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Abstract. In this paper, we study the existence of solutions for a class of p(x)-Kirchhoff problems in unbounded domains
with concave-convex terms. The technical approach in this paper is mainly based on the mountain pass theorem and Ekeland’s
variational principle.
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1. INTRODUCTION

In this article, we are concerned with the following problem

L(u):lf(x)\u|‘1(")*2u+g(x)|u\’(x)*2u+h(x) in Q,

P,
%:O on dQ, (F2)

(¥) [P . .
where L(u) :== —M ( I %dx) (At — [ul?®=2u), A >0, Q = RN\Q, with Q, C RV is a
smooth bounded domain, M is a positive continuous function on [0, +o0), g is a nonnegative continuous

function, f and h are continuous functions which may change sign on Q and p, ¢, r € C;(Q), where

C.(Q)={ceC(Q)NL*(Q): inf 6(x) > 1}.

xeQ
Moreover p is Lipschitz continuous, 1 < p~ := ingf2 p(x) < p™:=supp(x) < N and r(x) < p*(x), Vx € Q.
xe xXEQ
The study of various problems with nonstandard growth conditions has been received considerable

attention because of their large applications in elastic mechanics electrorheological fluids, image restora-
tion, dielectric breakdown, electrical resistivity and polycrystal plasticity and continuum mechanics; see
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[1, 2,3, 4,5, 6, 7] and the references therein. Elliptic problems of Kirchhoff-type involving operators
like the p(x)-Laplacian or its generalizations have been the object of ever more attention in these lat-
est years; see, for instance, [8, 9, 10, 11, 12, 13, 14, 15] and the references therein. However, to our
knowledge, there are not many papers [16, 17, 18] which dealt with nonlocal p-Kirchhoff equations with
concave-convex terms.

Motivated by the above mentioned works, we will use the Mountain Pass theorem and Ekeland’s
variational principle to prove the existence of two solutions for problem (7)) in unbounded domains with
nonhomogeneous term A (x).

The assumptions under problem (P, ) will be considered are the following:

(M) There exist m; > mgy > 0 and q <a<p < — such that
mot® <M /M a’s<m1tﬁ forallt > 0;

(M) There exists 0 < 6 < 7= — such that
OM(t) > M(1)t forallt > Ty > 0;

(Ho) f € L™(Q) NLOW(Q), with go(x) = -4 vx € O;

(Hy) 0< g e L™(Q)NLYW(Q), with ro(x) = ﬂ(z;)( >( VxeQ;

(Fn) he L™(Q)NLYW(Q), with so(x) = 25 x € Q.

2. PRELIMINARIES AND MAIN RESULT

In this section, we recall some interesting properties of the variable exponent Lebesgue and Sobolev
spaces that will be used to study problem (P;). Let @ C R" an open domain. Define the variable exponent
Lebesgue space by

LPY(Q) = {u : Q — Rmeasurable : / |u(x)|PWdx < 00} .
Q
This space endowed with the Luxemburg norm,

(x)
H”|u(x)(g)=inf{ dx < 1}

is a separable and reflexive Banach space. Denoting by L” ) (Q) the conjugate space of LP™) () where

ﬁ + ﬁ = 1 for any u € LP™(Q) and v € L” (), we have the following Holder type inequality

st < () el Pl

Now, we introduce the modular of the Lebesgue-Sobolev space LP(¥) () as the mapping Pp(x) : LP Q) —
R, defined by

Po) = [ P, u € 7).
Q

The relation between modular and Luxemburg norm is clarified by the following proposition:
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Proposition 2.1 ([19]). If u,u, € LP™)(Q), then following properties hold:

,
() llloay < 1= el < P00 < el
(2) llull o >>1:»||u||m < Dot () < [lul2) g
<3>,}gg|\un oy = 0 Ty ia —0) = 0.

Next, we define the variable exponent Sobolev space W !-7(%) (Q) by
WP (Q) = {u € L’V (Q) : |Vu| € Lp(x>(Q)} ,

endowed with the norm
el | = el pr @) + VUl o @)

Wr¥)(Q) is a Banach space which is reflexive under condition 1 < p~ < p* < +eo. If g € C;(Q)
and p(x) < g(x) < p*(x)Vx € Q, then the embedding W!*¥)(Q) < L1%)(Q) is continuous. This last
embedding is compact when Q is bounded and that g(x) < p*(x) Vx € Q. Setting

Prow( = [ (1Vul® 4+ 1ulr ) dx, v € W),
’ Q
similarly to Proposition 2.1, it holds:

Proposition 2.2 ([19]). If u,u, € W'P& )(Q), then following properties hold true:
(D) [l < 1= {Jul|”" < py iy () < |7
- +
(2) [lul] = 1= [|ul|P < Py piey () < [P
(3) lim i, — ul] = 0. lim py o (1 — ) = 0.

Definition 2.3. We say that u € W'?®¥)(Q) is a weak solution of problem (P, ) if

Vy|P®) p(x)
M / ul?? & Jul dx /<|Vu|p(x)72Vqu+|u]p(x)72uv>dx
Q p(x) o

—l/f(x)|u\q<x)*2uvdx—/g(x)]u|r(x)72uvdx—/ h(x)vdx =0,
Q Q Q

for all v € WP (Q).

Our main result is the following theorem.

Theorem 2.4. Assume that (M) — (M;) and (Hy) — (Ha) hold. Then, there exist Ay, L > 0 such that for
all 2 € (0,A), problem (P,) has at least two nontrivial weak solutions provided that ||h|| e ) < M-
3. PROOF OF MAIN RESULT

Since we will rely on the critical point theory, we define the energy functional corresponding to prob-
lem (P;) as I : W'P(M)(Q) — R,

_ ul PO 4 [y |P™) uld™) u|"®
L, (u) =M (/Q [Vl p(:_)| | dx) ;L/Qf(x)|q|(qx) dx/gg(x)|r|(x) dxf/gh(x)udx.

Tacking account that M is continue on [0, +e), by assumptions (Hy) — (H>) and standard arguments, we
see that I; € C! (WI”’(") (Q),R) (see for example, [20, 21, 22]. Moreover, the critical points of /) are
weak solutions of problem (7).
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Lemma 3.1. Assume that (M) — (M) and (Hy) — (H,) hold. Then there exist Ay, lL,p, K > 0 such that
for & € (0, 40) and ||| 5000y < M,

() >  for all |[ul| = p
Moreover, there exists e € W'P¥)(Q) with ||e|| > p, such that I (¢) < 0.

Proof. From (Hy), Holder’s inequality and Proposition 2.1, we have

£ < ol st ]

L a(x) (Q)
+
< ol auo X (1110 g 1110 )
+
< 111 oy max (lal 1" ). 3.1
Similarly, one has
r rt r-
| sl < callgl o gy max (1) (3.2)
and
[ ) < el o gl (3:3)
On the other hand, using Young’s inequality, for given € > 0, there exists C¢ such that
0617+
[l st gy ]| < €llae |7+ Cel B s g (34

By (M), (3.1)-(3.4) and Proposition 2.2, for ||u|| < 1, we have

o
V| PO 4 [P A/
I > d -z a¥ g
AOE ( L) o L@l
—7/ ) ul dx — /yh )| |uldx

my },Cl - (&) _
> " = T2t 1 = 2 el
e
—eselull —exCellll D
Choosing € = 263’("#)&, we obtain
mo apt kcl v - ,XZTI
IA(M)ZZ(p+)a\| | — |11l oo ol —tHg o1l = esCel Al G g

=] |u||*P" o _)Lcl g —apt _ €2 rm—apt
—|ul (W) 2 iy 2 gl g e

apt

—C3cguhy|0‘1’+ ! (3.5)

Let
Y1) = aoAt? " fa T 0<T< 1,
where ag = 2| f] 0000y, a1 = 2 18l| 0w )+ Since g~ < ap™, we see that ¥(t) — +oo as T — 07,
Then 7y has a minimum at
. (aol(alﬁ _q)>1/(r—q)
T =\—7—"""""— .

a(r-—apt)
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Moreover

- —\\ (@ =ap)/(r"=q7)
_ao(r"—q7) (ao(ap’ —q) (rm—apt)/(r—q7)
r(®) = r-—opt <a1(r‘ —opt) A /13>+ 0

Thus, we can find A9 > 0 such that y(79) < 2( Ha VA € (0,A). From (3.5), for ||u|| = 79, we have

ocp* mO aaﬁ 1
I;L(u) ZTO <2(p+)a —Y(To)) C3CthHLJI(7M (36)
Set
._ Lopt mo C-llh Dczil
K:=T W—Y(TO) —c3Ce|| HLW)
and

ocp*;l
s m o

. f 5 — (%) :
c3Ce \2(p™)

It follows from (3.6) that for each 4 € (0,40) and ||| (o) < M,

=

(1) > k> 0 for ||u]| = p = 7.

Now, let ¢y € C3(€o), where Qo C {x € Q: g(x) > 0}. In view of (M), for ¢ large enough

~ Vv p(x) p(x) q(x)
I (tgv) :M( Vool + oy dx)—l [
Q Q q

px) ()
/ ()]t(p(()|) dx —t/h(x)(podx
([ (o s ) as) 22
v

L em)lgoWdx—1 / h(x) godx.
r Q Q

Therefore I (ty) — —o0 ast — +oosince 1 < g™ < Bp™ < r~. So, for some 7y large enough, I3 (fo@p) <
0. This ends the proof of Lemma 3.1. i

Lemma 3.2. Assume (M) — (M2) and (Hy) — (H2). Then, I, satisfies the Palais-Smale condition.

Proof. Let {u,} € W'"»%)(Q) such that

() = ¢, I, () — 0in (Wlm(x)(g))* .
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We claim that {u, } is bounded in W'?¥) (Q). Suppose by contradiction up to subsequence ||u,,|| — +oo.
Then, for n large enough, it follows from (M;) — (M,) and (H, ) that

c+ 1+ ||uy|

13 () = 1 ) )

N p(x) p(x)
> ‘/N‘V”"| ™
Q p(x)
1 Vu, [P px)
- M /' " el [ (19017 + i)
r o p(x) Q
i [ (s ) ol + / (- )l (£ =1) [ nGouas
Q
Y 17 17
(10 [ e Ll
re Q p(x)
1 1 1
—l(_ _>/ 00|+ <_—1>/h(x)undx
Q
> 0 (122 -2 1l o g il
= (P+)a Un — q 1 LW (Q)11%n

1
_03(1_r)|h\|w el

Since 1 < gt < ap™ and 6p* < r, this last inequality is an absurd and hence {u,} is bounded in
W) (Q). Then, up to subsequence u, — u in W'»() (Q) and

|Vu,,|p(x) + ’un’P(x)
p(x)

dx — Iy, asn — +oo. (3.7)

If Ip = 0, then ||u,|| — 0. The proof is complete. Suppose that /[y > 0 and prove that ||u, — u|| — 0.
Indeed, we first note that

Vi, [P) p(x)
M ‘ uy ’ + |un | dx
Q p(x)

X [/ (|Vun|”(x)_2Vun - |Vu|p(x)_2Vu) V(u, — u)dx+/ (|un|p(x)_2un - |u\p(")_2u> (uy — u)dx}
Q Q

Vu,|PW) L [P
= (I3, (un), up — < Vil + Jun| dx)/ <|Vu\p(")_2VuV(un—u)—|—|u|p(")_2u(un—u)) dx
p(x) Q
+7L/f it |92 14, (10, — ) dx—l—/ x) |t (un—u)dx+/h(x)(un—u)dx. (3.8)
Q

Since u, — u, one has

<I§L(un),un7u> —0, (3.9)
Jo (IVuP92VuV (u, — u) + |u[PD~2u(u, — u)) dx — 0. '
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On the other hand, taking account the fact that f € L%™)(Q), for every & > 0, there exists Re > 0 large
enough such that Q;, C Bg, and

HfHqu(X)(Q\QRe) <E, (310)
where Qg, = Bg, \Qp. Since f is bounded in Qg , Holder’s inequality and (3.10) imply
Jol @l e <\ f o [, o=t [l

Re

<l =l

‘Re
+col|f]| 4 max(Hu —MHW [|u —M||q’ )
L0 (Q\Qg, ) n LP* 9 (Q\Qg, ) 1T LP*0(Q\Qp, )
. _
<l [, o=l comas (i =l g o=l )
(3.11)

According to the Sobolev compact embedding theorem in the bounded domain Qp,, we see that u,, — u
in L1%) (Qg, ). Having in mind that {u,} is bounded in L?"®)(Q), we deduce from (3.11) that

/Q £ ()[4 — ]9 dx — 0, as 1 — oo, (3.12)

In the similar way, we obtain
/ 2(xX)|utn — 1 Wdx = 0, (3.13)
/h n—u)dx — 0. (3.14)

Using again Holder’s inequality and (3.12)-(3.13), we could easily establish that

/f(x)yunyq@)* e —udx—>0/ ) [t 211, (1, — ) dx — 0. (3.15)
Q

By the virtue of the continuity of the function M, it follows from (3.7)-(3.9), (3.14) and (3.15) that

px) p(x)
Iy Vi + un
Q p(x)

X [/ <|Vun|p(x)_2Vu,, - |Vu|p(x)_2Vu) V(u, — u)dx+/ (!un]p(x)_zun - |u|p(x)_2u> (uy — u)dx]
Q Q

— 0.

Hence

lim |:/ (’Vun|P(x)—2Vun — ‘Vu|l?(x)—2vu> V(Mn _ u)dx—l—/ (|un|P(x)—2un _ |u|17(x)—2u) (un _ u)dx]
Q Q

n—r+-oo

=0.
(3.16)
Using the well known inequality in RV given by

(1172 — i 2m)(E —m)]* (€17 +1n7) > (p— DIE—npPif1 < p<2,
and
(G2 — P2 n)(E —m) 2 27P|E —n|Pifp > 2,
we deduce from (3.16) that ||u, —u|| — 0. This completes the proof of Lemma 3.2. O
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Proof of Theorem 2.4. In view of Lemmas 3.1, 3.2 and Mountain Pass theorem [23], there exists a weak
solution u; of problem (P)) with I) (u;) > 0. We now prove that there exists a second weak solution
uy # uy. Choosing @ € Cy’(Q) such that [ ~(x)@idx > 0. Then, by (M, ), for small > 0,

mytPr” . . P .
L(ter) S%ﬁ (/ (|V<P1|”( )+ [ | )> dX) +7,/ |£(0)] |7 dx
(r~) Q q Jo

"
+T/8(x)\¢1|’(")dx—t/ h(x)@idx < 0.
r Q Q

Thus for p > 0 given in Lemma 3.1,

—oo < ¢p = inf [j (u) <0, inf I (u) >0,
ueBp ucdBy

where B, is the ball centered at 0 and of radius p. Let us choose 0 < & < igf I (u) — inéf I, (u). Using
u€dBy ucbp

the above information, I : B, — R is lower bounded on B, and I; € C ! (Bp,R). By Ekeland’s variational
principle [24], there exists ue € E such that

Cp < I (ue) <c¢p+tE,
L (ue) <Ip(u) +ellu—uell, u#ue.
Since

D(ug) < inf I (u)+€& < inf I (u)+€ < inf I (u),
u€Bp ucBy u€oB,

we can infer that ue € B.
Now, we define J; : B, — R by

Tp(u) = I (u) + €| [u — uel|.

It is easy to see that u, is a minimum point of J; . It follows that

Jl(l/tg +tv) —J,l(ug)

; >0, for t > 0 small enough and v € B;.

It yields that
I (ue +1v) — I, (uge)
t

+e|v|]| > 0.

Letting t — 0, we get
(I3 (ue),v) +[[v]| = 0,
which implies ||} (ue)|lyy1w ()« < €. Therefore, we deduce that there exists a sequence {u,} C By such
that
L () = cp, 1 () — 0 inW P (Q)*,

Thanks to Lemma 3.2, up to subsequence u, — u strongly in W!'?®)(Q) with I () < 0. Therefore, we
conclude that problem (P) ) admits at least two nontrivial solutions. This competes the proof of Theorem
24.
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