivial positive periodic orbit of system (1.3) with

period T > 0. It is sufficient to show that∫ T

0
trJ(x(t),y(t))dt < 0. (3.3)

Since ∫ T

0
(a−bx(t)− c(1−m)y(t)

ny(t)+(1−m)x(t)

)
dt =

∫ T

0

x′(t)
x(t)

dt = 0,

and ∫ T

0

(
−d +

f (1−m)x(t)
ny(t)+(1−m)x(t)

)
dt =

∫ T

0

y′(t)
y(t)

dt = 0,

we have∫ T

0
trJ(x∗,y∗))dt =

∫ T

0

[
−bx(t)+(1−m)(c(1−m)−n f )

x(t)y(t)
(ny(t)+(1−m)x(t))2

]
dt. (3.4)

If c(1−m) ≤ n f , then trJ(x(t),y(t)) < 0 for all t ≥ 0. Hence (3.3) holds. Thus we assume

c(1−m)> n f in the following. Notice that

a−bx∗−
(1−m)cy∗

ny∗+(1−m)x∗
= 0, −d +

f (1−m)x∗
ny∗+(1−m)x∗

= 0. (3.5)

From (1.3) and (3.5), we have

x′(t)
x(t)

= bx∗+
(1−m)cy∗

ny∗+(1−m)x∗
−bx(t)− (1−m)cy(t)

ny(t)+(1−m)x(t)

= (x(t)− x∗)
[
−b+

(1−m)2cy∗
ny∗+(1−m)x∗

· 1
ny(t)+(1−m)x(t)

]
+

(1−m)2cx∗
ny∗+(1−m)x∗

· y∗− y(t)
ny(t)+(1−m)x(t)

,

(3.6)
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y′(t)
y(t)

= (x(t)− x∗)
( f −d)(1−m)

ny(t)+(1−m)x(t)
+

dn(y∗− y(t))
ny(t)+(1−m)x(t)

. (3.7)

From (3.7), y∗−y(t)
ny(t)+(1−m)x(t) can be solved and substituted into (3.6). After some straightforward

computations with (3.5), we have

x∗− x(t) =
1
b
· x
′(t)

x(t)
− c(1−m)

f nb
· y
′(t)

y(t)
. (3.8)

Using (1.3), (3.4), (3.5), (3.8) and the Green’s theorem, we have∫ T

0
trJ(x(t),y(t))dt

=
∫ T

0

[
−bx(t)+

(1−m)c−n f
f

· y′(t)
ny(t)+(1−m)x(t)

+
d((1−m)c−n f )

(1−m) f c
· (1−m)cy(t)

ny(t)+(1−m)x(t)

]
dt

=
∫ T

0

[ad((1−m)c−n f )
(1−m) f c

−b
(

1+
d((1−m)c−n f )

(1−m) f c

)
x∗
]
dt

+
∫ T

0
b
(

1+
d((1−m)c−n f )

(1−m) f c

)
(x∗− x(t))dt

− d((1−m)c−n f )
(1−m) f c

∫ T

0

x′(t)
x(t)

dt +
(1−m)c−n f

f

∫ T

0

y′(t)
ny(t)+(1−m)x(t)

dt

= T · trJ(x∗,y∗)−
(1−m)[(1−m)c−n f ]

f

∫ ∫
Ω

dxdy
(ny(t)+(1−m)x(t))2 < 0,

where Ω is the bounded region enclosed by Γ. Hence, the divergency criterion [9] implies all

the positive solutions must be orbitally stable. This is impossible since the (x∗,y∗) is locally

asymptotically stable. Thus, system (1.3) has no positive periodic orbit in I+, which complete

the proof.

Now under the assumption Theorem 3.1 (iv) and through the change of variables dt = (ny+

(1−m)x)dτ , system (1.3) becomes

ẋ = ϕ(x)(h(x)−u),

u̇ = ψ(x)u,

ẋ = u̇ = 0 when (x,u) = (0,0),

(3.9)

where

σ(x) =
((1−m)c−n(a−bx)

x

)l
, l =

dn
(1−m)c−na

> 0,
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ϕ(x) =
x[(1−m)c−n(a−bx)]

σ(x)
,h(x) =

(1−m)(a−bx)xσ(x)
(1−m)c−n(a−bx)

,

ψ(x) =
[
( f −d)x− dn(a−bx)x

(1−m)c−n(a−bx)

]
= (1−m) · x[nb f x+((1−m)c−na) f − (1−m)cd]

(1−m)c−n(a−bx)
.

(3.10)

Conversely, the change of variables y = u/σ(x), dt = (ny+(1−m)x)dτ converts system (3.9)

to system (1.3). Hence, system (1.3) has a unique limit cycle in I+ if and only if system (3.9)

does. Notice that the set Ω = (0, a
b)×R+ ⊆ I+ is positively invariant and any trajectory must

intersect it from the exterior to the interior provided x(0)≥ a
b . So, the limit cycle must lie in Ω.

From (3.5), we have c(1−m)
n >

c(1−m)
n ·ny∗

ny∗+(1−m)x∗
= a−bx∗, that is

c(1−m)> n(a−bx∗). (3.11)

In view of the expression of x∗, we have ψ(x∗) = 0 and consequently, ψ(x∗) can be written as

ψ(x) = (1−m)
nb f x(x− x∗)

c(1−m)−n(a−bx)
. (3.12)

Clearly, h(a
b) = 0 and

h′(x) =
(1−m)σ(x)

x[(1−m)c−n(a−bx)]
·
[
x(a−2bx)− nx(a−bx)(d +bx)

(1−m)c−n(a−bx)

]
. (3.13)

System (3.9) has equilibria E1(
a
b ,0) and E∗(x∗,h(x∗)). The local stability of E1 and E∗ are

determined by the eigenvalues of the matrix J(E1) and J(E∗), respectively, where J(x,u) is the

variational matrix of system (3.9) and is given by

J(x,u) =

 ϕ ′(x)(h(x)−u)+ϕ(x)h′(x) −ϕ(x)

ψ ′(x)u ψ(x)

 . (3.14)

At E1, we have

J(E1) =

 − (1−m)a2

b

(
a
b

)1+l
((1−m)c)1−l

0 ψ(a
b)

 ,

which gives that E1 is a saddle point. At E∗, we have

J(E∗) =

 ϕ(x∗)h′(x∗) −ϕ(x∗)

ψ ′(x∗)h(x∗) 0

 .
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Since the determinant of J(E∗) is positive, trJ(E∗) = ϕ(x∗)h′(x∗). From the assumption Theo-

rem 3.1 (iv) together with (3.1), (3.5), (3.11) and (3.13), we have

h′(x∗) =
σ(x∗)(ny∗+(1−m)x∗)

x∗((1−m)c−n(a−bx∗))
trJ(x∗,y∗)> 0. (3.15)

So, E∗ is unstable.

Lemma 3.3 ([10]). Suppose that h′(λ ) > 0 and (A1)-(A5) hold and, moreover, there exist

α,β ≥ 0 and not all zero such that

d
dx

(
ϕ(x)h′(x)

ψ(x)(α +βh(x))
)≤ 0

for all xε(0,K)−{λ}. Then system (1.3) possesses at most one limit cycle, and if it exists then

it is stable.

Theorem 3.4. If −nd2+
√

∆

2[(1−m)c−an−dn] < f < (1−m)cd
(1−m)c−an , and (1−m)c− an− dn > 0, where ∆ is

defined in Theorem 4.1, that is, trJ(x∗,y∗)> 0, then system (1.3) has at most one limit cycle in

Ω = (0, a
b)×R+ ⊆ I+. Moreover, if it exists then it is stable.

Proof. From lemma 3.3, we only prove

d
dx

(ϕ(x)h′(x)/ψ(x))< 0, for x ∈ (0,
a
b
)−{x∗}.

From (2.10) and (2.13), we have

ϕ(x)h′(x) = (1−m)
[
x(a−2bx)− nx(a−bx)(d +bx)

(1−m)c−n(a−bx)

]
= (1−m)x(a−2bx)− (1−m)( f −d)

d
x(d +bx)+

bx+d
d

ψ(x)

=−b(1−m)( f +d)
d

x2 +(1−m)(a+d− f )x+
bx+d

d
ψ(x)

≡ q(x)+
bx+d

d
ψ(x). (3.17)

(3.16)

Notices that q(x) is defined by (3.16) and (3.17). From (3.11), (3.12) and (3.15), we have

q(x∗) = ϕ(x∗)h′(x∗)> 0. (3.18)

and

q(x)−q(x∗) =−
( f +d)[(1−m)c−n(a−bx)]

nd f
ψ(x)

+
[
(a+d− f )− b( f +d)

d
x∗
]
(1−m)(x− x∗).
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Division of ϕ(x)h′(x) by ψ(x)/d yields

d · ϕ(x)h
′(x)

ψ(x)
=

d
ψ(x)

[
q(x)−q(x∗)+q(x∗)+

bx+d
d

ψ(x)
]

=−bd
f

x+d− ( f +d)[(1−m)c−na]
n f

+
−b( f +d)x∗+(a+d− f )d

f
dq(x∗)
(1−m) f

[
1+

(1−m)c−na
nbx∗

]
· 1

x− x∗
.

Hence,

d · d
dx

(
ϕ(x)h′(x)

ψ(x)

)
=−bd

f
− dq(x∗)

(1−m) f

[
1+

(1−m)c−na
nbx∗

] 1
(x− x∗)2 < 0

for x ∈ (0, a
b)−{x∗}. This completes the theorem.

4. Global analysis of system (1.3)

In this section, we summarize the results in Sections 2 and 3, and classify the global dynamics

of system (1.3) depending on all parameters.

Theorem 4.1. System (1.3) has no interior equilibrium and (0,0) is a global attractor of system

(1.3) in I+ if any one of the following conditions holds

(i) f −a−d > 0 and (1−m)c−an−dn≥ 0, that is, f > a+d and m≤ 1− n(a+d)
c ;

(ii) f −a−d = 0 and (1−m)c−an−dn≥ 0, that is, f = a+d and m≤ 1− n(a+d)
c ;

(iii) a+ d > f ≥ (1−m)cd
(1−m)c−an and (1−m)c− an− dn > 0, that is, d < f < a+ d and m ≤

1− an f
c( f−d);

(iv) f ≥ (1−m)cd
(1−m)c−an and an < (1−m)c < an+dn, that is, 1− n(a+d)

c ≤ m≤ 1− an f
c( f−d) .

Proof. By the sufficient and necessary conditions of the existence of an interior equilibrium

of system (1.3) in Section 3, we see that system (1.3) has no interior equilibrium for all case

in Theorem 4.1. Clearly, any case in Theorem 4.1 implies f > d. Thus, (a
b ,0) is a saddle.

According to the theorems in Section 2, there exist ϕ0 and r0 such that all orbits of system (1.3)

in {(θ ,r) : 0 ≤ π

2 − θ < ϕ0, 0 < r < r0} tend to (0,0) along θ2 as t → ∞+∞ if any one of

conditions (i), (ii) and (iii) holds. However, if condition (iv) holds, then there exist ϕ and r such

that all orbits of system (1.3) in {(θ ,r) : 0 ≤ |θ −θ3| < ϕ, 0 < r < r} tend to (0,0) along θ3

as t→+∞. This complete the proof.
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Theorem 4.2. If f ≤ d and (1−m)c− an− dn < 0, that is, f ≤ d and m > 1− n(a+d)
c , then

system (1.3) has no interior equilibrium and the equilibrium (a
b ,0) is a global attractor in I+.

Proof. Obviously, system (1.3) has no interior equilibrium an d(a
b ,0) is a stable node when

f ≤ d and (1−m)c−an−dn < 0. By Theorem 3.3, there exists a unique orbit of system (1.3)

tending to (0,0) along θ1(θ2) as t → ∞−∞ (t → +∞, respectively), i.e, the positive x-axis

(y-axis). Moreover, no other orbits tend to (0,0). This completes the proof.

Theorem 4.3. If f ≤ d and (1−m)c− an− dn ≥ 0, that is, f ≤ d and m ≤ 1− n(a+d)
c , then

system (1.3) has no interior equilibrium and (0,0), (a
b ,0) are attractors of system (1.3) in I+.

Proof. It is clear that (a
b ,0) is a stable node in I+ and system (1.3) has no interior equilibrium

under the assumption. On the other hand, when f ≤ d and (1−m)c− an− dn = 0, we see

that there exists an infinite number of orbits (a unique orbit) of system (1.3) tending to (0,0)

along θ2 (θ1, respectively) as t→+∞ (t→−∞, respectively), and no other orbit tends to (0,0)

as t → +∞ or t → −∞ by Theorem 3.1. When f ≤ d and c(1−m) > an+ dn, there exists

an infinite number of orbits (a unique orbit) of system (1.3) tending to (0,0) along θ2 (θ1, θ3,

respectively) as t →+∞ (t →−∞, t →+∞, respectively), and no other orbit tends to (0,0) by

Theorems 3.3 and 3.5. This completes the proof.

Theorem 4.4. System (1.3) has a unique interior equilibrium, which is a global attractor in I+

if any one of the following conditions holds

(i) d < f < a+d and (1−m)c−an−dn < 0, that is, d < f < a+d and m > 1− n(a+d)
c ;

(ii) f −a−d = 0 and (1−m)c−an−dn < 0, that is, f = a+d and m > 1− n(a+d)
c ;

(iii) f −a−d > 0 and (1−m)c≤ an, that is, f > a+d and m≥ 1− an
c ;

(iv) a+d < f < (1−m)cd
(1−m)c−an and an < (1−m)c < an+dn, that is, f > a+d and 1− an f

c( f−d) <

m < 1− an
c .

Proof. In any one of the cases (i)-(iv), system (1.3) has a unique interior equilibrium (x∗,y∗)

and it is locally asymptotically stable by Theorem 3.1. Moreover, (a
b ,0) is a saddle.

On the other hand, in case (i), only the positive x-axis and y-axis tend to (0,0) as t → ∞−∞

and t → +∞, respectively, no other orbits approach (0,0) according to Theorem 2.3. Thus,

(x∗,y∗) is a global attractor in I+ by Theorem 3.2.
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In case (ii), there exists an infinite number of orbits of system (1.3) tending to (0,0) along θ1

as t→−∞ and a unique orbit of system (1.3) tending to (0,0) along θ2 as t→+∞ by Theorem

2.2. Hence, (x∗,y∗) is a global attractor in I+ by Theorem 3.2.

In cases (iii) and (iv), from Theorem 3.3, the same statements hold for θ1 and θ2. Further-

more, the exists a unique orbit of system (1.3) tending to (0,0) along θ3 as t→−∞ by Theorem

3.4. Hence, (x∗,y∗) is a global attractor in I+ by Theorem 4.2. The proof of this theorem is

completed.

Theorem 4.5. Suppose that one of the following conditions holds

(i) a+d > f > d and (1−m)c−an−dn = 0, that is, d < f < a+d and m = 1− n(a+d)
c ;

(ii) d < f < −nd2+
√

∆

2[(1−m)c−an−dn] and (1−m)c−an−dn > 0, where ∆ is defined in Theorem 4.1,

that is, f > d and 1− n f (a f+d f−d2)
c( f 2−d2)

< m < 1− n(a+d)
c , ∆ is defined in Theorem 4.1.

Then system (1.3) has a unique interior equilibrium (x∗,y∗) and no limit cycle, both (0,0) and

(x∗,y∗) are attractors of system (1.3) in I+.

Proof. In both cases, system (1.3) has a unique interior equilibrium (x∗,y∗), which is locally

asymptotically stable by Theorem 3.1. Hence, system (1.3) has no limit cycle according to

Theorem 3.2. In case (i), there exists an infinite number of orbits (a unique orbit) of system

(1.3) tending to (0,0) along θ2 (θ1, respectively) as t → +∞ (t → −∞, respectively), and no

other orbit approaches (0,0) as t→+∞ or t→−∞ by Theorem 3.1. In case (ii), from Theorem

3.3, there exists a unique orbit (an infinite number of orbits) of system (1.3) tending to (0,0)

along θ1 (θ2, respectively) as t→−∞ (t→+∞, respectively), and there exists a unique orbit of

system (1.3) tending to (0,0) along θ3 as t→+∞ by Theorem 3.5. This completes the proof of

the theorem.

Based on Theorems 3.1 and 3.3, we have the following.

Theorem 4.6. Suppose that −nd2+
√

∆

2[(1−m)c−an−dn] < f < (1−m)cd
(1−m)c−an and (1−m)c > an+dn, where ∆

is defined in Theorem 4.1, that is, 1− an f
c( f−d) < m < 1− n f (a f+d f−d2)

c( f 2−d2)
. Then system (1.3) has a

unique unstable interior equilibrium and can have a unique limit cycle in I+, which is stable if

it exists.

5. The influence of m and numerical simulations
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(1) The influence of prey refuge on predator densities.

If f > d, dy∗
dm = ( f−d)[−an+2c(1−m)−2cd(1−m)]

bdn2 f for all 1− an
c ≤ m < 1.

Case 1. If 2c−2cd ≤ 0, then dy∗
dm < 0 for all 1− an

c ≤ m < 1, and y∗ is the strictly decreasing

function of parameter m. That is, increasing the amount of prey refuge can decrease the densities

of predator species. In this cases, y∗ obtains its maximum value ( f−d)[(an−c) f+d]
bdn2 f at m = 0.

Case 2. If 2c− 2cd > 0 holds and define m∗ = 1− an
2c−2cd , it follows that dy∗

dm > 0 for all

1− an
c ≤ m < m∗ and dy∗

dm < 0 for all m∗ < m < 1. y∗ obtains its maximum a2( f−d)[(2−2d) f+d− f ]
(2−2d)2cbd f

at the point m = m∗. The above analysis shows that on the interval (1− an
c ,m

∗), increasing

the amount of prey refuge can increase the densities of predator species. While for m larger

than m∗, i.e., as the prey refuge becomes large enough, increasing the amount of prey refuge

can decrease the predator densities. The predator species obtain their maximum densities at

the point m = m∗. Because of the positive equilibrium of global stability, it ensures the prey

densities will not increase infinitely, and the predator species will not become extinct, which

is contrary to the predator-prey model with the Holling type II incorporating a prey refuge

[11]. Kar observed that the predator will be extinct with a large refuge parameter m(mε(B,1))

when cβ > aγ , that is, increasing the amount of refuge can increase prey densities and lead to

population outbreak.

(2) The influence of prey refuge on the dynamics of system (1.3).

[7] classified the dynamics of system depending on all parameters. Our results in Section 4

and Section 5 show that the existence and stability properties of the equilibrium for system (1.3)

depend on all parameters especially the refuge parameter m. In the following, we classified the

existence and stability properties of the equilibrium for system (1.3) using m as control when

f ≤ d, d < f < a+d, f = a+d and f > a+d, respectively into the following table 1.

Let A1 = 1− an f
c( f−d) , A2 = 1− n f (a f+d f−d2)

c( f 2−d2)
, and A3 = 1− n(a+d)

c .

Table 1 Property of equilibria for system (1.3) with m when f ≤ d, d < f < a+d, f = a+d

and f > a+d, respectively.
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Parameters (0,0)
( a

b ,0
)

(x∗,y∗) Phase portrait

f ≤ d m∈[0,A3] Attractor Attractor None Fig1(a)

m∈(A3,1) Unstable Global attractor None Fig1(b)

m∈[0,A1] Global attractor saddle None Fig 2(a)

d< f<a+d m∈(A1,A2) Attractor saddle Limit cycle Fig 2(b), Fig2(c)

m∈(A2,A3] Attractor saddle Attractor Fig 2(d)

m∈(A3,1) Unstable saddle Global attractor Fig 2(e)

f = a+d m∈[0,A3] Global attractor saddle None Fig 3(a)

m∈(A3,1) Unstable saddle Global attractor Fig 3(b)

f > a+d m∈[0,A1] Global attractor saddle None Fig 4(a)

m∈(A1,1) Unstable saddle Global attractor Fig 4(b)
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(a) Both (0,0) and (1,0) are attractors, where a = b = n = d = 1,

c = 2.5 and f = 0.5, m = 0.1
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(b) (0,0) is unstable, and (1,0) is a global attractor, where a = b = n =

d = 1, c = 2.5 and f = 0.5, m = 0.3

FIGURE 1. The phase portrait of system (1.3) for different values of m with

f = 0.5 in the case of f ≤ d
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(a) (0,0) is a global attractor, and (1,0) is a saddle, where a = b = n =

d = 1, c = 2.5 and f = 1.7, m = 0.025.
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(b) (0,0) is an attractor, (1,0) is a saddle, (0.19,0.11) is an unstable

focus, and there is a stable limit cycle surrounding (x∗,y∗), where

a = b = n = d = 1, c = 2.5 and f = 1.7, m = 0.136.
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(c) (0,0) is an attractor, (1,0) is a saddle, (0.10,0.06) is an unstable

focus, and the limit cycle is broken, when m decreases, where a =

b = n = d = 1,c = 2.5 and f = 1.7, m = 0.126.

Let a = b = n = d = 1, c = 2.5. For these values of parameters, we verify the existence and

stability properties of the equilibrium for the system (1.3) by choosing the appropriate refuge
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(d) Both (0,0) and (0.16,0.09) are attractors, and (1,0) is a saddle,

where a = b = n = d = 1, c = 2.5 and f = 1.7, m = 0.185
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(e) (0,0) has a hyperbolic sector, (1,0) is a saddle, and (0.79,0.11)

is a global attractor, where a = b = n = d = 1, c = 2.5 and f = 1.7,

m = 0.8

FIGURE 2. The phase portrait of system (1.3) for different values of m with

f = 1.7 in the case of d < f < a+d
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(a) (0,0) is a global attractor, and (1,0) is a saddle, where a = b = n =

d = 1, c = 2.5 and f = 2, m = 0.2
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(b) (0,0) is unstable, and (1,0) is a saddle, where a = b = n = d = 1,

c = 2.5 and f = 2,m = 0.5

FIGURE 3. The phase portrait of system (1.3) for different values of m with

f = 2 in the case of f = a+d
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(a) (0,0) is a global attractor, and (1,0) is a saddle, where a = b = n =

d = 1, c = 2.5 and f = 3, m = 0.35
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(b) (0,0) is unstable, (1,0) is a saddle, and (0.25,0.23) is a global at-

tractor, where a = b = n = d = 1, c = 2.5 and f = 3,m = 0.55

FIGURE 4. The phase portrait of system (1.3) for different values of m with

f = 3 in the case of f > a+d
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parameter m while f is fixed according to f ≤ d, d < f < a+ d, f = a+ d and f > a+ d

respectively.

Fig.1 (a) (b) show that for f < d predators go extinct and hence, predator and prey species of

system (1.3) may not exist.

Fig.2 (a) shows that for d < f < a+ d, if 0 < m < 0.029, predators go extinct and hence,

predator and prey species of system (1.3) may not exist. Fig.2 (b) shows that if 0.029 < m <

0.137, (x∗,y∗) is an unstable focus, and there is a stable limit cycle surrounding. Fig.2(c) shows

that if 0.029 < m < 0.137, when m decrease, the limit cycle is broken. Fig.2 (d) shows that if

0.137 < m < 0.2, (x∗,y∗) is attractor. Fig.2 (e) shows that if 0.2 < m < 1,(x∗,y∗) is a global

attractor. That is, Fig.2 show that for d < f < a+ d, as m increase, the limit cycle is broken

and both the prey and predator population converge to their equilibrium values, which means

adding a large refuge to the system prevent the oscillating behavior and drive it to a stable state.

Fig.3 (a) shows that for f = a+ d if 0 < m < 0.6, predators go extinct and hence, predator

and prey species of system (1.3) may not exist. Fig.3 (b) shows that if 0.6 < m < 1, (x∗,y∗)

is a global attractor. That is, Fig.3 shows that for f = a+ d, as m increase, under the effects

of predator mutual interference, predators do not go extinct and predator and prey species of

system (1.3) still coexist.

Fig.4 (a) shows that for f > a+ d if 0 < m < 0.4, predators go extinct and hence, predator

and prey species of system (1.3) may not exist, Fig.4 (b) shows that if 0.4 < m < 1, (x∗,y∗)

is a global attractor. That is , Fig.4 shows that for f > a+ d, as m increase, under the effects

of predator mutual interference, predators do not go extinct and predator and prey species of

system (1.3) still coexist.

Figures 1, 2 and 3 show that the dependence of the dynamics behavior of system (1.3) on the

prey refuge m. If d < f < a+ d, (x∗,y∗) is an unstable focus as A1 < m < A2, and (x∗,y∗) is

stable as A2 < m < 1. That is, as m increase, the limit cycle is broken and both the prey and

predator population converge to their equilibrium values, which means adding a large refuge to

the system prevent the oscillating behavior and drive it to a stable state. If f ≥ d, (x∗,y∗) do not

exist as 0 < m < min(A1,A3), and (x∗,y∗) is global stable as max(A1,A3) < m < 1. That is, a

large refuge m is possible to prevent nonexistence and drive it to a required stable state when m

increase.
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6. Concluding remarks

In this paper, we considered a ratio-dependent predator-prey system incorporating a prey

refuge m. We classified and determined all possible nature near the origin (0,0) and two other

equilibrium (a
b ,0) and (x∗,y∗) depending on all parameters especially the prey refuge m. Inter-

esting dynamic behavior such as deterministic extinction, existence of multiple attractors, and

existence of a limit cycle has been observed. Simulation indicates that m has a stabilizing effect

on predator-prey interactions. For one region of parameter f , if adding a small refuge to the

system which we considered, the refuge does not alter the dynamical stability of the neutrally

stable system. Adding a large refuge to the system prevent the oscillating behavior and drive

it to a stable state. The analysis of the influence of m on density values show that increasing

the amount of refuge can increase prey densities, increasing the amount of refuge can increase

predator densities and decrease predator densities with a large refuge. But because of the posi-

tive equilibrium of global stability, it ensures the prey densities will not increase infinitely, and

the predator species will not extinct with a large refuge parameter m when f ≥ d, which is con-

trary to the predator-prey model with Holling type II incorporating a prey refuge. Kar observed

that the predator will be extinct with a large refuge parameter m(mε(B,1)) when cβ > aγ , that

is, increasing the amount of refuge can increase prey densities and lead to population outbreak.

Acknowledgement

This work was supported by the Foundation of Fujian Education Bureau (JA12369, JAT160700).

REFERENCES

[1] R. Arditi, L.R. Ginzburg, Coupling in predator-prey dynamics: ratio-dependence, J. Theoret. Biol. 139

(1989), 311-326.

[2] H.R. Akcakaya, Population cycles of mammals: evidence for a ratio-dependent predation hypothesis, Ecol.

Monogr. 62 (1992), 119-142.

[3] A.P. Gutierrez, The physiological basis of ratio-dependent predator-prey theory: a metabilic pool model of

Nicholson’s blowflies as an example, Ecology, 73 (1992), 1552-1563.

[4] H.I. Freedman, R.M. Mathsen, Pesistence in predator-prey systems with ratio-dependent predator influence,

Bull. Math. Biol. 55 (1993), 817-827.

[5] C. Jost, O. Arino, R. Arditi, About deterministic extinction in ratio-dependent predator-prey models, Bull.

Math. Biol. 61 (1999), 19-32.



26 Y. WANG, L. CHEN, H. GAO

[6] Y. Kuang, E. Beretta, Global qualitative analysis of a ratio-dependent predator-prey system, J. Math. Biol. 36

(1998), 389-406.

[7] D. Xiao, S. Ruan, Global dynamics of a ratio-dependent predator-prey system, J. Math. Biol. 43 (2001),

268-290.

[8] S.B. Hsu, T.W. Hwang, Y. Kuang, Global analysis of the Michaelis-Menten type ratio-dependent predator-

prey system, J. Math. Biol. (2001),1-18.

[9] T.W. Hwang, Global analysis of the predator-prey system with Beddington-Deangelis functional response, J.

Math. Anal. Appl. 281 (2003), 395-401.

[10] T.W. Hwang, Uniqueness of limit cycle for Gause-type predator-prey systems, J. Math. Anal. Appl. 238

(1999), 179-195.

[11] T.K. Kar, Stability analysis of a prey-predator model incorporation a prey refuge, Commun. Nonlinear Sci.

Numer. Simul. 10 (2005), 681-691.

[12] J.N. McNair, The effects of refuges on predator-prey interactions: A reconsideration, Theoret. Popul. Biol.

29 (1986), 38-63.

[13] Y. Huang, F. Chen, Z. Li, Stability analysis of a prey-predator model with Holling type III response function

incorporating a prey refuge, Appl. Math. Comput. 182 (2006), 672-683.

[14] W. Ko, K. Ryu, Qualitavative analysis of a prey-predator model with Holling type II response function incor-

porating a prey refuge, J. Differential Equations, 231 (2006), 534-550.

[15] A. Shi, Prey refuges and prey-predator stability, Theoret. Popul. Biol. 31 (1987), 1-12.

[16] V. Krivan, Effects of optimal antipredator behavior of prey on prey-predator dynamics: the role of refuges,

Theoret. Popul. Biol. 53 (1998), 131-142.

[17] L.S. Chen, Mathematical models in biology and research methods, Beijing: Science Publishing House, 1988.

[18] A.A. Berryman, The origins and evolution of predator-prey theory, Ecology, 75 (1992), 1530-1535.

[19] P. Lundberg, J.M. Fryxell, Expected population density versus productivity in ratio-dependence and prey-

predator models, American Naturalist 146 (1995), 153-161.

[20] M.L. Rosenzweig, Parodox of enrichment: destabilization of exploitation ecosystems in ecological time,

Science 171 (1971), 385-387.


