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Abstract. In this paper, d-accretive mappings, which belong to accretive-type mappings but are different from m-accretive
mappings, are studied. Some relaxed projection iterative algorithms for an infinite family of d-accretive mappings are con-
structed in a real uniformly convex and uniformly smooth Banach space. The iterative sequences are proved to be strongly
convergent to a common zero point of the family of d-accretive mappings. Compared to the related work, the construction of
the iterative algorithms are simpler and easily realized. Moreover, a kind of generalized (p,q)-Laplacian parabolic systems
is exemplified. The example also emphasizes the importance of the study on d-accretive mappings and sets up a relationship
between iterative algorithms and nonlinear systems.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a real Banach space with norm || - || and let X* be the dual space of X. Suppose that C is a
nonempty closed and convex subset of X. Let (-,-) be the duality pairing of X and X*. In this article, we
use “—” and “—” to denote strong and weak convergence, respectively. A Banach space X is strictly
convex [11if ||x|| = [|y|| = 1,x # y implies that | *32|| < 1. Also, X is said to be uniformly convex [1] if,
for each € € (0,2], there exists § > 0 such that x| = |[y|| = 1, ||x —y|| > € implies that || 32| < 1-38.

A Banach space X is said to be smooth [1] if

t —
eyl ] a
t—0 t
exists for each x,y € S(X) := {u € X : ||u|| = 1}. The norm of X is said to be Fréchet differentiable if, for
each x € S(X), the limit (1.1) is attained uniformly for y € S(X). The norm of X is said to be uniformly

Fréchet differentiable if the limit (1.1) is attained uniformly for (x,y) € S(X) x S(X). The space X is
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uniformly smooth if and only if its norm is uniformly Fréchet differentiable. We say that X has Property
(H) if for every sequence {x,} C X which weakly converges to some x € X and satisfies ||x,| — ||x|| as
n — oo necessarily converges to x in the norm.

The normalized duality mapping J : X — 2X is defined by

J)={feX": (e f) = 2% 71 = =}, vxeX.

Lemma 1.1. [1] The normalized duality mapping J : X — 2X" has the following properties:
(1) if X is a real reflexive and smooth Banach space, then J is single-valued;
(2) if X is reflexive, then J is surjective;
(3) if X is uniformly smooth and uniformly convex, then J=' is also the duality mapping from X* into
X. Moreover, both J and J~' are uniformly continuous on each bounded subset of X or X*, respectively;
(4) for x € X and c € (0,+e), J(cx) = cJ(x).

Definition 1.2. [2] Let A: D(A) C X — X be a mapping. Then
(1) A is said to be d-accretive if for all x,y € D(A), (Ax—Ay, j(x) — j(y)) > 0, where j(x) € J(x), j(y) €
J(¥);
(2) A is said to be m-d-accretive if A is d-accretive and R(I +AA) = X for VA > 0;
(3) A is said to be accretive if for all x,y € D(A), (Ax— Ay, j(x—y)) > 0, where j(x—y) € J(x—y);
(4) A is said to be m-accretive if A is accretive and R(I + AA) = X for VA > 0.

For a mapping A : D(A) C X — X, we use A~'0 to denote the set of zero points of A, that is, A~!10 =
{x€D(A): Ax=0}. We use F(A) to denote the set of fixed points of A, thatis, F(A) = {x € D(A) : Ax=
x}. It is easy to see that d-accretive and accretive mappings are two different types of mappings in non-
Hilbertian Banach space. Both the two mappings have been extensively studied via iterative methods in
different framework of spaces; see [2]-[9] and the references therein.

Definition 1.3. [10] A mapping 7' C X x X* is said to be monotone if (x; —xz,y; —y2) > 0, for Vy; €
Tx;,i = 1,2. The monotone mapping 7 is said to be maximal monotone if R(J +AT) = X*, VA > 0.

Lemma 1.4. [10] Let T C X x X* be maximal monotone. Then
(1) 7710 is closed and convex subset of X ;
(2) if x, — x and y, € Tx, withy, —y, or x, = x and y, € Tx, withy, — y,thenx € D(T) and y € Tx.

Definition 1.5. [11] The Lyapunov functional ¢ : X x X — R™ is defined as follows:

o(x,y) = le* = 2(x, j()) + Iy, Y,y € X, j(y) €I ().

Definition 1.6. Let B : X — X be a mapping. Then

(1) B is said to be non-expansive if ||[Bx — By|| < ||x —y|| for Vx,y € X;

(2) B is said to be generalized non-expansive [12] if F(B) # 0 and ¢(Bx, p) < ¢(x, p), for Vx € X and
p € F(B).

It is easy to see that non-expansive and generalized non-expansive mappings are two different types
of mappings.

Definition 1.7. [1, 13] (1) If X is a reflexive and strictly convex Banach space, then for each x € X there
exists a unique element v € C such that ||x — v|| = inf{||x — y|| : y € C}. Such an element v is denoted by
Fcx and Fc is called the metric projection of X onto C.
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(2) Let X be a real reflexive, strictly convex and smooth Banach space, then for Vx € X, there exists a
unique element xq € C satisfying ¢(xp,x) = inf{¢(z,x) : z € C}. In this case, Vx € X, define ITc : X — C
by I1¢cx = xg, and then I is called the generalized projection from X onto C.

Definition 1.8. [14] Let X be a real smooth Banach space.
(1) Define G : C x X* — (0, +o0] by:

G(x,y) = x> = 2(x,y) + [yl +2p f(x), Vx € C,y € X,

where p >0 and f : C — (—oo,+o0] is a proper convex and lower-semi-continuous function.
2) Hé : X — 2€ is called the generalized f—projection if

Hé(y) ={z€C:G(z,Jy) <G(x,Jy),VxeC}, VyeX.

Definition 1.9. [12] Let Q be a mapping of X onto C. Then Q is said to be sunny if Q(Q(x) +#(x —
Q(x))) = O(x), for all x € X and t > 0. A mapping Q : X — C is said to be a retraction if Q(z) = z for
every z € C. If X is a smooth and strictly convex Banach space, then the sunny generalized non-expansive
retraction of X onto C is uniquely decided, which is denoted by Rc.

Definition 1.10. [15] Let {C,} be a sequence of nonempty closed and convex subsets of X. Then

(1) s —liminfC,,, which is called a strong lower limit, is defined as the set of all x € X such that there
exists x;,, € C, for almost all n and it tends to x as n — oo in the norm.

(2) w—limsupC,,, which is called a weak upper limit, is defined as the set of all x € X such that there
exists a subsequence {Cy, } of {C,} and x,, € C,, for every n; and it tends to x as ny — o in the weak
topology;

(3) if s — liminfC,, = w — limsup C,,, then the common value is denoted by limC,,.

Lemma 1.11. [16] Suppose that X is a real reflexive and strictly convex Banach space. If imC,, exists
and is not empty, then {Pc,x} converges weakly to Pimc,x for every x € X. Moreover, if X has Property
(H), the convergence is in norm.

Lemma 1.12. [15] Let {C,} be a decreasing sequence of closed and convex subsets of X, i.e., C, C Cy,
ifn>m. Then {C,} converges in X and limC,, = _, C,.

The class of d-accretive mappings has a close relationship with nonlinear evolution equations. A
lot of work has been done on accretive mappings, however, fewer research works have been achieved
compared to those for accretive mappings. One of the influential research works on d-accretive mappings
is presented by Alber and Reich [17] in a real uniformly smooth and uniformly convex Banach space:

Xnt1 = Xp — OpAxy (1.2)
and
Axy,
Xn+1 :xn—anm- (L.3)
n

However, d-accretive mapping A in both (1.2) and (1.3) are required to be uniformly bounded and
demi-continuous. Indeed, only weak convergence is obtained. Recently, Guan [18] removed the condi-
tion that “A is uniformly bounded”, however, he assumed that “J is weakly sequentially continuous and
A satisfies the following condition

@(p,(I+r,A)"'x) < o(p,x), (1.4)
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for x € X and p € A~10.” To be more precise, Guan studied the following iterative algorithm [18]:

(x1 € D(A),
Yn= (I—|—rnA)_1xn,
G = {V € D(A) : q)(vayn) < (P<V7xn)}7 (1.5)

O, ={veDA): (x,—v,Jx; —Jx,) >0},

Xprl = HCnﬂanl, neN.

It was shown that {x,} converges strongly to an element in A~'0. We note here that the restrictions
are extremely strong since it is hard for us to find such an m-d-accretive mapping that is both demi-
continuous and satisfies (1.4).

In 2014, Wei, Liu and Agarwal [2] made the following two contributions. One is that they removed the
condition that the m-d-accretive mapping should be demi-continuous and uniformly bounded or should
satisfy condition (1.4). The other one is that they investigated the study on finding zero points of m-d-
accretive mappings to common zero points of a finitely many m-d-accretive mappings {A;}”"; C X x X.
One of the iterative algorithms in [2] is the following block combination method:

x1 €X,
Vp = lenzl a)n,i[an,ixn + (l — Oln,i)(l—k rm'A,')_lxn], (16)
Xn+1 = anzl nmi[ﬁmixn + (1 - BnJ)(I'i‘smiAi)_l)’n]; neN.

They proved that {x,} generated by (1.6) weakly converges to an element in (), Al-_IO.
In [2], they also studied the following block projection method:

x1 €X,

Uy = Y| O[O i + (1 — Qi) (14 1 iAi) ™ ),
Virl = Ly Ml Brixn + (1 — Bui) (L + 5n,iAi) 'yl
H =X,

Hyy ={z € Hy: @(vn,2) < @(x,2)},

Xn+1 :RHonl, neN.

(1.7)

They proved that {x, } generated by (1.7) strongly converges to an element in (-, Ai’IO.

In 2016, by employing G-function and IT/., Wei and Liu [14] presented two new iterative algorithms
for finitely many m-d-accretive mappings {A;}, C X* x X*. And, the computational errors are also
considered. One of the two iterative algorithms is as follows

xie€X,r;>0,i=12,---,m,
Vi = (J+ 1 Ad) Wx,i = 1,2, ,m,
Jup =Y BuiJyni+ Bum+1Jen, neEN,
Xpp1 =J (1= o)y + G Jun], nEN,

(1.8)
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They proved that {x, } generated by (1.8) weakly converges to an element in ﬂlmzlAi_lO. The other is

(x1€X,r;:>0,i=1,2,-,m,

Yni = (J+rniAd) Uxy,i=1,2,-- m,

Jup i = BuiJyni+ (1= Bpi)en,i=1,2,--- ,m,

Jzni = O iy + (1 — O i)ty i = 1,2, m,

Cri=X,i=12,---,m,

Ci =NiZi Cuis

Cot1,i={veC: G, Jzni) < (Oni~+ i — 0iPni) G(v,Jxy)
+(1=043) (1 = Bni)G(v, Jen) },i=1,2,--- ,m,

Cor1 =21 Cutris

Xntl = H]CCHIxh neN.

1.9

They also proved that {x,} generated by (1.9) strongly converges to an element in (., A;'0.

In Guan [18], Wei, Liu and Agarwal [2] and Wei and Liu [14], one may notice that it is not an easy
thing to compute G(v,Jzy ;) or @ (v, zp), Hénﬂxl or Ry, x1. Can one reduce the computation complexity?
In Section 2, we will give an answer to this question. We shall construct some new iterative algorithms
and prove the iterative sequences converge strongly to the common zero point of an infinitely family
of d-accretive mappings. New proof techniques are used and the restrictions on the parameters are
mild compared to the existing works published recently. Moreover, the study on this topic is extended
from single or a finite family of d-accretive mappings to that of infinite cases. In Section 3, we shall
present a generalized (p,q)-Laplacian parabolic system from which we define m-d-accretive mappings
and emphasize the meaningfulness of this topic.

The following lemma is needed in our paper.

Lemma 1.13. [19] Let X be a real uniformly convex Banach space and r € (0,+). Then there exists a
continuous, strictly increasing and convex function h : [0,2r] — [0,+o0) with h(0) = 0 such that

llox+ (1 = o0)y||* < arlfx]]* + (1 = @) [yl — ex(1 = e)h(flx =yl

fora €10,1], x,y € X with ||x|]| < rand ||y|| <r.
2. STRONG CONVERGENCE THEOREMS

2.1. Results for m-d-accretive mappings {A;}>* ; C X x X. In this subsection, we always assume that
the following conditions are satisfied:

(C1) X is areal uniformly convex and uniformly smooth Banach space and J : X — X* is the normal-
ized duality mapping;

(C) A; : X — X is an m-d-accretive mapping, for i € N;

(C3) v € X* is a fixed element;

(C4) {sn,i} is a real number sequence in (0,+cc) and {7,} is a real number sequence in (0, 1), for
i,neN.

Algorithm 2.1.
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Step 1. Choose u; = v € X* and let 51 ; and 71 be any positive constants, for i € N. Set n = 1, and go
to Step 2.

Step 2. Compute wy,; = (I + s, JAJ 1) " Luy, fori € N. If u, = w,;, for all i € N, then stop; otherwise,
construct the sets U, and V), as follows:

U = X*,

Unt1,i ={z € X" (Wni—2,J " (un — wn;)) > 0},

Unt1 = (N2 Unt1,i) N Un,

Vart ={2€Unp1 : [v—2|> < Pg,, (v) + Tus1}, nEN,
and go to Step 3.

Step 3. Choose any element u,, € V,,11 and compute i, = J Iy, forn € N.
Step 4. Set n =n—+ 1, and return to Step 2.

Lemma 2.1. [f, in Algorithm 2.1, u, = wy;, Vi € N, then i, € (= A; '0.

Proof. 1tis easy to check from Algorithm 2.1 that u, = wy;, Vi € N is equivalent to u,, = (I +s, ;JA;J Ny,
Then s, ;JA;J " 'u, = 0, which implies that from Lemma 1.1, A;J~'u, = 0, that is, @, € =, A; 0. This
completes the proof. ([l

Theorem 2.2. If ﬂ}x’:lAi_lO # 0, then under the following assumptions that liminf,s,; > 0 for i €
N and limsup, T, = 0, the iterative sequence u, — uy € ﬂ‘f’:lAflO, where uy = J vy and vy =

Pﬂ}il(AiJ*‘)*loV, as n — oo.
Proof. We split the proof into eight steps.

Step 1. N2, (AJ-H) 710 £ 0.

Since n‘;‘;lA;lo = (0, then there exists g € X such that A;g = 0, for i € N. In view of Lemma 1.1,
there exists p € X* such that J~!p = q. Thus (A,J~")p = A;q = 0, for i € N, which implies that p €
N (Aw—1)~1o.

Step 2. N~ (AJ~)~'0 C U,.

To this end, we shall use the mathematical induction. For n = 1, it is obvious that (*; (A;J~1)~10 C
U =X*.Now, Vp € N, (AJ~1) 710, since wii= (I—HUJA,-J_1 )~ 'uy, we find that w17,-+s1,,~JA,-J_1w17l~ =
uy, which implies that from Lemma 1.1 that slviA,-Jflwlv,- =J! (u1 —wy ), fori € N. From the definition
of m-d-accretive mappings, we have

(wii—pJ ™ (w1 =wi ) = (wii— pysidid 'wi )
= s1,i<J(J_1w17,~) —J(J_lp),A,‘J_IWU —AiJ_1p>
>0.
Then N7, (A;J ') 710 C Uy, which ensures that N, (A;J 1) 10 C Us.
Suppose the result is true for n = k+ 1. If n = k+ 2, we have Vp € N~ (A1) ~10. Since

Wit = ([ +ser1 JAT ) g,

we have

—1
Wit 1,i + Sk 1 iJAJT ™ Wit = g1,
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which implies from Lemma 1.1 that Sk+1_’iAiJ_1Wk+]7i =J! (tg+1 —Wi1,4), for i € N. It follows that
(Wit 1,i — P i1 — Wi i) = Wi, — p, Sk+1,iAiJ_1Wk+1 i)
= Sk 11T Wirri) = I ), AT i1 i — A p)
> 0.
Then N2, (A,-J_1 )_10 C Uk+2,i, which ensures that (2 (A,-J_1 )_10 C U4 Therefore, N, (A,J_1 )_10 C
U,.

Step 3. {u,} is well-defined.
It is easy to check that

{z€ X" (Wai—2,J 7 (g —wn)) > 0}

is closed and convex, which implies that U, is closed and convex. Thus Py, (v) is well-defined.
Since Py,,, (v) = inf.cy,,, ||z— v, we find from the definition of infimum that V,, # 0. Then {u,} is
well-defined.

Step 4. Let v, = Py,v, forn € N. Then v, = vo = Fn=_ v, as n — oo,

In fact, from Step 1 and Step 2, we know that 0 # (>, (A;J~1)~'0 C N, U,. Lemma 1.12 ensures
that limU, =", U, # 0. Since X is uniformly convex and uniformly smooth, we see that X has Prop-
erty (H) (see [1]). Using Lemma 1.11, v, = vo = B> y, v, as n — co.

Step 5. ||un — vu|| < h(7,) for n € N, where v, is the same as that in Step 4.
Since u, € V,, C U, and d(v,U,) = ||v — v,||, we find from Lemma 1.13 and the fact that U, is convex
that, for Vk € (0,1),

v = VI < kv + (1= k)t —v1|?
< l[vn = VI* 4 (1= k) [un = v[|> = k(1= k)| Vi = un])-
Therefore,
kh([[vi—un]|) < |ty = V][> = [[va = V][> < 7.
Letting k — 1, one has ||v, — u,|| < h (7).
Step 6. u, — vo and w,; — vo as n — oo, for i € N, where vy is the same as that in Step 4.
Since vy11 € Uyy1, we find that (wy, ; — vipr1,J (g — wy)) > 0. Therefore,
(tn = Va1, 0~ (= Wi i)
= (tn — Wiio T~ (= W)+ Wi = Vi1, (tn — Wi i)
> [|tn — wii)*.
Then
et = Wi ill < llttw = viia | < Nlw = vall + Ve = Vi | < A(T0) + Ve = vasa |-

Since v, — vp and limsup,,_,., 7, = 0, we find that limsup,,_,, ||, —wy || <0, fori € N. Thus u, —w, ; —
0, as n — oo, for i € N. Moreover, from Step 5, u,, — v, — 0, as n — oo. Therefore, u,, — vo and w, ; — vo,
asn — oo, fori € N.

Step 7. vo = Pz, v,V = Py (4 1)-10v- This means that the best approximation of v in both (), U, and
Nz, (AJ~1)~'0 coincide.
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First, we show vo = P ¢,V € N (AJ~1)710. Since wy; = (I + 5, JAJ ') " uy,, one has w,; +
SniJAJ " 'w,; = u,, which implies that s,,v,-A,-J_lw,u- = J Yu, — wy,), for i,n € N. From Step 6, both
{u,} and {w,,} are bounded, for i,n € N. Then Lemma 1.1 implies that J~! (u, — w,,;) — 0, as n — oo.
Since liminf, s, ; > 0, one has A;J *lwmi — 0, as n — oo. Since A;J~! is maximal monotone from [2], we
find that Lemma 1.4 implies that vo € N7, (4:J~')~10.

Secondly, we show vo = Fn= (4,5-1)-19V- Since Nz, (AJ-H7'0 c N7, Uy, one has 1Pz a-1)-10v —
o= (1P

n=

,0,v = V|| =[[vo—V||. On the other hand, since vo € "Z; (A;J ") ~'0, one has || Py= (4,/-1)-10V —
v|| < |lvo — v||. Therefore,

Pz (au-1y10v — VIl = [|1Phz, u,v — V|- Since Pnz  y,v is unique, one has
Frz au-1y-10v = P o, v
Step 8. &, — uyg =J 'vg, as n — oo, where vy = Fr= (ag-1)-10v as that in Step 7.

Following from Steps 7 and 6, we have u, — vo = Pry= (4,7-1)-19V, @s n — eo. Then Lemma 1.1 implies
that @, = J 'u, — J vy = ug, as n — oo. This completes the proof. O

1 —
Z?;r] ajui

Theorem 2.3. Let {u, } be generated by Algorithm 2.1. Set A, = Ty
i=1 "1

oo, as n — oo. Under the assumptions of Theorem 2.2, we obtain the result of ergodic convergence in the

forie N and suppose ¥ | a; —

sense that A, — ug € (7 A; 0, where ug = J~'vy and vy = Pre (a-1)-10(V), as n— oo
Proof. The proof is similar to that of Step 5 of Theorem 2.2 in [20]. O

2.2. Results for m-d-accretive mappings {A;}> , C X* x X*. In this subsection, we always assume
that the following conditions are satisfied:

(A1) X is a real uniformly convex and uniformly smooth Banach space and J : X — X* is the normal-
ized duality mapping;

(A2) A; C X* x X* is m-d-accretive, for i € N;

(A3) u € X is a fixed element;

(A4) {rs;} is a real number sequence in (0,+e0) and {5,} is a real number sequence in (0, 1), for
i,neN.

Algorithm 2.2.
Step 1. Setx; = u € X and let | ; and O; be any positive constants for i € N. Set n = 1, and go to Step
2.
Step 2. Compute y, ; = (I+ rn,,'J_lAiJ)_lxn, foreachi € N. If x,, =y, ;, for i € N, then stop. Otherwise,
construct the sets X,, and Y, as follows:
X =X,
Xn+1,i = {Z €X: <yn,i _Z’J(xn _))n,i» > 0}7
Xn+1 = (m?O:an—H,i) me
Vi1 ={2€ Xt Jlu—z|> < P§ (u) +8u1}, nEN,

and go to Step 3.
Step 3. Choose any element x,,+| € Y,,+; and compute x,, = Jx,,, forn € N.

Step 4. Set n = n+ 1 and return to Step 2.

Lemma 2.4. If, in Algorithm 2.2, X, = yp;, Vi € N, then X, € ﬂ}x’:lAlflO.
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Proof. 1tis easy to check from Algorithm 2.2 that x, =y, ; = (I+ 7/~ 'A;J)~'x,,. Then Fnid ™ "AJx, =0,
which implies from Lemma 1.1 that x;, = Jx, € N~ lAi_lo. This completes the proof. g

Theorem 2.5. If ﬂ?:]A;lO # 0, then, under the following assumptions, liminf, r,; > 0 for i € N and
limsup,_,., 0, = 0, the iterative sequence X, — x( € ﬂ;-x’:lAi_lO, where xo = Jzo and zo = Py (a,7)-104;
asn — oo,

Proof. Similar to Theorem 2.2, we also split the proof into eight steps.

Step 1. N, (A1) 710 # 0.

Since (N7, AITIO = (), there exists v* € X* such that Ajy* =0, for i € N. In view of Lemma 1.1, there
exists y € X such that Jy = v*. Thus (A.J)y = Av* = 0, for i € N, which implies that y € N>, (A7) ~10.
Step 2. N2, (AJ)~10 C X,,.

To this end, we shall use the mathematical induction. For n = 1, it is obvious that N_;(A,J)~'0 C
X1 = X. Now, Vp € N2, (AJ)~'0, since yii= I+ r17l~J_1A,-J)_1x], we have y; ; + r17,-J_1A,-Jy1’,- =xi,
which implies that from Lemma 1.1, r ;J(J~'AiJ)y1 ; = J(x1 —y1,), for i € N. So, from the definition of
m-d-accretive mappings, we know that

i —pJ(x1 =y12)) = i — pyr1i(Adyr i — A p))
=ri(J ' (Uy1) —J(Ip),Aidy1,; — A p)
>0.

Then N, (AJ)~'0 C Xa;, which implies that N7, (A;.J) !0 C X>. Suppose that the result is true for
n=k+1.1f n=k+2, we have Vp € N, (A:J)~'0. Since Vipri = I+ rk+1,ij_1A[J)_1.Xk+1, we have
Vit 1i+ et 1. YAidYit1,i = Xiq1, which implies that from Lemma 1.1, iy J (J 7 A vk 1.0 = J (X1 —
Yi+1,i), for i € N. It follows that

Wir1,i = Pod (1 = Vi 1,0)) = Ok 1 — P Tt 1,i(Aid Vi1, — Aid p))
= il (i) =J ' (Up), Al yis 1 — Aid p)
> 0.
Then N, (AiJ) 710 C Xi12,, which implies that (2 (A:J) 10 C X2
Step 3. {x,} is well-defined.
It is easy to check that
{Z €X: <yn,i _Z,J(Xn _yn,i)> > 0}

is closed and convex, which implies that X,, is closed and convex. Thus Py, («) is well-defined. Since
P, (u) = inf.ex,., ||z —ul|, it follows from the definition of infimum that ¥, # 0. Then {x,} is well-
defined.

Step 4. Let z, = Py,u, for Vn € N. Then z,, = z0 = Pz x, U, as n —» oo.
In fact, from Step 1 and Step 2, we know that @ # >, (A;J)~'0 C Nr_, X,,- Lemma 1.12 ensures that
limX, # @. Fromrom Lemma 1.11, z,, — z0 = Py, x,u, as n —» oo,

Step 5. ||x, — 24| < h~'(8,) for n € N, where z,, is the same as that in Step 4.
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Since x, € Y, C X, and d(u,X,,) = ||u — z,||, we find from Lemma 1.13 and the fact that X,, is convex
that, Voo € (0, 1),

20— ul® < florzn + (1 — o), — ul|?
< otlzn — )+ (1= o)y — ul|* — (1 = @)([|zn = xa])-
Therefore, 0th(||z, — X ||) < 8,. Letting o — 1, one has ||z, — x,|| < h~(8,).

Step 6. x, — 20 and y, ; — zp as n — oo, for i € N, where zy is the same as that in Step 4.
Since z,41 € Xy41, one has (yn; — zn+1,J(Xn —yni)) > 0. Therefore,

(Xn = 2t 1,J (Xn *)’n,i» = (X *Yn,iv‘](xn *yn,i» + <Yn7i — Znt 1,J (Xn *yn,i)> > [|xn 7)%!'”2'

Then
%0 = Ynill < %0 = zns1ll
< Nxn = zall + llzn =z |
<h 1 (80) + llzn = zas [l
Since z, — zo and limsup,,_,., 8, = 0, one has limsup,,_., ||x, — yni|| =0, for i € N and x,, — y,,; — 0 as

n — oo, for i € N. Following Steps 4 and 5, x,, — zo and y, ; — 2o, as n — oo, fori € N.

Step 7. z0 = Pz, x,u = P~ (a,7)-10u- This means that the best approximation of v in both (), X, and
N3, (A:J) 0 are coincided.

First, we show that zo = Pn=_ x,u € i (AJ)~10. Since y,; = (I + 1, J'AiJ) " x,, one has y,; +
r,,7,-J_1A,-Jy,,,[- = X,, which implies that 7, ;A;Jy,; = J(x, — yu;), for i,n € N. From Step 6, both {x,}
and {y,;} are bounded, for i,n € N. Then Lemma 1.1 implies that J(x, — y,;) — 0, as n — . Since
liminf, ;e r,; > 0, one has A;Jy,; — 0, as n — oo. Since A;J is maximal monotone from [14], we see
that Lemma 1.4 implies that zo € N, (A4;J)~10. Since N, (A7) 10 C N>, X;,, one has 1Pz, (ay-104 —
ul| > || Pz, x,u — ul| = [|zo — ul|. On the other hand, since zo € (21 (AiJ) "0, one has [|[Pn= (4,7)-101 —
ul| < |]zo — u|. Therefore

1Pz 4y 1ou = ull = [|Pryz_, x, e — ]
Since Py~ x,u is unique, one has Pﬂ;; (A -toU = Py x, u-

Step 8. X, — xo = Jz0, as n — oo, Where zo = Fy= (4,7)-10U-

Follows from Steps 7 and 6, we have x, — zo = Pry= (4,7)-10l, as n — e. Using Lemma 1.1, we find
that x,, = Jx,, — Jzo = xo, as n — oo. This completes the proof. O
L) bivi

Z?;rll bi
oo, as n — oo. Then under the assumptions of Theorem 2.5, we obtain the result of ergodic convergence

Theorem 2.6. Let {X,} be generated by Algorithm 2.2. Set M, = , fori € N and suppose Y., b; —

in the sense that N, — xo € (=1 A; 10, where xo = Jzo and zo = Pz (a)-10(u), asn — oo.
Proof. The proof is similar to that of Step5 of Theorem 2.2 in [20]. O

Remark 2.7. We notice that C, in (1.5) and H, in (1.7) involve the calculation of the value of Lya-
punov functional @. And, C,41,; in (1.9) involves the calculation of the value of bifunction G defined in
Definition 1.8. However, our algorithms 2.1 and 2.2 avoid such expensive labor.
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Remark 2.8. {x,} in (1.5) involves the evaluation of the generalized projection, {x,} in (1.7) involves
the evaluation of the sunny generalized retraction and {x,} in (1.9) involves the evaluation of the f-
projection. However, in our algorithms 2.1 and 2.2, only metric projection is involved. From the view-
point of theory, Algorithms 2.1 and 2.2 are easy for computation and realization.

Remark 2.9. The normalized duality mapping J is no longer needed to be weakly sequentially contin-
uous as that in [18], or [2] or [14]. The m-d-accretive mapping is no longer needed to be uniformly
bounded and demi-continuous as that in [17], and it need not to satisfy condition (1.4) as that in [18].

Remark 2.10. Iterative constructions of zero points of m-d-accretive mappings or a finite family of
m-d-accretive mappings in [17], [18], [14] and [2] are extended to an infinite family of m-d-accretive
mappings in this paper.

Remark 2.11. From Theorems 2.2, 2.3, 2.5 and 2.6, we may find the restrictions on parameters are
rather weaker than corresponding studies, see, e.g., [17], [18], [14] and [2].

3. APPLICATIONS

In this section, we shall present some applications of the results presented in Section 2.

3.1. Applications in special Banach spaces. Let X = L”(Q), [”, or WP (Q), 1 < p < o0, and let X*
be the dual space of X. It is known that X is a uniformly convex and uniformly smooth Banach space.
Therefore, Theorems 2.2, 2.3, 2.5 and 2.6 are applicable in these special Banach spaces.

3.2. Applications in Hilbert space. In a Hilbert space, Theorems 2.2 and 2.3 are identical and Theo-
rems 2.5 and 2.6 are identical, too. Then we have the following theorems.

Theorem 3.1. Let H be a Hilbert space and let A; C H X H be m-d-accretive mappings, fori € N. Let
u € H be a fixed element. Assume that {r,;} is a real number sequence in (0,+o) and {3,} is a real
number sequence in (0,1), fori,n € N. Let {x,} be a sequence generated in the following process

;

x1=u€H,

Xi=H,

Vi = (I+r,,7,-A,-)*1xn,i EN,

Xni1i ={2€ H: (Yni—2,X —Yni) > 0},i €N, @3.1)
Xor1 = (MiZ1 Xt 1) N X,

Yoyt = {2€ Xp1 t lu—zl]* <Pg () + 8uri},

Xnt+1 € Y1, n €N.

Ifﬂ}”:lAi_]O # 0, liminf,ry,; > 0, for i € N and limsup, .6, = 0, then x,, — zo, where zo = Pﬂ?i]A_—lOI/t,
asn— oo,

Z?jll bixi
Theorem 3.2. Let {x,} be generated by (3.1). Set n, = YT

as n — oo. Under the assumptions of Theorem 3.1, we obtain the result of ergodic convergence in the

forie N and suppose that Y\ b; — oo,

sense that M, — zo and 7o = Pﬂc_xilA.—lO(M), asn — oo,
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3.3. Parabolic systems involving the p-Laplacian.

Remark 3.3. In [2], we demonstrate an example of m-d-accretive mappings which has connection with
the generalized p-Laplacian elliptic boundary value problem. Now, we present another example involv-

ing (p,q)-Laplacian parabolic systems which is a special case in [21]:

QL) _ giv[(Cy (x,1) + \vu|2)”%2vu] e |u) 2u+ g1 (x,u, V) = fi(x,1), (x,t) € Qx (0,T)

a”t —div[(Cy(x,1) + ]Vv] 7 Vv] + &V + g (x,v, Vv) = f(x,1), (x,1) €Qx (0,T)
— <O, (Cy(x,1)+ |Vu>) 2 Vu > Bi(u), (x,1) €' x (0,T)

— < 9,(Ca(x,0) + [VVP) 2 VY >€ Bu(v), (x,t) €T x (0,T)

u(x,0) = u(x, T),v(x,0) = v(x,T), x € Q.

(3.2)
In (3.2), Q is a bounded conical domain of a Euclidean space RV (N > 1) with its boundary T" € C!,
(see [21]). ¥ is the exterior normal derivative of I" and T is a positive constant. 0 < Cj(x,t) € V| =
LP(0,T; WP (Q)), 0 < Ca(x,1) € Vo = LI(0,T;WH(Q)), fi(x,1) € Wy = Lm@pr}(0, T, L {rr'}(Q))
and fo(x,1) € Wy = L4430, T;L"*{94} (Q)) are given functions. & and & are nonnegative con-
stants. Moreover, f3, is the subdifferential of ¢y, where ¢, = @(x,-):R— RforxcT'and 9 :I'xR — R
d 2N1 < s <min{q,q'}.
To discuss (3.2), the following assumptions are considered in [21]:

is a given function. N+1 <r<min{p,p'} an

Assumption 1. Green’s formula is available.

Assumption 2. For each x € ', ¢, = ¢(x,-) : R — R is proper, convex and lower-semi-continuous
function and ¢,(0) = 0.

Assumption 3. 0 € B,(0) and for each ¢ € R, the function x € ' — (I+AB,)~'(t) € R is measurable
for A > 0.

Assumption 4. Suppose that g; : @ x RNT! — R (i = 1,2) satisfies the following conditions:

(a) Carathéodory’s conditions.

x — gi(x,r) is measurable on Q, for all r € RN,

r — gi(x,r) is continuous on RN, for almost all x € Q.

(b) Growth condition.

810,71, )PP <y (x,0) [P 4By | |7,
where (r1,72,--+,ry+1) € RV hy(x,t) € Wy and by is a positive constant;
|82, 71, i)™ < g (x, 1)1 4 Ba | |,
where (r1,72,--+,rn+1) € RV ho(x,t) € Wa and b, is a positive constant;

(c) Monotone Condition. g; is monotone in the following sense:
(8i(x, iy srven) = &ilxstr, -+ stvgr)) > (r—1),

forall x € Qand (r,---,rn+1), (t1, -+ ,tne1) € RVFL
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Lemma 3.4. [10] Let X be a real Banach space. If B: X — 2X" is an everywhere defined, monotone and
hemi-continuous mapping, then B is maximal monotone.

Definition 3.5. Let %+ % =1and é+ % = 1. Define the mapping E; WP (Q) = (Wh(Q))* by
(w.B )

" 2o P22 = 2-p _ 2-p'
Z/Q<(C1(x,t)+|V(|M|” Lsgnullull ") 12) =V (|ul? sgnullull "), V(P sgnwl|wl[, 7)) > dx,

for any u,w € Wl*f’/(Q), where < -,- > denotes inner-product in R". Similarly, define the mapping
By : WH(Q) = (W' (Q))" by

(w, By u)

/I 2 / q-2 ’_ 2 / ;o - /
:/Q< (Co e, 1) + |V (|aal L sgnullull ) [2) = V(Jul® sgnullull ), V(Iw|? ™ sgnwllw] ) > dx,
for any v,w € W7 (Q).

Proposition 3.6. The mapping B/p\.,r : Wl’p/(Q) — (Wl”’/(Q))* is maximal monotone. And, the mapping
E,: : Wl’q/(Q) — (Wl’q,(Q))* is maximal monotone.

Proof. Step 1. g,; is everywhere defined.
In fact, for u,v € Wl’p/(Q), we have

(v, By )|
/I 2y _ I 2y
< /Q IV (Jul? = sgrullul[ 3 7)1~ [V (o[~ sgnv|v] 27 )ldx
— _y _
< Const J|ul Vv 2 /Q (Va7 |V [v]” ~2dx

-D@2-p 2—p/ /_ L I 1
< Const.Jull " v 1Vulr il o (| 1ol rds

b = s N
< Constull§VF w2 ([ (Va5 ([ Jul) 7 [ oy ([ vl
Q Q Q Q
< Const.||ull{ ) [IV]}1 -
Thus E;, is everywhere defined.

Step 2. f?;, is monotone.
The monotonicity of l?,:, follows from its definition.

Step 3.§; is hemi-continuous.

To show that E;, is hemi-continuous, it suffices to prove that for u,v,w € W' (Q) and 7 € [0,1],
<w,§,:r(u+tv) —l?,:ru> —0,ast—0.

In fact, by using Lebesque’s dominated convergence theorem, we find that
0<Ii B, (u+1v)—B,,
= tg%KW’ pr(U+1v) — By ru)l

/ _ p=2 /_
< [ m (€1 (o) + ¥ e 1} sgnu09) a+-9] 7)) 5V -t 117" s ) Ju-0v] )

;o 22—y p—2 ;o - ;o Iy
— (€10 ) [Vl sgmulal] 3 )2) 7Vl sgmulal 3 )| x [V (vl sgnwlw] %7 = .
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Step 4. Ep\, is maximal monotone.

Lemma 3.4 implies that Ep\, is maximal monotone. Similarly, we get the result that E,; is maximal
monotone. This completes the proof. U

Proposition3.7. Ler 1 < p<2and1<q<2. B,,:L"(0,T;W"¥ (Q)) — (L” (0,T;W"¥' (Q)))* defined
by

——

T
<W>Bp,ru> :/ <Wva,ru>dt7
0

for u,w € LY (0,T;W"(Q)), is maximal monotone. And, the mapping E-q: L0, T; W (Q)) —
(L1(0,T;W"4(Q)))* defined by

T
(W,By5v) = / (w, By sv)dt,
0
forv,w e L7 (0,T;W"4 (Q)), is maximal monotone.

Proof. The result follows from Proposition 3.6. g

Lemma 3.8. [10] If B} and B, are two maximal monotone mappings in X such that (intD(By))(\D(B,) #
0, then B + B is maximal monotone. Here (intD(B))) indicates the interior of D(B).

Proposition 3.9. [21] Define S1 : D(S1) = {u(x,t) € L” (0,T; W' (Q)) : % € (L (0, T; W' (Q)))*, u(x,0)

u(x,T)} — (L7 (0, T; W7 (Q)))* by

u

Ev

for u € D(Sy). Define Sy : D(S2) = {v(x,1) € LY (0, ;W' (Q)) : % € (L9(0,T; W (Q)))*,v(x,0) =
v(x,T)} — (L7 (0, T; WP (Q)))* by

S1M:

o
ot

forv € D(S2). Then both S| and S are linear maximal monotone.

Sov

By using Lemma 3.8 and Propositions 3.7 and 3.9, we have the following result immediately.

Proposition 3.10. Let 1 < p <2 and 1 < q < 2. The mapping Uy : D(Uy) C LV (0,T;W""' (Q)) —
(LY (0,T; W' (Q)))* defined by Uyw = B,, ,w + Siw, for w € D(Uy), is maximal monotone. And, the
mapping Uy : D(Uy) C L7 (0, T; W4 (Q)) — (L1 (0, T; W4 (Q)))* defined by

Uy = By v+ Sy,
forv € D(U»), is maximal monotone.

Remark 3.11. For 1 < p <2 and 1 < g < 2, there exists a maximal monotone extension of U; from
LY (0,T; W' (Q)) to LP(0,T; W'P(Q)), which is denoted by U;. And, there exists a maximal monotone
extension of Uy from LY (0, T; W4 (Q)) to L4(0, T; W'4(Q)), which is denoted by Uj.

The following two theorems can be obtained as those in [2].
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Theorem 3.12. For 1 < p <2, define Ay : LP(0,T;W'P(Q)) — LP (0, T;W!P(Q)) by
Alu= alflu,

for u € LP(0,T;W'P(Q)). Then Ay is m-d-accretive. For 1 < q <2, define Ay : L4(0,T;W"9(Q)) —
L4(0,T;W4(Q)) by

Ay = f]szz_lv,
forve L1(0,T;W"4(Q)). Then A, is m-d-accretive. Here J; : LV (0,T; W7 (Q)) — (L” (0, T; WP (Q)))*
and J, : L7 (0, T;WHe (Q)) — (L7 (0, T; W4 (Q)))* are the normalized duality mappings.

Theorem 3.13. A;'0 = {u € LP(0,T;W"P(Q)) : u(x,t) = Const.} and A;'0 = {v € LI(0, T; W' 9(Q)) :
v(x,t) = Const.}.

Remark 3.14. From Theorems 3.12 and 3.13, we know the restriction that ﬂl-Ai_1 0 # 0 imposed on the
m-d-accretive mapping in Theorems 2.2, 2.3, 2.5 and 2.6 is valid.

Remark 3.15. If (3.2) is reduced to the following one

— div[(Cy (x,1) + |vu12)¥vu] =0, (x,1) €Qx (0,T)
'” ) _ div[(Ca(x,1) + [VV[2) T V] = 0, (x,1) € @ x (0,T)
—<19 (Ci(x,2) + |Vul? )TVu>:0, (x,1) eI'x (0,T) (3.3)
— <O, (Co(x,1) + |[VV2) T Vy >=0, (x,t) €T x (0,T)

u(x,0) =u(x,7),v(x,0) =v(x,T), x € Q,
then it is not difficult to see that {u € L (0, T;W'?(Q)),v € L4(0, T;W"4(Q)) : u(x,t) = Const.,v(x,t) =
Const.} = A7'0NA,'0 is exactly the solution of (3.3), from which we can not only see the connections

X, t

between the zeros of an m-d-accretive mapping and the nonlinear systems but also see that the work on
designing the iterative algorithms to approximate zeros of nonlinear m-d-accretive mappings is mean-
ingful.
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