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Abstract. In this paper, we study the multiplicity results for p(x)-Laplacian-like problems with Neumann condition, originated
from a capillary phenomena. Using variational methods and the critical point theory, the existence of two and three solutions
for the problem is discussed.
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1. INTRODUCTION

Let Ω ⊂ RN be an open bounded domain with smooth boundary ∂Ω. In this paper, we are mainly
concerned with existence and multiplicity results for the p(x)-Laplacian-like problem, originated from a
capillary phenomena,

−div
((

1+ |∇u|p(x)√
1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+α(x)|u|p(x)−2u

= λ f (x,u), in Ω,
∂u
∂ν

= 0, on ∂Ω,

(P f
λ

)

where Ω ⊂ RN (N ≥ 2) is a bounded domain with boundary of class C1, ν is the outer unit normal to
∂Ω, λ > 0, µ ≥ 0, α ∈ L∞(Ω) with ess infΩ α ≥ 0, f : Ω×R→ R is an L1-Carathéodory function and
p ∈ C0(Ω) satisfies the condition

N < p− := inf
x∈Ω

p(x)≤ p+ := sup
x∈Ω

p(x)<+∞.

During the last fifteen years, differential and partial differential equations with variable exponent growth
conditions have become increasingly popular. This is partly due to their frequent appearance in ap-
plications such as the modeling of electrorheological fluids, image restoration, elastic mechanics and
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continuum mechanics, and these problems are also very interesting from a purely mathematical point
of view as well. Recently, Fan and Deng [1] studied the existence and multiplicity of positive solutions
for the inhomogeneous Neumann boundary value problem involving the p(x)-Laplacian of the following
form −div(|∇u|p(x)−2∇u)+λ |u|p(x)−2u = f (x,u), in Ω,

|∇u|p(x)−2 ∂u
∂η

= ϕ, on ∂Ω,

where Ω is a bounded smooth domain in RN , p ∈ C1(Ω) and p(x) > 1 for x ∈ Ω, ϕ ∈ C0,γ(∂Ω) with
γ ∈ (0,1), ϕ ≥ 0 and ϕ 6= 0 on ∂Ω. They, under appropriate assumptions on f , obtained that there exists
λ∗> 0 such that the problem has at least two positive solutions if λ > λ∗, has at least one positive solution
if λ = λ∗, and has no positive solution if λ < λ∗. Deng [2], based on a local mountain pass theorem
without (P.S) condition and Ricceri’s variational principle, obtained the existence and multiplicity of
non-trivial solutions for the following p(x)-Laplacian double perturbed Neumann problem with nonlinear
boundary condition −∆p(x)u+a(x)|u|p(x)−2u = f (x,u)+λh1(x,u), in Ω,

|∇u|p(x)−2 ∂u
∂γ

= g(x,u)+µh2(x,u), on ∂Ω,

where Ω is a bounded open domain in RN with smooth boundary, −∆p(x)u =−div(|∇u|p(x)−2∇u) is the
p(x)-Laplacian with p ∈ C(Ω̄), p(x) > 1, λ ,µ ∈ R, a ∈ L∞(Ω) with ess infx∈Ω a(x) = a− > 0, and γ is
the outward unit normal to ∂Ω. Cammaroto and Vilasi [3], based on a recent variational principle due
to Ricceri, established the existence of at least three solutions for the Neumann problem involving the
p(x)-Laplacian operator. In [4], the existence of at least three solutions for elliptic problems driven by a
p(x)-Laplacian was established based on the variational methods and critical-point theory. The existence
of at least one nontrivial solution was also proved.

Problem (P f
λ

) is the developed form of the elliptic Dirichlet problem −div
(

∇u√
1+ |∇u|2

)
= f (t,u) in Ω,

u = 0 on ∂Ω,

(1.1)

where Ω⊆RN(N ≥ 2) is a bounded open subset with sufficiently smooth boundary ∂Ω and f : Ω×R→
R is a suitable Carathéodory function. It is well-known that a solution u of (1.1) defines a Cartesian
surface in RN+1 whose mean curvature is prescribed by the right hand side of the equation and this
problem plays an important role in differential geometry and in the theory of relativity.

Existence, non-existence and multiplicity of positive solutions of problem (1.1) have been studied
recently. We just observe that the one-dimensional problem has been rather thoroughly discussed, by
using different methods; see [5, 6, 7, 8] and references therein. In particular, if f (x,u) = λup, where
p > 0 is given and λ > 0 is a parameter, the existence of positive solutions of (1.1) was established
assuming p > 1 (the convex, or superlinear, case), with p < N+2

N−2 if N > 2, and λ large [9], or p = 1 (the
linear case) and λ in a left neighborhood of the principal eigenvalue λ1 of ∆ in H1

0(Ω) [10], or p < 1
(the concave, or sublinear, case) and λ small [11]. The solutions found in these papers belong at least
to H1

0(Ω) and are intended in the usual weak sense. In [12], the existence of a second positive solution
has been proved in the concave case when λ is small, assuming further p ∈]0, 1

N−1 [ if N > 1. Yet, such a
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solution just belongs to BV (Ω) and satisfies the equation only in a generalized sense (see also [13] for a
similar approach).

We also notice that, with the exception of [10], where bifurcation theory is used, the proofs of these
results are all based on variational methods: a variant of Nehari method is used in [9], a minimization
argument in [11], non-smooth critical point theory in [12]. The action functional to be considered here is∫

Ω

(
√

1+‖∇u‖2−1)− λ

p+1

∫
Ω

up+1.

The different behavior at zero and at infinity of the area term
∫

Ω
(
√

1+‖∇u‖2− 1), which is quadratic
with respect to ∇u near the origin and grows linearly at infinity, gives raise to the multiplicity phenomena
devised in the concave case; the lack of coercivity in H1(Ω) however causes several technical difficulties.
Also, we refer the reader to paper [14] in which Obersnel and Omari, based on variational and combines
critical point theory, the lower and upper solutions method and elliptic regularization, established the
existence and multiplicity of positive solutions of the prescribed mean curvature problem (1.1) where
f ∈ C(Ω̄×R) is superlinear and do not satisfy the Ambrosetti and Rabinowitz type condition, λ > 0
is a parameter. Capillarity can be briefly explained by considering the effects of two opposing forces:
adhesion, i.e., the attractive (or repulsive) force between the molecules of the liquid and those of the con-
tainer; and cohesion, i.e., the attractive force between the molecules of the liquid. Recently, the study of
capillarity phenomena has been an interesting topic. In [15], Shokooh used variational methods to obtain
existence results for elliptic equations involving the p-Laplacian-like. Rodrigues [16], by using Moun-
tain Pass lemma (see [17]) and Fountain theorem (see Theorem 3.6 in [18]), established the existence of
non-trivial solutions for problem −div

((
1+ |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
= λ f (x,u), x ∈Ω,

u = 0, x ∈ ∂Ω,
(1.2)

where Ω ⊂ RN (N ≥ 2) is a bounded domain with boundary of class C1, λ is a positive parameter,
p ∈ C(Ω) and f is a Carathéodory function. Recently, Bin [19] obtained the existence results of non-
trivial solutions for every parameter λ for the nonlinear eigenvalue problems for p(x)-Laplacian-like
operators originated from a capillary phenomena of the following form: −div

((
1+ |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
= λ f (x,u) in Ω,

u = 0 on ∂Ω,

where Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω, λ > 0 is a parameter. Based on the
mountain pass theorem a nontrivial solution is constructed for almost every parameter λ > 0. he con-
sidered the continuation of the solutions. In [20], Zhou by employing variational methods, established
the existence of at least one non-trivial solution for the following nonlinear eigenvalue problem for the
p(x)-Laplacian-like operators originated from a capillary phenomenon −div

((
1+ |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
= λ f (x,u) in Ω,

u = 0 on ∂Ω,
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where Ω is a bounded domain in RN with smooth boundary ∂Ω, p ∈ C(Ω̄), λ > 0 is a parameter,
f ∈ C(Ω̄×R) is superlinear and does not satisfy the Ambrosetti and Rabinowitz type condition. The
existence of at least one nontrivial solution was also proved.

Our approach is the variational method and the main tools are the local minimum theorem for differ-
entiable functionals due to Bonanno [21] and Mountain Pass Theorem. Two of the consequences of the
local minimum theorem due to Bonanno are here applied (see Theorems 2.1 and 2.2). Indeed, we inves-
tigate the existence of two solutions for problem (P f

λ
) employing a consequence of the local minimum

theorem due to Bonanno and mountain pass theorem under some algebraic conditions with the classical
Ambrosetti-Rabinowitz (AR) condition on the nonlinear term; see [22]. Moreover, by combining two al-
gebraic conditions on the nonlinear term applying two consequences of the local minimum theorem due
to Bonanno, we guarantee the existence of two solutions. Applying the mountain pass theorem given by
Pucci and Serrin ([23]), we establish the existence of third solution for problem (P f

λ
).

The remainder of the paper is organized as follows. In Section 2, we recall the definitions and some
properties of variable exponent Sobolev spaces. In Section 3, we state and prove the main results of the
paper. Here, we state two special cases of our results, immediately follows from the next Theorems 3.12
and 3.17.

Theorem 1.1. Let p > N, diam(Ω) < N
1
p (p−N)
p−1 and h : R→ R be a non-negative continuous function

such that h(0) 6= 0. Assume that

lim
ξ→0+

h(ξ )
ξ p−1 =+∞

and

(AR) there exist constants ν > p and R > 0 such that, for all |ξ | ≥ R,

0 < ν

∫
ξ

0
h(ζ )dζ ≤ ξ h(ξ ).

Then, for each

λ ∈

(
0,

p
2p−1(1+meas(Ω))p sup

γ>0

γ p∫ γ

0 h(ζ )dζ

)
,

where meas(Ω) is the Lebesgue measure of Ω, the problem −div
((

1+ |∇u|p√
1+|∇u|2p

)
|∇u|p−2∇u

)
+ |u|p−2u = λh(u(x)), in Ω,

∂u
∂ν

= 0, on ∂Ω

(1.3)

admits at least two positive weak solutions.

Theorem 1.2. Let p > N, diam(Ω) < N
1
p (p−N)
p−1 and h : R→ R be a non-negative continuous function

such that h(0) 6= 0. Assume that

lim
ξ→0+

h(ξ )
ξ p−1 =+∞, lim

ξ→+∞

h(ξ )
ξ p−1 = 0

and ∫ 1

0
h(t)dt <

p

2p
(
1+meas(Ω)

)2p
(meas(Ω))2

∫ 2

0
h(t)dt.



p(x)-LAPLACIAN-LIKE PROBLEMS WITH NEUMANN CONDITION ORIGINATED FROM A CAPILLARY PHENOMENA 5

Then for each

λ ∈

(
2p(1+meas(Ω))p∫ 2

0 h(t)dt
,

p
(meas(Ω))2(1+meas(Ω))p

1∫ 1
0 h(x)dx

)
,

where meas(Ω) is the Lebesgue measure of Ω, problem (1.3) admits at least three positive weak solutions.

2. PRELIMINARIES

Our basic instruments include the following theorems which derived from the existence results of a
local minimum theorem for differentiable functionals due to Bonanno [21, Theorem 3.1], which is in
turn motivated by Ricceri’s variational principle; see [23, 24] and the references therein.

For a given non-empty set X , and two functionals Φ,Ψ : X → R, we define the following functions

β (r1,r2) = inf
v∈Φ−1(r1,r2)

supu∈Φ−1(r1,r2)
Ψ(u)−Ψ(v)

r2−Φ(v)
,

ρ1(r1,r2) = sup
v∈Φ−1(r1,r2)

Ψ(v)− supu∈Φ−1(−∞,r1]
Ψ(u)

Φ(v)− r1

for all r1,r2 ∈ R, r1 < r2, and

ρ2(r) = sup
v∈Φ−1(r,+∞)

Ψ(v)− supu∈Φ−1(−∞,r] Ψ(u)

Φ(v)− r

for all r ∈ R.

Theorem 2.1 ([21, Theorem 5.1]). Let X be a real Banach space and let Φ : X → R be a sequentially
weakly lower semicontinuous, coercive and continuously Gâteaux differentiable function whose Gâteaux
derivative admits a continuous inverse on X∗. Let Ψ : X → R be a continuously Gâteaux differentiable
function whose Gâteaux derivative is compact. Assume that there are r1,r2 ∈ R, r1 < r2 such that

β (r1,r2)< ρ1(r1,r2).

Setting Iλ := Φ−λΨ, for each λ ∈ ( 1
ρ1(r1,r2)

, 1
β (r1,r2)

), there is u0,λ ∈ Φ−1(r1,r2) such that Iλ (u0,λ ) ≤
Iλ (u) ∀u ∈Φ−1(r1,r2) and I′

λ
(u0,λ ) = 0.

Theorem 2.2 ([21, Theorem 5.3]). Let X be a real Banach space and let Φ : X → R be a continuously
Gâteaux differentiable function whose Gâteaux derivative admits a continuous inverse on X∗. Let Ψ :
X → R be a continuously Gâteaux differentiable function whose Gâteaux derivative is compact. Fix
infX Φ < r < supX Φ and assume that ρ2(r) > 0, and for each λ > 1

ρ2(r)
, the functional Iλ := Φ−λΨ

is coercive. Then for each λ ∈ ( 1
ρ2(r)

,+∞), there is u0,λ ∈ Φ−1(r,+∞) such that Iλ (u0,λ ) ≤ Iλ (u) ∀u ∈
Φ−1(r,+∞) and I′

λ
(u0,λ ) = 0.

We refer readers to the paper [25] in which Theorems 2.1 and 2.2 have been successfully employed to
obtain the existence of solutions for nonlinear mixed boundary value problems Here and in the sequel,
meas(Ω) denotes the Lebesgue measure of the set Ω, and we also assume that p∈C+(Ω) :=

{
h∈C(Ω) :

h(x)> 1, ∀x ∈Ω
}

verifies the following condition:

N < p− := inf
x∈Ω

p(x)≤ p(x)≤ p+ := sup
x∈Ω

p(x)<+∞. (2.1)
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Define the variable exponent Lebesgue space by

Lp(x)(Ω) :=
{

u : Ω→ R measurable and
∫

Ω

|u(x)|p(x)dx <+∞

}
.

On Lp(x)(Ω) we consider the norms respectively

‖u‖Lp(x)(Ω) = inf
{

η > 0 :
∫

Ω

∣∣∣u(x)
η

∣∣∣p(x)dx≤ 1
}
.

Let X be the generalized Lebesgue-Sobolev space W1,p(x)(Ω) defined by putting W1,p(x)(Ω) by

W1,p(x)(Ω) =
{

u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)
}

endowed with the following norm

‖u‖W1,p(x)(Ω) := ‖u‖Lp(x)(Ω)+‖|∇u|‖Lp(x)(Ω). (2.2)

It is well known (see [26]) that, in view of (2.1), both Lp(x)(Ω) and W1,p(x)(Ω), with the respective
norms, are separable, reflexive and uniformly convex Banach spaces. Moreover, since α ∈ L∞(Ω), with
α− := ess infx∈Ω α(x)> 0 is assumed, the norm

‖u‖α = inf
{

σ > 0 :
∫

Ω

(
α(x)

∣∣∣u(x)
σ

∣∣∣p(x)+ ∣∣∣∇u(x)
σ

∣∣∣p(x))dx≤ 1
}

on W1,p(x)(Ω) is equivalent to that introduce in (2.2). Since W1,p(x)(Ω) is continuously embedded in
W1,p−(Ω) (see [26] or [27]) and p− > N, W1,p(x)(Ω) is continuously embedded in C0(Ω̄) and one has

‖u‖C0(Ω̄) ≤ kp−‖u‖W1,p− (Ω).

When Ω is convex, an explicit upper bound for the constant kp− is

kp− ≤ 2
p−−1

p− max

{( 1
‖α‖L1(Ω)

) 1
p−
,

D

N
1

p−

( p−−1
p−−N

meas(Ω)
) p−−1

p− ‖α‖∞

‖α‖L1(Ω)

}
,

where D = diam(Ω) and meas(Ω) is the Lebesgue measure of Ω (see [28, Remark 1]). On the other
hand, taking into account that p− ≤ p(x), [27, Theorem 2.8] ensures that Lp(x)(Ω) ↪→ Lp−(Ω) and the
constant of such embedding does not exceed 1+meas(Ω). So, one has

‖u‖W1,p− (Ω) ≤ (1+meas(Ω))‖u‖W1,p(x)(Ω) ≤ (1+meas(Ω))‖α‖L1(Ω).

In conclusion, putting

ρ = kp−(1+meas(Ω)),

it results

‖u‖C0(Ω̄) ≤ ρ‖u‖α (2.3)

for each u ∈W1,p(x)(Ω). Put

F(x, t) :=
∫ t

0
f (t,ξ )dξ for all (t,x) ∈Ω×R.
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Definition 2.3. We mean by a (weak) solution of problem (P f
λ

), any function u ∈ X such that∫
Ω

[(
|∇u(x)|p(x)−2

∇u(x)+
|∇u(x)|2p(x)−2∇u(x)√

1+ |∇u(x)|2p(x)

)
∇v(x)

+α(x)|u(x)|p(x)−2u(x)v(x)

]
dx−λ

∫
Ω

f (x,u(x))v(x)dx = 0

for every v ∈W1,p(x)(Ω).

Proposition 2.4 ([2, Proposition 2.4]). Letting ρα(u) =
∫

Ω

(
|∇u|p(x)+α(x)|u|p(x)

)
dx for u∈W1,p(x)(Ω),

we have
(1) ‖u‖α ≥ 1 =⇒‖u‖p−

α ≤ ρα(u)≤ ‖u‖p+
α ,

(2) ‖u‖α ≤ 1 =⇒‖u‖p+
α ≤ ρα(u)≤ ‖u‖p−

α .

Now for every u ∈ X , we define

Φ(u) :=
∫

Ω

1
p(x)

(
|∇u(x)|p(x)+

√
1+ |∇u(x)|2p(x)+α(x)|u(x)|p(x)

)
dx, (2.4)

and
Ψ(u) =

∫
Ω

F(x,u(x))dx. (2.5)

Standard arguments show that Φ and Ψ are Gâteaux differentiable functionals whose Gâteaux derivatives
at the point u ∈ X are given by

Φ
′(u)(v) =

∫
Ω

[(
|∇u(x)|p(x)−2

∇u(x)+
|∇u(x)|2p(x)−2∇u(x)√

1+ |∇u(x)|2p(x)

)
∇v(x)

+α(x)|u(x)|p(x)−2u(x)v(x)

]
dx

and

Ψ
′(u)(v) =

∫
Ω

f (x,u(x))v(x)dx

for all u,v ∈ X , respectively. Hence, a critical point of the functional Φ−λΨ, gives us a weak solution
of (P f

λ
).

We need the following proposition in the proofs of our main results.

Proposition 2.5 ([16]). The functional ϕ : X → R defined by

ϕ(u) :=
∫

Ω

1
p(x)

(
|∇u(x)|p(x)+

√
1+ |∇u(x)|2p(x)

)
dx

is convex and the mapping ϕ ′ : X → X∗ is a strictly monotone and bounded homeomorphism.

Remark 2.6. We say that f : Ω×R→ R is an L1-Carathéodory function, if

(a) x 7→ f (x, t) is measurable for every t ∈ R,
(b) t 7→ f (x, t) is continuous for a.e. x ∈Ω,

(c) for every ρ > 0 there exists a function lρ ∈ L1(Ω) such that

sup
|t|≤ρ

| f (x, t)| ≤ lρ(x)

for a.e. x ∈Ω.
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3. MAIN RESULTS

In this section we formulate our main results. For a non-negative constant γ and a positive constant δ

with γ p− 6= δ p+‖α‖L1(Ω), we set

aγ(δ ) :=

∫
Ω

sup|t|≤γ F(x, t)dx−
∫

Ω
F(x,δ )dx

γ p−−ρ p−δ p+‖α‖L1(Ω)

.

Theorem 3.1. Assume that f (x,0) 6= 0 for all x ∈Ω and suppose that there exist a non-negative constant
γ1 and two positive constants γ2 and δ , with

γ1

ρ‖α‖L1(Ω)

< δ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+

2 (3.1)

such that

(A1) aγ2(δ )< aγ1(δ );
(A2) there exist ν > p+ and R > 0 such that

0 < νF(x,ξ )≤ ξ f (x,ξ ) (3.2)

for all |ξ | ≥ R and for all x ∈Ω.

Then, for each

λ ∈
(

p+

ρ p−
1

aγ1(δ )
,

p+

ρ p−
1

aγ2(δ )

)
,

problem (P f
λ

) admits at least two non-trivial weak solutions u1 and u2 in X, such that

1
p+

(
γ1

ρ

)p−

≤
∫

Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx

≤ 1
p+

(
γ2

ρ

)p−

.

Proof. Put Iλ = Φ−λΨ, where Φ and Ψ are given as in (2.4) and (2.5), respectively. Due to Proposition
2.5, we have

Φ(u)≥ 1
p+
‖u‖p−

α (3.3)

for all u ∈ X with ‖u‖ > 1, which follows that Φ is coercive. Of course Φ is sequentially weakly lower
semicontinuous and continuously Gâteaux differentiable while Proposition 2.5 gives that its Gâteaux de-
rivative admits a continuous inverse on X∗. The functional Ψ : X→R is well defined and is continuously
Gâteaux differentiable whose Gâteaux derivative is compact. Choose

r1 =
1

p+
(
γ1

ρ
)p− , r2 =

1
p+

(
γ2

ρ
)p−

and for δ > 1 define wδ ∈ X by
wδ (t) = δ . (3.4)

Thus

Φ(wδ ) =
∫

Ω

1
p(x)

(
|∇wδ (x)|p(x)+

√
1+ |∇wδ (x)|2p(x)+α(x)|wδ (x)|p(x)

)
dx

=
∫

Ω

1
p(x)

(
α(x)|δ |p(x)

)
dx.
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According to (2.1), we have the following inequalities

δ p−

p+
‖α‖L1(Ω) ≤Φ(wδ )≤

δ p+

p−
‖α‖L1(Ω).

Moreover, for all u ∈ X with Φ(u)< r1, one has

‖u‖α ≤max{(p+r1)
1

p+ ,(p+r1)
1

p1 }= γ1

ρ
.

So, due to the embedding X ↪→ C0(Ω) (see (2.3)), one has ‖u‖∞ ≤ ρ‖u‖α < γ1. It follows that

Φ
−1(−∞,r1) = {u ∈ X ; Φ(u)< r1} ⊆ {u ∈ X ; |u| ≤ γ1},

which concludes

Ψ(u)≤ sup
u∈Φ−1(−∞,r1)

∫
Ω

F(x,u(x))dx≤
∫

Ω

sup
|t|≤γ1

F(x, t)dx.

By the same argument as above we have

sup
u∈Φ−1(−∞,r2)

Ψ(u)≤
∫

Ω

sup
|t|≤γ2

F(x, t)dx.

Therefore,

β (r1,r2)≤
supu∈Φ−1(−∞,r2)

Ψ(u)−Ψ(wδ )

r2−Φ(wδ )

≤ p+

ρ p−

∫
Ω

sup|t|≤γ2
F(x, t)dx−

∫
Ω

F(x,δ )dx

γ
p−
2 −ρ p−δ p+‖α‖L1(Ω)

=
p+

ρ p− aγ2(δ ).

On the other hand, one has

ρ2(r1,r2)≥
Ψ(wδ )− supu∈Φ−1(−∞,r1]

Ψ(u)

Φ(wδ )− r1

≥ p+

ρ p−

∫
Ω

sup|t|≤γ1
F(x, t)dx−

∫
Ω

F(x,δ )dx

γ
p−
1 −ρ p−δ p+‖α‖L1(Ω)

=
p+

ρ p− aγ1(δ ).

Hence, from (A1), one has β (r1,r2)< ρ2(r1,r2). Therefore, from Theorem 2.1, for each

λ ∈
(

p+

ρ p−
1

aγ1(δ )
,

p+

ρ p−
1

aγ2(δ )

)
,

the functional Iλ admits at least one non-trivial critical point u1 such that

r1 < Φ(u1)< r2,

that is,

1
p+

(
γ1

ρ

)p−

≤
∫

Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx

≤ 1
p+

(
γ2

ρ

)p−

.
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Now, we prove the existence of the second local minimum distinct from the first one. To this aim, we
verify the hypotheses of the mountain-pass theorem for the functional Iλ . Clearly, the functional Iλ is of
class C1 and Iλ (0) = 0. The first part of proof guarantees that u1 ∈ X is a local nontrivial local minimum
for Iλ in X . We can assume that u1 is a strict local minimum for Iλ in X . Therefore, there is ρ∗ > 0
such that inf‖u−u1‖=ρ∗ Iλ (u)> Iλ (u1), so condition [29, (I1), Theorem 2.2] is verified. By integrating the
condition (3.2), there exist constants a1,a2 > 0 such that

F(x, t)≥ a1|t|ν −a2

for all x ∈Ω and t ∈ R. Now, choosing any u ∈ X \{0} and taking Proposition 2.4 into account, one has

Iλ (τu) = (Φ−λΨ)(τu)

≤ 1
p−

max{‖τu‖p+ ,‖τu‖p−}−λ

∫
Ω

F(x,τu(x))dx

≤ max{τ p+ ,τ p−}
p−

max{‖u‖p+ ,‖u‖p−}−λτ
νa1

∫
Ω

|u(x)|νdx+λa2

→−∞

as τ→+∞, so condition [29, (I2), Theorem 2.2] is satisfied. Thus, the functional Iλ satisfies the geometry
of mountain pass. Moreover, Iλ satisfies the Palais-Smale condition. Indeed, assume that {un}n∈N ⊂ X
such that {Iλ (un)}n∈N is bounded and I′

λ
(un)→ 0 as n→ +∞. Then, there exists a positive constant c0

such that

|Iλ (un)| ≤ c0, |I′λ (un)| ≤ c0 ∀n ∈ N.

Therefore, we infer to deduce from the definition of I′
λ

and the assumption (A2) that

c0 + c1‖un‖ ≥νIλ (un)− I′
λ
(un)(un)≥

( ν

p+
−1
)

min{‖un‖p+
α ,‖un‖p−

α }

−λ

∫
Ω

(νF(x,un(x))− f (x,un(x))(un(x)))dx

≥
( ν

p+
−1
)

min{‖un‖p+
α ,‖un‖p−

α }

for some c1 > 0. Since ν > p+, this implies that (un) is bounded. Consequently, since X is a reflexive
Banach space we have, up to a subsequence,

un ⇀ u in X .

By I′
λ
(un)→ 0 and un ⇀ u in X , we obtain(

I′
λ
(un)− I′

λ
(u)
)
(un−u)→ 0. (3.5)

From the continuity of f , we have∫
Ω

( f (x,un(x))− f (x,u(x)))(un(x)−u(x))dx→ 0, as n→+∞. (3.6)

So by (3.6) and [16, Proposition 3.1] the sequence {un} converges strongly to u in X . Therefore, Iλ

satisfies the Palais-Smale condition. Hence, by the classical theorem of Ambrosetti and Rabinowitz we
establish a critical point u2 of Iλ such that Iλ (u2)> Iλ (u1). Since f (x,0) 6= 0 for all x ∈Ω, u1 and u2 are
two distinct nontrivial weak solutions of (P f

λ
) and the proof is complete. �
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Remark 3.2. In Theorem 3.1, we guaranteed the existence of at least two nontrivial weak solutions for
(P f

λ
). One of these solutions has been achieved in relation with the classical Ambrosetti-Rabinowitz

condition on the data by taking f (x,0) 6= 0 for all x ∈ Ω. If f (x,0) 6= 0 for all x ∈ Ω does not hold, the
second solution u2 of the problem (P f

λ
) may be trivial, but the problem has at least a nontrivial solution.

Remark 3.3. In Theorem 3.1, we looked for the critical points of the functional Iλ naturally associated
with problem (P f

λ
). We note that, in general, Iλ can be unbounded from the following in X . Indeed, for

example, in the case when f (x,ξ ) = 1+ |ξ |a−p+ξ p+−1 for (x,ξ ) ∈ Ω×R with a > p+, for any fixed
u ∈ X\{0} and ι ∈ R, we obtain

Iλ (ιu) = Φ(ιu)−λ

∫
Ω

F(x, ιu(x))dx

≤ ι p+

p−
‖u‖p+−λι‖u‖L1(Ω)−λ

ιa

a
‖u‖a

La(Ω)→−∞

as ι →+∞. Hence, we can not use direct minimization to find critical points of the functional Iλ .

Now, we point out an immediate consequence of Theorem 3.1.

Theorem 3.4. Assume that f (x,0) 6= 0 for all x ∈Ω and there exist two positive constants δ and γ , with

δ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+ (3.7)

such that the assumption (A2) in Theorem 3.1 holds. Furthermore, suppose that∫
Ω

sup|t|≤γ F(x, t)dx

γ p− <
1

ρ p−‖α‖L1(Ω)

∫
Ω

F(x,δ )dx
δ p+ . (3.8)

Then, for each

λ ∈

(
p+δ p+‖α‖L1(Ω)∫

Ω
F(x,δ )dx

,
p+γ p−

ρ p−
∫

Ω
sup|t|≤γ F(x, t)dx

)
,

problem (P f
λ

) admits at least two non-trivial weak solutions u1 and u2 in X such that

0 <
∫

Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx

≤ 1
p+

(
γ

ρ

)p−

.

Proof. The conclusion follows from Theorem 3.1, by taking γ1 = 0 and γ2 = γ . Indeed, owing to the
inequality (3.8) and (A1), one has

aγ(δ ) =

∫
Ω

sup|t|≤γ F(x, t)dx−
∫

Ω
F(x,δ )dx

γ p−−ρ p−δ p+‖α‖L1(Ω)

<

∫
Ω

sup|t|≤γ F(x, t)dx

γ p−

<

∫
Ω

F(x,δ )dx
ρ p−δ p+‖α‖L1(Ω)

= a0(δ ).
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In particular, one has

aγ(δ )<

∫
Ω

sup|t|≤γ F(x, t)dx

γ p− ,

which follows
p+

ρ p−
γ p−∫

Ω
sup|t|≤γ F(x, t)dx

<
p+

ρ p−
1

aγ(δ )
.

Hence, Theorem 3.1 ensures the conclusion. �

Now we illustrate Theorem 3.4 by presenting the following example.

Example 3.5. Let N = 1, Ω = (0, π

2 )⊂R, p(x) = 3+2sinx for all x ∈ [0, π

2 ], α(x) = x9 for all x ∈ [0, π

2 ]

and

f (x, t) =

ex(1+ t8), |t| ≥ 1, x ∈ (0, π

2 ),

ex(3− t2), |t|< 1, x ∈ (0, π

2 ).

Thus, p− = 3, p+ = 4, meas(Ω) = π

2 , D = π

2 , ‖α‖L1(Ω) =
1
10

(
π

2

)10, ‖α‖∞ =
(

π

2

)9 and kp− = k3 ≤
3
√

40
( 2

π

)10, and so, ρ ≤ 3
√

40
( 2

π

)10
(1+ π

2 ). Moreover, f is an L1-Carathéodory and non-negative func-
tion, f (x,0) 6= 0 for all x ∈ (0, π

2 ) and

F(x, t) =


ex(t + t9

9 −
14
9 ), t <−1, x ∈ (0, π

2 ),

ex(3t− t3

3 ), −1≤ t ≤ 1, x ∈ (0, π

2 ),

ex(t + t9

9 + 14
9 ), t > 1, x ∈ (0, π

2 ).

.

Now, since

lim
|ξ |→+∞

ξ f (x,ξ )
F(x,ξ )

= lim
|ξ |→+∞

ex(t + t9)

t + t9

9

= 9ex ≥ 9 > 4 = p+

for all x ∈ (0, π

2 ), by choosing ν = 17
2 > 4 = p+ we can choose R > 1 in a manner that the assumption

(3.2) is fulfilled. Moreover, by choosing δ = 1
4 and γ = 1 the assumptions (3.7) and (3.8) are fulfilled.

Indeed,

δ =
1
4
<

1
2

4

√
3

(1+ π

2 )
3 ≤

p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+

and ∫
Ω

sup|t|≤γ F(x, t)dx

γ p− =
8
3
(e

π

2 −1)

<
143

3(1+ π

2 )
3 (e

π

2 −1)≤ 1
ρ p−‖α‖L1(Ω)

∫
Ω

F(x,δ )dx
δ p+ .

Therefore, by apply Theorem 3.4 for each

λ ∈
(

3
1430(e

π

2 −1)

(π

2
)10

,
3

10(2+π)(e
π

2 −1)

(π

2
)10
)

the problem −
((

1+ |u′(x)|3+2sinx√
1+|u′|6+4sinx

)
|u′(x)|1+2sinxu′(x)

)′
= λ f (x, t), in (0, π

2 ),

u′(0) = u′(π

2 ) = 0
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admits at least two non-trivial weak solutions u1 and u2 in the space

W1,3+2sinx(0, π

2
)
=
{

u ∈ L3+2sinx(0, π

2
)

: u′ ∈ L3+2sinx(0, π

2
)}

such that

0 <
∫ π

2

0

1
3+2sinx

(
|u′1(x)|3+2sinx +

√
1+ |u′1(x)|6+4sinx + x9|u1(x)|3+2sinx

)
dx

≤ 1
20(π +2)3

(π

2
)10

.

Now, we give an application of Theorem 2.2 which will be used later to obtain multiple solutions for
problem (P f

λ
).

Theorem 3.6. Assume that there exist two positive constants γ̄ and δ̄ with

δ̄ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ̄

p−
p+

2

such that ∫
Ω

sup
|t|≤γ̄

F(x, t)dx <
∫

Ω

F(x, δ̄ )dx

and

limsup
|ξ |→+∞

F(x,ξ )
|ξ |p−

≤ 0 uniformly in R. (3.9)

Then, for each λ > λ̃ , where

λ̃ :=
p+

ρ p−
ρ p−δ p+‖α‖L1(Ω)− γ̄ p−∫

Ω
F(x, δ̄ )dx−

∫
Ω

sup|t|≤γ̄ F(x, t)dx
,

problem (P f
λ

) admits at least one non-trivial weak solution ū1 ∈ X such that∫
Ω

1
p(x)

(
|∇ū1(x)|p(x)+

√
1+ |∇ū1(x)|2p(x)+α(x)|ū1(x)|p(x)

)
dx >

1
p+

(
γ̄

ρ

)p−

.

Proof. Take the real Banach space X as defined in Section 2, and put Iλ = Φ−λΨ, where Φ and Ψ are
given as in (2.4) and (2.5), respectively. Our goal is to apply Theorem 2.2 to function Iλ . The functionals
Φ and Ψ satisfy all assumptions requested in Theorem 2.2. Moreover, for λ > 0, the functional Iλ is
coercive. Indeed, fix 0 < ε < 1

p+ρ p−λmeas(Ω)
. From (3.9), there is a function ρε ∈ L1(Ω) such that

F(x, t)≤ εt p−+ρε(x),

for every x ∈ Ω and t ∈ R. Taking Proposition 2.4 into account, it follows that, for each u ∈ X with
‖u‖ ≥ 1,

Φ(u)−λΨ(u)≥ 1
p+
‖u‖p−−λε

∫
Ω

|u(x)|p−dx−λ‖ρε‖L1(Ω)

≥
( 1

p+
−λερ

p−meas(Ω)
)
‖u‖p−

α −λ‖ρε‖L1(Ω).

It follows that

lim
‖u‖→+∞

(Φ(u)−λΨ(u)) = +∞,
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which means the functional Iλ = Φ−λΨ is coercive. Put

r̄ =
1

p+
(

γ̄

ρ
)p−

and

w
δ̄
(t) = δ̄ .

Arguing as in the proof of Theorem 3.1, we obtain that

ρ(r̄)≥ p+

ρ p−

∫
Ω

sup|t|≤γ̄ F(x, t)dx−
∫

Ω
F(x, δ̄ )dx

γ̄ p−−ρ p− δ̄ p+‖α‖L1(Ω)

.

Hence, from our assumption it follows that ρ(r̄)> 0. Therefore, from Theorem 2.2 for each λ > λ̃ , the
functional Iλ admits at least one local minimum ū1 such that∫

Ω

1
p(x)

(
|∇ū1(x)|p(x)+

√
1+ |∇ū1(x)|2p(x)+α(x)|ū1(x)|p(x)

)
dx >

1
p+

(
γ̄

ρ

)p−

.

The conclusion is achieved. �

Remark 3.7. If f is non-negative, then the strong maximum principle ensures that the weak solutions of
problem (P f

λ
) are non-negative (see [30, Lemma 1.1]).

Now, we point out some results in which the function f has separated variables. To be precise, consider
the following problem

−div
((

1+ |∇u|p(x)√
1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+α(x)|u|p(x)−2u

= λθ(x)h(u), in Ω,
∂u
∂ν

= 0, on ∂Ω,

(Ph,θ
λ

)

where θ : Ω→ R is a non-negative and non-zero function such that θ ∈ L1(Ω) and h : R→ R is a
non-negative continuous function.

Put

H(t) =
∫ t

0
h(ξ )dξ for all t ∈ R.

The following existence results are consequences of Theorems 3.1-3.6, respectively, by setting f (x, t)=
θ(x)h(t) for every (x, t) ∈Ω×R.

Theorem 3.8. Assume that h(0) 6= 0 and there exist a non-negative constant γ1 and two positive constants
γ2 and δ , with

γ1

ρ‖α‖1
< δ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+

2

such that

H(γ1)−H(δ )

γ
p−
1 −ρ p−δ p+‖α‖L1(Ω)

<
H(γ2)−H(δ )

γ
p−
2 −ρ p−δ p+‖α‖L1(Ω)

.

Furthermore, suppose that there exist constants ν > p+ and R> 0 such that for all |ξ | ≥R the assumption

0 < νH(ξ )≤ ξ h(ξ ). (3.10)
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Then, for each λ ∈ (λ1,λ2), where

λ1 =
p+

ρ p−
γ

p−
1 −ρ p−δ p+‖α‖L1(Ω)

‖θ‖L1(Ω) (H(γ1)−H(δ ))

and

λ2 =
p+

ρ p−
γ

p−
2 −mp−δ p+‖α‖L1(Ω)

‖θ‖L1(Ω) (H(γ2)−H(δ ))
,

problem (Ph,θ
λ

) admits at least two positive weak solutions u1 and u2 in X such that

1
p+

(
γ1

ρ

)p−

≤
∫

Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx

≤ 1
p+

(
γ2

ρ

)p−

.

Theorem 3.9. Assume that h(0) 6= 0 and there exist two positive constants δ and γ , with

δ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+ ,

such that
H(γ)

γ p− <
1

ρ p−‖α‖L1(Ω)

H(δ )

δ p+ . (3.11)

Furthermore, suppose that the assumption (3.10) holds. Then, for every

λ ∈

(
p+δ p+‖α‖L1(Ω)

‖θ‖L1(Ω)H(δ )
,

p+γ p−

ρ p−‖θ‖L1(Ω)H(γ)

)
,

problem (Ph,θ
λ

) admits at least two positive weak solutions u1 and u2 in X such that

0 <
∫

Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx≤ 1

p+

(
γ

ρ

)p−

.

Theorem 3.10. Assume that there exist two positive constants γ̄ and δ̄ with

δ̄ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ̄

p−
p+ , (3.12)

such that
H(δ̄ )< H(γ̄) (3.13)

and

lim
|ξ |→+∞

h(ξ )
|ξ |p−−1 ≤ 0.

Then, for each λ > λ̄ , where

λ̄ :=
p+

ρ p−
ρ p− δ̄ p+‖α‖L1(Ω)− γ̄ p−

‖θ‖L1(Ω)(H(δ̄ )−H(γ̄))
,

problem (Ph,θ
λ

) admits at least one positive weak solution ū1 ∈ X such that∫
Ω

1
p(x)

(
|∇ū1(x)|p(x)+

√
1+ |∇ū1(x)|2p(x)+α(x)|ū1(x)|p(x)

)
dx >

1
p+

(
γ̄

ρ

)p−

.
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Now we illustrate Theorem 3.10 by presenting the following example.

Example 3.11. Let N = 2, Ω = {(x1,x2) ∈R2; x2
1 +x2

2 < 1} ⊂R2, p(x1,x2) = e1+x2
1+x2

2 for all (x1,x2) ∈
Ω, α(x1,x2) =

1
1+x2

1+x2
2

for all (x1,x2) ∈Ω, θ(x1,x2) = x2
1 + x2

2 for all (x1,x2) ∈Ω and

h(t) =

2− t2, |t| ≤ 1,

1, |t|> 1.

Thus, p− = e, p+ = e2, meas(Ω) = π , D = 2,

‖α‖L1(Ω) =
∫ 2π

0

∫ 1

0

r
1+ r2 drdθ = π ln(2) and ‖α‖∞ = 1,

kp− = ke ≤
2
e
√

2
max

{
1

e
√

π ln2
,

2(e−1)π
π ln(2) e

√
2π(e−2)

}
=

2
e
√

2π ln(2)

and thus, ρ ≤ 2(1+π)
e√2π ln2

and

‖θ‖L1(Ω) =
∫ 2π

0

∫ 1

0
r3drdθ =

π

2
.

Moreover, h is a non-negative continuous function, h(0) 6= 0 and

lim
|ξ |→+∞

h(ξ )
|ξ |p−−1 = 0.

By the expression of h, we have

H(t) =


t− 2

3 t <−1

2t− t3

3 , −1≤ t ≤ 1,

t + 2
3 , t > 1.

Thus, by choosing δ̄ = 2
e and γ̄ = 2(1+π) we clearly observe that (3.12) and (3.13) are satisfied. Indeed,

δ̄ =
2
e
<

(
2
e

) 1
e2

≤ p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ̄

p−
p+

and

H(δ̄ ) =
12e2−8

3e3 <
56
3

= H(γ̄).

Therefore, by Theorem 3.10 for every λ > 6e5(2e2−(2e)e(1+π)e)
πe2e(12e−2e3(3π−2)−8) , the problem

−div
((

1+ |∇u(x1,x2)|e
1+|x|√

1+|∇u(x1,x2)|2e1+|x|

)
|∇u(x1,x2)|e

1+|x|2−2∇u(x1,x2)

)
= λ |x|2h(u(x1,x2)), in Ω,

∂u
∂v = 0 on ∂Ω,

has at least one positive weak solution

ū1 ∈
{

u ∈ Le1+|x|2
(Ω) : |∇u| ∈ Le1+|x|2

(Ω)
}
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such that ∫∫
|x|2<1

1
e1+|x|2

(
|∇u1(x1,x2)|e

1+|x|2
+

√
1+ |∇u1(x1,x2)|2e1+|x|2

+
|u1(x1,x2)|e

1+|x|2

1+ |x|2

)
dx1dx2 >

2π ln(2)
e2 −1

where |x|=
√

x2
1 + x2

2.

A further consequence of Theorem 3.1 is the following existence result.

Theorem 3.12. Assume that h(0) 6= 0 and

lim
ξ→0+

h(ξ )
ξ p−−1 =+∞. (3.14)

Furthermore, suppose that the assumption (3.10) holds. Then, for every λ ∈ (0,λ ?
γ ), where

λ
?
γ :=

p+

ρ p−‖θ‖L1(Ω)

sup
γ>0

γ p−

H(γ)
,

problem (Ph,θ
λ

) admits at least two positive weak solutions in X.

Proof. Fix λ ∈]0,λ ?
γ [. Then there is γ > 0 such that

λ <
p+

ρ p−‖θ‖L1(Ω)

sup
γ>0

γ p−

H(γ)
.

From (3.14) there exists a positive constant δ with

δ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+

such that
1
λ

<
‖θ‖L1(Ω)H(δ )

ρ p−δ p+‖α‖L1(Ω)

.

Therefore, we can use Theorem 3.4 to complete the proof. �

Remark 3.13. Theorem 1.1 immediately follows from Theorem 3.12.

Now we illustrate Theorem 3.12 by presenting the following example.

Example 3.14. Let N = 3, Ω = {(x1,x2,x3)∈R2; x2
1+x2

2+x2
3 < 1} ⊂R3, p(x1,x2,x3) = 4+x2

1+x2
2+x2

3

for all (x1,x2,x3)∈Ω, α(x1,x2,x3) = x2
1+x2

2+x2
3 for all (x1,x2,x3)∈Ω, θ(x1,x2) = 1 for all (x1,x2,x3)∈

Ω and

h(t) =

{
20+ t20, |t| ≥ 1,
22− t2, |t|< 1.

Direct calculations give p− = 4, p+ = 5, meas(Ω) = 4π

3 , D = 2,

‖α‖L1(Ω) =
∫ 2π

0

∫
π

0

∫ 1

0
r4 sinφdrdφdθ =

4π

5
and ‖α‖∞ = 1,

kp− = k4 ≤
2
4
√

2
max

{
4

√
5

4π
,

5
4
√

4π

}
=

10
4
√

8π
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and thus, ρ ≤ 10
4√8π

(1+ 4π

3 ). Also ‖θ‖L1(Ω) =
4π

3 ,

lim
γ→+∞

γ p−

H(γ)
= lim

γ→∞

γ4

22γ− γ3

3

=+∞

and

lim
ξ→0+

h(ξ )
ξ

=+∞.

Moreover, since

lim
|ξ |→+∞

ξ h(ξ )
H(ξ )

= lim
|ξ |→+∞

20t + t21

20t + t21

21

= 21 > 5 = p+

by choosing ν = 21 > 5 = p+ we can choose R > 1 such that the assumption (3.10) is fulfilled. Hence,
by applying Theorem 3.12, for every λ > 0 the problem

−div
((

1+ |∇u(x1,x2,x3)|4+|x|
2

√
1+|∇u(x1,x2,x3)|8+2|x|2

)
|∇u||x|2+2∇u(x1,x2,x3)

)
= λh(u(x1,x2,x3)), in Ω,

∂u
∂v = 0 on ∂Ω,

where |x|=
√

x2
1 + x2

2 + x2
3, has at least two positive weak solutions.

Remark 3.15. The non-triviality of the second weak solution ensured by Theorem 3.12 can be achieved
also in the case h(0) = 0 requiring the extra condition at zero, that is, there are a non-empty open set
D⊆Ω and a set B⊂ D of positive Lebesgue measure such that

limsup
ξ→0+

ess inft∈B θ(t).H(ξ )

|ξ |p−
=+∞ (3.15)

and

liminf
ξ→0+

ess inft∈D θ(t).H(ξ )

|ξ |p−
>−∞. (3.16)

Indeed, arguing as in [5, 31] let 0 < λ̄ < λ ∗, where

λ
∗ =

p+

ρ p−‖θ‖L1(Ω)

sup
γ>0

γ p−

H(γ)
.

Then, there exists γ̄ > 0 such that

λ̄
ρ p−‖θ‖L1(Ω)

p+
<

γ̄ p−

H(γ̄)
.

Let Φ and Ψ be as given in (2.4) and (2.5), respectively. Due to Theorem 3.12, for every λ ∈ (0, λ̄ ) there
exists a critical point of Iλ =Φ−λΨ such that uλ ∈Φ−1(−∞,rλ ), where rλ = 1

p+ (
γ̄

ρ
)p− . In particular, uλ

is a global minimum of the restriction of Iλ to Φ−1(−∞,rλ ). We will prove that the function uλ cannot
be trivial. Let us show that

limsup
‖u‖→0+

Ψ(u)
Φ(u)

= +∞. (3.17)

Owing to the assumptions (3.15) and (3.16), we can consider a sequence {ξn} ⊂ R+ converging to zero
and two constants σ ,κ (with 0 < σ < 1) such that

lim
n→+∞

ess inft∈B θ(t).H(ξn)

|ξn|p−
=+∞
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and
ess inf

t∈D
θ(t).H(ξ )≥ κ|ξ |p−

for every ξ ∈ [0,σ ]. We consider a set G ⊂ B of positive measure and a function v ∈ X such that

(k1) v(t) ∈ [0,1] for every t ∈Ω,

(k2) v(t) = 1 for every t ∈ G ,

(k3) v(t) = 0 for every x ∈Ω\D.

Hence, fix N > 0 and consider a real positive number η with

N <
p+η meas(G )+ p+κ

∫
D\G |v(t)|p

−
dt

‖v‖p−
α

.

Then, there is n0 ∈ N such that ξn < σ and

ess inf
t∈B

θ(t).H(ξn)≥ η |ξn|p
−

for every n > n0. Now, for every n > n0, by considering the properties of the function v (that is 0 ≤
ξnv(t)< σ for n large enough), one has

Ψ(ξnv)
Φ(ξnv)

≥
∫
G θ(t).H(ξn)dt +

∫
D\G θ(t).H(ξnv(t))dt

Φ(ξnv)

>
p+η meas(G )+ p+κ

∫
D\G |v(t)|p

−
dt

‖v‖p−
α

> N.

Since N could be arbitrarily large, we get

lim
n→∞

Ψ(ξnv)
Φ(ξnv)

= +∞,

from which (3.17) clearly follows. So, there exists a sequence {ωn} ⊂ X strongly converging to zero
such that, for n large enough, ωn ∈Φ−1(−∞,r) and

Iλ (ωn) = Φ(ωn)−λΨ(ωn)< 0.

Since uλ is a global minimum of the restriction of Iλ to Φ−1(−∞,r), we obtain

Iλ (uλ )< 0, (3.18)

so that uλ is not trivial.

Next, as a consequence of Theorems 3.9 and 3.10, the following theorem of the existence of three
solutions is obtained.

Theorem 3.16. Suppose that h(0) 6= 0 and

limsup
|ξ |→+∞

H(ξ )

|ξ |p−
≤ 0. (3.19)

Moreover, assume that there exist four positive constants γ , δ , γ̄ and δ̄ with

δ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ

p−
p+ < p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ̄

p−
p+ < δ̄
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such that (3.11) and (3.13) hold, and

H(γ)

γ p− <
H(δ̄ )−H(γ̄)

γ̄ p−−ρ p− δ̄ p+‖α‖L1(Ω)

(3.20)

are satisfied. Then, for each

λ ∈ Λ =

(
max

{
λ̃ ,

ρ p−δ p+‖α‖L1(Ω)

‖θ‖L1(Ω)H(δ )

}
,

p+

ρ p−
γ p−

‖θ‖L1(Ω)H(γ)

)
,

problem (Ph,θ
λ

) admits at least three positive weak solutions u1, ū1 and u3 such that∫
Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx≤ 1

p+

(
γ

ρ

)p−

and ∫
Ω

1
p(x)

(
|∇ū1(x)|p(x)+

√
1+ |∇ū1(x)|2p(x)+α(x)|ū1(x)|p(x)

)
dx >

1
p+

(
γ̄

ρ

)p−

.

Proof. First, in view of (3.20), we have Λ 6= /0. Next, fix λ ∈ Λ. Employing Theorem 3.9, there is a
positive weak solution u1 such that∫

Ω

1
p(x)

(
|∇u1(x)|p(x)+

√
1+ |∇u1(x)|2p(x)+α(x)|u1(x)|p(x)

)
dx≤ 1

p+

(
γ

ρ

)p−

,

which is a local minimum for the associated functional Iλ , while Theorem 3.10 ensures a positive weak
solution ū1 such that∫

Ω

1
p(x)

(
|∇ū1(x)|p(x)+

√
1+ |∇ū1(x)|2p(x)+α(x)|ū1(x)|p(x)

)
dx >

1
p+

(
γ̄

ρ

)p−

,

which is a local minimum for Iλ . Arguing as in the proof of Theorem 3.6, from the condition (3.19) we
observe that the functional Iλ is coercive. Then it satisfies the (P.S) condition. Hence, the conclusion
follows from the mountain pass theorem as given by Pucci and Serrin (see [23]). �

The following existence result is a consequence of Theorem 3.16.

Theorem 3.17. Assume that h(0) 6= 0,

limsup
ξ→0+

H(ξ )

ξ p− =+∞ (3.21)

and

limsup
ξ→+∞

H(ξ )

ξ p− = 0. (3.22)

Furthermore, suppose that there exist two positive constants γ̄ and δ̄ with

p+

√
p−

p+‖α‖L1(Ω)ρ
p− γ̄

p−
p+ < δ̄ (3.23)

such that
H(γ̄)

γ̄ p− <
p+

ρ2p−‖α‖2
L1(Ω)

H(δ̄ )

δ̄ p+
. (3.24)
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Then, for each

λ ∈

(
ρ p−‖α‖L1(Ω)

‖θ‖L1(Ω)

δ̄ p+

H(δ̄ )
,

p+

ρ p−‖α‖L1(Ω)

γ̄ p−

‖θ‖L1(Ω)H(γ̄)

)
,

problem (Ph,θ
λ

) admits at least three positive weak solutions.

Proof. We easily observe from (3.22) that condition (3.19) is satisfied. Moreover, by choosing δ small
enough and γ = γ̄ , one can drive condition (3.11) from (3.21) as well as the conditions (3.13) and (3.20)
from (3.24). Hence, the conclusion follows from Theorem 3.16. �

Remark 3.18. Theorem 1.2 immediately follows from Theorem 3.17.

Finally, we present one application of Theorem 3.17 as follows.

Example 3.19. Let N > 1, p− > N and Ω⊂RN be an open bounded domain with smooth boundary ∂Ω

such that

meas(Ω)≤ p−−N
p−−1

(
N

diam(Ω)p−

) 1
p−−1

.

Also let

p+ >
22p−−1(1+meas(Ω))2p−

(2− π

4 )(e−1)p−−1 ,

h(t) = 1+
t2

1+ t2 , for all t ∈ R

and ‖θ‖L1(Ω)= 1. Now, by choosing α in such a way that ‖α‖L1(Ω)= ‖α‖∞ = 1 we have ρ < 2
p−−1

p− (1+meas(Ω)),
h is a non-negative continuous function, h(0) 6= 0,

H(t) = 2t− arctan t for all t ∈ R,

lim
ξ→0+

H(ξ )

ξ p− = lim
ξ→0+

2ξ − arctanξ

ξ p− =+∞

and

lim
ξ→+∞

H(ξ )

ξ p− = lim
ξ→+∞

2ξ − arctanξ

ξ p− = 0.

Moreover, by choosing γ̄ = e and δ̄ = 1, we see that (3.23) and (3.24) are satisfied. Hence, by applying
Theorem 3.17, for every

λ ∈

(
2p−−1(1+meas(Ω))p−

meas(Ω)(2− π

4 )
,

p+(e−1)p−−1

2p−meas(Ω)(1+meas(Ω))p−

)
,

the problem 
−div

((
1+ |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+α(x)|u|p(x)−2u

= λθ(x)(1+ u2(x)
1+u2(x)), in Ω,

∂u
∂v = 0, on ∂Ω

has at least three positive weak solutions.
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Remark 3.20. We point out that the same statements of the above given results can be obtained by
considering

M(t) = b1 +b2t, for t ∈ [ι ,κ],

where b1, b2, ι and κ are positive numbers. Arguing as in the proof of Theorem 3.1, the first and second
solutions can be obtained.

Remark 3.21. We note that the same statements of the above given results can be obtained by consid-
ering p(x) ≡ p. In this case, the p(x)-Laplacian operator is the well-known p-Laplacian. The p(x)-
Laplacian is more complicated nonlinearities than p-Laplacian. For example, the p-Laplacian operator
is (p− 1) homogeneous, that is, ∆p(su) = sp−1∆pu for every s > 0, but the p(x)-Laplacian operator is
not homogeneous.
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