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1. INTRODUCTION

The concept of time scales analysis is a fairly new idea. In 1988, it was introduced by the German
mathematician Stefan Hilger in his Ph.D. thesis [1]. It combines the traditional areas of continuous and
discrete analysis into one theory. After the publication of two textbooks in this area by Bohner and
Peterson [2] and [3], more and more researchers were getting involved in this fast-growing field of math-
ematics. The study of dynamic equations brings together the traditional research areas of differential and
difference equations. It allows one to handle these two research areas at the same time, hence shedding
light on the reasons for their seeming discrepancies. In fact, many new results for the continuous and
discrete cases have been obtained by studying the more general time scales case; see [4, 5, 6, 7, 8] and
the references therein.

There is no doubt that the Lyapunov method have been used successfully to investigate stability prop-
erties of wide variety of ordinary, functional and partial equations. Nevertheless, the application of this
method to the problem of stability in differential equations with delay has encountered serious difficul-
ties if the delay is unbounded or if the equation has unbounded term. It has been noticed that some of
theses difficulties vanish by using fixed point techniques. Other advantages of the fixed point theory
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over the Lyapunov’s method is that the conditions of the former are average while those of the latter are
pointwise; see [9, 10, 11, 12, 13, 14] and references therein.

In this paper, we consider the following neutral nonlinear dynamic equations with variable delays
given by

x5 () = —a(t)x° (¢) +C(t)x£ (t—11(t)+qt,x(t),x(t—12(1))), (L.1)
with the initial condition
x(t)=0(), t € [d,t0) NT,
where

diy= inf {t—71(t),r—1(1)},
t€[tg,00)NT

for each #p € [0,00) N'T and T is an unbounded above and below time scale and such that 7y € T.

Our results are obtained with no need of further assumptions on the delta-differentiable of the neutral
coefficient ¢ and the twice delta-differentiable of T with 72 (¢) # 1 for ¢ € [0,00) N'T, so that for a given
initial function ¢ € ®;, a mapping P for (1.1) is constructed in such a way to map a, carefully chosen,
closed convex nonempty subset D of a Banach space X into itself on which P is a contraction mapping
possessing a fixed point. This procedure will enable us to establish and prove by means of the contraction
mapping theorem ([15], p. 2) the global asymptotic stability in Crld for the zero solution of (1.1) with a
less restrictive conditions. In the special case T = IR, Liu and Yan in [16] showed that the zero solution of
Eq. (1.1) is globally asymptotically stable in C' by using the contraction mapping theorem. Our results
presented in this paper mainly extend the work of Liu and Yan [16].

2. PRELIMINARIES

In this section, we consider some advanced topics in the theory of dynamic equations on a time scales.
Again, we remind that for a review of this topic we direct the reader to the monographs of Bohner and
Peterson [2] and [3].

A time scale T is a closed nonempty subset of R. For ¢ € T the forward jump operator &, and the back-
ward jump operator p, respectively, are definedas 6 (1) =inf{s € T :s >t} andp (t) =sup{r € T : s < t}.
These operators allow elements in the time scale to be classified as follows. We say ¢ is right scattered
if o (¢) > t and right dense if ¢ (1) =r. We say ¢ is left scattered if p () < and left dense if p (1) = 1.
The graininess function u : T — [0,00), is defined by it (t) = o (¢) —t and gives the distance between an
element and its successor. We set inf@ = sup T and sup® = infT. If T has a left scattered maximum M,
we define TX = T\ {M}. Otherwise, we define TX = T. If T has a right scattered minimum m, we define
Ty = T\ {m}. Otherwise, we define Ty = T.

Lett € T* and f: T — R. The delta derivative of f (), denoted f* (¢), is defined to be the number
(when it exists), with the property that, for each € > 0, there is a neighborhood U of ¢ such that

fe@)=fs)=f20)[o()—s]| <elo()—s,

for all s € U. If T =R then f* (¢) = f'(t) is the usual derivative. If T = Z, then > (t) = Af(t) =
f(t+1)— f(¢) is the forward difference of f atz.

A function f is right dense continuous (rd-continuous), f € C,y = C,y (T,R), if it is continuous at
every right dense point t € T and its left-hand limits exist at each left dense point ¢t € T. The function
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f:T — R is differentiable on T* provided that f* (t) exists for all # € T*. f e Cl, =C! (T,R) if
2 €Cu(T,R).
We are now ready to state some properties of the delta-derivative of f. Note f° (t) = f (o (¢)).

Theorem 2.1 ([2, Theorem 1.20]). Assume f,g: T — R are differentiable at t € TX and let o be a scalar.
() (F+8)" (0 =8> (0)+ £ 0.
(i) (af)> (1) = af™ 1)
(iii) The product rules

(iv) If g (1) g° (1) # O, then

A W80 -0 ()
<g> V=00

The next theorem is the chain rule on time scales ([2, Theorem 1.93]).

Theorem 2.2 (Chain rule). Assume that v : T — R is strictly increasing and T:=v (T) is a time scale.
Let o : T — R. Ifv2 (t) and 0 (v (1)) exist for t € T¥, then (wo V)" = (a) ov) Ve,

In the sequel we will need to differentiate and integrate functions of the form f (r — 7 (¢)) = f (v (7)),
where v (¢) :=t — 7(¢). Our next theorem is the substitution rule ([2, Theorem 1.98]).

Theorem 2.3 (Substitution). Assume that v : T — R is strictly increasing and T:=v (T) is a time scale.

If f: T — R is rd-continuous function and Vv is differentiable with rd-continuous derivative, then, for
a,beT,
v(b) ~
/ fOve (@)L= / (fov ') (s)As.
v(a)

A function p : T — R is said to be regressive provided 1+ () p(¢) # O for all £ € TX. The set of
all regressive rd-continuous function f : T — R is denoted by Z. The set of all positively regressive
functions Z*, is givenby ZT ={f € Z: 1+ u(t) f(t) >O0forall t € T}.

Let p € #Z and pu (t) # 0 for all t € T. The exponential function on T is defined by

e (1,5) = exp (/S’“}Z)mgaw(z)p(z)mz) .

It is well known that if p € Z7, then e, (¢,s) > 0 for all € T. Also, the exponential function y(r) =
e, (t,s) is the solution to the initial value problem y* = p(t)y, y(s) = 1. Other properties of the expo-
nential function are given by the following lemma.

Lemma 2.4 ([2, Theorem 2.36)). Let p,q € %. Then
(i) eo(t,5) =1ande,(t,t) =1,
ii)ep(0(t),s)=(1+u(r)p(r))e

€p
iii) o lm) = e, (t,s), where Op (1)

(,5),

__p)
1+u(t)p(t)’

—
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Lemma 2.5 ([4]). If p € Z#7, then
t
0<e,(t,s) <exp </ p(u)Au) , VteT.

3. GLOBAL ASYMPTOTIC STABILITY

In this section, we study the global asymptotic stability in C rld of the zero solution to Eq. (1.1). We
introduce the following hypotheses.
(H]) a,c €Cy ([0,00) ﬁT,R), q€Cy ([0,00) NT x RXR,R), T € Cy ([0,00) NT, (0,00) ﬂT)
and (id — 7;) ([0,00) NT) is closed with t — 7; (f) — o0 ast —» o0, i = 1,2.
(Hy) Fort € [0,00) N'T, g (£,0,0) = 0, and there exist L;,Ls € Cy;([0,00) N'T, (0,0)) such that
g (#,x1,51) = ¢ (#,x2,y2)] < Ly (¢) ey = x2| + La (1) [y1 =32,

for any x;,y; € R, i=1,2.
(H3) a € #Z* is bounded on [0,00) N'T and tlim inf [ a(s)As > —oo.
—>00
(Hy) There exists a € (0,1) such that for 7 € [0,00) N'T,
!
/0 eoa(tyu) [Je ()| + Ly () + Lo (u)) Au < @,

and
]a(t)|/0 eca (t,u)[Jc(u)|+ Ly (u)+ Ly (u)] Au+|c ()| +L; (1) + Ly (2) < .

For each #y € [0,00) N'T, denote C, (to) = C, ([dy,, 1] N'T,R) with the norm defined by

0 (t)’}

= max {Ix(1)],
t€[dyy 10]NT

for x € CL, (#9). In addition, denote

P, = {(p € Cpy(t0) : @ (t0) = —a(10) 9° (10) +¢ (10) 9= (o — 71 (10)) +q (t0, ¢ (t0) , @ (to — (fO)))}‘

For each 7y € [0,0) N T, we always assume that the initial function for Eq. (1.1) is of the type ¢ € ®;,.
For convenience of stating our main result, we shall give the following definitions.

Definition 3.1. For each (fy, ¢) € [0,00) N Tx®,,, x is said to be a solution of Eq. (1.1) through (1, @)
if x € CL; ([dyy,0) N'T) satisfies Eq. (1.1) on [tg,e0) N'T and x(¢) = ¢ (¢) for t € [d,,,2)] N'T. We denote
such a solution by x (1) = x (¢,19, Q).

Definition 3.2. (i) The zero solution of Eq. (1.1) is said to be stable in C!, if, for any #y € [0,00) N'T,
€ >0, there is a 6 = & (¢,19) such that ¢ € &, and |@|, < & implies

xA(t)’}<8,

max {[x(1)],
1€ [dyy ] NT

forz € [tg,00) NT.
(i) The zero solution of Eq. (1.1) is said to be globally asymptotically stable in Crld if it is stable in

C!,, and for any fo € [0,00) N'T, @ € &, implies

A
(

Z‘ILII;IOX(tat())(p) :}LI?OX tat()a(p) =0.
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In view of the definition of the solution of Eq. (1.1), it is clear that the conditions imposed on the
initial functions are very natural. From the above assumptions, it is easy to see that, for each (tp, @) €
[0,00) N Tx®;,, there exists a unique solution x (¢) = x (¢,%, ¢) of Eq. (1.1) defined on [dy,,e0) NT. By
(Ha), Eq. (1.1) has the zero solution.

Theorem 3.3. Assume that (H;) — (Hy) hold. Then the zero solution of Eq. (1.1) is globally asymptoti-
cally stable in Crld if and only if

/ a(s)As = oo. 3.1
0
Proof. (i) Suppose that (3.1) holds. For any 7y € [0,0) N'T, let

X = {x € CL ([dy, ) NT) : limx () = limx® (1) = 0},

t—ro0 t—roo

with the norm defined by

Il = max  {Ix()],

e [d,o,oo)m’]l‘

L0}

for x € X. Since X is a closed vectorial subspace of Cy, ([d;,,o2) N'T) and C}, ([d;,,o2) N, ||.|[, ) is a
Banach space, we see that (X, [|II;,) is also a Banach space. For any ¢ € &, let

D={xeX:x(t)=o(t) forr € [dy,,1o)NT}.

It is easy to see that D is a nonempty, closed subset of X. Define the operator P : D — C,; ([d;,,o2) N T)
by (Px)(t) = ¢ (t) for t € [d;,,t0] N'T and

(Px) (1) = @ (o) eca (¢, to)

+ / eca () e ()™ (=11 (1)) + (2 () x (4= 2 ()] A, (32)

fort € [tp,o0) NT.
Firstly, we prove Px € D for any x € D. From (3.2), for ¢ > g, one has

(Px) (1) = =@ (t0) a(t) eca (t,10) + ¢ (1) x> (¢ — 1 (1)) + g (1,1 (1) . x (1 — 7 (1))

—a(t) /t:e@a (t,u) [c(u)xA (u—71 (1) +qu,x(u),x(u—"1(u))|Au

=—a()(Px)(t)+c(O)x>(t—11 (1) +q(t,x(1) ,x(t =12 (1))). (3.3)

By the definition of ®,,, one sees that (3.3) yields

(Px)7 (t0) = —a(to) @ (to) + ¢ (to) 9 (to — T1 (t0)) + ¢ (t0, @ (t0) , @ (t0 — T2 (10)))
= 0% (19).

Hence, Px € C\, ([d,,o0) N'T) for x € D. For x € D, limy e x (t) = lim, e x> (t) = 0. Note that limy_,e.? —
T;(t) = oo, i = 1,2. Therefore, for any € > 0, there exists 7 > 0 such that, fort > T,

max{\x(m (= @), X2 0 (z))‘} <e. (3.4)
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It follows from (3.2), (3.4) and (H,) and (Hy) that, forz > T and x € D,

|(Px) (1)

<o (t0)]eca(t,t0)
T
+ €oq (l,l/t)

2

c(u)x=(w—11(u)+q(u,xu),x(u—1(u))|Au

—i—/Tte@a (t,u) ‘c(u)xg (u—71 () +q(u,x(u),x(u—1(u))—q(u,0,0)|Au

<ot [0 )1+ e 00) 0 (0= 1 (0) 4 0 3 0= 52 )

+/Tteea(t,u){

< eca (t:0) [\«p(m)\ -/ e (110)

¢ (u)x® (u— 1 ()

L () e ()| + Lo (1) (= 2 (u))] | A

c(u)xﬁ (w—71(u)+q(u,x(u),x(u—"10 (u)))‘Au]
—i-S/Tte@a (6,0 [[e ()| + Ly (1) + Lo (u)] Au
<ecq (t,10) [|(p(t0)\ +/t0T eq (u,1p) ‘c(u)xﬁ (w—1 () +q(u,x(u),x(u—1 (u)))‘Au] + oE.
From (3.1), there exists 77 > T such that, for ¢ > T,
T -~
eca(t) [l 0]+ € 00 |0 (= 5 0) + 0 x0) x5 0) ] <

Hence, lim;_,.. (Px) (t) = 0 for x € D. In addition, it follows from (3.3) and (H>) that

()" (1)
< [a(e) (P) (0] +[e ()" (1 = 71 (0)| + la (1.2(1) x (1 = %2(1))) — 4 (¢,0,0)]

<la(t) (Px) (1) +

() (1= (0)[+ L () (O] + Lo () [x(t = . (1)

This, together with (H3) and (Hj), yields lim, .. (Px)“ (t) = 0 for x € D. Therefore, Px € D for x € D,
ie. P:D—D.

Secondly, we show that P : D — D is a contraction mapping. For any x,y € D, it follows from (3.2),
(H,) and (Hy) that, for ¢ € [tg,o0) N'T,

|(Px) (t) — (Py) ()]
< /toteea (t,u) {]c(u)\ ‘XA (u— 11 (1)) —yﬁ (=11 ()
+\q (u,x () ,x (u— 12 () — q (u,y (), y (u— 12 (u)))|] Au

< lle=sll, | o () (e ()| + Ly () + Lo () Au

< ot|lx—yll, - (3.5)
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In addition, it follows from (3.3), (3.5), (H,) and (Hy) that, for ¢ € [ty,0) N'T,

(P ()= (P)* ()]

< Ja(0)]|[(Px) (1) = (Py) ()] + e (O] |1 (¢ = 71 (1)) =y (t = 7 (1))

g (e (1) x (0= 12(1)) — g (6. (1) .y (1 = 22 (1))

ng—ﬂm[MOHA}@ALMHCWN+LMM+JQWNAu+kOH+LMO+Lﬂﬂ}

<alx=yl,- (3.6)
From (3.5) and (3.6), one sees that P : D — D is a contraction mapping. By the contraction mapping

principle, P has a unique fixed point x in D, which is the unique solution of Eq. (1.1) through (zp, ¢) and
satisfies

limx (7) = limx® (1) = 0. (3.7)

t—voo t—o0

Finally, we show that the zero solution of Eq. (1.1) is stable in C,. Let

K= sup {ecq(t,u)} andA= sup {la(?)|}.

t€lty,e0)NT 1€ty,00)NT

From (3.1) and (H3), K,A € (0,00) N'T. For any € > 0, let § > 0 such that

l-a 11—«
d<€eminsl,——, —— 5.
<m1n{,K,KA}

If x(t) = x(t,70,¢) is a solution of Eq. (1.1) with [, <, then x(t) = (Px) (¢) on [fp,e) N T. We claim
that [|x||, < €. Otherwise, there exists #; > #o such that

max{|x(t1)|,

)| =e,
and
max{|x(z)y, A (;)‘} <e,

fort € [dy,,t1) NT. If |x(#1)| = €, then it follows from (3.2), (H>) and (Hs) that

x(t1)| < @ (t0)|eca (t1:10)
—i—/t: ecq (t1,u) ‘c(u)xﬁ (u—711 (1) +q(u,x(u),x(u—1(u)))|Au

< K5+e/” eca (11,u) e ()] + Lt () + Lo (1)) Au

fo

<Ké+oe

<E.
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This is a contradiction. If ’xA (tl)} = ¢, then it follows from (3.3) and (H) and (H,) that

)
<|p(to)a(ti)|eca(t1,t0)

o) (0 =7 (@) +la(nx (0) x (0 = w2 (1))

+|a(n)] /zotl eca (t1,u) ‘c(u)xA (u—711 (1) +q(ux(u),x(u—1(u)))| Au

SKA5+8{|G(11)| ! eca(t1,u) [Jc ()| + Ly (u) + Lo (u)] Au+[c (t1)| + Ly (1) + L2 (ll)}

To

< KAS + e

<E.

This is also a contradiction. Hence, the zero solution of Eq. (1.1) is stable in Crld. This, together with
(3.7), implies that the zero solution of Eq. (1.1) is globally asymptotically stable in C rld.
(i1) Assume that the zero solution of Eq. (1.1) is globally asymptotically stable in Crld. Now we prove
that (3.1) holds. Otherwise, set
t

[ =1liminf [ a(s)As, Ko= sup {ecq(t,0)} andAg= sup {la(?)|}.
freo 0 1€[0,00)NT 1€[0,00)NT

It follows from (H3) that [ € (—oo,00), Ky € (0,0), A € [0,°0). Hence, there exists an increasing sequence
{t,} C [0,00) NT such that lim,_,e, = oo and

In

lim [ a(s)As=1. (3.8)

Nn+—roo 0
Denote
n
In:/o ea (1,0 [|e ()| + L () + Lo ()] A, n—=1,2,....

From (Hy), it follows that

I, = e, (14,0) /Otn eca (tn,u) [|c(u)|+ Ly (u) + Lo (u)] Au < aey (1,,0).

This, together with (3.8), implies that the sequence {,} is bounded. Further, there exists a convergent
subsequence. For brevity of notation, we may assume that {I,} is convergent. Therefore, there exists a
positive integer m such that for any integer n > m,

tn 1—«o
e 0.0 lle )1+ L 1)+ Lo )] e < e (3.9)
and
1
eoa (tn,tm) > 3 e (12,0) < e '4+1, e, (t,,0) < el +1, (3.10)

where B = max{KO (el + 1) ,KpAg (el + l) , 1}.
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For any 6 > 0, consider the solution x (¢) = x (¢, 4, ¢) of Eq. (1.1) with |@|, < & and | (t)] > /2.
It follows from (3.2), (3.3), (3.10), (H,) and (Hy) that, for t € [t,,,00) N'T,

e (1)

<@ (tm)leca (t,tm) + | eca(t,u) )C(M)xA (=71 () + ¢ (,x (u) . x (u = 72 (u))) | Au

I/ m

< | (tm)] eca (2,0) eq (tm, 0) + x]l,, /IEea (#;u) [le ()] + Ly (u) + Lo ()] Au

tm

< Ko (¢ 1) 8-+l [ ecalts) [l )]+ L1 () + L2 ()] Au
<BS&+allxl, ,
and
e0]
<19 () @ (0)eca (1) + e ()6 (¢ =7 (1) 1 (1,x(1) 6 (1= %2 (1))
o)) [ eca ) |e )" (=1 (0) g o0 (= 2 )| A

< KpAg <el—i— 1> é

1
1l {0 [ eca tanllel+ L @)+ La (]l + L0+ L2 (1)}
n
<BS+alx|, -
Hence, [|x||, <Bs+alx|, ,ie.

[l <

—9. 3.11
- (3.11)
It follows from (3.2),(3.9)-(3.11) and (H;) that, for any n > m,

@] = @)l eca (tn,tm)

—eca(tn,0) /tt" ea (1,0) [ (1) 6™ (1= 71 () + 10 (1) . (= T2 ()| A

> 1 )l e (nst) I, e, 0) [ e 0,0) e () +Li 1)+ L ()] A

m

1 B -« 1
78—76(71 1)7275.
= 3% 1o Y8BT T8
This contradicts the fact that lim,,_.#, = oo and the zero solution of Eq. (1.1) is globally asymptotically
stable in Crld. The proof is complete. U
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