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1. INTRODUCTION

Let Q C R" be an open bounded domain with smooth boundary dQ. In this paper, we are mainly
concerned with existence and multiplicity results for the p(x)-Laplacian-like problem, originated from a
capillary phenomena,

. (x)
—div < (1 + \/K“V”W> |Vu]p(x)_2Vu> + o (x) [uPH) 2y

=Af(x,u), inQ,
% =0, on dQ,

)

where Q C RV (N > 2) is a bounded domain with boundary of class C', v is the outer unit normal to
0Q, A >0, u>0,acL>(Q)withessinfo >0, f: QxR — R is an L'-Carathéodory function and
p € C%(Q) satisfies the condition
N < p :=inf p(x) < p" :=supp(x) < +oo.
x€Q x€Q

During the last fifteen years, differential and partial differential equations with variable exponent growth
conditions have become increasingly popular. This is partly due to their frequent appearance in ap-
plications such as the modeling of electrorheological fluids, image restoration, elastic mechanics and
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continuum mechanics, and these problems are also very interesting from a purely mathematical point
of view as well. Recently, Fan and Deng [1] studied the existence and multiplicity of positive solutions
for the inhomogeneous Neumann boundary value problem involving the p(x)-Laplacian of the following
form

—div(|Vu|PO2Vy) + A |u[PX 24 = f(x,u), inQ,

Vulp-238 = on 99,
where Q is a bounded smooth domain in RY, p € C'(Q) and p(x) > 1 for x € Q, ¢ € C*Y(9Q) with
Y€ (0,1), @ > 0and ¢ # 0 on dQ. They, under appropriate assumptions on f, obtained that there exists
A« > 0 such that the problem has at least two positive solutions if A > A,, has at least one positive solution
if A = A., and has no positive solution if A < A,. Deng [2], based on a local mountain pass theorem
without (P.S) condition and Ricceri’s variational principle, obtained the existence and multiplicity of
non-trivial solutions for the following p(x)-Laplacian double perturbed Neumann problem with nonlinear
boundary condition

—Apu+a()|ulPYu = foxu) + Ay (x,u), inQ,
Vul P72 98 — g(x,u) + pha (x,u), on 9Q,

where Q is a bounded open domain in R with smooth boundary, —A,,yu = —div(|Vu|P¥)2Vy) is the
p(x)-Laplacian with p € C(Q), p(x) > 1, A,u € R, a € L*(Q) with essinfycqga(x) =a~ >0, and 7 is
the outward unit normal to Q. Cammaroto and Vilasi [3], based on a recent variational principle due
to Ricceri, established the existence of at least three solutions for the Neumann problem involving the
p(x)-Laplacian operator. In [4], the existence of at least three solutions for elliptic problems driven by a
p(x)-Laplacian was established based on the variational methods and critical-point theory. The existence
of at least one nontrivial solution was also proved.

Problem (P;{ ) is the developed form of the elliptic Dirichlet problem

v
—div<\/1+77wt|2> = f(t,u) inQ,

u=20 on dQ,

(1.1)

where Q C RN (N > 2) is a bounded open subset with sufficiently smooth boundary dQ and f: Q x R —
R is a suitable Carathéodory function. It is well-known that a solution u of (1.1) defines a Cartesian
surface in RM*! whose mean curvature is prescribed by the right hand side of the equation and this
problem plays an important role in differential geometry and in the theory of relativity.

Existence, non-existence and multiplicity of positive solutions of problem (1.1) have been studied
recently. We just observe that the one-dimensional problem has been rather thoroughly discussed, by
using different methods; see [5, 6, 7, 8] and references therein. In particular, if f(x,u) = Au”, where
p >0 is given and A > 0 is a parameter, the existence of positive solutions of (1.1) was established
assuming p > 1 (the convex, or superlinear, case), with p < % if N> 2, and A large [9], or p =1 (the
linear case) and A in a left neighborhood of the principal eigenvalue A; of A in Hj(Q) [10], or p < 1
(the concave, or sublinear, case) and A small [11]. The solutions found in these papers belong at least
to H(l)(Q) and are intended in the usual weak sense. In [12], the existence of a second positive solution
has been proved in the concave case when A is small, assuming further p €]0, ﬁ[ if N > 1. Yet, such a
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solution just belongs to BV () and satisfies the equation only in a generalized sense (see also [13] for a
similar approach).

We also notice that, with the exception of [10], where bifurcation theory is used, the proofs of these
results are all based on variational methods: a variant of Nehari method is used in [9], a minimization
argument in [11], non-smooth critical point theory in [12]. The action functional to be considered here is

A
2 1) — p+1
| /119 =1) pH/Qu .

The different behavior at zero and at infinity of the area term fQ(W — 1), which is quadratic
with respect to Vu near the origin and grows linearly at infinity, gives raise to the multiplicity phenomena
devised in the concave case; the lack of coercivity in H! (Q) however causes several technical difficulties.
Also, we refer the reader to paper [14] in which Obersnel and Omari, based on variational and combines
critical point theory, the lower and upper solutions method and elliptic regularization, established the
existence and multiplicity of positive solutions of the prescribed mean curvature problem (1.1) where
f € C(Q x R) is superlinear and do not satisfy the Ambrosetti and Rabinowitz type condition, A > 0
is a parameter. Capillarity can be briefly explained by considering the effects of two opposing forces:
adhesion, i.e., the attractive (or repulsive) force between the molecules of the liquid and those of the con-
tainer; and cohesion, i.e., the attractive force between the molecules of the liquid. Recently, the study of
capillarity phenomena has been an interesting topic. In [15], Shokooh used variational methods to obtain
existence results for elliptic equations involving the p-Laplacian-like. Rodrigues [16], by using Moun-
tain Pass lemma (see [17]) and Fountain theorem (see Theorem 3.6 in [18]), established the existence of
non-trivial solutions for problem

T |V P) (x)-2 —
u=0, x€dQ,

where Q C RY (N > 2) is a bounded domain with boundary of class C', A is a positive parameter,
p € C(Q) and f is a Carathéodory function. Recently, Bin [19] obtained the existence results of non-
trivial solutions for every parameter A for the nonlinear eigenvalue problems for p(x)-Laplacian-like
operators originated from a capillary phenomena of the following form:

. u (x) _ .
—dlv<<1+\/l|i|va> |V |P) 2Vu> = Af(x,u) in Q,
u=20 on dQ,

where Q@ C RY is a bounded domain with smooth boundary dQ, A > 0 is a parameter. Based on the
mountain pass theorem a nontrivial solution is constructed for almost every parameter A > 0. he con-
sidered the continuation of the solutions. In [20], Zhou by employing variational methods, established
the existence of at least one non-trivial solution for the following nonlinear eigenvalue problem for the
p(x)-Laplacian-like operators originated from a capillary phenomenon

—div < (1 =+ \/%) |Vu’P(X)2Vu> = A,f()g M) in Q,
u=20 on dQ,
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where Q is a bounded domain in RY with smooth boundary dQ, p € C (Q), A > 0 is a parameter,
f € C(Q xR) is superlinear and does not satisfy the Ambrosetti and Rabinowitz type condition. The
existence of at least one nontrivial solution was also proved.

Our approach is the variational method and the main tools are the local minimum theorem for differ-
entiable functionals due to Bonanno [21] and Mountain Pass Theorem. Two of the consequences of the
local minimum theorem due to Bonanno are here applied (see Theorems 2.1 and 2.2). Indeed, we inves-
tigate the existence of two solutions for problem (P}{') employing a consequence of the local minimum
theorem due to Bonanno and mountain pass theorem under some algebraic conditions with the classical
Ambrosetti-Rabinowitz (AR) condition on the nonlinear term; see [22]. Moreover, by combining two al-
gebraic conditions on the nonlinear term applying two consequences of the local minimum theorem due
to Bonanno, we guarantee the existence of two solutions. Applying the mountain pass theorem given by
Pucci and Serrin ([23]), we establish the existence of third solution for problem (P;{ ).

The remainder of the paper is organized as follows. In Section 2, we recall the definitions and some
properties of variable exponent Sobolev spaces. In Section 3, we state and prove the main results of the
paper. Here, we state two special cases of our results, immediately follows from the next Theorems 3.12
and 3.17.

1
Theorem 1.1. Let p > N, diam(Q) < W and h : R — R be a non-negative continuous function
such that h(0) # 0. Assume that

h)
g0t 1 =+
and

(AR) there exist constants v > p and R > 0 such that, for all |§| > R,

4
0<v [THE)L < EN(E)

Then, for each

p Y
re <O’ 27 1(1 + meas(Q))? 5og th(C)dZ_i) ’

where meas(Q) is the Lebesgue measure of Q, the problem

—div<<l+\/%>Wu|p2Vu> +|u|P~2u = Ah(u(x)), inQ,

%:0, on dQ

(1.3)

admits at least two positive weak solutions.

<=

NP (p—N)

Theorem 1.2. Let p > N, diam(Q) < 7=

such that h(0) # 0. Assume that

and h: R — R be a non-negative continuous function

ME) L hE)

= —|—oo’
g0+ P E—stoo EPI

and

1 p 2
/0 o) < 1 e @) (o) /O h(t)dr.
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Then for each

e 27(1+ meas(Q2))? p 1
[2h(r)de  (meas(Q))*(1+meas(Q))? [In(x)dx )’

where meas(Q) is the Lebesgue measure of Q, problem (1.3) admits at least three positive weak solutions.

2. PRELIMINARIES

Our basic instruments include the following theorems which derived from the existence results of a
local minimum theorem for differentiable functionals due to Bonanno [21, Theorem 3.1], which is in
turn motivated by Ricceri’s variational principle; see [23, 24] and the references therein.

For a given non-empty set X, and two functionals ®, W : X — R, we define the following functions

su _ ¥ u —_y v
B(rhrz) — lnf puecp l(rhrz) ( ) ( ) 7
ved=1(ry,r) ry— q)(v)

JOPR (et U YTy ()
1(r,rn) =
ved=1(r,r) CI)(V) —n
for all ri,m € R, ri < ry, and
W(v) = SUP,cq1(—e ) (1)
p2(r) = sup

veD~1(r,+o0) q)(v) —-r

for all r € R.

Theorem 2.1 ([21, Theorem 5.1]). Let X be a real Banach space and let ® : X — R be a sequentially
weakly lower semicontinuous, coercive and continuously Gdteaux differentiable function whose Gdteaux
derivative admits a continuous inverse on X*. Let ¥ : X — R be a continuously Gdteaux differentiable

function whose Gdteaux derivative is compact. Assume that there are ri,r, € R, r| < ry such that

B(ri,r) < pi(ri,r).

Setting I := ® — AW, for each A € (m, m) there is ug j € ®'(r1,r2) such that I (ug ;) <
I, (u) Vu € @ (r1,r2) and I, (ug ) = 0.

Theorem 2.2 ([21, Theorem 5.3]). Let X be a real Banach space and let @ : X — R be a continuously
Gateaux differentiable function whose Gdteaux derivative admits a continuous inverse on X*. Let W :
X — R be a continuously Gdateaux differentiable function whose Gdteaux derivative is compact. Fix
infy ® < r < supy ® and assume that p,(r) > 0, and for each A > p%(r), the functional I), := ® — A¥
is coercive. Then for each A € (=1, +o0), there is uy; € @ (r,+o0) such that I (ug ;) < I (u) Yu €

pa(r)”
@~ (r,+o0) and I (ug ;) = 0.

We refer readers to the paper [25] in which Theorems 2.1 and 2.2 have been successfully employed to
obtain the existence of solutions for nonlinear mixed boundary value problems Here and in the sequel,
meas(Q) denotes the Lebesgue measure of the set Q, and we also assume that p € Co(Q) := {h € C(Q):
h(x) > 1, Vx € Q} verifies the following condition:

N <p :=inf p(x) < p(x) < pT :=supp(x) < +oo. (2.1)
x€Q x€Q
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Define the variable exponent Lebesgue space by
LPW(Q) := {u : Q — R measurable and / |u(x)[PWdx < —|—oo}.
Q
On L”™(Q) we consider the norms respectively

| pi (o) = Inf >0:/
Jull o @y = int {7 >0: |

Let X be the generalized Lebesgue-Sobolev space W!»()(Q) defined by putting W'»()(Q) by

p(X)de 1}.

u(x)
n

endowed with the following norm

HMHWLP()‘)(Q) = H“HLP(X>(Q) + [ Vul] L (Q)- 22)

It is well known (see [26]) that, in view of (2.1), both L”®)(Q) and W'?(™)(Q), with the respective
norms, are separable, reflexive and uniformly convex Banach spaces. Moreover, since o € L*(Q), with
o~ = essinfyeq a(x) > 0 is assumed, the norm

H””tx:inf{6>0:/g(o¢(x)‘l’t'(5x)

on WHP@W(Q) is equivalent to that introduce in (2.2). Since W'?®)(Q) is continuously embedded in
WP (Q) (see [26] or [27]) and p~ > N, WhP™)(Q) is continuously embedded in C°(2) and one has

px) | Vu(x)

(o

pw)dxﬁ 1}

d

lullcoay < Ko Iy -
When Q is convex, an explicit upper bound for the constant k- is

= 1 - _ p_:l
kpfgzppi*lmax ( : )”7, Dl (p_ 1meas(£2)> ol :
i)/ yo NPT =N el )

where D = diam(Q) and meas(Q) is the Lebesgue measure of Q (see [28, Remark 1]). On the other
hand, taking into account that p~ < p(x), [27, Theorem 2.8] ensures that L?™) (Q) < L”" (Q) and the
constant of such embedding does not exceed 1+ meas(Q). So, one has

[llyr- () < (14 meas(Q))[[ullwirwq) < (1+meas(Q)) o[ (q)-
In conclusion, putting
p =k, (1+meas(Q)),
it results
[ullcoqq) < pllulla (2.3)

for each u € WH?™¥)(Q). Put

Flx1) = /Otf(t,é)dé for all (#,x) € Q X R.
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Definition 2.3. We mean by a (weak) solution of problem (P{ ), any function u € X such that

[ | (1wutre-2vuge) + T T
Q

1 +|Vu(x)|2r®)
+ o (x) |u(x) ]p(x)_zu(x)v(x)] dx— A /Q £, u(x))v(x)dx =0

for every v € WP (Q).
Proposition 2.4 ([2, Proposition 2.4]). Letting pe(u) = [o (|Vu[P™ + ot(x)[u|PW) dx for u € WHPH(Q),

we have

- +
(D) [lulle > 1= HuHé’z+ < Pa(u) < [Jull .
2) llulle < 1= lullty < po(u) < ull -

Now for every u € X, we define

1 X x X
D(u) := /Qp(x) (yvu(x)v’( ) /14 | Vu(x) 2P0 4 ot (x) [ (x) [ P¢ >>dx, (2.4)

W(u) = /S;F(x,u(x))dx. 2.5)

Standard arguments show that ® and ¥ are Gateaux differentiable functionals whose Gateaux derivatives

and

at the point u € X are given by

&0 = |

-2y 4 VEEPPO Ve o
(W IV 1+ [Vu(x) 2P0 )V )

+a(x) M(X)\”(")_ZM(X)V(X)] dx

and
V() = [ flxul)ar
for all u,v € X, respectively. Hence, a critical point of the functional ® — AW, gives us a weak solution

of (P)).
We need the following proposition in the proofs of our main results.

Proposition 2.5 ([16]). The functional ¢ : X — R defined by

o(0)i= [ o (941 ) P

is convex and the mapping @' : X — X* is a strictly monotone and bounded homeomorphism.

Remark 2.6. We say that f : Q x R — R is an L'-Carathéodory function, if

(a) x+— f(x,7) is measurable for every ¢ € R,
(b) t — f(x,t) is continuous for a.e. x € Q,
(c) for every p > 0 there exists a function [, € L'(Q) such that
sup [f(x,2)| < lp(x)
lrl<p
for a.e. x € Q.
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3. MAIN RESULTS
In this section we formulate our main results. For a non-negative constant y and a positive constant o
with ¥~ # 87" || a[|L1 (o), we set
B Jasupy <y F(x,t)dx — [o F(x,8)dx

ay(0) : = -
n9) v —pr 7 [l

Theorem 3.1. Assume that f(x,0) # 0 for all x € Q and suppose that there exist a non-negative constant
Y and two positive constants V> and 8, with

N + P %
— << — 3.1
pllefliig) \/ 2

such that

(A1) ay(8) <ay(8);
(A2)  there exist v> p* and R > 0 such that

0 < VF(x,£) < Ef(x,E) (32
for all |€] > R and for all x € Q.

Then, for each
+ 1 p+ 1
= (p y —— ) s
PP ay(8) pr ay(5)

problem (P;{) admits at least two non-trivial weak solutions u; and uy in X, such that

L (L) < [ (9 1 W R + a7 )

pt\p o p(x)

.
gl(”) .
pr\p

Proof. Putl) = ®— AP, where ® and W are given as in (2.4) and (2.5), respectively. Due to Proposition

2.5, we have .
¢%u)2i;;HuH§ (3.3)

for all u € X with ||u|| > 1, which follows that ® is coercive. Of course P is sequentially weakly lower
semicontinuous and continuously Gateaux differentiable while Proposition 2.5 gives that its Gateaux de-
rivative admits a continuous inverse on X*. The functional ¥ : X — R is well defined and is continuously
Gateaux differentiable whose Gateaux derivative is compact. Choose
1 - 1 _
n= s =)
and for 0 > 1 define wg € X by
wg(t) = 6. 34

Thus

D(ws) = /Q p(lx) <Vw§(x)|”(x) + \/1 + | Vwg (x)| 220 + oc(x)]ws(x)V’(x)) dic

:Amb<mgamvw.
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According to (2.1), we have the following inequalities

57 87"
FHO‘HL‘(Q) <P(ws) < F“a|’L1(Q)

Moreover, for all u € X with ®(u) < rj, one has

]

Jullee < max{(p*r1)7, (p*ri)r } = &

S
So, due to the embedding X — C°(Q) (see (2.3)), one has ||ul|.. < p||u||¢ < ¥1. It follows that

O (oo, r))={ucX;®u)<r}Cl{ucX;lu <n},
which concludes

Y(u) <  sup F (x,u(x ))dx</ sup F(x,t)dx.

Ued 1 (—oo,ry) Qrj<n
By the same argument as above we have
sup  WP(u) < / sup F(x,t)dx.
ued1(—oo,ry) Qlrl<y
Therefore,
SUPy -1 (—cory) P (1) — W (Ws)
r—P(ws)

i Jo sup‘,|§V2F(x,t)dx— Jo F(x,8)dx
pr B —pP O |allpq)

B(Y],Fz) <

On the other hand, one has

W(ws) = SUPycap1 (—oor ] ¥ (1)

>
p2(r1,r2) > B(wg)— 11
> ifgsupmgﬂF(x,t)dx—fQF(x,S)dx
- P " —p? 8 alLq)
+
p
= p?a%(&-

Hence, from (A1), one has (ry,r2) < p2(ri,r2). Therefore, from Theorem 2.1, for each

+ 1 p+ 1
A« E (p T > [}
pray(8) pray(9)

the functional /; admits at least one non-trivial critical point u; such that

r <CI)(M1) < r,

that is,
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Now, we prove the existence of the second local minimum distinct from the first one. To this aim, we
verify the hypotheses of the mountain-pass theorem for the functional ;. Clearly, the functional 7 is of
class C! and I (0) = 0. The first part of proof guarantees that u; € X is a local nontrivial local minimum
for I) in X. We can assume that u; is a strict local minimum for 7, in X. Therefore, there is p* > 0
such that infy,_,, |—p+ Iy () > I} (u1), so condition [29, (I;), Theorem 2.2] is verified. By integrating the
condition (3.2), there exist constants a;,a, > 0 such that

F(x,t) > alt]" —ay
for all x € Q and ¢ € R. Now, choosing any u € X \ {0} and taking Proposition 2.4 into account, one has
I (tu) = (P —AY¥)(tu)
< max{eull” el } =2 [ Fxsuo)s

max{t? 7" -
< AT ) - e [ )+ A

—> —00

as T — oo, so condition [29, (I7), Theorem 2.2] is satisfied. Thus, the functional /) satisfies the geometry
of mountain pass. Moreover, [ satisfies the Palais-Smale condition. Indeed, assume that {u, },eny C X
such that {I) (u,)}en is bounded and 7 (u,) — 0 as n — +oco. Then, there exists a positive constant co
such that

I (un)| < co, |15 (un)| < co Vn€N.

Therefore, we infer to deduce from the definition of I} and the assumption (A>) that

1% . + -
co+ctllunl| > VI (un) — 15 () () > (pj — 1) min{[[u,[1&  [lunlle }

A (VG () = £ 0 3)) (0 (1))

v , + -
2(17+ — 1) min{[un|[5 . % }

for some ¢; > 0. Since v > p™, this implies that (u,) is bounded. Consequently, since X is a reflexive
Banach space we have, up to a subsequence,
u, —u inX.
By I (u,) — 0 and u, — u in X, we obtain
(I, (un) — I, () (g — u) = 0. (3.5)
From the continuity of f, we have

/g (f O un(x) — fx,u(x))) (un(x) —u(x))dx — 0, asn — oo (3.6)

So by (3.6) and [16, Proposition 3.1] the sequence {u,} converges strongly to u in X. Therefore, I;
satisfies the Palais-Smale condition. Hence, by the classical theorem of Ambrosetti and Rabinowitz we
establish a critical point uy of I, such that I; (up) > I (u;). Since f(x,0) £ 0 for all x € Q, u; and u, are
two distinct nontrivial weak solutions of (P/{ ) and the proof is complete. U
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Remark 3.2. In Theorem 3.1, we guaranteed the existence of at least two nontrivial weak solutions for
(P}{). One of these solutions has been achieved in relation with the classical Ambrosetti-Rabinowitz
condition on the data by taking f(x,0) # 0 for all x € Q. If f(x,0) # 0 for all x € Q does not hold, the
second solution u; of the problem (P{) may be trivial, but the problem has at least a nontrivial solution.

Remark 3.3. In Theorem 3.1, we looked for the critical points of the functional /; naturally associated
with problem (P/{). We note that, in general, I} can be unbounded from the following in X. Indeed, for
example, in the case when f(x,&) = 1 +|E[* 7 &P ! for (x,€) € Q x R with a > p™, for any fixed
u € X\{0} and 1 € R, we obtain

I (1) = D(1u1) —A/QF(x,lu(x))dx

+

< Sl — Al oy — A ey

—|lul|” — Ul i) —A—||u||]a —oo

= LI(Q) PRLL ()

as 1 — +oo. Hence, we can not use direct minimization to find critical points of the functional /.
Now, we point out an immediate consequence of Theorem 3.1.

Theorem 3.4. Assume that f(x,0) # 0 for all x € Q and there exist two positive constants 8 and 7y, with

S < pi/p_ y% 3.7

rrlelliig)p?

such that the assumption (A;) in Theorem 3.1 holds. Furthermore, suppose that

Jasupj <y F(x,1)dx 1 Jo F(x,8)dx
a prlelm 6 oo
Then, for each
e (fafuanu(g) v )
JoF(x,8)dx " pr™ [osupy <, F(x,)dx )’

problem (P;{ ) admits at least two non-trivial weak solutions uy and uy in X such that

< /ngx)ovul(x)w(x) —I—\/1—|—|Vu1(x)|2!’(x) —|—a(x)|u1(x)|p(x)>dx

-

< (5)

pr\p
Proof. The conclusion follows from Theorem 3.1, by taking 7, = 0 and » = 7. Indeed, owing to the
inequality (3.8) and (A ), one has
 Jasupy <y F(x,1)dx — o F(x,6)dx
Y —pP 8P|l g)
_ Jo3upy <y F(x1)dx
1
JoF(x,8)dx
pr 87" ||l q)

=ap(9).

ay(6)
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In particular, one has
Jo supmgyF(x,t)dx

ay(6) < " ;
which follows
fal v DA
PP Josupy <y Flnt)dx ~ pr ay(8)’
Hence, Theorem 3.1 ensures the conclusion. O

Now we illustrate Theorem 3.4 by presenting the following example.

Example 3.5. Let N =1,Q = (0,%) CR, p(x) =3+ 2sinx forall x € [0, %], a(x) = x’ for all x € [0, F]
and

“(1+18), |t]|>1,x€(0,%),
flrgy = | S0+ HZLxe @)
e3—-17), |tf|<1,x€(0,%).

_ 10 9
Thus, p~ =3, p™ =4, meas(Q) = 7, D = 7, ||laliq) = +=(5) 7, llalle = (%) and k,- = k3 <

V/40(2) ' and so, p < ¢/ 40(2) 14 Z). Moreover, f is an L!-Carathéodory and non-negative func-
tion, f(x,0) # 0 for all x € (0, F) and
S+ -1y r<—1,xe(0,%),
F(x,t) = ex(3t—§), -1<1<1,x€(0,%),.
S+ +8), 1>1,xe(0,%).

Now, since
X 9
Gl F(X,6)  fglotee 145

=9">9>4=p"

for all x € (0, F), by choosing v = % >4 = p* we can choose R > 1 in a manner that the assumption
(3.2) is fulfilled. Moreover, by choosing 6 = i and Y =1 the assumptions (3.7) and (3.8) are fulfilled.

Indeed,
1 1 3 P~ P
S=-<¢—F5<n|——F 7"
4 2 \/ (1+7)° \/P’L’O‘HU(Q)P”
and
su F(x,t)dx x
Jo p|t|§y7 (x,1) _ §(e7 _ 1)
v 3
14 x 1 F dx
<P (el — loFix,9)
3(14+7%) pr ol 67

Therefore, by apply Theorem 3.4 for each

3 T\ 10 3 T\ 10
€ z (E) ) z (E)
1430(e2 — 1) 102+m)(e2 —1)
the problem

/

o (x)|312sinx sinx .
- <1+\|/%>‘M/(X)’1+2‘ l/l/(x)> :lf(-xgt)a m (Oag)7

W (0) =u/(5) =0
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admits at least two non-trivial weak solutions u; and u; in the space

. T : T
W1,3+251nx (07 5) — {u c L3+2s1nx (0’ 5) .

such that

e}

1

. Lt/ c L3+25inx (0’

f)}

0</0 Ep <|ull(x)|3+2sinx+\/1+‘u/l(x)|6+4sinx+x9yul(x)|3+25inx)dx

1 T\ 10
)

Szmn+@42

Now, we give an application of Theorem 2.2 which will be used later to obtain multiple solutions for

problem (P){).

Theorem 3.6. Assume that there exist two positive constants ¥ and & with

- .
S< ,,+ p _,)—/])Jr
\/P+||OC||L1(Q)P" ?

such that
/ sup F(x,t)dx < [ F(x,6)dx
Q|<y Q
and
F
lim sup (x,?) <0 uniformly in R.
(E]s4eo 6P
Then, for each A > A, where
i pt Ppi5p+||a||L'(Q)—7pi

PP foF (x,8)dx — fosupy <y F (x,1)dx’

problem (P{) admits at least one non-trivial weak solution uy € X such that

3.9

/Ql<|Vu_1(x)|f’(x)—}—\/l+|Vu_1(x)|2p(x)+a(x)|u—1(x)|p(x)>dx>]<}7>P.

p(x)

p+

p

Proof. Take the real Banach space X as defined in Section 2, and put I, = ® — AP, where ® and ¥ are
given as in (2.4) and (2.5), respectively. Our goal is to apply Theorem 2.2 to function /. The functionals

@ and W satisfy all assumptions requested in Theorem 2.2. Moreover, for A > 0, the functional [ is
coercive. Indeed, fix 0 < € < ———L1———_ From (3.9), there is a function pe € L'(Q) such that

ptpP Ameas(Q)

F(x,r) < erP +pe(x),

for every x € Q and ¢ € R. Taking Proposition 2.4 into account, it follows that, for each u € X with

Jull > 1,

1 - :
D(u) =AW () = —||ull” —le/QIM(X)I” dx — A|[pellLi()

p+
It follows that
lim () — AW () = +oo,

|lu||—eo

p
1 I P
> (- —hep meas(Q)) ullh —AllpellLi o).
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which means the functional I, = ® — AW is coercive. Put

N A
)
and
ws(t) = 6.
Arguing as in the proof of Theorem 3.1, we obtain that
r Jasupy <y F (x,1)dx — [ F(x, 8)dx
P 7 —pr 87 |lallLig)

p(F) >

Hence, from our assumption it follows that p(7) > 0. Therefore, from Theorem 2.2 for each A > 1, the
functional /; admits at least one local minimum ; such that

1 1 (7\"
] v p(x)+ 1+ |Vu 2p(x)+a T P(x)>dx> _ <> .
/Qp(x) <| it (x)| \/ Vi (x)] (x) |aa7 (x) o (o
The conclusion is achieved. O

Remark 3.7. If f is non-negative, then the strong maximum principle ensures that the weak solutions of
problem (P){ ) are non-negative (see [30, Lemma 1.1]).

Now, we point out some results in which the function f has separated variables. To be precise, consider
the following problem

_div<(1+\/%> |Vu]p(x)2vu> —|—a(x)|u\p(x)*2u y
— A0(x)h(u), inQ, B
3—3 =0, on dQ,
where 6 : Q — R is a non-negative and non-zero function such that 8 € L'(Q) and 7: R — R is a
non-negative continuous function.
Put

H@:KM@ﬁimmmR

The following existence results are consequences of Theorems 3.1-3.6, respectively, by setting f(x,¢) =
0 (x)h(r) for every (x,7) € Q x R.

Theorem 3.8. Assume that h(0) # 0 and there exist a non-negative constant 'y, and two positive constants

Y and 8, with
N + P =2
<8< M| —F g
pllal; \/ plaloepr "

H(y)—H(9) < H(p)—H(J) '
N —pr P el B —pP 8P lallLg)

Furthermore, suppose that there exist constants v > p* and R > 0 such that for all || > R the assumption

such that

0 < VH(E) < ER(E). (3.10)
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Then, for each A € (A1,A;), where

pt W —p? 87 [|etl|piq)

M= o 0T () — H(5))

and

- - opt
pt B —mP 8 allug
PP 18l q) (H(r2) —H(5))

problem (P)/Z"e) admits at least two positive weak solutions uy and uy in X such that

(L) /QP(IX)QW 1 D P + e ()

< (5)
T pt\p

Theorem 3.9. Assume that h(0) # 0 and there exist two positive constants 8 and 7y, with

S < rf LY%,
\/er”OC”Ll(Q)pp

Hy) _ 1 HE)
v e el 67
Furthermore, suppose that the assumption (3.10) holds. Then, for every

e P+5P+HOCHL1(Q) pryr
101l @H (8) " pP [18llLiH(Y) )’

problem (P)/Z’Q) admits at least two positive weak solutions u; and uy in X such that

Ay =

such that

(3.11)

0< /Qp(lx) (\Vm(x)\"(") /14 Vit () o) +a(x)yu1<x)\p<x>>dx < pl+ (g)p.

Theorem 3.10. Assume that there exist two positive constants ¥ and & with

§< ##, (3.12)
prllellLiqp?

H(8) < H(}) (3.13)

such that

and
he)

] —+e [P 7L T

Then, for each A > A, where
P 87 |ty — 7

P" 161l o) (H (5)—H(77))’

problem (P)/Z’e) admits at least one positive weak solution uy € X such that

/Qp<1><‘v”l< PO 1 Vi (200 + 1)y ()] )dwpﬂ(i)
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Now we illustrate Theorem 3.10 by presenting the following example.

Example 3.11. Let N =2, Q = {(x1,x2) € R} x2 +x5 < 1} CR2, p(x1,x7) = eI for all (x1,x%2) €
1

Q, a(x;,x) = oo forall (x1,x2) € Q, 0(x1,x2) = x3 +x3 for all (x1,x,) € Q and
1 2

2_t27 ’t|§1)
h(t) =
1, lt] > 1.

Thus, p~ =e, p* = €?, meas(Q) =, D =2,

2l
Ha!!u(g):/o /0 L_drd0=7In(2) and |af.=1,

1472
2 1 20e—1)m 2
k, =ke < —max{ — , =
b V2 { Va2’ win(2)/2n(e —2) } v/271n(2)
and thus, p < ?/(21;%)2 and

8l = [ [ rdrae=7.

Moreover, & is a non-negative continuous function, 2(0) # 0 and

Mo

&t [E]PT1

By the expression of &, we have
r—5 1<-—1
Hit)=S2u-45, —1<r<1,

t+3,  t>1

Thus, by choosing 6= % and ¥ =2(1+ ) we clearly observe that (3.12) and (3.13) are satisfied. Indeed,

€1 _ _
S f— g < <2> . S pt p—7'}71p>7
e e prllelliiq)p?

12¢2—38 - 56
33 3

665 (2 —(2¢)° (14+7)°)
2 (12¢—23(31—2)—38)°

and

H(5)= = H(Y).

Therefore, by Theorem 3.10 for every A > - the problem

el 42
—div((l + AYulax) )|VM(X17X2)‘EIH | _ZVM(XhXZ))

1V )2
= AlxPh(u(xr,x2)), in Q,

%:0 on dQ,

has at least one positive weak solution

X2 )C2
7 € {ueLe‘*“ (Q): [Vu| e L™ (Q)}
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such that
1 elﬂx\z \/ Zelﬂx‘z
H2<1W |Vuy (x1,2x0)| +/ 1+ [Vuy (x1,x)|
X
2
)Y 2wn)
1+ [x[2 B o2

where |x| = y/x} +x3.

A further consequence of Theorem 3.1 is the following existence result.

Theorem 3.12. Assume that h(0) # 0 and

lim hE)

g—or Ep 1 =T (3.14)

Furthermore, suppose that the assumption (3.10) holds. Then, for every A € (O,A; ), where

A - i
= — sup ,
T P 18]l @) 0 H(Y)

* .

problem (P;/Z’Q) admits at least two positive weak solutions in X.

Proof. Fix A €]0,A;[. Then there is y > 0 such that
+ D
A< 7L sup r_
PP 10]lLi () y>0 H(Y)

From (3.14) there exists a positive constant § with

Dy R —
\/P+||0‘HL1(Q)P”

such that
1 101|L1(@)H (5)
A pr &t |allLg)
Therefore, we can use Theorem 3.4 to complete the proof. O

Remark 3.13. Theorem 1.1 immediately follows from Theorem 3.12.
Now we illustrate Theorem 3.12 by presenting the following example.

Example 3.14. Let N =3, Q = {(x1,x2,x3) € R%; x? +x3+x3 < 1} C R, p(x1,x2,x3) = 4+ x} +3 +x3
for all (x1,x2,%3) € Q, (x1,X2,%3) = X} +x5 +x3 forall (x1,x2,%3) € Q, 6(x1,x2) = 1 forall (x1,x2,x3) €
Q and
204120, |t >1
woy={ O =t
22—t5, <L
. o . - _ _ _ 4 _
Direct calculations give p~ =4, p™ =5, meas(Q) = Tﬂ’ D=2,
2 rmopl 41
ellLr o) :/ / / r*singdrdpdd = — and |af. =1,
o Jo Jo 5
2 4 5 5 10
k,- = ks < ——=max — = =
P =2 { 4w \4/47r} V81
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and thus, p < r(1+4’f) Also [16]1(q) = 4.
im Y —tim e
vt H(Y) ey 1
and
i M6
g0t &
Moreover, since
En(&) .. 20041

im =—>~ lim ——-=21>5=p"
gl H(E) &l —+ee 201 + 51

by choosing v =21 > 5= p* we can choose R > 1 such that the assumption (3.10) is fulfilled. Hence,
y g p
by applying Theorem 3.12, for every A > 0 the problem
. Vau(xy p,03) [ A 2
_dw<<1 + e ) IVl 2 Vut ’x2’x3)>
= Ah(u(xy,x2,x3)), inQ,

%:o on dQ,

where |x| = y/x} +x3 +x3, has at least two positive weak solutions.

Remark 3.15. The non-triviality of the second weak solution ensured by Theorem 3.12 can be achieved

also in the case h(0) = 0 requiring the extra condition at zero, that is, there are a non-empty open set
D C Q and a set B C D of positive Lebesgue measure such that

essinf,cp 0(t).H(E)

lim sup ~ = Ho0 (3.15)
E—0t |§’p

and ot O(\H
liminf ¢ e 0O -HEG) (3.16)
E-0+ 19

Indeed, arguing as in [5, 31] let 0 < A< A*, where

. p* v
sup
pp H9HL1 ) v>0 H(Y)

Then, there exists ¥ > 0 such that

inHGHLI(Q) ¥
m —.
p H(7)
Let ® and ¥ be as given in (2.4) and (2.5), respectively. Due to Theorem 3.12, for every A € (0, 1) there
exists a critical point of I = ® — AW such that u; € ®~!(—oo,r; ), where r) = p%(%)r’_. In particular, u;
is a global minimum of the restriction of I; to ®~'(—co,r;). We will prove that the function u; cannot

be trivial. Let us show that

W (u)
lim sup = oo, 3.17)
luf—o0+ (1)

Owing to the assumptions (3.15) and (3.16), we can consider a sequence {&,} C R converging to zero
and two constants o, kK (with 0 < ¢ < 1) such that

lim essinficp 6({)H(§n) e
n——+oo |€n|[’
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and
. ) > P
esstlglf)ﬂ(t) H(E) > k|&]

for every & € [0, 0]. We consider a set 4 C B of positive measure and a function v € X such that

(k1) v(r) € [0,1] for every 1 € Q,
(kz) v(t) =1 foreveryt € 4,
(k3) v(t) =0 for every x € Q\ D.

Hence, fix N > 0 and consider a real positive number 1 with

prnmeas(¥)+pK [y |v(t)]" dt
N < .

IvII5

Then, there is ny € N such that £, < ¢ and
essinf6(1).H(&,) > n|&l"
te

for every n > ng. Now, for every n > ng, by considering the properties of the function v (that is 0 <
Ev(t) < o for n large enough), one has

(&) Jg 0(1)-H(En)dt + oy 0(2).H(Euv(t))dt
D(&Ewv) — D(&,)
pn meas(4) +ptK fp g v(1)]P dt

IviI%

> N.

Since N could be arbitrarily large, we get

i 2 E)

n—re> D(Eyv)

from which (3.17) clearly follows. So, there exists a sequence {®,} C X strongly converging to zero

= —|—oo7

such that, for n large enough, @, € ®!(—o,r) and
I (w,) =P(w,) —A¥(w,) <O.
Since u; is a global minimum of the restriction of I; to @~ !(—oo,r), we obtain
I (uz) <0, (3.18)

so that i, is not trivial.

Next, as a consequence of Theorems 3.9 and 3.10, the following theorem of the existence of three
solutions is obtained.

Theorem 3.16. Suppose that h(0) # 0 and

H(E)
1 2 <. (3.19)
D TE

Moreover, assume that there exist four positive constants Y, 0, ¥ and S with

S < Lﬁ}/%< Pt L7%<S
\/P+H0‘HL1(Q)P” prllelLiqp?
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such that (3.11) and (3.13) hold, and

H(y) _ H(8)—H(Y)
Y —pr o g

(3.20)

are satisfied. Then, for each

~ p’5p+ a1 + D
AEA:(max{l P | HL(Q)} P Y >7

" l6ll@H8) I pr [[6]LeH()

problem (P;]Z’Q) admits at least three positive weak solutions uy, ity and uz such that

néﬂb<WW@V®+VLHWM@W®+mwmwwwyug;(ﬁ>p

and

/Q L (‘Vu_] (x)‘P(X) + \/1 + |V (x)’2p(x) + o (x)|ufy (x)‘p(x))dx - i (y)l? |

p(x) pr\p
Proof. First, in view of (3.20), we have A # 0. Next, fix A € A. Employing Theorem 3.9, there is a
positive weak solution u; such that

[, 5 (190 1 B P+ ol Jar < L (L)

which is a local minimum for the associated functional 7, while Theorem 3.10 ensures a positive weak

solution 7 such that

1 1 (7\"
— | [V (x p(x)+\/1+ Vi (x 2p() 4 or(x up(x p(x)>dx><> ,

[ (Fm ViR () PP+ () (4 (2

which is a local minimum for /). Arguing as in the proof of Theorem 3.6, from the condition (3.19) we
observe that the functional [, is coercive. Then it satisfies the (P.S) condition. Hence, the conclusion

follows from the mountain pass theorem as given by Pucci and Serrin (see [23]). 0
The following existence result is a consequence of Theorem 3.16.

Theorem 3.17. Assume that h(0) # 0,

H
lim sup (@ = +oo (3.21)
E—0t ép
and
limsupH(é,) =0. (3.22)
E—+too 517

Furthermore, suppose that there exist two positive constants ¥ and S with

pvp’ < $ (323)

prlalliig)p?

such that B
HO) _ pt HE)
7 el 87

(3.24)
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(P Hauu & a
Ol HO) o7 Tl 10T0af )

problem (P;Z’e) admits at least three positive weak solutions.

Then, for each

Proof. We easily observe from (3.22) that condition (3.19) is satisfied. Moreover, by choosing § small
enough and y = ¥, one can drive condition (3.11) from (3.21) as well as the conditions (3.13) and (3.20)
from (3.24). Hence, the conclusion follows from Theorem 3.16. ]

Remark 3.18. Theorem 1.2 immediately follows from Theorem 3.17.
Finally, we present one application of Theorem 3.17 as follows.

Example 3.19. Let N > 1, p~ > N and Q C R" be an open bounded domain with smooth boundary 9Q

such that
1

p_—N )
Q)< |
meas(Q) < =y <diam(9)”>

Also let
L 2% 711+ meas(Q))*
C-Dle-nr T

p

t2
h(t) =1+ -——>, forallteR
+1

p— —1

and [|||L1(q) = 1. Now, by choosing & in such a way that ||| (q) = ||| = | we have p < 27 (1 +meas(Q)),
h is a non-negative continuous function, 2(0) # 0,

H(t) =2t —arctanz for allt € R,

H(E) — lim 2& —arctan & _

go0t & goor &P
and
H(é_) — lim 2¢ —arc_:tané _o.
E—stoo EP E—too &r

Moreover, by choosing 7= e and § = 1, we see that (3.23) and (3.24) are satisfied. Hence, by applying
Theorem 3.17, for every

or -1 1+meas(Q))1’7 pH(e— 1)!’7—1
meas(Q)(2—%) 27 meas(Q)(1+meas(Q))? |’

the problem

—div < (1 + V%) |Vu|P(x)_2Vu> (o) ]2
= 26(0)(1+ 155%5), in Q,
5 =0, on dQ

has at least three positive weak solutions.
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Remark 3.20. We point out that the same statements of the above given results can be obtained by
considering

M(t) = by +byt, fort e [t,k],
where b1, by, 1 and K are positive numbers. Arguing as in the proof of Theorem 3.1, the first and second

solutions can be obtained.

Remark 3.21. We note that the same statements of the above given results can be obtained by consid-
ering p(x) = p. In this case, the p(x)-Laplacian operator is the well-known p-Laplacian. The p(x)-
Laplacian is more complicated nonlinearities than p-Laplacian. For example, the p-Laplacian operator
is (p — 1) homogeneous, that is, A,(su) = s"~'A,u for every s > 0, but the p(x)-Laplacian operator is
not homogeneous.
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