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Abstract. In this article, we study existence results for Riemann-Liouville fractional sum-difference equations with a nonlocal
fractional difference and fractional sum boundary value conditions based on the Sadovskii’s fixed point theorem. The inves-
tigated equations contain different orders of fractional differences and fractional sums. Finally, we present some examples to
show the importance of these results.

Keywords. Boundary value problem; Existence; Fixed point theorem; Fractional sum-difference equation.

2010 Mathematics Subject Classification. 34B10, 39A13, 39A70.

1. INTRODUCTION

In this paper, we consider Riemann-Liouville fractional sum-difference equations with a nonlocal
fractional difference boundary value conditions of the form

A%u(r) :A*"f(t+oc+6—1,u(t+a+9—1),Aﬁu(t+a+e—ﬁ)>,

Mu(oe—2)+u(T+ o) = ¢(u),

LA u(—v—1)+A"u(T+a—-v+1)=e¢(u), (1.1)
and a nonlocal fractional sum boundary value conditions of the form

mu(e—2) +u(T +a) = (u),

WA u(e+y=2)+ A "u(T+a+7y) = ¢u), (1.2)
where r € No7:={0,1,...,T}, 1<a <2, 0<6,B,7,v<land A;,As, s, 4p > 0 are given constants,
f€C(Ng—27+a x RxR,R) is a given function and ¢, ¢ : C(Ny_2 714, R) — R are given functionals.
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Discrete fractional calculus and fractional difference equations have been interested from many re-
searchers since they can used for describing many problems in the real-world phenomena such as physics,
chemistry, mechanics, control systems, flow in porous media, and electrical networks. Mathematicians
have employed this fractional calculus in recent years to model and solve various applied problems. Ba-
sic definitions and properties of fractional difference calculus can be found in the book [1]. In particular,
fractional calculus is a powerful tool for the processes which appears in nature, e.g., biology, ecology
and other areas, can be found in [2]-[6] and the references therein. A good account of papers dealing
with discrete fractional boundary value problems, which has helped to build up some of the basic theory
of this area; see [7]-[23] and references cited therein.

Presently, there is a development of boundary value problems for fractional difference equations which
shows an operation of the investigative function. The study may also have another function which is
related to our interested one. These creations are incorporating with nonlocal conditions which are both
extensive and more complex, for example, Agarwal et al. [7] investigated the existence of solutions for
two fractional boundary value problems

A#—Zx(t) = g(H‘N - 1,x(t+[.l - 1),Ax(t+u - 1))7 re NO,b+27

u (1.3)
x(u=2)=0, x(u+b+1) =Y, | x(k),
where 1 <y <2and g € C(Ny_1 y4p41 X R xR,R) is a given function, and
A o x(t)=glt+u—2x(t+1n—2)), t€Nypi3,
H_3x( )=g(t+u x(t+p—2)) 0,b+3 (1.4)

x(—3) =x(n+b+1) =0, x(ar) = X, x(k).

where 2 < u <3, a,B,7y<€Ny_54p,and g € C(Ny_5 ;i1p1 x R xR, R) is a given function.
Kang, Li and Chen [9] obtained sufficient conditions for the existence of positive solutions for a
nonlocal boundary value problem

—AMy(t) = Ah(t+p—1) fy(t+u—1)), €Ny,
y(pu—=2)="Y¥(), y(u+b)=D(y),

where 1 < pu <2, feC([0,%),[0,0)), h € C(Ny_y y4p—1,]0,00)) are given functions and ¥, P :
C(Ny—2,u+p,R) — R are given functionals.

(1.5)

Sitthiwirattham [18, 19] examined three-point fractional sum boundary value problems for fractional
difference equations of the form

AZ[@,(ABX)] (1) = f(t 4+ 0+ B — Lx(t + o+ B —1)),

. (1.6)
Acx(aa—1)=0, x(+B+T)=pA~"x(n+7),
AL(AD 5 +AER)X() = f(t+a+B—1x(t+a+B—1)), 0

xa+p-2)=0, x(a+B+T)=pA, 1, x(n+7),

where t € Nor, 0 <, <1, 1 <a+B<2,0<y<1,1n€Ny g 1aq+p+7-1, P is a constant,
f:Ngip-2,a+p+r X R — Riis a continuous function, Egx(¢) = x(t + 8 — 1) and ¢, is the p-Laplacian
operator.



ON NONLOCAL BOUNDARY VALUE PROBLEMS 3

The organization of this paper is as follows. In Section 2, we recall some definitions and basic lem-
mas. Also we derive a representation for the solution to (1.1)-(1.2) by converting the problem to an
equivalent summation equation. In Sections 3 and 4, using this representation, we prove the existence of
the solutions of boundary value problem (1.1)-(1.2) with the help of the Sadovskii’s fixed point theorem.
Some illustrative examples are presented in Section 5.

2. PRELIMINARIES

In this section, let us first collect some basic definitions and lemmas which play an important role in
this article.

Definition 2.1. The generalized falling function defined by
o, _Fl+1)
rt+1-—a)’
for any ¢ and o for which the right-hand side is defined. If t + 1 — « is a pole of the Gamma function and
t+ 1 is not a pole, then t% = 0.

Lemma 2.2. [17] Assume the following factorial functions are well defined.
(i) (t—p)* =" where u e R.
(i) Ift <r, then t* < r% for any a > 0.

Definition 2.3. For o > 0 and f is defined on N, := {a,a+ 1,...}, the a-order fractional sum of f is
defined by

fort € Nyyq and o(s) = s+ 1.

Definition 2.4. For a > 0 and f is defined on N, := {a,a+1,...}, the o-order Riemann-Liouville
fractional difference of f is defined by
1 1H+a

g Lol

S=a
where t € Ny y_g and N € Nischosen suchthat 0 < N—1 < a <N.

A%f(t) := ANA~ V=% f (1) =

Lemma 2.5. [17] LetO<N—-1< a <N. Then
ATYA%Y(t) = y(t) + Ct% L+ ot %2 4 Oyt ®Y,

for some C; € R, with 1 <i <N.

The following lemma deals with the linear variant of the boundary value problem (1.1) and gives a
representation of the solution.

Lemma2.6. Ler Q#0, 1 < <2,0<0,v<1, heC(Ng_i1740-1,R)and ¢,¢:C(Ng_27+4,R) = R
be given. Then the problem
A%(t) =AMt +a+6-1)], r€Nor,
Mu(oe—2)=—u(T+a)+ ¢ (u), (2.1
LA u(e—v—1)=—-A"u(T+o—v+1)+o¢(u),
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has the unique solution

u(t)

0|

T+o+1s—ar+a—1

Y Y )Y T+a-v+1-o0(s)x
(6) s=0 r=0&=0—1

| — |
S
E
|
3
|
=
3
2
=

1 t—a s+o—1 B . ﬂs L -
EEE) &y, L N T e a8 -1 -0 () k)
where
1 T+o+1 i an A
® = 7y S:§72(T+G—V+1—G(s>)—s—+ T(a—1)[a—v—1],
1 TH+a+1 ot et
YT e & ey el (@),

Q = O(T+a)> = —¥[L(a—1)+(T+a)%2].

Proof. Using Lemma 2.5, a general solution for (2.1) can be written in the form

M(l‘) = CIIL_]—FCQIL_Q
t—o s—0
b L N o )e s o) e r a0 1)

Ma)r(e) &, %,
forr € Ny o47. Applying the first boundary condition of (2.1) implies

Ci(T + )1 +Cy [MT (= 1) + (T + ) %3]

Z (T +0—0(s) % (s — 0 () h(E+a+0—1).

(2.2)

(2.3)

2.4)

(2.5)
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Using the fractional difference of order 0 < v < 1 for (2.4), we obtain

AU = gy X G- e() P B Y (- 0() e
VYN (a(9) 25— o)L x
MV @I6) & 2,2,

fort € Ng—y_1 74+a—v+1. The second condition of (2.1) implies

1 - —v—1 _o-1
C1 m sz;_l (T + o—V + 1 — G(S))iSi‘FAZF(a)

1 T+oa+1
) (TH+a—v+1—0(s)~Ls%2 4 LT (o —1) [ — v — 1]]

O | =
F(—V) s=0—2

T+a+1ls—o r—

- - e & ,205_2_9”“ Vet
(r—0(&)h

(E+a+6-—1). (2.6)
Constants C; and C, can be obtained by solving equations (2.5) and (2.6), respectively

¢ = glz{ (AT (o= 1)+ (T +a)%2] |o(u)+ F(—v)T(a)T(0) X

T+o+1s—o rf (T+o—vil— G(s))L_l(S_ G(r))L_](r— 6(5))9;‘}:(5 +o+0— 1)]
s=a r=0&=-6

+D | (u)— ;}égeﬂa o(s))%L(s 0(5))‘“h(§+a+6—1)]},
T s—6
G = é{w ¢<u>+F(a)lr(e)5_05_29<T+a—c(s))“-%s—o(é))‘“h(é+a+e—1>]
| 1 T+o+1ls—a r—06 vl
+(T+ 0)*= ‘P(”)_r(—v)r(a)r(e) L r—Oé_Z—e(T+a_v+1_G(S)) X

where @, ¥ and Q are defined by (2.3). Substituting constants C;,C, into (2.4), we obtain (2.2). O

Next, the following lemma deals with linear variant of the boundary value problem (1.2) and gives a
representation of the solution.
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Lemma2.7. Let A#0, 1< <2,0<0,y<1,g:C(Ng—17+0-1,R) and ¢,¢ : C(Ng_274a,R) > R
be given. Then the problem
A%u(t) =A"°[g(t+a+0—-1)], teNyr,
tiu(e—2) = —u(T+a)+ ¢(u), (2.7)
A u(a+y=2)=-A"Tu(T+o+7y)+ ),
has the unique solution

ta—l

1 Tto
u<t>=A{ L (raty- o),

T s+oa—
O ar ) 72 (T+a—of ))“1<s+a+9—1—o<é))“g<é>]
b [Tl — D)+ (T+@)%2] [p(u) - =1

C(y)T(e)l'(8)

T+os—o r+o—1
Yy ¥ <T+a+v—o<s>>“(s—o<r>>°”<r+a+e—1—c@))“g(&)]}

s=a r=0 5:05_1

t(x72 1 T+a 1 ol
+— = T+oc+ — o (s))Ls® %

T s+o— 1
¢ (u) — ‘ ))“1(s+06+9—1—0(§))918(<§)]
s=0&=a— 1
T+as—orto—
o o) —
T+ 0w~ rory ;ZO Z (T+a+y—o(s)=
(s—o(M)*r+a+0—-1-0(& ]}
1 t—os+o—1 o 0_1 01
* @) By, L [~ OON S ook 6 -1 - 0E)=alE),
(2.8)
where
_ [wl(e— 1)+ (T + a)*=2] T&e _o(s)) et
A= ) L Traryetr
T+a
(T4 @)% | (e — 1) + r;y>s§z(r+a+y o (s))1=Lse2 (2.9)
Proof. Using Lemma 2.5, a general solution for (2.7) can be written in the form
u(t) = Cir%=14 =2 (2.10)
t—o s—60
b Y Y (o) s - o) hE +at0-1)

(o)r(0) & .=,
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fort € Ny o47. Applying the first boundary condition of (2.7) implies

C (T + )%=+ C [T (00— 1) + (T + o) 4=2]

(2.11)
T s—06
- ¢w»—na;w);wz<r+a—o<»“lu—c@»&4a5+a+e—n.
s=0&=—0
Using the fractional sum of order 0 < y < 1 for (2.10), we obtain
A Vu(t
= O Y ety B Y (o)t s
F(’}/) s=a—1 (Y) s=a—2
1 t=Ys—or—0
o) & b & 0Ll et o@) e ek oy
fort € Ngyy—2 7+a+y. The second condition of (2.7) implies
C; oo
Ty SZ;_I (T +o+y—o(s))Ls%L
+C. l“(Oc—l)—i—L Tia (T+a+7y—o(s)"Ls%=2
2 |2 I(y) &, Y —
T+as—a r—6
= ‘P(”)_r(y— )y Z})éZ (T +a+y—0(s) s —o(r)*x
S=A r =—0
(r—o(€) gt +a+6—1). (2.12)

Constants C; and C; can be obtained by solving the equations (2.11) and (2.12), respectively

c B 1 1 T+a - 1 a2
L= ATy Y (T+a+y—o(s)ts%2x

s=0—2

00~ FraT Z ¥ (7 oot s—0(8) e +a+o-1)

s 06=-0
+ [T(a—1)+ (T - a)“—z] X

~

-
)~ e & &

HM‘

(T4 ety o) (s — o)™ x

-0

U—c@»91ﬂ§+a+9—wl}
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where A are defined by (2.9). Substituting constants C;,C; into (2.10), we obtain (2.8) immediately. [J

In the following we will give two existence results for problems (1.1)-(1.2) with help of Sadovskii’s
fixed point theorem.

Definition 2.8. Let M be a bounded set in metric space (X,d). Then Kuratowskii measure of noncom-
pactness, a(M) is defined as

inf{e : M covered by a finitely many sets such that the diameter of each set < €}.

Definition 2.9. Let @ : D(®) C X — X be a bounded and continuous operator on a Banach space X.
Then @ is called a condensing map if o/(®(B)) < a(B) for all bounded sets B C D(P), where o denotes
the Kuratowski measure of noncompactness.

Lemma 2.10. [24] The map K + C is a k-set contraction with 0 < k < 1, and thus also condensing if
(i) K,C:D C X — X are operators on the Banach space X,
Kx—Ky|| < k||x—y||, for all x,y € D and fixed k € [0, 1),

(ii) K is k-contractive, i.e.,

(iii) C is compact.

Theorem 2.11. [25] (Sadovskii’s fixed point theorem) Let B be a convex, bounded and closed subset of
a Banach space X and let ® : B — B be a condensing map. Then ® has a fixed point.

3. EXISTENCE OF SOLUTIONS FOR FRACTIONAL DIFFERENCE BVP 1.1

Now, we wish to establish the existence result for problem (1.1). To accomplish this, we denote that
¢ = C(Ng_2,a+1,R), the Banach space of all function « with the norm defined by

o = max{|lull, [ APul},

|

where [[ul| = max |u(r)| and [|[APu|| = max |APu(r—PB+1)|. We also define an operator .% :
t€Ng 2.a+7 t€Ng 2047
€ — € by

(Fu)(t) = (Fr1u)(1) + (Fou)(1), (3.1
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where
(F1u)(t)
a-1
:tQ {[MF(a—l)—i—(T—i—a)az] (p(u>+F(—v)F1(a)F(9)X
era: i i T+a—v+1—G(s))*vfl(s—c(r))a—*l(r+a+9—1—6(5))ﬂx
1 T s+a—1 o
FEu(E) 2PuE =B 1)+ |0~ gy 1y Y (T+aol)e=tx
(s+0+6—1-0(5)2=Lf(8,u(§),APu(§ —B+1)) }

102 w 1 T sto—1 . el 01 o1
+5 ¢(”)+F(a)r(9) Y_Oé_za‘,_l( +o—0(s) % (s+a+0—-1-0(&))%x
fEu(&),APu(&—B+1))

. 1 TH+o+1s—ar+a—1
+(”O‘)["’(”)_n—v)r(oor( o) L, L L Mre-vil-ol)
(s—o ()2 tr+a+6—1-0(8)LF(E,u(§), APu(s —B+1)) }
(3.2)
and
(Fou)(t)
1 t—a s+o—1

= o L Y, ((—0() s ta+6-1-0(8) " f(&u§), A u§ —B+1)),
(3.3)

with @, ¥ ad Q are defined on (2.3). Hence, problem (1.1) has solutions if and only if the operator .#
has fixed points.

Theorem 3.1. Assume that f : Ng_2 710 X R xR — R is continuous and ¢,¢ : C(Ng_2740,R) = R
are given functionals, satisfying the conditions:

(Hy) There exist constants Ly,Ly > 0 such that for eacht € Ny_3 g7 and uy,uz,vy,v2 € R
|f(t,ur,vi) — f(t,uz,v2)| < Ly|uy — vi| + Lo|up — va|.
(Hz) There exists constants Y, ® > 0 such that for each u,v € €
19(0) = 0(v)| < Wllu—vlly and [p(u) — 9(v)| < |lu—v]ls.

(H3) =104+ yE+ oY <1,
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where

T = max{L;+Ly},
o — (T+a)*=L T(T+oa+6+1) y
Q| T(o+6+D)I(T+1)

(3.4)

“MH&—D+U¥UW2yrng&;?@_ '

(T+a)*=2 T(TH+o+6+1) w1 D(T—v+2)
Q| 'r(a+9+1)r(T+1)"T_(T+“’ 1'r(1—v)r(T+2)
. (T+a)! ¥
= Q| [¢+T+2]’
Y = W[Alr(a—1)+(xl+1)(r+a)“2}.

Then problem (1.1) has at least one solution on Ng_5 o17.

Proof. Let Bk = {u € € : ||u||¢ < R} be a closed bounded, and convex subset of ¢ := C(Ng_2 o+7,R),
where R will be fixed later. We define a map % : Bg — C as (Fu)(t) = (Fu)(t) + (Fu)(t), where F#;
and .%, are defined by (3.2) and (3.3) respectively. Notice that the problem (1.1) is equivalent to a fixed

point problem .# (u) = u.

Step L. (% u)(Bgr) C Bg.
Set max |f(z,0,0)| =M, max |o(u)| = A, max |@(u)| = B and choose a constant R such that
u€Bg UebR

teNg 271 a

= I'(T+o+6+1)
AZ+BY+M (® T r(a+e+1)r(r+1))

R >

- —- D(T+a+6+1) )
l-—yE-woY+7 <® + ‘r(a+e+1)r‘(r+r))

Denote A (u,0) = | f(t,u(t), APu(t — B +1)) — £(£,0,0)| + | £(£,0,0)|. For any u € Bg, we have

[(Fu)(1)|
o=l o 1

T+o+1s—or+o—1

Y Y T+a-v+i-o0(s)Ls—o(r)“r+a+0-1-0()% ! x
s=0 r=0¢&=a—1
N (u,0)

+@ | (19(u) = 9(0)[+1¢(0)]) — =5 )

(s+a+0—1- c(a:))*’—uV(u,O)] ‘
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=2 T s+o—
o [ [ (10() — 0(0)[ +[0(0)]) + Z (T + 0o —o(s))* x
€| 0EZa-1
(s+o+6—1-0(8)% A (u,0)| + U+QW1[0MW—¢®N+WWW

(s—o(r)*Lr+a+6—1-0c(&))%=L JV(uO)”

| &,
(T+ o)=L v
<w||ur%+A>{ - {<b+ == }

—HwWMMJg{Uﬁgr”[Mna—U+QrHNT+maﬂ}

f a5t o+ —1—0(E))2=L N (u,0)
_|_

IN

(T+o)*=L T(T+a+6+1)
+”WMHJ@{ @ T(at6+1I(T+1)

‘ [lll“(oc—l)+(T+oc\“ 2] F(T—V—|—2) - '

L(1—wI(T +2)

(TH+a)%=2 T(T+a+6+1) w1 T(T—-v+2)
Q] 'Ha+9+UHT+U‘qL%T+a}I'HI—WHT+ﬂ
(T+a+6+1)
T(a+6+1)T(T+1)
< WW+ME+WW+BH+@R+MWE+Fég;ﬁSg;2U>,
and
(FAPu)(t—B+1)
# v _ —ofs fﬁflsocifl . =2
< ’Q|F(*ﬁ)s:§’_1(t B+1—o(s)=L=L [MD(a—1) + (T + o)*==2] x

(LiJull +La|| AP u] + M)
T(—v)[(a)T(6)

[(@]ull¢+B)+

T+o+1s—ar+a—1

Y Y Y T+a-v+1-o(s)

s=o r=0 é:a-]

(s=o(M)*(r+a+o-1-0()°!]
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(Lillull + Lol| APl +-0) I, 55

o (e +4) - =Dy B L (e o)t
@+a+e—1—o@»&ﬂ
1 t+1
ey L 1B+ 1= o) P2 (v
(ol ) Zogz (T a0l (s +a+6-1-0(§)0-]

Ly |Jul| + Lo||APul| + M)
T(—v)[(a)[(6)

T+ 0% (@l +5) -

f i i (T+a—v+1-0()s—0(r) = r+a+6-1-0(&)*~]
) t+1s—o s+o—1
+(L1Huu+LzHAﬁuu+M) YY Y (-B+1-0() P s o)t x

s=0r=0£&,=q—1

(r+a+6—-1-0(&))%!

_( T(T-B+2) 0(T —B+2)
< (Yllulls +4) {~ <r(1 _ﬁ)r(T+2)> }“ ){Y (m —B)F(T+2)) }
(T —B+2) [(TH+a+6+1)
—wag+M%®<FU_mrw+%> Tat6+ DT +1)

(T — B +2)
[(1-B)I(T+2)

< (YR+A)E+ (w0R+B)Y+ (TR+M) <®+

O(T+o+6+1)
na+9+UHT+m>

Therefore, we have that ||.Zu||¢ < R. Hence (-#u)(Bgr) C Bg.

Step IL. .#; is continuous and ) -contractive.

Let € > 0 be given. Since f is continuous function, there exists a positive constant & = min{d;, &, 03 }
such that for eacht € Ng_» o7 and forany u,v,APu, APv e By, | f(t,u(t), APu(t—B+1))— f(t,v(t), APv(t—
B+1))| < 3% whenever |lu—v|x < &1, [¢(u) — ¢(v)| < 5z whenever [[u—v||x < &, and |@(u) —@(v)| <
57 Whenever |lu —v|l < 8. Thus, we obtain

(F1u) @) = (FW)O] < |f@u(),APult = B+1) = f.v(1), APVt~ B +1))|©
o) —9V)[E+|pu) —o(v)|Y
£ ELE

£ 8 8 _
33 3

Similar to the proof above and Step I, we obtain ||(AP.Z))u — (AB.Z))v| < || F1u— F1v| < €. Hence,
|-Z#1u— F1v||¢ < €. This means that .%; is continuous on Bg.
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Next, we show that .%] is y-contractive. For any u, v, AP u,Aﬁv € B and for eacht € Ng_5 o7, We

have

Hﬂm—ﬁ]v“

= max 7(T+ a)L_l
|1

[T (00— 1)+ (T + )2 [wH

teNg 2 qir

(r+a+6—-1-o(&))°%!

N

>

+§: 1(T+(X—G(S))OH(S+(X+9—1—0'(5))_1] ‘
a—1

s=0&=a—
(T +a)%=2 T|u—vle
lP _— G ><
s+o—1
0—1 —1

3

s=0¢&

Y T+oa—-0(s)*ts+a+6—1-0(&))%t
=o—1

Ol — e
T T(-VN(@T0) & 5.5,

(s—o(r)“Lr+a+6—1-— 0'(5))]

(T +o)%=t v
‘I’H“—VH%{’Q‘ [‘IH— T—&-Z] }

erHuv”%ﬂ{w [/lll"(a D)+ M+ 1)(T+ a)L—Z] }

IA

T+o)*! T(T+a+60+1
+T|lu—v g‘{( +a) ( + )

Qf T(a+6+DI(T+1)

[(T—v+2) (T + o)2=2
ru—wﬂ1T+2)_¢' a =

}

Similar to the proof above and Step I, we obtain ||AP.Zju — AP.Z\v|| < || .Zu— Fv|| < xllu—v|e.
Hence, || #ju— 7 v «- In view of assumption y < 1, we find that .7 is ) -contractive.
Step III. .%; is compact.

In Step I, it has been shown that .%; is uniformly bounded. Now we show that .%, maps bounded sets
into equicontinuous sets of ¢". For any € > 0, there exists § € N such that for 1,1, € Ny 74 ¢

‘ (AT (00— 1)+ (T + a)%2] -

(T —-v+2)
T(1—v)(T +2)

[(T+a+6+1)
C(a+ 6+ 1)I(T+1)

— [yE+ ol +10] [u

"P (T + a)%=L.

¢ < xllu—v
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I'(tr+1 't +1 elNa+1
(+1) T+l ‘ (a+ )whenever]tg—t1\<5.

Cta—a+1) T(t—oa+1) 1flle

For any u € Bg, we have

Fou(ty) — Fou Ltrl 1= ()L £(s,uls), APu(s —
| Fou(ty) — Foulti)] < (0 S:§_1(12+05 L—o0(s)*=[f(s,u(s),A%u(s — B+ 1))|
nh—1
- T (a1 o) o). Puts— e 1)
[ ‘ Tnp+1)  T(u+1) ’
- INa+1)|I'—a+1) T'(h—o+1)
< E.

Similar to the proof above and Step I, we obtain ||AP FZou(ty) — AP Fou(t))|| < || Fau(tz) — Fou(ty)|| < €.
Thus (%) (Bg) is an equicontinuous set. Therefore it follows by the Arzeld-Ascoli theorem that .7, is
completely continuous. Hence .%; is compact on Bg.

Step IV. .7 is is condensing.

Since . is continuous, y-contraction and .%; is compact, we find from Lemma 2.10, % : B — By
with .F = %) + %, is a condensing map on Bg. Consequently, by Theorem 2.11, the map .% has a fixed
point which implies that problem (1.1) has a solution. U

4. EXISTENCE OF SOLUTIONS FOR FRACTIONAL DIFFERENCE BVP 1.2

Next, we wish to establish the existence results for problem (1.2). To accomplish this, we define an
operator & : ¢ — € by

(Zu)(t) = (Z1u)(t) + (Pu) (1), 4.1)

where

o=l 1 1 T+a
(Z1u)(t) = { Z (T + o+ y—0(s))=Ls%2x

F s=0—
T s+a—1
s=05=a—1

FEuE),APuE—B+1)) |+ [T(a—1)+ (T +a)*2] x

T+os—or+o—
[(P(u)—rm ; ; E (T + o+ 7~ 0(s) s — o (r)) =t

}

(ra+0—1-0(8) = f(&u(§).APu(E—B+1))
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(V) oo ()[(6)
T s+oa—1
Y Y T+a-o()* s+a+6—-1-0(8)=f(&,u(),APu(E—B+1))
s=0&=a—1
“4.2)
(o) - o Y Y Y (T @yl
( C(y)I( s=0 r=0 E—a 1
(s—o(n))=tr+o+0—1—0(&) =L f(E,u(E),APu(E —B+1)) }
and
1 t—o s+a—1 a1
(200 = gy &y, L (o)™
(s+o+0—1-0(E)=LF(E,u&),AulE—-B+1)), (4.3)

where A are defined on (2.9). Hence, problem (1.2) has solutions if and only if the operator F has fixed
points.

Theorem 4.1. Assume that f : Ng_2 710 X R xR — R is continuous and ¢,¢ : C(Ng—2740,R) = R
are given functionals. In addition, suppose that (H,) — (Ha) hold, and (Hy) @ := 10+ yE + oY < 1

where

5 (T+a)*=t  T(T+a+6+1)  D(T+y+1)
B |A| C(a+0+1)I(T+1) T(y+1)I(T+1)
e
+(T—|—o¢)°‘;2' D(T+a+6+1)  T(T+y+1)
Al C(a+6+D)I(T+1) T(y+DI(T+1)
a1 (THy+DI(T+a+1)
(T+ o)~ T+ O)O(T+2) |
= _ (T+a)*! T(T+y+2)0(T +oa+1) T—l—}'—|—2+1
- |A| C(y+ D)I(T+2)0(T+3) | T+2 ’
Y ‘Nl [D(a—1)+ (T + )22 — (T+oc)“—’1’. 4.4)

Then problem (1.2) has at least one solution on Ng_2 o17.

Proof. Let By = {u €% : |lul| < p} be a closed bounded and convex subset of € := C(Ng_2 g+7,R),
where p will be fixed later. We define a map & : B, — C as (Pu)(t) = (P1u)(t) + (Pou)(t), where
P and &, are defined by (4.2) and (4.3) respectively. Notice that the problem (1.2) is equivalent to a
fixed point problem & (u) =

Step L (2u)(B,) C B,.
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Set max |f(¢,0,0)] =M, max|¢(u)| = A, max |@(u)| = B and choose a constant p such that
uEBR uEBR

teNg 271 a

I(T+0+6+1)
AE+BY+M <® T Narornr7+D )

T+a+6+1 ’
1—yE—oY+7 (®+ r(a(+9+a1)r(r+)1))

p>

Denote A (u,0) = | £(t,u(t),APu(t — B+ 1)) — f(z,0,0)| + | £(¢,0,0)], for any u € By,

(T +0o+7=0()=5*2 | (|¢(u) — 9(0)] + 9 (0)])

Y (T+0a—0(s)% s+ 046 - 1-0(£)% 4 (1,0)
E=a—1

+
) &

=0—

T s+a—1
o) L

s:O

+ [D(o—= 1)+ (T + o) *=2] [(!‘P(u) —9(0)[+e(0)])
T+os—o r+o—1

T T(N(a)T(0) Lis—o(r))2=L
rorare &, &y L (a7 ot ot

(r+a+60—1—0(&)2=L 4 (u,0)

S N s g y— o() 5L | (10 () — 9(0)]+[0(0)
AL\ T, &, 4 *
T s+o— 1
))"“1 (s+a+6—1-— 0'(5))9‘]%/(%0)]
s 0é=a— 1

B (T_Hx)al[(|(p(u)—¢(0)|+|¢(0)|)_1"(y)r(la)r@x

i f" (T+a+y—o(s)= l(s—cr(r))“l(r—l—a—i-e—1—6(5))61/(14,0)] }

| ,_.

I(a)T(6 Z i t—0(9)* (s +a+0—1-0(§))*= A (u,0)

-1

- gM‘

(Tﬁz)"‘ r(( 7;;(;+(;;—(?i;)) (wllullg +A) = (Ly ||l + Lo || APu]| + M) x
nggf 1+>1?<;1+) | A Te= D+ (T + )= [<w|u||<g+3>

D(T+y+)I(T+a+0+1)
T(y+ DI (a+ 6+ 1)I(T + HI(T + 1)

— (Ly|ull + Lo || AP ul| + M)
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(T + a)%=2
Al

(T +y+2)[(T+o+1)

0 — ﬁ

O(T+o+6+1)
T(a+6+1)I(T+1)

—U+QW][MWN%+Q—GMWWHdAmM+MV

O(T+y+ )T +a+6+1)
C(y+ DI+ 6+ 1)I(T + 1I(T +1)
O(T+a+6+1)
(a+0+1I(T+1)
(T+a)% =L D(T+y+2)0(T +oa+1)

A T(y+ D)I(T +2)I(T +3)

-+(14HMH-FL2HABMH-¥A4)F

SOHMM+M{

T+y+2
1
]

}

(T+a)*=L T(T+a+6+1)  T(T+y+1)
A Cla+60+D)I(T+1) T(y+D)I(T+1)

i [T(a—1)+ (T + 0)%2) — (T + a)2=L

+MMW%+@{

-HWM%+M{

U+Y+””+Y+DHT+a+D+u4Nan+U+aﬁi]

(T+2)(T+ DI(T +3)
(T+a)%2 T(T+a+6+1)  T(T+y+1)

A La+0+D)I(T+1) T(y+1)I(T+1)
et (THYHUDT+a+ )| DT +at6+1)
(T+o)*—— (T+DI(T +2) Ca+6+1)I(T+1)

~ ~ ~ (T 60+1
S(l//R+A)E+(wR+B)T+(TR+M)<®+F (T+at6+l) >,

(0+6+1)I(T+1)

and

(28 u)(t =B +1)|

1 1 1 a1 | DT +y+3)0(T+a+1)
= !A\r(—ﬁ)S:;l(t_ﬁ“_c(s))ﬁs*] T(y+ DI(T+3)0(T+3)
[l +4) = Ll + Lol &Pl M) g )

ot [T(@ = 1)+ (T + @)%2) [ (@]julls +B) = (L Jul + Lo [ AP + 1) x

D(T+y+)I(T+a+0+1) }
T(y+ DI(a+ 6+ 1)I(T + HI(T + 1)

1 t+1

- _ —ofs —,B—lsafz
FIAITp) & P o)

s=o—1

(T +y+2)0(T+a+1)
T(y+ DI(T +2)[(T +2)
O(T+a+6+1)
(a+9+nnT+U]

X

(WMM+M—@MMH¢MMMH%@F
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¢+ B) — (L1 ||u|| + Lo || AP u| + M) x

(T + )% (0]u

T(T+y+D)I(T+a+6+1) }
T(y+ (o + 6+ )I(T + DI(T +1)

(Ly ||u|| + Lo || APu|| + M) | & o s+ N N
(=) (a)I'(6) :Z; Z (t—B+1—0(s)L=L(s— o(r))2L

(rto+6—1-0(&))=L

(T—-B+2) ~ I(T—-B+2)
(Fi o) }““’”””‘*”*B){T(m—mrmz)) }

~ (T—-B+2)
“M){@(r(lmr(ﬂm)

I(T-p+2)
(1 —B)r(T+2)
< (WREA)E + (@R + B)Y + (tR+ M) <@+ F(z(fgf;;g(;lj 1))

(3N

< (‘l/||MH<€+A){

D(T+a+6+1)
T(a+6+1)I(T+1)

+ (u

Therefore, || Zul|4 < p. It follows that (Zu)(B,) C Bp.

Step I1. &7, is continuous and g-contractive.
Let € > 0 be given. Since f is a continuous function, there exists a positive constant § = min{d;, &, 93 }

such that for eacht € No_5 o7 and for any u,v, Aﬁu,Aﬁv € By

f(tu(e), APu(t — B+ 1)) — ft,v(t), ABv( — B +1))| < 3% whenever

lu—vlls <6,
¢ < 02,

o) —o(v)| < 3% whenever |ju —v

—

and |@(u) —@(v)| < % whenever ||u

Thus, we obtain

(P1) (1) = (2] < 1f @ u(e), APule = B+ 1) = £(t,v(1),APv(t = B+ 1))|©

+0(u) =9 E+ o) — 9(v)| Y
£

< EJrerE—e
33 3

Similar to the proof above and Step I, we obtain

(AP 2))u— (AP Z))v|| < || 21u— 10| < €.

Hence, | Z1u— Z1v||¢ < €. This means that & is continuous on B,,.
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Next, we show that 2, is @-contractive. Denote .7 (u,v) = f(t,u(t), APu(t — B+1)) — £(t,v(t), APv(t —
B+1)), for any u,v, APu,ABy e B, and for each € Ny_5 o7, we have

[(Z1u) (1) = (Zw) (1)

(T + a)2=L
= max
t€Ng-2,a+T ’A’
(T +0o+0+]1)
T(o+ 6+ DI(T+1)

D(T+y+ DT +a+0+1) }

D(T+y+3)0(T+a+1)
e DI T £3) [0 00— 17 )l x

[+ an [T(@=1)+ (T +0)%=2] [jg() - 9(v) — |7 (w,v) %

L(y+ Do+ 60+ )T+ 1)I(T+1)
(T +0)%2| (T +y+2)0(T + o+ 1)
Al [(y+ DHI(T +2)I(T +2) [W’(M) —0(v)| =[S (u,v)|x

o B )T () lg() - o)~ 1 ()

}

o 1c)

_l’_

T(T+y+D)I(T+a+6+1) }
T(y+ D)(0+ 6+ 1)I(T + 1I(T +1)

< Yllu—v|¢E+olu—v|e X +1|u—v

— (VE+ T +10) Ju—vlq
= Pllu—v

@

Similar to the proof above and Step I, we obtain

||Aﬁ<@1u—Aﬁ<@1VH <|[|Z1u— 2| < pllu—v

@.

Hence, || Ziu— 2|y < @|lu—v|¢. In view of assumption that & < 1, we obtain that &, is -
contractive.

Step III. &2, is compact.

In Step I, it has been shown that &7, is uniformly bounded. Now we show that &7, maps bounded sets
into equicontinuous sets of ¢". For any € > 0, there exists € N such that for #;,1 € Ny 744

C(n+1) Lt +1) elNa+1)

‘F(IQ—OC-FI) I'—a+1) < I f

)

€

whenever |t, — ;| < 8. For any u € B, we have

| Zau(ty) — Pou(ty)||
H—1

Y (a+o—1-0(s)% L f(s,u(s),APu(s— B+1))]

s=a—1

— Y (ra—1-0() (s uls), A u(s — B+ 1))

s=a—1
I flle [(n+1) B It +1) ' <s.

- F(a+1)’l‘(t2—a+1) rt—a+1)

rh—1 '
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Similar to the proof above and Step I, we obtain

|AP Pyu(ty) — AP 2ou(ny)|| < || Poulty) — Pou(t)

¢ < E.

Thus (%) (Bg) is an equicontinuous set. Therefore it follows by the Arzeld-Ascoli theorem that &7, is
completely continuous. Hence £, is compact on Bg.

Step IV. & is is condensing.

Since £ is continuous, -contraction and & is compact, therefore, by Lemma 2.10, &2 : By — B,
with & = & + &7, is a condensing map on B,. Consequently, by Theorem 2.11, map & has a fixed
point which, implies that problem (1.2) has a solution. g

5. SOME EXAMPLES

In order to illustrate our result, we consider some examples in this section.

Example 5.1. Consider the following fractional difference boundary value problem

—sin®2(t+3)  |y| 4 arctan (sin? (¢ + 3 Alu t+1
Azu(t):A*% ¢ ; | | ( ( 24)) ) ;1€ Nog,
(1 +22) |u| +cos?u
1 11 18 1
2” (_2> - <2> a0 L =iy
2
L (1 A (R
3A3 | = | = —A3 5.1
(6) == (0)+ “aireen o
6
where C; are are given positive constants with ZC,» < 2. Here o0 = %7 r=4,0= %7 B = %v V=
i=0

W —

6 w2y 2 -7
ch=2, =3, 9(u) = g Y Cuu(t), o) = WIti=—and £ (t,u(t), APu(e — B+ 1)) =
i=0

3
o sin? 7t ) \uHarctan(sinz(m))AK ut—1)

(t+50)° [u[+cosZu - Lett GN_a u Clearly
lug —up|  arctan(l) [v; —vy|
f Lug,vi _f tuz,v
A )= I )| e (11 50)? (11507
< i1 — o] + 5 — v —vs|
okn1 11— U ———|v] — V2|
= 9801e ' 2T o801 2
So, (H;) holds with L; = 986‘16, L= g~ and 7 = 97§0+14€‘
Yo oCult)  EooCvlt)| _ X2
J— prm— P < _ () < B (/ :
‘¢(u) ¢(V)| (207[3) (207173) = 5013 HM V”cg 10%3”14 VHg
o) ~90)| = | CQlP+2)  T(ylP+2)
C(1+7) [[ul| T([lul? + 1) T+ 7) [[T(v]> +1)
1 ul> +1 IIVI|2+1‘ 1
= B S [ =Vl
C(1+7) [ [lull vl T(1+7)
So (H,) holds with Wzlol?anda):ﬁ,

Also, we get @ =1.0458, ¥ =3.6723 and |Q|=11.9774.
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We can show that ® =2.7579, £ =0.3369, Y =0.9504, and
X=1T0+yYE+ oY ~0.1340 < 1.

Hence, by Theorem 3.1, boundary value problem (5.1) has at least one solution on N_

Example 5.2. Consider the following fractional sum boundary value problem
=S’ 2(+3)  |u| + arctan (sin®7(r 4+ 3)) Adu(t — 1
A2u(t) —A i | o ; ) Jul ( |+( 24)) u(t—1) . 1€ Noa,
(H‘T) u|l+cos’u
1 11 [ 1
3 —= ] =— e Cu(ti), ti=i— 7, 5.2
(4) () st s =
2 (el +1) =
pat (3) = act () Ui
6 6 ||lu||T(u?+1)
6
where C; are are given positive constants with Z;’)C,- < 2. Here a = %, T=4 0= %, B = %, Y=
1=
%, W =2,and U, = 3. By Example 5.1, forr € Ni% u,we have that (H) and (H) hold with 7 = 9’§T+1‘:,
Y= ﬁ and @ = ﬁ Also, we get that |A| = 30.15006, © = 14.5034, £ =0.2412, T = 1.9458,
and

P=10+yYE+ oY ~02754 < 1.

Hence, by Theorem 4.1, boundary value problem 5.2 has at least one solutionon N_1 1.

2
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