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RELAXED ITERATIVE METHODS FOR AN INFINITE FAMILY OF D-ACCRETIVE
MAPPINGS IN A BANACH SPACE AND THEIR APPLICATIONS
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Abstract. In this paper, d-accretive mappings, which belong to accretive-type mappings but are different from m-accretive
mappings, are studied. Some relaxed projection iterative algorithms for an infinite family of d-accretive mappings are con-
structed in a real uniformly convex and uniformly smooth Banach space. The iterative sequences are proved to be strongly
convergent to a common zero point of the family of d-accretive mappings. Compared to the related work, the construction of
the iterative algorithms are simpler and easily realized. Moreover, a kind of generalized (p,q)-Laplacian parabolic systems
is exemplified. The example also emphasizes the importance of the study on d-accretive mappings and sets up a relationship
between iterative algorithms and nonlinear systems.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a real Banach space with norm ‖ · ‖ and let X∗ be the dual space of X . Suppose that C is a
nonempty closed and convex subset of X . Let 〈·, ·〉 be the duality pairing of X and X∗. In this article, we
use “→” and “⇀” to denote strong and weak convergence, respectively. A Banach space X is strictly
convex [1] if ‖x‖= ‖y‖= 1,x 6= y implies that ‖ x+y

2 ‖< 1. Also, X is said to be uniformly convex [1] if,
for each ε ∈ (0,2], there exists δ > 0 such that ‖x‖ = ‖y‖ = 1,‖x− y‖ ≥ ε implies that ‖ x+y

2 ‖ ≤ 1−δ .

A Banach space X is said to be smooth [1] if

lim
t→0

‖x+ ty‖−‖x‖
t

(1.1)

exists for each x,y ∈ S(X) := {u ∈ X : ‖u‖= 1}. The norm of X is said to be Fréchet differentiable if, for
each x ∈ S(X), the limit (1.1) is attained uniformly for y ∈ S(X). The norm of X is said to be uniformly
Fréchet differentiable if the limit (1.1) is attained uniformly for (x,y) ∈ S(X)× S(X). The space X is
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uniformly smooth if and only if its norm is uniformly Fréchet differentiable. We say that X has Property
(H) if for every sequence {xn} ⊂ X which weakly converges to some x ∈ X and satisfies ‖xn‖ → ‖x‖ as
n→ ∞ necessarily converges to x in the norm.

The normalized duality mapping J : X → 2X∗ is defined by

J(x) = { f ∈ X∗ : 〈x, f 〉= ‖x‖2,‖ f‖= ‖x‖}, ∀x ∈ X .

Lemma 1.1. [1] The normalized duality mapping J : X → 2X∗ has the following properties:
(1) if X is a real reflexive and smooth Banach space, then J is single-valued;
(2) if X is reflexive, then J is surjective;
(3) if X is uniformly smooth and uniformly convex, then J−1 is also the duality mapping from X∗ into

X . Moreover, both J and J−1 are uniformly continuous on each bounded subset of X or X∗, respectively;
(4) for x ∈ X and c ∈ (0,+∞), J(cx) = cJ(x).

Definition 1.2. [2] Let A : D(A)v X → X be a mapping. Then
(1) A is said to be d-accretive if for all x,y∈D(A), 〈Ax−Ay, j(x)− j(y)〉 ≥ 0, where j(x)∈ J(x), j(y)∈

J(y);
(2) A is said to be m-d-accretive if A is d-accretive and R(I +λA) = X for ∀λ > 0;
(3) A is said to be accretive if for all x,y ∈ D(A), 〈Ax−Ay, j(x− y)〉 ≥ 0, where j(x− y) ∈ J(x− y);
(4) A is said to be m-accretive if A is accretive and R(I +λA) = X for ∀λ > 0.

For a mapping A : D(A)v X → X , we use A−10 to denote the set of zero points of A, that is, A−10 =

{x∈D(A) : Ax = 0}. We use F(A) to denote the set of fixed points of A, that is, F(A) = {x∈D(A) : Ax =
x}. It is easy to see that d-accretive and accretive mappings are two different types of mappings in non-
Hilbertian Banach space. Both the two mappings have been extensively studied via iterative methods in
different framework of spaces; see [2]-[9] and the references therein.

Definition 1.3. [10] A mapping T ⊂ X ×X∗ is said to be monotone if 〈x1− x2,y1− y2〉 ≥ 0, for ∀yi ∈
T xi, i = 1,2. The monotone mapping T is said to be maximal monotone if R(J+λT ) = X∗, ∀λ > 0.

Lemma 1.4. [10] Let T ⊂ X×X∗ be maximal monotone. Then
(1) T−10 is closed and convex subset of X;
(2) if xn→ x and yn ∈ T xn with yn ⇀ y, or xn ⇀ x and yn ∈ T xn with yn→ y, then x∈D(T ) and y∈ T x.

Definition 1.5. [11] The Lyapunov functional ϕ : X×X → R+ is defined as follows:

ϕ(x,y) = ‖x‖2−2〈x, j(y)〉+‖y‖2, ∀x,y ∈ X , j(y) ∈ J(y).

Definition 1.6. Let B : X → X be a mapping. Then
(1) B is said to be non-expansive if ‖Bx−By‖ ≤ ‖x− y‖ for ∀x,y ∈ X ;
(2) B is said to be generalized non-expansive [12] if F(B) 6= /0 and ϕ(Bx, p)≤ ϕ(x, p), for ∀x ∈ X and

p ∈ F(B).

It is easy to see that non-expansive and generalized non-expansive mappings are two different types
of mappings.

Definition 1.7. [1, 13] (1) If X is a reflexive and strictly convex Banach space, then for each x ∈ X there
exists a unique element v ∈C such that ‖x− v‖= inf{‖x− y‖ : y ∈C}. Such an element v is denoted by
PCx and PC is called the metric projection of X onto C.
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(2) Let X be a real reflexive, strictly convex and smooth Banach space, then for ∀x ∈ X , there exists a
unique element x0 ∈C satisfying ϕ(x0,x) = inf{ϕ(z,x) : z ∈C}. In this case, ∀x ∈ X , define ΠC : X →C
by ΠCx = x0, and then ΠC is called the generalized projection from X onto C.

Definition 1.8. [14] Let X be a real smooth Banach space.
(1) Define G : C×X∗→ (0,+∞] by:

G(x,y) = ‖x‖2−2〈x,y〉+‖y‖2 +2ρ f (x),∀x ∈C,y ∈ X∗,

where ρ > 0 and f : C→ (−∞,+∞] is a proper convex and lower-semi-continuous function.
(2) Π

f
C : X → 2C is called the generalized f−projection if

Π
f
C(y) = {z ∈C : G(z,Jy)≤ G(x,Jy),∀x ∈C}, ∀y ∈ X .

Definition 1.9. [12] Let Q be a mapping of X onto C. Then Q is said to be sunny if Q(Q(x)+ t(x−
Q(x))) = Q(x), for all x ∈ X and t ≥ 0. A mapping Q : X →C is said to be a retraction if Q(z) = z for
every z∈C. If X is a smooth and strictly convex Banach space, then the sunny generalized non-expansive
retraction of X onto C is uniquely decided, which is denoted by RC.

Definition 1.10. [15] Let {Cn} be a sequence of nonempty closed and convex subsets of X . Then
(1) s− liminfCn, which is called a strong lower limit, is defined as the set of all x ∈ X such that there

exists xn ∈Cn for almost all n and it tends to x as n→ ∞ in the norm.
(2) w− limsupCn, which is called a weak upper limit, is defined as the set of all x ∈ X such that there

exists a subsequence {Cnk} of {Cn} and xnk ∈Cnk for every nk and it tends to x as nk → ∞ in the weak
topology;

(3) if s− liminfCn = w− limsupCn, then the common value is denoted by limCn.

Lemma 1.11. [16] Suppose that X is a real reflexive and strictly convex Banach space. If limCn exists
and is not empty, then {PCnx} converges weakly to PlimCnx for every x ∈ X . Moreover, if X has Property
(H), the convergence is in norm.

Lemma 1.12. [15] Let {Cn} be a decreasing sequence of closed and convex subsets of X, i.e., Cn ⊂Cm

if n≥ m. Then {Cn} converges in X and limCn =
⋂

∞
n=1Cn.

The class of d-accretive mappings has a close relationship with nonlinear evolution equations. A
lot of work has been done on accretive mappings, however, fewer research works have been achieved
compared to those for accretive mappings. One of the influential research works on d-accretive mappings
is presented by Alber and Reich [17] in a real uniformly smooth and uniformly convex Banach space:

xn+1 = xn−αnAxn (1.2)

and
xn+1 = xn−αn

Axn

‖Axn‖
. (1.3)

However, d-accretive mapping A in both (1.2) and (1.3) are required to be uniformly bounded and
demi-continuous. Indeed, only weak convergence is obtained. Recently, Guan [18] removed the condi-
tion that “A is uniformly bounded”, however, he assumed that “J is weakly sequentially continuous and
A satisfies the following condition

ϕ(p,(I + rnA)−1x)≤ ϕ(p,x), (1.4)
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for x ∈ X and p ∈ A−10.” To be more precise, Guan studied the following iterative algorithm [18]:

x1 ∈ D(A),

yn = (I + rnA)−1xn,

Cn = {v ∈ D(A) : ϕ(v,yn)≤ ϕ(v,xn)},

Qn = {v ∈ D(A) : 〈xn− v,Jx1− Jxn〉 ≥ 0},

xn+1 = ΠCn
⋂

Qnx1, n ∈ N.

(1.5)

It was shown that {xn} converges strongly to an element in A−10. We note here that the restrictions
are extremely strong since it is hard for us to find such an m-d-accretive mapping that is both demi-
continuous and satisfies (1.4).

In 2014, Wei, Liu and Agarwal [2] made the following two contributions. One is that they removed the
condition that the m-d-accretive mapping should be demi-continuous and uniformly bounded or should
satisfy condition (1.4). The other one is that they investigated the study on finding zero points of m-d-
accretive mappings to common zero points of a finitely many m-d-accretive mappings {Ai}m

i=1 ⊂ X×X .
One of the iterative algorithms in [2] is the following block combination method:


x1 ∈ X ,

yn = ∑
m
i=1 ωn,i[αn,ixn +(1−αn,i)(I + rn,iAi)

−1xn],

xn+1 = ∑
m
i=1 ηn,i[βn,ixn +(1−βn,i)(I + sn,iAi)

−1yn], n ∈ N.

(1.6)

They proved that {xn} generated by (1.6) weakly converges to an element in
⋂m

i=1 A−1
i 0.

In [2], they also studied the following block projection method:

x1 ∈ X ,

un = ∑
m
i=1 ωn,i[αn,ixn +(1−αn,i)(I + rn,iAi)

−1xn],

vn+1 = ∑
m
i=1 ηn,i[βn,ixn +(1−βn,i)(I + sn,iAi)

−1yn],

H1 = X ,

Hn+1 = {z ∈ Hn : ϕ(vn,z)≤ ϕ(xn,z)},

xn+1 = RHn+1x1, n ∈ N.

(1.7)

They proved that {xn} generated by (1.7) strongly converges to an element in
⋂m

i=1 A−1
i 0.

In 2016, by employing G-function and Π
f
C, Wei and Liu [14] presented two new iterative algorithms

for finitely many m-d-accretive mappings {Ai}m
i=1 ⊂ X∗×X∗. And, the computational errors are also

considered. One of the two iterative algorithms is as follows
x1 ∈ X ,r1,i > 0, i = 1,2, · · · ,m,

yn,i = (J+ rn,iAiJ)−1Jxn, i = 1,2, · · · ,m,

Jun = ∑
m
i=1 βn,iJyn,i +βn,m+1Jen, n ∈ N,

xn+1 = J−1[(1−αn)Jxn +αnJun], n ∈ N,

(1.8)
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They proved that {xn} generated by (1.8) weakly converges to an element in
⋂m

i=1 A−1
i 0. The other is

x1 ∈ X ,r1,i > 0, i = 1,2, · · · ,m,

yn,i = (J+ rn,iAiJ)−1Jxn, i = 1,2, · · · ,m,

Jun,i = βn,iJyn,i +(1−βn,i)Jen, i = 1,2, · · · ,m,

Jzn,i = αn,iJxn +(1−αn,i)Jun,i, i = 1,2, · · · ,m,

C1,i = X , i = 1,2, · · · ,m,

C1 =
⋂m

i=1C1,i,

Cn+1,i = {v ∈Cn : G(v,Jzn,i)≤ (αn,i +βn,i−αn,iβn,i)G(v,Jxn)

+(1−αn,i)(1−βn,i)G(v,Jen)}, i = 1,2, · · · ,m,

Cn+1 =
⋂m

i=1Cn+1,i,

xn+1 = Π
f
Cn+1

x1, n ∈ N.

(1.9)

They also proved that {xn} generated by (1.9) strongly converges to an element in
⋂m

i=1 A−1
i 0.

In Guan [18], Wei, Liu and Agarwal [2] and Wei and Liu [14], one may notice that it is not an easy
thing to compute G(v,Jzn,i) or ϕ(v,zn,i), Π

f
Cn+1

x1 or RHn+1x1. Can one reduce the computation complexity?
In Section 2, we will give an answer to this question. We shall construct some new iterative algorithms
and prove the iterative sequences converge strongly to the common zero point of an infinitely family
of d-accretive mappings. New proof techniques are used and the restrictions on the parameters are
mild compared to the existing works published recently. Moreover, the study on this topic is extended
from single or a finite family of d-accretive mappings to that of infinite cases. In Section 3, we shall
present a generalized (p,q)-Laplacian parabolic system from which we define m-d-accretive mappings
and emphasize the meaningfulness of this topic.

The following lemma is needed in our paper.

Lemma 1.13. [19] Let X be a real uniformly convex Banach space and r ∈ (0,+∞). Then there exists a
continuous, strictly increasing and convex function h : [0,2r]→ [0,+∞) with h(0) = 0 such that

‖αx+(1−α)y‖2 ≤ α‖x‖2 +(1−α)‖y‖2−α(1−α)h(‖x− y‖),

for α ∈ [0,1], x,y ∈ X with ‖x‖ ≤ r and ‖y‖ ≤ r.

2. STRONG CONVERGENCE THEOREMS

2.1. Results for m-d-accretive mappings {Ai}∞
i=1 ⊂ X ×X . In this subsection, we always assume that

the following conditions are satisfied:
(C1) X is a real uniformly convex and uniformly smooth Banach space and J : X → X∗ is the normal-

ized duality mapping;
(C2) Ai : X → X is an m-d-accretive mapping, for i ∈ N;
(C3) v ∈ X∗ is a fixed element;
(C4) {sn,i} is a real number sequence in (0,+∞) and {τn} is a real number sequence in (0,1), for

i,n ∈ N.

Algorithm 2.1.
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Step 1. Choose u1 = v ∈ X∗ and let s1,i and τ1 be any positive constants, for i ∈ N. Set n = 1, and go
to Step 2.

Step 2. Compute wn,i = (I+sn,iJAiJ−1)−1un, for i∈N. If un = wn,i, for all i∈N, then stop; otherwise,
construct the sets Un and Vn as follows:

U1 = X∗,

Un+1,i = {z ∈ X∗ : 〈wn,i− z,J−1(un−wn,i)〉 ≥ 0},

Un+1 = (
⋂

∞
i=1Un+1,i)

⋂
Un,

Vn+1 = {z ∈Un+1 : ‖v− z‖2 ≤ P2
Un+1

(v)+ τn+1}, n ∈ N,

and go to Step 3.
Step 3. Choose any element un+1 ∈Vn+1 and compute un = J−1un, for n ∈ N.

Step 4. Set n = n+1, and return to Step 2.

Lemma 2.1. If, in Algorithm 2.1, un = wn,i, ∀i ∈ N, then un ∈
⋂

∞
i=1 A−1

i 0.

Proof. It is easy to check from Algorithm 2.1 that un =wn,i, ∀i∈N is equivalent to un =(I+sn,iJAiJ−1)−1un.

Then sn,iJAiJ−1un = 0, which implies that from Lemma 1.1, AiJ−1un = 0, that is, un ∈
⋂

∞
i=1 A−1

i 0. This
completes the proof. �

Theorem 2.2. If
⋂

∞
i=1 A−1

i 0 6= /0, then under the following assumptions that liminfn sn,i > 0 for i ∈
N and limsupn→∞τn = 0, the iterative sequence un → u0 ∈

⋂
∞
i=1 A−1

i 0, where u0 = J−1v0 and v0 =

P⋂
∞
i=1(AiJ−1)−10v, as n→ ∞.

Proof. We split the proof into eight steps.

Step 1.
⋂

∞
i=1(AiJ−1)−10 6= /0.

Since
⋂

∞
i=1 A−1

i 0 6= /0, then there exists q ∈ X such that Aiq = 0, for i ∈ N. In view of Lemma 1.1,
there exists p ∈ X∗ such that J−1 p = q. Thus (AiJ−1)p = Aiq = 0, for i ∈ N, which implies that p ∈⋂

∞
i=1(AiJ−1)−10.

Step 2.
⋂

∞
i=1(AiJ−1)−10⊂Un.

To this end, we shall use the mathematical induction. For n = 1, it is obvious that
⋂

∞
i=1(AiJ−1)−10⊂

U1 =X∗. Now, ∀p∈
⋂

∞
i=1(AiJ−1)−10, since w1,i =(I+s1,iJAiJ−1)−1u1, we find that w1,i+s1,iJAiJ−1w1,i =

u1, which implies that from Lemma 1.1 that s1,iAiJ−1w1,i = J−1(u1−w1,i), for i∈N. From the definition
of m-d-accretive mappings, we have

〈w1,i− p,J−1(u1−w1,i)〉= 〈w1,i− p,s1,iAiJ−1w1,i〉

= s1,i〈J(J−1w1,i)− J(J−1 p),AiJ−1w1,i−AiJ−1 p〉

≥ 0.

Then
⋂

∞
i=1(AiJ−1)−10⊂U2,i, which ensures that

⋂
∞
i=1(AiJ−1)−10⊂U2.

Suppose the result is true for n = k+1. If n = k+2, we have ∀p ∈
⋂

∞
i=1(AiJ−1)−10. Since

wk+1,i = (I + sk+1,iJAiJ−1)−1uk+1,

we have
wk+1,i + sk+1,iJAiJ−1wk+1,i = uk+1,
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which implies from Lemma 1.1 that sk+1,iAiJ−1wk+1,i = J−1(uk+1−wk+1,i), for i ∈ N. It follows that

〈wk+1,i− p,J−1(uk+1−wk+1,i)〉= 〈wk+1,i− p,sk+1,iAiJ−1wk+1,i〉

= sk+1,i〈J(J−1wk+1,i)− J(J−1 p),AiJ−1wk+1,i−AiJ−1 p〉

≥ 0.

Then
⋂

∞
i=1(AiJ−1)−10⊂Uk+2,i, which ensures that

⋂
∞
i=1(AiJ−1)−10⊂Uk+2. Therefore,

⋂
∞
i=1(AiJ−1)−10⊂

Un.

Step 3. {un} is well-defined.
It is easy to check that

{z ∈ X∗ : 〈wn,i− z,J−1(un−wn,i)〉 ≥ 0}

is closed and convex, which implies that Un is closed and convex. Thus PUn+1(v) is well-defined.
Since PUn+1(v) = infz∈Un+1 ‖z− v‖, we find from the definition of infimum that Vn 6= /0. Then {un} is

well-defined.

Step 4. Let vn = PUnv, for n ∈ N. Then vn→ v0 = P⋂
∞
n=1 Unv, as n→ ∞.

In fact, from Step 1 and Step 2, we know that /0 6=
⋂

∞
i=1(AiJ−1)−10 ⊂

⋂
∞
n=1Un. Lemma 1.12 ensures

that limUn =
⋂

∞
n=1Un 6= /0. Since X is uniformly convex and uniformly smooth, we see that X has Prop-

erty (H) (see [1]). Using Lemma 1.11, vn→ v0 = P⋂
∞
n=1 Unv, as n→ ∞.

Step 5. ‖un− vn‖ ≤ h(τn) for n ∈ N, where vn is the same as that in Step 4.
Since un ∈Vn ⊂Un and d(v,Un) = ‖v− vn‖, we find from Lemma 1.13 and the fact that Un is convex

that, for ∀k ∈ (0,1),

‖vn− v‖2 ≤ ‖kvn +(1− k)un− v‖2

≤ k‖vn− v‖2 +(1− k)‖un− v‖2− k(1− k)h(‖vn−un‖).

Therefore,

kh(‖vn−un‖)≤ ‖un− v‖2−‖vn− v‖2 ≤ τn.

Letting k→ 1, one has ‖vn−un‖ ≤ h−1(τn).

Step 6. un→ v0 and wn,i→ v0 as n→ ∞, for i ∈ N, where v0 is the same as that in Step 4.
Since vn+1 ∈Un+1, we find that 〈wn,i− vn+1,J−1(un−wn,i)〉 ≥ 0. Therefore,

〈un− vn+1,J−1(un−wn,i)〉

= 〈un−wn,i,J−1(un−wn,i)〉+ 〈wn,i− vn+1,J−1(un−wn,i)〉

≥ ‖un−wn,i‖2.

Then

‖un−wn,i‖ ≤ ‖un− vn+1‖ ≤ ‖un− vn‖+‖vn− vn+1‖ ≤ h(τn)+‖vn− vn+1‖.

Since vn→ v0 and limsupn→∞ τn = 0, we find that limsupn→∞ ‖un−wn,i‖≤ 0, for i∈N. Thus un−wn,i→
0, as n→∞, for i ∈ N. Moreover, from Step 5, un−vn→ 0, as n→∞. Therefore, un→ v0 and wn,i→ v0,
as n→ ∞, for i ∈ N.

Step 7. v0 = P⋂
∞
n=1 Unv = P⋂

∞
i=1(AiJ−1)−10v. This means that the best approximation of v in both

⋂
∞
n=1Un and⋂

∞
i=1(AiJ−1)−10 coincide.
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First, we show v0 = P⋂
∞
n=1 Unv ∈

⋂
∞
i=1(AiJ−1)−10. Since wn,i = (I + sn,iJAiJ−1)−1un, one has wn,i +

sn,iJAiJ−1wn,i = un, which implies that sn,iAiJ−1wn,i = J−1(un−wn,i), for i,n ∈ N. From Step 6, both
{un} and {wn,i} are bounded, for i,n ∈ N. Then Lemma 1.1 implies that J−1(un−wn,i)→ 0, as n→ ∞.

Since liminfn sn,i > 0, one has AiJ−1wn,i→ 0, as n→∞. Since AiJ−1 is maximal monotone from [2], we
find that Lemma 1.4 implies that v0 ∈

⋂
∞
i=1(AiJ−1)−10.

Secondly, we show v0 = P⋂
∞
i=1(AiJ−1)−10v. Since

⋂
∞
i=1(AiJ−1)−10⊂

⋂
∞
n=1Un, one has ‖P⋂

∞
i=1(AiJ−1)−10v−

v‖≥‖P⋂
∞
n=1 Unv−v‖= ‖v0−v‖. On the other hand, since v0 ∈

⋂
∞
i=1(AiJ−1)−10, one has ‖P⋂

∞
i=1(AiJ−1)−10v−

v‖ ≤ ‖v0 − v‖. Therefore, ‖P⋂
∞
i=1(AiJ−1)−10v− v‖ = ‖P⋂

∞
n=1 Unv− v‖. Since P⋂

∞
n=1 Unv is unique, one has

P⋂
∞
i=1(AiJ−1)−10v = P⋂

∞
n=1 Unv.

Step 8. un→ u0 = J−1v0, as n→ ∞, where v0 = P⋂
∞
i=1(AiJ−1)−10v as that in Step 7.

Following from Steps 7 and 6, we have un→ v0 = P⋂
∞
i=1(AiJ−1)−10v, as n→∞. Then Lemma 1.1 implies

that un = J−1un→ J−1v0 = u0, as n→ ∞. This completes the proof. �

Theorem 2.3. Let {un} be generated by Algorithm 2.1. Set λn =
∑

n+1
i=1 aiui

∑
n+1
i=1 ai

for i∈N and suppose ∑
n
i=1 ai→

∞, as n→ ∞. Under the assumptions of Theorem 2.2, we obtain the result of ergodic convergence in the
sense that λn→ u0 ∈

⋂
∞
i=1 A−1

i 0, where u0 = J−1v0 and v0 = P⋂
∞
i=1(AiJ−1)−10(v), as n→ ∞.

Proof. The proof is similar to that of Step 5 of Theorem 2.2 in [20]. �

2.2. Results for m-d-accretive mappings {Ai}∞
i=1 ⊂ X∗×X∗. In this subsection, we always assume

that the following conditions are satisfied:
(A1) X is a real uniformly convex and uniformly smooth Banach space and J : X → X∗ is the normal-

ized duality mapping;
(A2) Ai ⊂ X∗×X∗ is m-d-accretive, for i ∈ N;
(A3) u ∈ X is a fixed element;
(A4) {rn,i} is a real number sequence in (0,+∞) and {δn} is a real number sequence in (0,1), for

i,n ∈ N.

Algorithm 2.2.
Step 1. Set x1 = u ∈ X and let r1,i and δ1 be any positive constants for i ∈ N. Set n = 1, and go to Step

2.
Step 2. Compute yn,i =(I+rn,iJ−1AiJ)−1xn, for each i∈N. If xn = yn,i, for i∈N, then stop. Otherwise,

construct the sets Xn and Yn as follows:
X1 = X ,

Xn+1,i = {z ∈ X : 〈yn,i− z,J(xn− yn,i)〉 ≥ 0},

Xn+1 = (
⋂

∞
i=1 Xn+1,i)

⋂
Xn,

Yn+1 = {z ∈ Xn+1 : ‖u− z‖2 ≤ P2
Xn+1

(u)+δn+1}, n ∈ N,

and go to Step 3.
Step 3. Choose any element xn+1 ∈ Yn+1 and compute xn = Jxn, for n ∈ N.

Step 4. Set n = n+1 and return to Step 2.

Lemma 2.4. If, in Algorithm 2.2, xn = yn,i, ∀i ∈ N, then xn ∈
⋂

∞
i=1 A−1

i 0.
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Proof. It is easy to check from Algorithm 2.2 that xn = yn,i =(I+rn,iJ−1AiJ)−1xn. Then rn,iJ−1AiJxn = 0,
which implies from Lemma 1.1 that xn = Jxn ∈

⋂
∞
i=1 A−1

i 0. This completes the proof. �

Theorem 2.5. If
⋂

∞
i=1 A−1

i 0 6= /0, then, under the following assumptions, liminfn rn,i > 0 for i ∈ N and
limsupn→∞ δn = 0, the iterative sequence xn→ x0 ∈

⋂
∞
i=1 A−1

i 0, where x0 = Jz0 and z0 = P⋂
∞
i=1(AiJ)−10u,

as n→ ∞.

Proof. Similar to Theorem 2.2, we also split the proof into eight steps.

Step 1.
⋂

∞
i=1(AiJ)−10 6= /0.

Since
⋂

∞
i=1 A−1

i 0 6= /0, there exists v∗ ∈ X∗ such that Aiv∗ = 0, for i ∈ N. In view of Lemma 1.1, there
exists y ∈ X such that Jy = v∗. Thus (AiJ)y = Aiv∗ = 0, for i ∈ N, which implies that y ∈

⋂
∞
i=1(AiJ)−10.

Step 2.
⋂

∞
i=1(AiJ)−10⊂ Xn.

To this end, we shall use the mathematical induction. For n = 1, it is obvious that
⋂

∞
i=1(AiJ)−10 ⊂

X1 = X . Now, ∀p ∈
⋂

∞
i=1(AiJ)−10, since y1,i = (I + r1,iJ−1AiJ)−1x1, we have y1,i + r1,iJ−1AiJy1,i = x1,

which implies that from Lemma 1.1, r1,iJ(J−1AiJ)y1,i = J(x1−y1,i), for i ∈ N. So, from the definition of
m-d-accretive mappings, we know that

〈y1,i− p,J(x1− y1,i)〉= 〈y1,i− p,r1,i(AiJy1,i−AiJp)〉

= r1〈J−1(Jy1,i)− J−1(Jp),AiJy1,i−AiJp〉

≥ 0.

Then
⋂

∞
i=1(AiJ)−10 ⊂ X2,i, which implies that

⋂
∞
i=1(AiJ)−10 ⊂ X2. Suppose that the result is true for

n = k+ 1. If n = k+ 2, we have ∀p ∈
⋂

∞
i=1(AiJ)−10. Since yk+1,i = (I + rk+1,iJ−1AiJ)−1xk+1, we have

yk+1,i+ rk+1,iJ−1AiJyk+1,i = xk+1, which implies that from Lemma 1.1, rk+1,iJ(J−1AiJ)yk+1,i = J(xk+1−
yk+1,i), for i ∈ N. It follows that

〈yk+1,i− p,J(xk+1− yk+1,i)〉= 〈yk+1,i− p,rk+1,i(AiJyk+1,i−AiJp)〉

= rk+1,i〈J−1(Jyk+1,i)− J−1(Jp),AiJyk+1,i−AiJp〉

≥ 0.

Then
⋂

∞
i=1(AiJ)−10⊂ Xk+2,i, which implies that

⋂
∞
i=1(AiJ)−10⊂ Xk+2.

Step 3. {xn} is well-defined.
It is easy to check that

{z ∈ X : 〈yn,i− z,J(xn− yn,i)〉 ≥ 0}

is closed and convex, which implies that Xn is closed and convex. Thus PXn+1(u) is well-defined. Since
PXn+1(u) = in fz∈Xn+1‖z− u‖, it follows from the definition of infimum that Yn 6= /0. Then {xn} is well-
defined.

Step 4. Let zn = PXnu, for ∀n ∈ N. Then zn→ z0 = P⋂
∞
n=1 Xnu, as n→ ∞.

In fact, from Step 1 and Step 2, we know that /0 6=
⋂

∞
i=1(AiJ)−10⊂

⋂
∞
n=1 Xn. Lemma 1.12 ensures that

limXn 6= /0. Fromrom Lemma 1.11, zn→ z0 = P⋂
∞
n=1 Xnu, as n→ ∞.

Step 5. ‖xn− zn‖ ≤ h−1(δn) for n ∈ N, where zn is the same as that in Step 4.
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Since xn ∈ Yn ⊂ Xn and d(u,Xn) = ‖u− zn‖, we find from Lemma 1.13 and the fact that Xn is convex
that, ∀α ∈ (0,1),

‖zn−u‖2 ≤ ‖αzn +(1−α)xn−u‖2

≤ α‖zn−u‖2 +(1−α)‖xn−u‖2−α(1−α)h(‖zn− xn‖).

Therefore, αh(‖zn− xn‖)≤ δn. Letting α → 1, one has ‖zn− xn‖ ≤ h−1(δn).

Step 6. xn→ z0 and yn,i→ z0 as n→ ∞, for i ∈ N, where z0 is the same as that in Step 4.
Since zn+1 ∈ Xn+1, one has 〈yn,i− zn+1,J(xn− yn,i)〉 ≥ 0. Therefore,

〈xn− zn+1,J(xn− yn,i)〉= 〈xn− yn,i,J(xn− yn,i)〉+ 〈yn,i− zn+1,J(xn− yn,i)〉 ≥ ‖xn− yn,i‖2.

Then
‖xn− yn,i‖ ≤ ‖xn− zn+1‖

≤ ‖xn− zn‖+‖zn− zn+1‖

≤ h−1(δn)+‖zn− zn+1‖.

Since zn→ z0 and limsupn→∞ δn = 0, one has limsupn→∞ ‖xn− yn,i‖ = 0, for i ∈ N and xn− yn,i→ 0 as
n→ ∞, for i ∈ N. Following Steps 4 and 5, xn→ z0 and yn,i→ z0, as n→ ∞, for i ∈ N.

Step 7. z0 = P⋂
∞
n=1 Xnu = P⋂

∞
i=1(AiJ)−10u. This means that the best approximation of v in both

⋂
∞
n=1 Xn and⋂

∞
i=1(AiJ)−10 are coincided.
First, we show that z0 = P⋂

∞
n=1 Xnu ∈

⋂
∞
i=1(AiJ)−10. Since yn,i = (I + rn,iJ−1AiJ)−1xn, one has yn,i +

rn,iJ−1AiJyn,i = xn, which implies that rn,iAiJyn,i = J(xn− yn,i), for i,n ∈ N. From Step 6, both {xn}
and {yn,i} are bounded, for i,n ∈ N. Then Lemma 1.1 implies that J(xn− yn,i)→ 0, as n→ ∞. Since
liminfn→∞ rn,i > 0, one has AiJyn,i → 0, as n→ ∞. Since AiJ is maximal monotone from [14], we see
that Lemma 1.4 implies that z0 ∈

⋂
∞
i=1(AiJ)−10. Since

⋂
∞
i=1(AiJ)−10⊂

⋂
∞
n=1 Xn, one has ‖P⋂

∞
i=1(AiJ)−10u−

u‖ ≥ ‖P⋂
∞
n=1 Xnu−u‖ = ‖z0−u‖. On the other hand, since z0 ∈

⋂
∞
i=1(AiJ)−10, one has ‖P⋂

∞
i=1(AiJ)−10u−

u‖ ≤ ‖z0−u‖. Therefore

‖P⋂
∞
i=1(AiJ)−10u−u‖= ‖P⋂

∞
n=1 Xnu−u‖.

Since P⋂
∞
n=1 Xnu is unique, one has P⋂

∞
i=1(AiJ)−10u = P⋂

∞
n=1 Xnu.

Step 8. xn→ x0 = Jz0, as n→ ∞, where z0 = P⋂
∞
i=1(AiJ)−10u.

Follows from Steps 7 and 6, we have xn→ z0 = P⋂
∞
i=1(AiJ)−10u, as n→ ∞. Using Lemma 1.1, we find

that xn = Jxn→ Jz0 = x0, as n→ ∞. This completes the proof. �

Theorem 2.6. Let {xn} be generated by Algorithm 2.2. Set ηn =
∑

n+1
i=1 bixi

∑
n+1
i=1 bi

, for i∈N and suppose ∑
n
i=1 bi→

∞, as n→ ∞. Then under the assumptions of Theorem 2.5, we obtain the result of ergodic convergence
in the sense that ηn→ x0 ∈

⋂
∞
i=1 A−1

i 0, where x0 = Jz0 and z0 = P⋂
∞
i=1(AiJ)−10(u), as n→ ∞.

Proof. The proof is similar to that of Step5 of Theorem 2.2 in [20]. �

Remark 2.7. We notice that Cn in (1.5) and Hn in (1.7) involve the calculation of the value of Lya-
punov functional ϕ . And, Cn+1,i in (1.9) involves the calculation of the value of bifunction G defined in
Definition 1.8. However, our algorithms 2.1 and 2.2 avoid such expensive labor.
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Remark 2.8. {xn} in (1.5) involves the evaluation of the generalized projection, {xn} in (1.7) involves
the evaluation of the sunny generalized retraction and {xn} in (1.9) involves the evaluation of the f -
projection. However, in our algorithms 2.1 and 2.2, only metric projection is involved. From the view-
point of theory, Algorithms 2.1 and 2.2 are easy for computation and realization.

Remark 2.9. The normalized duality mapping J is no longer needed to be weakly sequentially contin-
uous as that in [18], or [2] or [14]. The m-d-accretive mapping is no longer needed to be uniformly
bounded and demi-continuous as that in [17], and it need not to satisfy condition (1.4) as that in [18].

Remark 2.10. Iterative constructions of zero points of m-d-accretive mappings or a finite family of
m-d-accretive mappings in [17], [18], [14] and [2] are extended to an infinite family of m-d-accretive
mappings in this paper.

Remark 2.11. From Theorems 2.2, 2.3, 2.5 and 2.6, we may find the restrictions on parameters are
rather weaker than corresponding studies, see, e.g., [17], [18], [14] and [2].

3. APPLICATIONS

In this section, we shall present some applications of the results presented in Section 2.

3.1. Applications in special Banach spaces. Let X = Lp(Ω), lp, or W 1,p(Ω), 1 < p <+∞, and let X∗

be the dual space of X . It is known that X is a uniformly convex and uniformly smooth Banach space.
Therefore, Theorems 2.2, 2.3, 2.5 and 2.6 are applicable in these special Banach spaces.

3.2. Applications in Hilbert space. In a Hilbert space, Theorems 2.2 and 2.3 are identical and Theo-
rems 2.5 and 2.6 are identical, too. Then we have the following theorems.

Theorem 3.1. Let H be a Hilbert space and let Ai ⊂ H×H be m-d-accretive mappings, for i ∈ N. Let
u ∈ H be a fixed element. Assume that {rn,i} is a real number sequence in (0,+∞) and {δn} is a real
number sequence in (0,1), for i,n ∈ N. Let {xn} be a sequence generated in the following process

x1 = u ∈ H,

X1 = H,

yn,i = (I + rn,iAi)
−1xn, i ∈ N,

Xn+1,i = {z ∈ H : 〈yn,i− z,xn− yn,i〉 ≥ 0}, i ∈ N,

Xn+1 = (
⋂

∞
i=1 Xn+1,i)

⋂
Xn,

Yn+1 = {z ∈ Xn+1 : ‖u− z‖2 ≤ P2
Xn+1

(u)+δn+1},

xn+1 ∈ Yn+1, n ∈ N.

(3.1)

If
⋂

∞
i=1 A−1

i 0 6= /0, limin fnrn,i > 0, for i ∈ N and limsupn→∞δn = 0, then xn→ z0, where z0 = P⋂
∞
i=1 A−1

i 0u,
as n→ ∞.

Theorem 3.2. Let {xn} be generated by (3.1). Set ηn =
∑

n+1
i=1 bixi

∑
n+1
i=1 bi

, for i ∈ N and suppose that ∑
n
i=1 bi→∞,

as n→ ∞. Under the assumptions of Theorem 3.1, we obtain the result of ergodic convergence in the
sense that ηn→ z0 and z0 = P⋂

∞
i=1 A−1

i 0(u), as n→ ∞.
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3.3. Parabolic systems involving the p-Laplacian.

Remark 3.3. In [2], we demonstrate an example of m-d-accretive mappings which has connection with
the generalized p-Laplacian elliptic boundary value problem. Now, we present another example involv-
ing (p,q)-Laplacian parabolic systems which is a special case in [21]:



∂u(x,t)
∂ t −div[(C1(x, t)+ |∇u|2)

p−2
2 ∇u]+ ε1|u|r−2u+g1(x,u,∇u) = f1(x, t), (x, t) ∈Ω× (0,T )

∂v(x,t)
∂ t −div[(C2(x, t)+ |∇v|2)

q−2
2 ∇v]+ ε2|v|s−2v+g2(x,v,∇v) = f2(x, t), (x, t) ∈Ω× (0,T )

−< ϑ ,(C1(x, t)+ |∇u|2)
p−2

2 ∇u >∈ βx(u), (x, t) ∈ Γ× (0,T )

−< ϑ ,(C2(x, t)+ |∇v|2)
q−2

2 ∇v >∈ βx(v), (x, t) ∈ Γ× (0,T )

u(x,0) = u(x,T ),v(x,0) = v(x,T ), x ∈Ω.

(3.2)
In (3.2), Ω is a bounded conical domain of a Euclidean space RN (N ≥ 1) with its boundary Γ ∈ C1,

(see [21]). ϑ is the exterior normal derivative of Γ and T is a positive constant. 0 ≤ C1(x, t) ∈ V1 =

Lp(0,T ;W 1,p(Ω)), 0≤C2(x, t) ∈V2 = Lq(0,T ;W 1,q(Ω)), f1(x, t) ∈W1 = Lmax{p,p′}(0,T ;Lmax{p,p′}(Ω))

and f2(x, t) ∈W2 = Lmax{q,q′}(0,T ;Lmax{q,q′}(Ω)) are given functions. ε1 and ε2 are nonnegative con-
stants. Moreover, βx is the subdifferential of ϕx, where ϕx = ϕ(x, ·) : R→ R for x ∈ Γ and ϕ : Γ×R→ R
is a given function. 2N

N+1 < r ≤min{p, p′} and 2N
N+1 < s≤min{q,q′}.

To discuss (3.2), the following assumptions are considered in [21]:
Assumption 1. Green’s formula is available.
Assumption 2. For each x ∈ Γ, ϕx = ϕ(x, ·) : R→ R is proper, convex and lower-semi-continuous

function and ϕx(0) = 0.
Assumption 3. 0 ∈ βx(0) and for each t ∈ R, the function x ∈ Γ→ (I +λβx)

−1(t) ∈ R is measurable
for λ > 0.

Assumption 4. Suppose that gi : Ω×RN+1→ R (i = 1,2) satisfies the following conditions:
(a) Carathéodory’s conditions.

x→ gi(x,r) is measurable on Ω, f or all r ∈ RN+1;

r→ gi(x,r) is continuous on RN+1, f or almost all x ∈Ω.

(b) Growth condition.

|g1(x,r1, · · · ,rN+1)|max{p,p′} ≤ |h1(x, t)|p +b1|r1|p,

where (r1,r2, · · · ,rN+1) ∈ RN+1, h1(x, t) ∈W1 and b1 is a positive constant;

|g2(x,r1, · · · ,rN+1)|max{q,q′} ≤ |h2(x, t)|q +b2|r1|q,

where (r1,r2, · · · ,rN+1) ∈ RN+1, h2(x, t) ∈W2 and b2 is a positive constant;
(c) Monotone Condition. gi is monotone in the following sense:

(gi(x,r1, · · · ,rN+1)−gi(x, t1, · · · , tN+1))≥ (r1− t1),

for all x ∈Ω and (r1, · · · ,rN+1),(t1, · · · , tN+1) ∈ RN+1.
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Lemma 3.4. [10] Let X be a real Banach space. If B : X → 2X∗ is an everywhere defined, monotone and
hemi-continuous mapping, then B is maximal monotone.

Definition 3.5. Let 1
p +

1
p′ = 1 and 1

q +
1
q′ = 1. Define the mapping B̂p,r : W 1,p′(Ω)→ (W 1,p′(Ω))∗ by

〈w, B̂p,ru〉

=
∫

Ω

< (C1(x, t)+ |∇(|u|p′−1sgnu‖u‖2−p′
p′ )|2)

p−2
2 ∇(|u|p′−1sgnu‖u‖2−p′

p′ ),∇(|w|p′−1sgnw‖w‖2−p′
p′ )> dx,

for any u,w ∈ W 1,p′(Ω), where < ·, · > denotes inner-product in RN . Similarly, define the mapping
B̂q,s : W 1,q′(Ω)→ (W 1,q′(Ω))∗ by

〈w, B̂q,su〉

=
∫

Ω

< (C2(x, t)+ |∇(|u|q′−1sgnu‖u‖2−q′
q′ )|2)

q−2
2 ∇(|u|q′−1sgnu‖u‖2−q′

q′ ),∇(|w|q′−1sgnw‖w‖2−q′
q′ )> dx,

for any v,w ∈W 1,q′(Ω).

Proposition 3.6. The mapping B̂p,r : W 1,p′(Ω)→ (W 1,p′(Ω))∗ is maximal monotone. And, the mapping
B̂q,s : W 1,q′(Ω)→ (W 1,q′(Ω))∗ is maximal monotone.

Proof. Step 1. B̂p,r is everywhere defined.
In fact, for u,v ∈W 1,p′(Ω), we have

|〈v, B̂p,ru〉|

≤
∫

Ω

|∇(|u|p′−1sgnu‖u‖2−p′
p′ )|p−1|∇(|v|p′−1sgnv‖v‖2−p′

p′ )|dx

≤Const.‖u‖(p−1)(2−p′)
p′ ‖v‖2−p′

p′

∫
Ω

|∇u|p−1|u|2−p|∇v||v|p′−2dx

≤Const.‖u‖(p−1)(2−p′)
p′ ‖v‖2−p′

p′ (
∫

Ω

|∇u|p|u|p′−pdx)
1
p′ (

∫
Ω

|∇v|p|v|p′−pdx)
1
p

≤Const.‖u‖(p−1)(2−p′)
p′ ‖v‖2−p′

p′ (
∫

Ω

|∇u|p′dx)
p

(p′)2 (
∫

Ω

|u|p′)
p′−p
p′2 (

∫
Ω

|∇v|p′)
1
p′ (

∫
Ω

|v|p′dx)
p′−p
p′ p

≤Const.‖u‖p−1
1,p′ ‖v‖1,p′ .

Thus B̂p,r is everywhere defined.

Step 2. B̂p,r is monotone.
The monotonicity of B̂p,r follows from its definition.

Step 3.B̂p,r is hemi-continuous.
To show that B̂p,r is hemi-continuous, it suffices to prove that for u,v,w ∈W 1,p′(Ω) and t ∈ [0,1],

〈w, B̂p,r(u+ tv)− B̂p,ru〉 → 0, as t→ 0.
In fact, by using Lebesque’s dominated convergence theorem, we find that

0≤ lim
t→0
|〈w, B̂p,r(u+ tv)− B̂p,ru〉|

≤
∫

Ω

lim
t→0
|(C1(x, t)+ |∇(|u+ tv|p′−1sgn(u+ tv)‖u+ tv‖2−p′

p′ )|2)
p−2

2 ∇(|u+ tv|p′−1sgn(u+ tv)‖u+ tv‖2−p′
p′ )

− (C1(x, t)+ |∇(|u|p′−1sgnu‖u‖2−p′
p′ )|2)

p−2
2 ∇(|u|p′−1sgnu‖u‖2−p′

p′ )|× |∇(|w|p′−1sgnw‖w‖2−p′
p′ )|dx = 0.



14 L. WEI, RAVI P. AGARWAL

Step 4. B̂p,r is maximal monotone.
Lemma 3.4 implies that B̂p,r is maximal monotone. Similarly, we get the result that B̂q,s is maximal

monotone. This completes the proof. �

Proposition 3.7. Let 1< p≤ 2 and 1< q≤ 2. Bp,r : Lp′(0,T ;W 1,p′(Ω))→ (Lp′(0,T ;W 1,p′(Ω)))∗ defined
by

〈w,Bp,ru〉=
∫ T

0
〈w, B̂p,ru〉dt,

for u,w ∈ Lp′(0,T ;W 1,p′(Ω)), is maximal monotone. And, the mapping B̂q,s : Lq′(0,T ;W 1,q′(Ω)) →
(Lq′(0,T ;W 1,q′(Ω)))∗ defined by

〈w,Bq,sv〉=
∫ T

0
〈w, B̂q,sv〉dt,

for v,w ∈ Lq′(0,T ;W 1,q′(Ω)), is maximal monotone.

Proof. The result follows from Proposition 3.6. �

Lemma 3.8. [10] If B1 and B2 are two maximal monotone mappings in X such that (intD(B1))
⋂

D(B2) 6=
/0, then B1 +B2 is maximal monotone. Here (intD(B1)) indicates the interior of D(B1).

Proposition 3.9. [21] Define S1 : D(S1)= {u(x, t)∈Lp′(0,T ;W 1,p′(Ω)) : ∂u
∂ t ∈ (L

p′(0,T ;W 1,p′(Ω)))∗,u(x,0)=
u(x,T )}→ (Lp′(0,T ;W 1,p′(Ω)))∗ by

S1u =
∂u
∂ t

,

for u ∈ D(S1). Define S2 : D(S2) = {v(x, t) ∈ Lq′(0,T ;W 1,q′(Ω)) : ∂v
∂ t ∈ (Lq′(0,T ;W 1,q′(Ω)))∗,v(x,0) =

v(x,T )}→ (Lp′(0,T ;W 1,p′(Ω)))∗ by

S2v =
∂v
∂ t

,

for v ∈ D(S2). Then both S1 and S2 are linear maximal monotone.

By using Lemma 3.8 and Propositions 3.7 and 3.9, we have the following result immediately.

Proposition 3.10. Let 1 < p ≤ 2 and 1 < q ≤ 2. The mapping U1 : D(U1) ⊂ Lp′(0,T ;W 1,p′(Ω))→
(Lp′(0,T ;W 1,p′(Ω)))∗ defined by U1w = Bp,rw+ S1w, for w ∈ D(U1), is maximal monotone. And, the
mapping U2 : D(U2)⊂ Lq′(0,T ;W 1,q′(Ω))→ (Lq′(0,T ;W 1,q′(Ω)))∗ defined by

U2v = Bq,sv+S2v,

for v ∈ D(U2), is maximal monotone.

Remark 3.11. For 1 < p ≤ 2 and 1 < q ≤ 2, there exists a maximal monotone extension of U1 from
Lp′(0,T ;W 1,p′(Ω)) to Lp(0,T ;W 1,p(Ω)), which is denoted by Ũ1. And, there exists a maximal monotone
extension of U2 from Lq′(0,T ;W 1,q′(Ω)) to Lq(0,T ;W 1,q(Ω)), which is denoted by Ũ2.

The following two theorems can be obtained as those in [2].
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Theorem 3.12. For 1 < p≤ 2, define A1 : Lp(0,T ;W 1,p(Ω))→ Lp(0,T ;W 1,p(Ω)) by

A1u = Ũ1J−1
1 u,

for u ∈ Lp(0,T ;W 1,p(Ω)). Then A1 is m-d-accretive. For 1 < q ≤ 2, define A2 : Lq(0,T ;W 1,q(Ω))→
Lq(0,T ;W 1,q(Ω)) by

A2v = Ũ2J−1
2 v,

for v∈Lq(0,T ;W 1,q(Ω)). Then A2 is m-d-accretive. Here J1 : Lp′(0,T ;W 1,p′(Ω))→ (Lp′(0,T ;W 1,p′(Ω)))∗

and J2 : Lq′(0,T ;W 1,q′(Ω))→ (Lq′(0,T ;W 1,q′(Ω)))∗ are the normalized duality mappings.

Theorem 3.13. A−1
1 0 = {u ∈ Lp(0,T ;W 1,p(Ω)) : u(x, t)≡Const.} and A−1

2 0 = {v ∈ Lq(0,T ;W 1,q(Ω)) :
v(x, t)≡Const.}.

Remark 3.14. From Theorems 3.12 and 3.13, we know the restriction that
⋂

i A−1
i 0 6= /0 imposed on the

m-d-accretive mapping in Theorems 2.2, 2.3, 2.5 and 2.6 is valid.

Remark 3.15. If (3.2) is reduced to the following one

∂u(x,t)
∂ t −div[(C1(x, t)+ |∇u|2)

p−2
2 ∇u] = 0, (x, t) ∈Ω× (0,T )

∂v(x,t)
∂ t −div[(C2(x, t)+ |∇v|2)

q−2
2 ∇v] = 0, (x, t) ∈Ω× (0,T )

−< ϑ ,(C1(x, t)+ |∇u|2)
p−2

2 ∇u >= 0, (x, t) ∈ Γ× (0,T )

−< ϑ ,(C2(x, t)+ |∇v|2)
q−2

2 ∇v >= 0, (x, t) ∈ Γ× (0,T )

u(x,0) = u(x,T ),v(x,0) = v(x,T ), x ∈Ω,

(3.3)

then it is not difficult to see that {u∈ Lp(0,T ;W 1,p(Ω)),v∈ Lq(0,T ;W 1,q(Ω)) : u(x, t)≡Const.,v(x, t)≡
Const.}= A−1

1 0
⋂

A−1
2 0 is exactly the solution of (3.3), from which we can not only see the connections

between the zeros of an m-d-accretive mapping and the nonlinear systems but also see that the work on
designing the iterative algorithms to approximate zeros of nonlinear m-d-accretive mappings is mean-
ingful.
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