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1. Introduction

The traditional prey-dependent predator-prey models have been challenged by several biol-
ogists, such as, Arditi and Ginzburg [1], Akcakaya [2], Gutierrez [3], based on the fact that
functional responses over typical ecological time scales ought to depend on the densities of
both prey and predators, especially when predators have to search for food and therefore they
have to share or compete for food. Such a functional response is called a ratio-dependent re-

sponse function. Based on the Michaelis-Menten function, Arditi and Ginzburg [1] proposed

*Corresponding author.
E-mail address: 13905927851 @126.com (Y. Wang).
Received May 9, 2017; Accepted November 17, 2017.

(©2017 Journal of Nonlinear Functional Analysis



2 Y. WANG, L. CHEN, H. GAO

the following ratio-dependent predator-prey model

) cxy ) fx
%= x(a—bx) ny —+x y=y ny+x (1.1)

where x(7) and y(¢) represent population densities of the prey and the predator at time 7, respec-
tively. 7 > 0 is the carrying capacity of the prey, d > 0 is the death rate of the predator, and
a,c,n and f are positive constants that stand for the prey intrinsic growth rate, capturing rate,
half-saturation constant, and conversion rate, respectively.

There are some arguments (see Berry [18], Lundberg and Fryxell [19]) about the advan-
tages of the ratio-dependent versus prey-dependent models. Differing from the prey-dependent
predator-prey models, the ratio-dependent predator-prey systems have two principal prediction-
s: (a) equilibrium abundances are positively correlated along a gradient of enrichment (see
Arditi and Ginzburg [1] and (b) the paradox of enrichment” (see Rosenzweig [20]) either com-
pletely disappears or enrichment is linked to the stability in a more complex way.

However, system (1.1) is not well-defined at the origin (0,0) and thus cannot be linearized at
(0,0). It sets up a challenging issue regarding its dynamics near the origin since it is not well-
defined there. Because the Jacobian matrix at (0,0) is a zero matrix, there are some difficulties
to analyze the singularity at the origin of system (1.1). Several researchers have studied system
(1.1) recently. Freedman and Mathsen [4] restricted their analysis to parameter values that
ensure the equilibrium (0,0) behaves like a saddle point and established conditions for the
persistence of the model. Jost, Arino and Arditi [5] studied the analytical behavior at (0,0) for
a general ratio-dependent predator-prey model and showed that this equilibrium can be either
a saddle point or an attractor for certain trajectories. Kuang and Beretta [6] considered the
global behaviors of solutions of system (1.1). Hsu, Hwang and Kuang [8] obtained a complete
classification of the asymptotic behavior of the solutions of the Michaelis-Menten type ratio-
dependent predator-prey model. Motivated by the above work (Freedman and Mathsen [4],
Jost, Arino and Arditi [5], Kuang and Beretta [6]), Xiao and Ruan [7] redefined system (1.1) at
(0,0)) as

x=x(a—bx)— vy ,
ny—+x
. Jx
(4 12
Y y( +ny+x)’ (1.2)

x=y=0 when (x,y) =(0,0)
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and they found that (0,0) has its own basin of the attraction at the first quadrant, which is
important for the global behavior of the model and observed the interesting dynamic behavior
such as deterministic extinction, the existence of multiple attractors, and the existence of a limit
cycle.

In this paper, we extend system (1.2) by incorporating a refuge protecting mx of the prey,
where m € [0, 1) is a constant number of the prey using refuges. This leaves (1 —m)x of the

prey available to the predator, and modifies system (1.2) accordingly yielding the system:

. c(1—m)xy
x_x(a_bx)_ny—i-(l—m)x’

o f(A—m)x _
y_y(_d+ny+(1—m)x>’ (13)

x=y=0 when (x,y) =(0,0).

We study system (1.3) based on the techniques, which had been well taken in Xiao and Ruan
[7], Hwang [9, 10]. Many scientists have paid more attention to the effects of a prey refuge to
a predator-prey system. McNair [12] showed that several kinds of refuges could exert a locally
destabilizing effect and create stable, large amplitude oscillations which could damp out if no
refuge was present. Even now, prey refuges are widely believed to prevent prey extinction and
damp predator-prey oscillations. For example, Kar [11] and Huang, Chen and Li et al. [13]
considered an Lotka-Volterra type predator-prey system incorporating a constant proportion of
the prey using refuges mx, which protects mx of prey from predation, with the Holling type
II response function and the Holling type III response function, respectively. They all pointed
that increasing the amount of the refuge could increase prey densities and lead to population
outbreaks. For more biological backgrounds and results on the effects of a prey refuge, one
refers to [14, 15, 16] and the references therein.

This paper is organized as follows. In Section 2, the dynamical analysis and boundedness
of system (1.3) are obtained. We also study the singularity (0,0) of system (1.3) and give all
possibilities for the orbits of system (1.3) to approach (0,0) as t — +oo or t — —co depending
on all parameters in the interior of the first quadrant. In Section 3, the existence and the sta-
bility of the equilibria of system (1.3) except (0,0) are discussed, which contains that the local

asymptotic stability of the positive steady state implies the nonexistence of nontrivial positive
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periodic solutions. It also contains the uniqueness of limit cycles. In Section 4, the global quali-
tative analysis of system (1.3) is carried out, which contains some results on the global stability
of the positive steady state and the existence of multiple attractors and a limit cycle of system
(1.3). In Section 5, the global analysis of system (1.3) is summarized and classified into a table
depending on the parameters m and f, and some numerical simulations illustrate the established

results. Concluding remarks are presented in Section 6.
2. Dynamical analysis of system (1.3)

Letting I = {(x,y)|x > 0,y > 0}, for practical biological meaning, we simply study system

(1.3)in I'" or I't. From the first equation of system (1.3), it is easy to derive limsup, .. x(t) <

(NI

Lemma 2.1. The solution x(t),y(t) of system (1.3) with initial values x(0) > 0,y(0) > 0 are

positive and bounded for all t > 0.

Proof. Obviously the solution x(¢),y(r) of system (1.3) with initial values x(0) > 0,y(0) > 0
are positive for all 7 > 0. Define the function @(x,y) = x+ %y. Given any € > 0,x(1) < § + €

for ¢ sufficiently large, one finds from system (1.3) that

d d
o =x(a—bx)— 2 < —min{a, Ty 1 2a(% + ¢).
f c b
Then @ < 27?3?}, for ¢ sufficiently large. This completes the proof.
min{a,=;-

In the following, we study the orbits of system (1.3) to approach (0,0). Our method is the
same one elegantly applied by Xiao and Ruan [7] on system (1.2) and their success inspires us.
We can make a time scale change df = (ny+ (1 —m)x)dt such that system (1.3) is equivalent

to the following system in /™"

% =a(l —m)x*+[an— (1 —m)clxy —nbx’y — b(1 —m)x> = Py(x,y) + ®(x,y), 2.1)
5= (f = d)(1—mxy—dn? = Qa(x,y), |

where P, and Q5 are homogeneous polynomials in x and y of degree 2 and ®(x,y) = —nbx?y —
b(1 —m)x>. The equilibrium (0,0) of system (2.1) is an isolated critical point of higher order.

Obviously, system (2.1) is analytic in a neighborhood of the origin. By Theorem 3.10 on page
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79 of [8], any orbit of (2.1) tending to the origin must tend to it spirally or along a fixed direction,
which depends on the characteristic equation of system (2.1).

First of all, we introduce the polar coordinates x = rcos 0, y = rsin 0 and define
G(0) =cos0Q>(cosO,sinB) —sinOP;(cos 0,sin6).
Then the characteristic equation of system (2.1) takes the form
G(6) =sinOcosO[(f —d—a)(1—m)cosO + ((1 —m)c—n(a+d))sin6]. (2.2)

Clearly, either G(0) = 0 has a finite number of real roots or G(6) = 0. By the results in section
I1. 2 in [8], we know that no orbit of system (2.1) can tend to the critical point (0,0) spirally.
In the following, we discuss three cases according to the number of real roots to the charac-

teristic equation (2.2)in0< 6 < 7.
21. f—d—a=0and (1-m)c—n(a+d)=0

In this case, G(6) = 0. Performing the Brio-Bouquet transformation [17] y = ux, system
(2.1)in I'" is transformed into

x=a(l —m)x*+[an — (1 —m)c]x*u — bx*(1 — m+ nu),

(2.3)
it = bx*u(l —m~+nu).

On the (u,x)-plane system (2.3) can be written as

dx 1 a (1—m)c
& _Lyp4__vome 2.4
du ux+bu b(1 —m—+nu) 24)

Equation (2.4) has a general solution as follows

—(1— 1 —m)?

xX= W%—ku—l—%ln(l —m+nu),
where k is an arbitrary constant. So the general solution of system (2.1) in I is
o= (1 —m)c e (1 —m)zcxlnny+(1 —m)x

nb x bn2y x

Y

when f —d—a=0and (1 —m)c—n(a+d) =0. The topological structure of the orbits of system

(1.3) in I'" is sketched in Figure 3 (a), which consists of an elliptic sector and a parabolic sector.

2.2. (f—d—a)[(1—=m)c—n(a+d)] = 0 but one of them is not zero
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In this case, equation (2.2) has tworoots in0 < 6 <%, 6, =0, and 6, = 7, and

G'(6) =sin@cosO[((1 —m)c—n(a+d))cos — (f —d —a)(1 —m)sin 6]
+¢0820[(f —d —a)(1 —m)cos 8 + ((1 —m)c—n(a+d))sin @],

G"(0) =2c0s20[((1 —m)c —n(a+d))cos® — (f —d —a)(n—m)sin 6]
—5sin0cosB[((1 —m)c—n(a+d))sin®+ (f —d —a)(1 —m)cos 6], (2.5)

H(8) = sin0Q;(cos 0,sin ) + cos O P, (cos 6, sin §)
= a(1 —m)cos® 0 —dnsin® 6 +sin 0 cos O[(f —d)(1 —m)sinO

+ (an— (1 —m)c)cos B)].

Casel. f—d—a#0and (1—m)c—n(a+d)=0.
In this case, 0 is a simple root of equation (2.2) and 6, is a multiple root with multiplicity 2

of equation (2.2). We have

Theorem 2.2. Suppose that f —d —a # 0 and ¢(1 —m) —n(a+d) =0. Then

(a) there exist €1 > 0 and r1 > 0 such that

() if f—d—a >0, all orbits of system (2.1) in {(0,r): 0<0 < g, 0<r<r} tendto
(0,0) along 6 ast — —oo;

(ii) if f —d —a < O, there exists a unique orbit of system (2.1) in {(6,r): 0<0 <¢g, 0<
r < r1} that tends to (0,0) along 6 ast — —oo; and

(b) there exist & > 0 and rp > 0 such that all orbits of system (2.1) in {(0,r): 0< 5 -0 <

&, 0<r<n}tendto (0,0) along 6, ast — oo,

Proof. Note that G'(6;) = (f —d —a)(1 —m) and H(6,) = a(l —m). If f —d —a > 0, then
G'(6,)H(6;) > 0, by Theorem 4.4 of [8] there exist & > 0 and r; > 0 such that all orbits
of system (3.1) in {(0,r): 0< 60 < g, 0<r<r;} tend to (0,0) along 6; as t — —oo. If
f—d—a<0,then G'(6;)H(6;) < 0. The conclusion follows from Theorem 4.7 of [8].

On the other hand, when ¢(1 —m) —n(a+d) =0 than G'(6;,) =0 and G"(6,) =2(f —d —
a)(1 —m), H(6;) = —dn, that is G"(6,)H(6,) # 0, one finds from Theorem 4.8 [8] that there
exist & > 0 and r, > 0 such that all orbits of system (2.1)in {(8,7): 0< 5 -0 <&, 0<r<n}
tend to (0,0) along 6, as t — +co.

Case 2. (f—d—a)=0and [c(l —m) —n(a+d)] #0.
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In this case, 6, is a simple root of equation (2.2) and 0y is a multiple root with multiplicity 2

of equation (2.2). Similarly, we have the following.

Theorem 2.3. Suppose that f —d —a =0 and ¢(1 —m) —n(a+d) # 0. Then

() there exist €3 > 0 and r3 > 0 such that all orbits of system (2.1) {(0,r): 0< 0 <&, 0<
r < r3} tend to (0,0) along 6; ast — —eo; and

(b) there exist €4 > 0 and rq > 0 such that

() if c(1—=m)—n(a+d) >0, all orbits of system (2.1) in {(0,r): 0< T —0 < &4, 0<r<rs4}
tend to (0,0) along 6, ast — +oo;

(i) if c(1 —m) —n(a+d) < O, there exists a unique orbit of system (2.1) in {(0,r): 0 <

2 —0 <&, 0<r<r}tendsto(0,0)along 6 ast — +oo.
23.(f—d—a)[c(l1—m)—n(a+d)]#0

In this case, we discuss two subcases because we only consider (2.2) in 0 < 0 < %
(A If (f—d—a)[c(1 —m)—n(a+d)] >0, then equation (2.2) has two simple roots: 6; =0,
6, =

B) If (f —d —a)[c(1 —m) —n(a+d)] <0, then equation (2.2) has three simple roots: 0y,

(a+d—f)(1—m)
(I—-m)c—n(a+d)"

ol

6, and 65 = arctan For the simple roots of (A) and (B): 6; and 6,, we have the

following theorem according to Theorems 4.4 and 4.7 in [18].

Theorem 2.4. Assume that (f —d —a)[c(1 —m)—n(a+d)] #0. Then

(a) there exist €& > 0 and r5 > 0 such that

() if f—d—a >0, all orbits of system (2.1) in {(0,r): 0<0 <ég5, 0<r<rs} tend to
(0,0) along 6y ast — —oo;

(ii) if f —d —a < O, there exists a unique orbit of system (2.1) in {(6,r): 0< 0 < &5, 0<
r < rs} tends to (0,0) along 6 ast — —oo; and

(b) there exist €5 > 0 and rg > 0 such that

@) ifc(1 —m)—n(a+d) >0, all orbits of system (2.1) in {(8,r): 0< 5 —0 < &, 0<r<rs}
tend to (0,0) along 6, as t — +oo;

(i) if c(1 —=m) —n(a+d) < O, there exists a unique orbits of system (2.1) in {(0,r) : 0 <
% — 0 < &, 0 <r<rg} that tends to (0,0) along 6, ast — +oo.

In the following, we consider 65.
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Theorem 2.5. Suppose that f —d —a > 0 and ¢(1 —m) —n(a+d) < 0. Then

(a) there exist €& > 0 and r; > 0 such that there exists a unique orbit of system (2.1) in
{(6,r): 0< 10— 63| < &, 0<r<r;}that tends to (0,0) along 03 as t — —oo when one of the
following conditions holds

(i)a+d < fand c(1 —m) <an or

(ia+d< f< % and an < c¢(1—m) <n(a+d); and

(b) there exist €g > 0 and rg > 0 such that all orbits of system (2.1)in {(0,r): 0< |0 —63] <
€3, 0 <r < rg} that tend to (0,0) along 65 ast — +oo when f > % andan < c¢(1—m) <
n(a+d).

Proof. We apply the Briot-Bouquet transformation
x=x, y=ux, dr=xdt

to transform system (2.1) into

@:a —m)x+[an — c(1 —m)|ux — bx*(1 — m+ nu
- (1= m)x+ an — (1 = m)Juex — bx2(1 —m+ nu), e
a:(f—ol—a)(l—m)u—l—[c(l—m)—n(cH—d)]uz~|—bxu(1—m—}—nu).

Similar to the discussion in [7], we only consider the equilibria of system (2.6) in the u-axis.

In the u-axis system (2.6) has two equilibria (0,0) and (O, %). (0,0) is an unstable

fdaim))

node. In the following, we consider the equilibrium (O, n(ard)—c(T=m)

(f=d—a)(1-m)

Letx1 =x,x2=u—m.

Then system (2.6) becomes

a1 _ (1= m)llan—e(l —m))f +e(1 ~m)d
dt n(a+d)—c(l—m)
b(1 —m)(nf —c(l —m))

2 2
- b
n(la+d)—c(l—m) X1 o,

diy b1 —m(f —d—a)(nf —c(l —m))
dt n(a+d)—c(1—m)]?
b(1—m)(2nf—n(a+d)—c(l —m))
n(a+d)—c(l—m)

x1+ [an—c(1 —m)|x1x;

x1—(f—d—a)(1—m)x,

x1X2 + [¢(1 —m) —n(a+d))x3 4 bnxyx3.

(2.7)

We define the functions

K (1=m)[(an—c(1—m))f+c(1 —m)d| [ b(1—m)(nf—c(1—m))
n(a+d)—c(l—m) ’ nla+d)—c(l1—m)
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v b=mP(f—d=a)(nf—c(1=m)) . b(1—m)(2nf —n(a+d)—c(l—m))
N n(a+d)—c(1—m)]? T n(a+d)—c(1—m) '
The Jacobian matrix at the equilibrium is given by

Kx| —2Lx| —2bnx1xs [an — c(1 —m)]|x] —2bnx;x;
M + Nx; + bnx3 —(f—d—a)(1—=m)+Nx; +2[c(1—m) —n(a+d)]x, +2bnxx;

The Jacobian matrix at the equilibrium (0,0) is given by

(1=m)[(an—c(1—m))f+c(1-m)d] 0
n(a+d)—c(l1—m)
b PU—d=alnf—c(om) gy

[n(a+d)—c(1-m)]?

0 %) is given by

(1—m)[(an—c(1—m)

The Jacobian matrix at the equilibrium (
_|_
—m

—_—
<

[
—
[N

|
S
)

n(a+d)—c( ) 0
M —b(1—m)2(f —d —a)(nf — c(1 —m))+bn =M= 3¢ g q)(1—m)
equilibrium (0,0) and (O M) is saddle if any one of the following conditions holds
’ » n(a+d)—c(1—m) y g

(@a+d < fandc(l—m) <an,(b)a+d < f < M9 and an < c(1—m) < n(a+d). Con-

dition (a) (b) indicate that m is large enough, then both equilibrium (0,0) and (0, %)

exist, so that predator extinction or survive is depending on m. And there exists a unique sepa-

ratrix of this equilibrium in I of system (2.6), which tends to <0, %

By the inverse Briot-Bouquet transformation, there exist €& > 0 and 7 > 0 such that there exists

)ast—>—oo.

a unique orbit of system (2.1) in {(0,r): 0 < |0 — 03| < &7, 0 < r < r7} which tends to (0,0)

along 63 as t — —oo.
cdl m)

1—m)-a

Similarly, when f = —and an < c(1—m) < n(a+d), one sees that equilibrium (0, 0)

of system (2.7) is a saddle—node. In this case, the equilibrium (O, %) of system (2.6)

is a saddle-node, and the stable node part is in I of system (2.6). When M < f and
c(1—m)

an < ¢(1 —m) < n(a+d), the equilibrium (0,0) of system (2.7) is a saddle-node. Hence, the

(f=d—a)(1—-m)
0, n(a+d)—c(1—m)

inverse Briot-Bouquet transformation to obtain the result: there exist &g > 0 and rg > 0 such

equilibrium < ) of system (2.6) is a stable node. For both cases, we use the

that all orbits of system (2.1) in {(0,r): 0 < |0 — 63| < &g, 0 < r < rg} tends to (0,0) along 65

as t — +oo. This completes the proof of the theorem.
Using a similar method as in the proof of Theorem 2.4, we obtain the following.

Theorem 2.6. Assume that f —d —a < 0 and ¢(1 —m) —n(a+d) > 0. Then
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(a) there exist &g > 0 and r9 > 0, such that there exists a unique orbit of system (2.1) in
{(6,r): 0<160—63] <&, 0<r<ry} which tends to (0,0) along 63 as t — oo if one of the
following conditions holds:

() f <dand c(1 —m)>n(a+d), or

(i) d < f < 55" and (1 —m) > n(a+d); and

(b) there exist €19 > 0 and riy > 0 such that there exists an infinite number of orbits of system

(2.1)in{(0,r): 0< |0 — 63| < €19, 0 <r<rio} which tend to (0,0) along 05 ast — —oo when

cd(l m)

) < f<a+dandc(l1—m)>n(a+d).

3. Equilibria of system (1.3) except (0,0)

In this section, we discuss the existence and stability of equilibria of system (1.3) except
(0,0). We show that if the positive steady state of the system (1.3) is locally asymptotically
stable. The system has no nontrivial positive periodic solution. Moreover, we show system
(1.3) has at most one limit cycle for some parameters.

System (1.3) always has a boundary equilibrium (%,0) and at most one interior equilibrium

(x4, %), Where

- lan— (1 —m)c|f+ (1 —m)cd y :(f—a’)(l—m))C
* bnf T nd -

The unique interior equilibrium (x,,y.) exists if and only if any one of the following conditions
holds: (i) f > d and an > (1 —m)c, thatis, f >dand 1 — % <m < I;

(i) d < f < 550 and an < (1—m)e, thats, f > d and 1 — 20 <m < 1—

Next, we discuss the stability of the equilibrium (%,0) and (x.,y.). The Jacobian matrix of

the system (1.3) is given by

. (=m)ey (1—m)%cxy . (1—m)%cx?

J(x,y) = @ = bx = oy~ bx + Ty (- [ny+(1—m)x]?
' nf(1—m)y? _dy SUomx nf(1—m)xy
[ny+(1=m)x]? ny+(T—m)x ~ [ny-+(1-m)x?

The Jacobian matrix at the equilibrium (7,0) is given by
—-a —c
0 f—d
Clearly, (%,0) is a saddle when f > d and a stable node when f < d. When f = d, the equilib-

rium (7,0) is saddle-node.
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The Jacobian matrix at the equilibrium (x,,y,) is given by

g (omPer,  (mpPed

_ Gy tome G om)?

I (es2) nf(1-m) _nf(imray.
Ty (-, Gy (-, )2

The determinant of J(x,,y.) is positive and its trace is

[(1—m)c—an—dn]f*+nd*f — cd*(1 —m)
nf? '

trd (Xe,y5) = (3.1)

Theorem 3.1. Suppose that system (1.3) has a positive equilibrium (x.,y.), 0 <m < 1. Then
(1) (xx,yx) is locally asymptotically stable if any one of the following conditions holds
(i) f >d and c(1 —m) < an,
(id< f< M and an < c¢(1 —m) < an+dn,

m)—a

(iii) d < f < 52 _"d)“:{ ) and c(1 —m) > an+dn, where A = n>d* 4 4cd?*(1 —m)(c(1 —

m) —an—dn);

(2) (xx,ys) is unstable if
—nd 2+VA

—m)—an—dn)

<f<%andc(l— m) > an+dn.

m)

(i) 5

Proof. It is clear that (x.,y.) is locally asymptotically stable (unstable) if 7rJ(x.,y.) < O
(trJ (x«,ys) > 0, respectively). From (3.1), we define the function F = [¢(1 —m) —an —dn] f* +
nd*f — cd*(1 — m). If the condition (i) holds, then F = (c¢(1 —m) —an) f> — ndf(f —d) —
cd?(1 —m) < 0, which implies that (x,,y,) is locally asymptotically stable. If the condition (ii)
holds, then we consider three subcases: (a) d < f < © cU=m) and an < c(l1—m) <an-+dn. (b)

(1 —m) <f<Mandan<c(1— m) < an+dn. (c)d<f<Mandc(l—m):

an+dn. In the subcase (a), we have F = (¢(1 —m) —an — dn) f> — d*(c(1 —m) —nf) < 0.

Hence, (x4, V) i C(lrjm) , we find from
(3.1) that
(1 =m)(c(l —m) —nf)x.y.
trd (X, ys) = —bx. + (ye + (1 —m), 2 <0,
when f < %)m) we have (1 —m)cd > (1 —m)cf —anf. It follows that

F < (c(1—=m)—an—dn) f*+nd*f —c(1—m)df +andf = f(f —d)(c(1—m) —an—dn) < 0.

Hence, in subcase (b), (x.,y,) is locally asymptotically stable. In subcase (c), we have d <

f<a+dand F =nd*f —cd*(1 —m) = nd*(f —a—d) < 0, which imply (x.,y.) is locally
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asymptotically stable. When ¢(1 —m) — an —dn > 0, after some straightforward computations,

f_’%f;{é ) C(C fl_(if)lfzm < a+d. We can rewrite F as follows

_nd2+\/Z _nd2+\/Z

we have d < el

F=(c(1 —m)—an—dn)(f—

If the condition (iii) holds, it is clear that F < 0, which implies that (x.,y.) is locally asymp-
totically stable. If the condition (iv) holds, we find from (3.2) that F > 0. Hence, (x,y.) is

unstable. This proves the theorem.

Theorem 3.2. If (x.,y.) is locally asymptotically stable, then system (1.3) has no nontrivial

positive periodic orbitin 1.

Proof. Let I'(r) = (x(z),y(¢)) be any one nontrivial positive periodic orbit of system (1.3) with

period 7" > 0. It is sufficient to show that

/0 "I (1), (1) )dt < 0. (3.3)

Since

T c(1—m)y(t) IO

/0(a—bx(t)—ny(t)+(l_m>x(t)>dt—/O =0
and

T f(1—m)x(t) MY

b o a5

we have

, r x(t)y(2)
[ sty = [ [+ = met =) —npy S

If ¢(1—m) <nf, then trJ(x(t),y(t)) < O for all + > 0. Hence (3.3) holds. Thus we assume

]dz. (3.4)

¢(1 —m) > nf in the following. Notice that

(1-m)cy. B f(l—m)x,
a—bx, — ot (L, d+ny*—|—(1 ey =0. (3.5)
From (1.3) and (3.5), we have
X _ (A—mjey. o (L=moy(t)
P I [ PR L Aiew o g w7y
() — ) [ — (1—=m)cy. 1
=B ) b = m )+ (1= m() (36)
(1—m)?cx, ys — (1)

b

ny.+ (1—m)x, ny(t)+ (1 —m)x(t)
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Y (1) (f—d)(1—m) dn(y« —y(1))
— = (x(f) — x4 + . 3.7
50~ O 0+ = me@) T @)+ (=m0 C7
From (3.7), Wy(z)x([) can be solved and substituted into (3.6). After some straightforward
computations with (3.5), we have
1 X)) c(1—m) Y(r)
X —x(t) = b X0 b ) (3.8)

Using (1.3), (3.4), (3.5), (3.8) and the Green’s theorem, we have

/0 "I ((0) (1) de

T (et Y

_/0 |- o)+ 7 () + (1 —m)x(1)

d(1=me—nf) _{1=molt) 1,
(I=m)fc  ny(t)+ (1 —m)x(t)

:/0 [ad((( m)c —nf) b(1+ d((1— m)c—nf)>x*]dt

+

)fC (L—m)f

4 / 1+ m);;cnf))(x*—x(t))dt
- );;Cnf)/o 00 s
=Tt nye) = = )[(1; et // (ny(t dyfﬂ)x(t))2<07

where Q is the bounded region enclosed by I'. Hence, the divergency criterion [9] implies all
the positive solutions must be orbitally stable. This is impossible since the (x.,y.) is locally
asymptotically stable. Thus, system (1.3) has no positive periodic orbit in I, which complete

the proof.

Now under the assumption Theorem 3.1 (iv) and through the change of variables dt = (ny +

(1 —m)x)dz, system (1.3) becomes

= y(x)u, (3.9)
x=u=0 when (x,u)=(0,0),

where

(1—m)c—n(a—bx)>l [— dn

(1—m)c—na >0,
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_ x[(1 =m)c —n(a— bx)]

o(x) = o (1 —m)(a—bx)xo(x)

(1—m)c—n(a—bx)’

y(x)=|(f—d)x— {a _Z)(:::(xcz)i bx)

—(1—m)- x[nbfx+ ((1—m)c—na)f — (1 —m)cd]
(1—m)c—n(a—bx)

(3.10)

Conversely, the change of variables y = u/c(x), dt = (ny+ (1 —m)x)dt converts system (3.9)
to system (1.3). Hence, system (1.3) has a unique limit cycle in I if and only if system (3.9)
does. Notice that the set Q = (0,7) xRy C I'" is positively invariant and any trajectory must

intersect it from the exterior to the interior provided x(0) > %. So, the limit cycle must lie in Q.
c(1—m)

From (3.5), we have C(lgm) > ny*f(l;’::)*x* = a— bx,, that is
c(1—m) > n(a—bxy). (3.11)

In view of the expression of x,, we have y(x,) = 0 and consequently, y(x,) can be written as

l—m nb fx(x — xy)
vl =(1 )c(l—m)—n(a—bx)' (3:12)
Clearly, (%) = 0 and
() = (1—m)o(x) [x(a—26x) — nx(a —bx)(d + bx) (3.13)

"~ x[(1 =m)c—n(a— bx)] (1—=m)c—n(a—bx))
System (3.9) has equilibria £1(,0) and E.(x«,h(x.)). The local stability of Ey and E. are
determined by the eigenvalues of the matrix J(E;) and J(E.), respectively, where J(x,u) is the

variational matrix of system (3.9) and is given by

S = [ P@ED )+ oK) o) | -

V' (x)u v(x)

At E;, we have

J(Er) = :
0 v(3)

which gives that £ is a saddle point. At E,, we have

Qe (x)  —o(x:)

J(E.) =
¥ (x)h(x) 0
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Since the determinant of J(E,) is positive, 17J(Ey) = @(x)h (x.). From the assumption Theo-
rem 3.1 (iv) together with (3.1), (3.5), (3.11) and (3.13), we have

L o)y + (1= m)x.)
W) = x:((1 =m)c—n(a—bx,))

trJ (X, yx) > 0. (3.15)
So, E, is unstable.

Lemma 3.3 ([10]). Suppose that h'(A) > 0 and (Al)-(A5) hold and, moreover, there exist

o, B > 0 and not all zero such that

i( Q) (x)
dx" y(x)(a+ Bh(x))

forall xe(0,K) —{A}. Then system (1.3) possesses at most one limit cycle, and if it exists then

) <0

it is stable.

Theorem 3.4. If % <f< %, and (1 —m)c —an —dn > 0, where A is

defined in Theorem 4.1, that is, trJ(x.,ys) > 0, then system (1.3) has at most one limit cycle in

Q= (0,%) x Ry CI". Moreover, if it exists then it is stable.

Proof. From lemma 3.3, we only prove

d , a
PO (x)/w(x)) <0, for x€ (0.5)— {x.}.

From (2.10) and (2.13), we have

nx(a— bx)(d + bx) ]

PLOH(x) = (1 =m) [x{a—20w) = 7= =2

bx+d

= (1—m)x(a—2bx) — a _m)(f_d)x(d—i—bx)—i—

y W (x)

(3.16)
_ b —m;(f+d>x2+(1 —m)(a+d—f)x+ bx;dw(x)
Eq(x)+bx;dw(x)- (3.17)

Notices that g(x) is defined by (3.16) and (3.17). From (3.11), (3.12) and (3.15), we have

q(xs) = @(x ) (x4) > 0. (3.18)
n (f +d)[(1—m)e—n(a—bx)]
-+ —m)c—n(a—bx
4(x) —qlx) = — e w()
b(f+d)

+ |(a+d—f)— y x*](l—m)(x—x*).



16 Y. WANG, L. CHEN, H. GAO

Division of ¢(x)A'(x) by w(x)/d yields

0 2O o) gt + ata) + Py )]
_ bd o UHdA-—mc—na] —b(f+d)x.+(atd—f)d
=7 +d v + 7
dq(xs) (1 —m)c—na 1
(1—m)f[1+ nbx, ]'x—x*'

Hence,

<0

d-i(M>:_% dq(x:) [l_l_(l—m)C—na 1

dx\  y(x) f (—m)f nbx, (x —x,)?

for x € (0,7) — {x.}. This completes the theorem.

4. Global analysis of system (1.3)

In this section, we summarize the results in Sections 2 and 3, and classify the global dynamics

of system (1.3) depending on all parameters.

Theorem 4.1. System (1.3) has no interior equilibrium and (0,0) is a global attractor of system
(1.3) in I'" if any one of the following conditions holds

(i) f—a—d>0and (1—m)c—an—dn >0, thatis, f >a+d andm <1 — M;

(i) f-a—d=0and (1 —m)c—an—dn >0, thatis, f =a+d and m < 1 — M;

(i) a+d > f> emed g (1—m)c—an—dn >0, thatis, d < f <a-+d and m <

(1—m)c—an
1— _anf .
c(f—=dy
(1v)f>1l+c)“imandan<(l— m)c < an+dn, that is, 1—M<m< 1— (?:1_]21).

Proof. By the sufficient and necessary conditions of the existence of an interior equilibrium
of system (1.3) in Section 3, we see that system (1.3) has no interior equilibrium for all case
in Theorem 4.1. Clearly, any case in Theorem 4.1 implies f > d. Thus, (%,0) is a saddle.
According to the theorems in Section 2, there exist ¢ and ry such that all orbits of system (1.3)
in {(6,r): 0<% -6 <@y, 0<r<ry} tend to (0,0) along 6, as t — oo+ oo if any one of
conditions (i), (ii) and (iii) holds. However, if condition (iv) holds, then there exist ¢ and 7 such
that all orbits of system (1.3) in {(0,7): 0 < |0 — 63| <@, 0 <r <7} tend to (0,0) along 63

as t — +oo. This complete the proof.



A RATIO-DEPENDENT PREDATOR-PREY SYSTEM INCORPORATING A PREY REFUGE 17

Theorem 4.2. If f <d and (1 —m)c—an—dn <0, that is, f <d and m > 1 — M) oy

c )
system (1.3) has no interior equilibrium and the equilibrium (%, 0) is a global attractor in I'.
Proof. Obviously, system (1.3) has no interior equilibrium an d(3,0) is a stable node when
f <dand (1 —m)c—an—dn < 0. By Theorem 3.3, there exists a unique orbit of system (1.3)
tending to (0,0) along 6;(6,) as t — co — oo (t — oo, respectively), i.e, the positive x-axis

(y-axis). Moreover, no other orbits tend to (0,0). This completes the proof.

Theorem 4.3. If f < d and (1 —m)c—an—dn >0, that is, f < d and m < 1 — "4 then

system (1.3) has no interior equilibrium and (0,0), (£,0) are attractors of system (1.3) in I'.

Proof. It is clear that (,0) is a stable node in / * and system (1.3) has no interior equilibrium
under the assumption. On the other hand, when f < d and (1 —m)c —an —dn = 0, we see
that there exists an infinite number of orbits (a unique orbit) of system (1.3) tending to (0,0)
along 0, (0, respectively) as t — oo (t — —oo, respectively), and no other orbit tends to (0,0)
as t — oo or t — —oo by Theorem 3.1. When f < d and c¢(1 —m) > an + dn, there exists
an infinite number of orbits (a unique orbit) of system (1.3) tending to (0,0) along 6, (6, 6,
respectively) as t — +oo (f — —oo, t — oo, respectively), and no other orbit tends to (0,0) by

Theorems 3.3 and 3.5. This completes the proof.

Theorem 4.4. System (1.3) has a unique interior equilibrium, which is a global attractor in I'*

if any one of the following conditions holds

()d < f<a+dand (1—m)c—an—dn <0, thatis, d < f < a+d andm > 1 — "4

C
() f—a—d=0and (1—m)c—an—dn <0, that is, f = a+d and m > 1__”(“2'61)’.
(iii)) f—a—d >0and (1 —m)c < an, thatis, f >a+dandm>1—4;

C
(iv)a+d<f<%andan<(1—m)c<an—|—dn,thatis,f>a—|—dandl— anf <

c(f—d)

an

Proof. In any one of the cases (i)-(iv), system (1.3) has a unique interior equilibrium (x,y.)
and it is locally asymptotically stable by Theorem 3.1. Moreover, (3,0) is a saddle.

On the other hand, in case (i), only the positive x-axis and y-axis tend to (0,0) as ¢ — co — oo
and t — +oo, respectively, no other orbits approach (0,0) according to Theorem 2.3. Thus,

(x«,yx) is a global attractor in It by Theorem 3.2.
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In case (ii), there exists an infinite number of orbits of system (1.3) tending to (0,0) along 6,
as t — —oo and a unique orbit of system (1.3) tending to (0,0) along 6, as t — +co by Theorem
2.2. Hence, (x,y) is a global attractor in [ + by Theorem 3.2.

In cases (ii1) and (iv), from Theorem 3.3, the same statements hold for 6; and 6,. Further-
more, the exists a unique orbit of system (1.3) tending to (0,0) along 65 as t — —oo by Theorem
3.4. Hence, (x.,y.) is a global attractor in I by Theorem 4.2. The proof of this theorem is
completed.

Theorem 4.5. Suppose that one of the following conditions holds
()a+d>f>dand (1 —m)c—an—dn=0, thatis,d < f <a+dandm=1— M;
i)d< f< 2[(7"% and (1 —m)c —an —dn > 0, where A is defined in Theorem 4.1,

1—m)c—an—dn)

thatis, f >d and 1 — W(CG(J};—W <m<l1-— M, A is defined in Theorem 4.1.
Then system (1.3) has a unique interior equilibrium (x,y.) and no limit cycle, both (0,0) and

(xx,yx) are attractors of system (1.3) in I

Proof. In both cases, system (1.3) has a unique interior equilibrium (x,,y,), which is locally
asymptotically stable by Theorem 3.1. Hence, system (1.3) has no limit cycle according to
Theorem 3.2. In case (i), there exists an infinite number of orbits (a unique orbit) of system
(1.3) tending to (0,0) along 6, (6, respectively) as t — +oo (t — —oo, respectively), and no
other orbit approaches (0,0) as t — +o0 or t — —oo by Theorem 3.1. In case (ii), from Theorem
3.3, there exists a unique orbit (an infinite number of orbits) of system (1.3) tending to (0,0)
along 0, (6,, respectively) as t — —oo (t — oo, respectively), and there exists a unique orbit of
system (1.3) tending to (0,0) along 63 as t — oo by Theorem 3.5. This completes the proof of

the theorem.

Based on Theorems 3.1 and 3.3, we have the following.

Theorem 4.6. Suppose that % <f< % and (1 —m)c > an+dn, where A

2
is defined in Theorem 4.1, that is, 1 — C(‘}Lfd) <m<l1-— %. Then system (1.3) has a
unique unstable interior equilibrium and can have a unique limit cycle in I, which is stable if

it exists.

5. The influence of m and numerical simulations



A RATIO-DEPENDENT PREDATOR-PREY SYSTEM INCORPORATING A PREY REFUGE 19

(1) The influence of prey refuge on predator densities.

) —d)[—an+2¢(1—m)—2cd(1— n
If f > d, 9 = Umdlan2dlom 2ediom] gor gy — 2 < < 1,

Case 1. If 2c — 2c¢d < 0, then % <Oforall 1— % <m < 1, and y, is the strictly decreasing

function of parameter m. That is, increasing the amount of prey refuge can decrease the densities

(f=d)[(an—c) f+d]
bdn2f

Case 2. If 2¢ — 2c¢d > 0 holds and define m* =1 — %, it follows that

atm = 0.

D=~ 0 for all
a*(f—d)[(2—2d) f+d—f]
(2—2d)2chd f

at the point m = m*. The above analysis shows that on the interval (1 — %*,m"), increasing

of predator species. In this cases, y, obtains its maximum value

1 - <m<m"and Zim* < 0 for all m* < m < 1. y, obtains its maximum

the amount of prey refuge can increase the densities of predator species. While for m larger
than m*, i.e., as the prey refuge becomes large enough, increasing the amount of prey refuge
can decrease the predator densities. The predator species obtain their maximum densities at
the point m = m*. Because of the positive equilibrium of global stability, it ensures the prey
densities will not increase infinitely, and the predator species will not become extinct, which
is contrary to the predator-prey model with the Holling type II incorporating a prey refuge
[11]. Kar observed that the predator will be extinct with a large refuge parameter m(me (B, 1))
when ¢f3 > ay, that is, increasing the amount of refuge can increase prey densities and lead to
population outbreak.

(2) The influence of prey refuge on the dynamics of system (1.3).

[7] classified the dynamics of system depending on all parameters. Our results in Section 4
and Section 5 show that the existence and stability properties of the equilibrium for system (1.3)
depend on all parameters especially the refuge parameter m. In the following, we classified the
existence and stability properties of the equilibrium for system (1.3) using m as control when

f<d,d< f<a+d, f=a+dand f > a-+d, respectively into the following table 1.

Let Ay =1 0 py =1 - "Udbd) g py =1 - 1lerd)

Table 1 Property of equilibria for system (1.3) withm when f < d,d < f <a+d, f=a+d
and f > a-+d, respectively.
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Parameters (0,0) (4,0) (X, 4) Phase portrait
f<d me[0,As] Attractor Attractor None Figl(a)
mée(As, 1) | Unstable Global attractor None Figl(b)
me[0,A1] Global attractor saddle None Fig 2(a)
d<f<atd|me(A;,A,) | Attractor saddle Limit cycle Fig 2(b), Fig2(c)
mée(Ap,As] | Attractor saddle Attractor Fig 2(d)
me(As, 1) | Unstable saddle Global attractor | Fig 2(e)
f=a+d |me[0,A;] Global attractor saddle None Fig 3(a)
me(As, 1) | Unstable saddle Global attractor | Fig 3(b)
f>a+d |me[0,A;] | Global attractor saddle None Fig 4(a)
me(Ay,1) | Unstable saddle Global attractor | Fig 4(b)

FIGURE 1. The phase portrait of system (1.3) for different values of m with

(a) Both (0,0) and (1,0) are attractors, where a =b=n=d =1,
c=25and f =0.5,m=0.1

(b) (0,0) is unstable, and (1,0) is a global attractor, wherea =b =n =
d=1,c=25and f=05,m=0.3

f=0.5inthe case of f <d
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(a) (0,0) is a global attractor, and (1,0) is a saddle, wherea=b=n =
d=1,c=25and f =1.7, m=0.025.

(b) (0,0) is an attractor, (1,0) is a saddle, (0.19,0.11) is an unstable
focus, and there is a stable limit cycle surrounding (x*,y*), where

a=b=n=d=1,c=25and f=1.7,m=0.136.

(c) (0,0) is an attractor, (1,0) is a saddle, (0.10,0.06) is an unstable
focus, and the limit cycle is broken, when m decreases, where a =

b=n=d=1,c=25and f = 1.7, m=0.126.

Leta=b=n=d=1, c=2.5. For these values of parameters, we verify the existence and

stability properties of the equilibrium for the system (1.3) by choosing the appropriate refuge
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(d) Both (0,0) and (0.16,0.09) are attractors, and (1,0) is a saddle,
wherea=b=n=d=1,c=25and f=1.7,m=0.185

(e) (0,0) has a hyperbolic sector, (1,0) is a saddle, and (0.79,0.11)

is a global attractor, where a =b=n=d =1,c=2.5and f = 1.7,

m=0.8
FIGURE 2. The phase portrait of system (1.3) for different values of m with
f=17inthecaseofd < f <a+d

(a) (0,0) is a global attractor, and (1,0) is a saddle, wherea =b=n=
d=1,c=25and f=2,m=0.2
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(b) (0,0) is unstable, and (1,0) is a saddle, wherea =b=n=d =1,
c=25and f =2m=0.5

FIGURE 3. The phase portrait of system (1.3) for different values of m with
f=2inthecaseof f=a+d

(a) (0,0) is a global attractor, and (1,0) is a saddle, wherea =b=n=
d=1,c=25and f=3,m=0.35

(b) (0,0) is unstable, (1,0) is a saddle, and (0.25,0.23) is a global at-

tractor, wherea=b=n=d =1,c=2.5and f =3,m=0.55

FIGURE 4. The phase portrait of system (1.3) for different values of m with

f=3inthecaseof f >a+d

23
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parameter m while f is fixed according to f < d,d < f<a+d, f=a+dand f >a+d
respectively.

Fig.1 (a) (b) show that for f < d predators go extinct and hence, predator and prey species of
system (1.3) may not exist.

Fig.2 (a) shows that for d < f < a+d, if 0 < m < 0.029, predators go extinct and hence,
predator and prey species of system (1.3) may not exist. Fig.2 (b) shows that if 0.029 < m <
0.137, (x*,y*) is an unstable focus, and there is a stable limit cycle surrounding. Fig.2(c) shows
that if 0.029 < m < 0.137, when m decrease, the limit cycle is broken. Fig.2 (d) shows that if
0.137 <m < 0.2, (x*,y*) is attractor. Fig.2 (e) shows that if 0.2 < m < 1,(x*,y*) is a global
attractor. That is, Fig.2 show that for d < f < a+d, as m increase, the limit cycle is broken
and both the prey and predator population converge to their equilibrium values, which means
adding a large refuge to the system prevent the oscillating behavior and drive it to a stable state.

Fig.3 (a) shows that for f =a+d if 0 <m < 0.6, predators go extinct and hence, predator
and prey species of system (1.3) may not exist. Fig.3 (b) shows that if 0.6 <m < 1, (x*,y*)
is a global attractor. That is, Fig.3 shows that for f = a 4 d, as m increase, under the effects
of predator mutual interference, predators do not go extinct and predator and prey species of
system (1.3) still coexist.

Fig.4 (a) shows that for f > a+d if 0 < m < 0.4, predators go extinct and hence, predator
and prey species of system (1.3) may not exist, Fig.4 (b) shows that if 0.4 <m < 1, (x*,y%)
is a global attractor. That is , Fig.4 shows that for f > a+ d, as m increase, under the effects
of predator mutual interference, predators do not go extinct and predator and prey species of
system (1.3) still coexist.

Figures 1, 2 and 3 show that the dependence of the dynamics behavior of system (1.3) on the
prey refuge m. If d < f < a-+d, (x*,y*) is an unstable focus as A} < m < Aj, and (x*,y*) is
stable as A, < m < 1. That is, as m increase, the limit cycle is broken and both the prey and
predator population converge to their equilibrium values, which means adding a large refuge to
the system prevent the oscillating behavior and drive it to a stable state. If f > d, (x*,y*) do not
exist as 0 < m < min(A;,A3), and (x*,y*) is global stable as max(A;,A3) <m < 1. That is, a
large refuge m is possible to prevent nonexistence and drive it to a required stable state when m

increase.
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6. Concluding remarks

In this paper, we considered a ratio-dependent predator-prey system incorporating a prey
refuge m. We classified and determined all possible nature near the origin (0,0) and two other
equilibrium (7,0) and (xy,y.) depending on all parameters especially the prey refuge m. Inter-
esting dynamic behavior such as deterministic extinction, existence of multiple attractors, and
existence of a limit cycle has been observed. Simulation indicates that m has a stabilizing effect
on predator-prey interactions. For one region of parameter f, if adding a small refuge to the
system which we considered, the refuge does not alter the dynamical stability of the neutrally
stable system. Adding a large refuge to the system prevent the oscillating behavior and drive
it to a stable state. The analysis of the influence of m on density values show that increasing
the amount of refuge can increase prey densities, increasing the amount of refuge can increase
predator densities and decrease predator densities with a large refuge. But because of the posi-
tive equilibrium of global stability, it ensures the prey densities will not increase infinitely, and
the predator species will not extinct with a large refuge parameter m when f > d, which is con-
trary to the predator-prey model with Holling type Il incorporating a prey refuge. Kar observed
that the predator will be extinct with a large refuge parameter m(me(B, 1)) when cf3 > ay, that

is, increasing the amount of refuge can increase prey densities and lead to population outbreak.
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