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EXISTENCE OF POSITIVE SOLUTIONS OF BOUNDARY VALUE PROBLEMS
FOR FRACTIONAL ORDER DIFFERENTIAL EQUATIONS ON AN UNBOUNDED

DOMAIN
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Abstract. In this paper, we consider the existence of positive bounded solution for a boundary value problem on

an unbounded domain for differential equation involving the Riemann-Liouville fractional order derivative. The

results are based on Krasnosel’skii’s fixed point theorem in a cone combined with the diagonalization method.
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1. Introduction

In this paper, we consider the existence of positive bounded solutions for following bound-

ary value problem on an unbounded domain for differential equations involving the Riemann-

Liouville fractional derivative

Dα
0+u(t) = f (t,u(t)), t ∈ J := [0, ∞), u(0) = 0,u is bounded on J, (1.1)

where 1 < α ≤ 2 and f : J×R→ R is continuous, and Dα
0+ is the standard Riemann-Liouville

derivative.
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Due to the development of the theory of fractional calculus and its applications, many work on

fractional calculus, fractional order differential equations have been done (see, for example, [1-

7]). Recently, some authors investigated the existence and multiplicity of solutions (or positive

solutions) of boundary value problems for nonlinear fractional differential equations (see [8-

17] and references therein). In [13], Bai and Lü established the existence results of positive

solutions for the following problem

Dα
0+u(t)+ f (t,u(t)) = 0,0≤ t ≤ 1, u(0) = 0,u(1) = βu(η), η ∈ (0,1).

In [15], Li, Luo and Zhou considered the three-point boundary value problem of a coupled

system of nonlinear fractional differential equations

Dα
0+u(t) = f (t, v(t), Dpv(t)), Dβ

0+v(t) = f (t, u(t), Dqu(t)), 0≤ t ≤ 1,

u(0) = 0,u(1) = γu(η), v(0) = 0,v(1) = γu(η),

under the conditions 0 < γηα−1 < 1, 0 < γηβ−1 < 1. By using the Schauder fixed point theo-

rem, they obtained at least one solution.

The theory of boundary value problems on infinite intervals has been found in many applica-

tions, see [18] and the references therein. Many results have been obtained on the solutions of

nonlinear differential equations subject to certain boundary conditions, see [19-21] and the ref-

erences therein. However, few papers deal with the boundary value problems of fractional order

differential equations on infinite intervals. Recently, Agarwal et al. [22] established existence

results of solutions for a class of boundary value problems involving the Riemann-Liouville

fractional derivative on the half line by using the nonlinear alternative of the Leray Schauder

type conbined with the diagonalization process. Arara et al. [23] considered boundary value

problems involving the Caputo fractional derivative on the half line

cDαu(t) = f (t,u(t), t ∈ J := [0, ∞), u(0) = u0,u is bounded on J.

By using the Schauder fixed point theorem combined with the diagonalization process, they ob-

tained the existence of solutions. However, to our best knowledge, there is no paper concerned

with the existence of positive solutions to boundary value problems of fractional differential

equations on infinite intervals by using the fixed point theorem combined with the diagonaliza-

tion process. The goal of this paper is to fill the gap. Motivated by the corresponding results
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announced in [22] and [23], we consider the existence of positive solutions of boundary value

problems for fractional order differential equations on an unbounded domain.

2. Preliminaries

Definition 2.1. The fractional integral of order α > 0 of a function u(t) : (0,∞)→ R is given by

Iα
0+u(t) =

1
Γ(α)

∫ t

0
(t− s)α−1u(s)ds

provided that the right side is point-wise defined on (0,∞).

Definition 2.2. The fractional derivative of order α > 0 of a continuous function u(t) : (0,∞)→

R is given by

Dα
0+u(t) =

1
Γ(n−α)

(
d
dt
)n

∫ t

0

u(s)
(t− s)α−n+1 ds,

where n = [α]+1, provided that the right side is point-wise defined on (0,∞).

Lemma 2.3. Let α > 0. If we assume u ∈ C(0,1)∪ L(0,1), then the fractional differential

equation Dα
0+u(t) = 0 has a solution

u(t) =C1tα−1 +C2tα−2 + ...+CNtα−N

for some Ci ∈ R, i = 1, 2, · · · , N, where N is the smallest integer greater than or equal to α .

Lemma 2.4. Assume that u ∈C(0,1)∪L(0,1) with a fractional derivative of order α > 0 that

belongs to C(0,1)∪ L(0,1). Then Iα
0+Dα

0+u(t) = u(t)+C1tα−1 +C2tα−2 + ...+CNtα−N , for

some Ci ∈ R, i = 1, 2, · · · , N.

Lemma 2.5. [31] Let E be a Banach space and let K ⊂ E be a cone. Assume that Ω1 and Ω2

are open bounded subsets of E with 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2, and let A : K ∩ (Ω2 \Ω1)→ K be a

completely continuous operator such that

‖Au‖ ≤ ‖u‖,u ∈ K∩∂Ω1,and ‖Au‖ ≥ ‖u‖,u ∈ K∩∂Ω2

or

‖Au‖ ≥ ‖u‖,u ∈ K∩∂Ω1,and ‖Au‖ ≤ ‖u‖,u ∈ K∩∂Ω2.

Then A has a fixed point in K∩ (Ω2 \Ω1).
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First we consider the problem on a bounded domain

Dα
0+u(t)+ f (t, u(t)) = 0, t ∈ [0, n], u(0) = 0,u′(n) = 0. (2.1)

Lemma 2.6. Given y(t) ∈C[0,1]. The problem

Dα
0+u(t)+ y(t) = 0, u(0) = 0, u′(n) = 0 (2.2)

is equivalent to u(t) =
∫ n

0 G(t, s)y(s)ds, where

G(t,s) =


1

Γ(α) − (t− s)α−1 +n2−αtα−1(n− s)α−2t ≥ s,

n2−αtα−1(n− s)α−2t ≤ s

Furthermore, G(t, s) is continuous on [0, n]× [0, n] and satisfies the conditon G(t, s)> 0, t, s∈

[0, n].

Proof. From Lemma 2.3, we get that problem (2.2) is equivalent to

u(t) =−
∫ t

0

(t− s)α−1

Γ(α)
y(s)ds+C1tα−1 +C2tα−2.

The boundary condition u(0)= 0 induces C2 = 0. Considering the boundary condition u′(n)= 0,

we have

C1 =
n2−α

Γ(α)

∫ n

0
(n− s)α−2y(s)ds.

Thus

u(t) =− 1
Γ(α)

∫ t

0
(t− s)α−1y(s)ds+

n2−αtα−1

Γ(α)

∫ n

0
(n− s)α−2y(s)ds.

It is obvious that G(t, s) is continuous on [0, n]× [0, n]. Furthermore, G(t, s) ≥ 0 for t ≤ s.

For t ≥ s, one has
G(t, s) =−(t− s)α−1 +n2−αtα−1(n− s)α−2

= tα−1[(1− s
n
)α−2− (1− s

t
)α−1]

> 0.

Lemma 2.7. The function G(t,s) satisfies the following conditions:

(1) G(t,s)≤ G(s,s), t,s ∈ [0,1],

(2) there exist a positive function γ(s) ∈C(0, 1) such that

min
s∈[ n

4 ,
3n
4 ]

G(t, s)≤ γG(s, s), 0 < s < 1.
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Proof (1) For given s ∈ [0, n], G(t, s) is decreasing with respect to t for s ≤ t and increasing

with respect to t for t ≤ s. Thus one can easily check that G(t,s)≤ G(s,s), t,s ∈ [0,1].

(2) Setting

g1(t, s) =
−(t− s)α−1 +n2−αtα−1(n− s)α−2

Γ(α)
,g2(t, s) =

n2−αtα−1(n− s)α−2

Γ(α)
,

One has

min
n/4≤t≤3n/4

G(t,s) =



g1(
3n
4
, s), 0 < s≤ n

4
,

min{g1(
3n
4
, s), g2(

n
4
, s),} n

4
≤ s≤ 3n

4
,

g2(
n
4
, s),

3n
4
≤ s < 1,

=


g1(

3n
4
, s), 0 < s≤ r,

g2(
n
4
, s), r ≤ s < 1,

=



−(3n
4
− s)α−1 +n2−α(

3n
4
)α−1(n− s)α−2

Γ(α)
, 0 < s≤ r,

n2−α(
n
4
)α−1(n− s)α−2

Γ(α)
, r ≤ s < 1,

where
n
4
< r <

3n
4

is the unique solution of the equation

−(3n
4
− s)α−1 +n2−α(

3n
4
)α−1(n− s)α−2 = n2−α(

n
4
)α−1(n− s)α−2.

Considering the monotonicity of G(t, s), we have

max
0≤t≤1

G(t, s) = G(s, s) =
n2−αsα−1(n− s)α−2

Γ(α)
.

Thus, setting

γ(s) =


−(3n

4
− s)α−1 +n2−α(

3n
4
)α−1(n− s)α−2

n2−αsα−1(n− s)α−2 , 0 < s≤ r,

(
n
4s
)α−2, r ≤ s < 1,

we find that

min
s∈[ n

4 ,
3n
4 ]

G(t, s)≤ γG(s, s), 0 < s < 1.

This completes the proof.



6 C. SHEN, H. ZHOU, L. YANG

3. Main results

In this section, we give the existence of positive solutions for problem (1.1). We divide it into

two steps. First, we obtain the existence of positive solutions of the problem on the bounded

domain (2.1). Then, the existence results of positive solutions of (1.1) is obtained by using the

diagonalization method.

Let E = C[0, n] be endowed with the maximum norm, ‖u‖ = max0≤t≤n. Define the cone

P⊂ E by P = {u ∈ E|u(t)≥ 0},

Theorem 3.1. Let T : P→ E be the operator defined by Tu(t) =
∫ n

0 G(t, s) f (s, u(s))ds. Then

T : P→ P is completely continuous.

Proof It is obvious that operator T : P→ P is continuous. Let Ω⊂ P be bounded, that is, there

exists a positive constant M1 > 0 such that ‖u‖ ≤M1 for all u ∈Ω. Then for u ∈Ω, we have

Tu(t) =
∫ n

0
G(t, s) f (s, u(s))ds≤M2

∫ n

0
G(s, s)ds,

where M2 = max0≤t≤n, 0≤u≤M1 . It follows that T is bounded on the bounded subset of E. On

the other hand, for each u ∈Ω, t1, t2 ∈ [0, n], t1 < t2 and |t2− t1| ≤ δ , one has

|Tu(t2)−Tu(t1)|= |
∫ n

0
(G(t1, s)−G(t2, s)) f (s, u(s))ds|

≤
∫ n

0
|G(t1, s)−G(t2, s)| f (s, u(s))ds

≤M2

∫ n

0
|G(t1, s)−G(t2, s)ds.

Then the continuity of function G(t, s) implies that T is equicontinuity on the bounded subset

of E. This completes the proof.

Theorem 3.2. Let f (t, u) is continuous on [0, n]× [0, +∞). Assume that there exist two positive

constant r2 > r1 > 0 such that

(A1) f (t, u)≤Mr2, (t, u) ∈ [0, n]× [0, r2],

(A2) f (t, u)≥ Nr2, (t, u) ∈ [0, n]× [0, r1],

where

M = (
∫ n

0
G(s, s)ds)−1, (

∫ 3n
4

n
4

γ(s)G(s, s)ds)−1,

then problem (2.1) has at least one positive solution u such that r1 ≤ ‖u‖ ≤ r2.



PERIODICITY IN PREDATOR-PREY SYSTEMS 7

Proof From Lemmas 2.3 and 2.4, we see that problem (2.1) has a positive solution u = u(t) if

and only if u is a fixed point of operator T . Let Ω1 = {u ∈ P|‖u‖ ≤ r1}. For u ∈ ∂Ω1, we have

0≤ u(t)≤ r1, for all t ∈ [0, n]. From assumption (A2), for t ∈ [
n
4
,

3n
4
], we have

Tu(t) =
∫ n

0
G(t, s) f (s, u(s))ds≥

∫ n

0
γ(s)G(s, s) f (s,u(s))ds≥ r1 = ‖u1‖.

Thus ‖Tu‖ ≥ ‖u‖,u ∈ ∂Ω1. Let Ω2 = {u ∈ P|‖u‖ ≤ r2. For u ∈ ∂Ω2, we have 0 ≤ u(t) ≤ r2,

for all t ∈ [0, n]. From assumption (A1), for t ∈ [0, n], we have

Tu(t) =
∫ n

0
G(t, s) f (s, u(s))ds≤Mr2

∫ n

0
G(s, s)ds≥ r2 = ‖u‖.

Thus ‖Tu‖ ≤ ‖u‖,u ∈ ∂Ω2. An application of Lemma 2.5 ensures the existence of at least one

positive solution of problem (2.1).

Next, we denote the positive solution of problem (2.1) by un. We now use the diagonalization

process to obtain the positive solution of problem (1.1) on the infinite intervals. For k ∈ N,

setting

uk(t) =


uk(t), t ∈ [0, nk],

uk(nk), t ∈ [nk, ∞),

where {nk} ∈ N∗ is a sequence of numbers satisfying

0 < n1 < n2 < · · ·< nk < · · · ↑ ∞.

Let S = {uk}∞
k=1. We claim that

r1 ≤ uk(t)≤ r2 f or t ∈ [0, nk], k ∈ N.

For k ∈ N and t ∈ [0,n1], we have

unk(t) =
∫ n1

0
Gn1(t, s) f (s, unk(s))ds.

Thus, for k ∈ N and t, x ∈ [0, n1], we have

unk(t)−unk(x) =
∫ n1

0
[Gn1(t, s)−Gn1(x, s)] f (s, unk(s))ds.

Using the Arezela-Ascoli theorem, we see that there exists a subsequence N∗1 of N and a function

v1 ∈C([0, n1], R+) with unk → v1 in C([0, n1], R+) as k→ ∞ through N∗1 . Let N1 = N∗1\{1}.

Consider that

unk(t)≤ r2, t ∈ [0, n2], k ∈ N.
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Then by Arezela-Ascoli theorem, there exists a subsequence N∗2 of N and a function v2 ∈

C([0, n2], R+) with unk → v2 in C([0, n2], R+) as k→ ∞ through N∗2 and v1 = v2 on [0, n1].

Let N2 = N∗2\{2}. Proceed inductively to obtain for m ∈ {3, 4, · · ·} a subsequence N∗m of Nm−1

and a function vm ∈ C([0, nm], R+) with unk → vm in C([0, nm], R+) as k→ ∞ through N∗m.

Let Nm = N∗m\{m}. Define a function u as follows. Fix t ∈ (0, ∞) and let m ∈ N with s ≤ nm.

Then define u(t) = vm(t). It follows that u ∈ C([0, ∞), R+) and u(0) = 0, r1 ≤ u(t) ≤ r2 for

t ∈ [0, ∞). Fix t ∈ (0, ∞) and let m ∈ N with s≤ nm. For n ∈ Nm, we get

unk(t) =
∫ nm

0
Gnm(t, s) f (s, unm(s))ds.

Letting nk→ ∞ through Nm, we obtain

vm(t) =
∫ nm

0
Gm(x, s) f (s,zm(s))ds,

that is

u(t) =
∫ nm

0
Gnm(t, s) f (s, y(s))ds.

We can use this method for each x ∈ [0, nm] and for each m ∈ N. Thus

Dαu(t) = f (t, u(t)), t ∈ [0, nm]

for each m∈N and α ∈ (1, 2] and the constructed function y is a positive solution of (1.1). This

completes the proof.
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