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Abstract. In this article, we introduce and study a generalized Yosida approximation operator associated to H (-, -)-co-accretive
mappings. We show the convergence of generalized Yosida approximation operator based on the concept of graph conver-
gence and resolvent operator convergence. We establish a relationship between the graph convergence for H (-, -)-co-accretive
operators and generalized Yosida approximation operators. Finally, the existence and uniqueness of solution of a system of
generalized Yosida inclusions under some mild conditions is established in g-uniformly smooth Banach spaces.
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1. INTRODUCTION

The theory of classical variational inequalities is one of the most important mathematical subjects.
It has many different generalizations with different approaches. One of the remarkable generalizations
is the variational inclusion. Since a large number of problems arising in science, engineering, social
sciences, management, finance, operations research and optimizations, etc., can be formulated as a vari-
ational inclusion; see, for example, [1]-[7] and the references therein, the variational inclusions have
recently extensively investigated using novel and innovative techniques in various directions. The notion
of monotone operators was first independently introduced and studied by Zarantonello [8] and Minty

[9]. A significant interest has been shown by number of researchers as they have firm relations with the
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following evolution equation

dx
— +A(x)=0;
5 TAR)

x(0) = xo,

which is the model of many physical problems of practical applications. It is very difficult to solve these
types of models, if the involving function A is not continuous. To overcome this problem, a natural step
is to find a sequence of Lipschitz functions that approximate A in some sense. This idea was introduced
by Yosida. On the other hand, it is well known that two quite useful single-valued lipschiz continuous
operators can be associated with a monotone operators, namely its resolvent operator and its Yosida
approximation operator. The monotone operators on Hilbert spaces can be regularized into single-valued
Lipschitzian monotone operators via a process known as the Yosida approximation [10]-[13]. Further,
this process was extended to study the problems in Banach spaces; see, for example, [14]-[17]. The
Yosida approximation operators are useful to approximate the solutions of variational inclusion problems
using resolvent operators. Recently, many authors implemented Yosida approximation operators to study
some of variational inclusion problems using different approaches; see, for example, [18]-[22] and the
references therein.

The paper is organized as follows. In Section 2, we recall basic definitions and properties. In Section
3, we introduce a generalized Yosida approximation operator associated to H (-, -)-co-accretive mapping
and discuss its Lipschitz continuity and strong monotonicity. In Section 4, we investigate the graph
convergence of H(-,-)-co-accretive mappings and its relationship with the convergence of generalized
Yosida approximation operators. An example is constructed to demonstrate the graph convergence of
H(-,-)-co-accretive mappings and the convergence of generalized Yosida approximation operators. In
the last section, we consider a system of generalized Yosida inclusions and establish the existence results.

We also suggest an iterative algorithm and discuss its convergence analysis.

2. PRELIMINARIES

In this section, we collect some basic notions and auxiliary results needed in the subsequent sections.
Let X be a real Banach space with norm || - ||. Let X* be the topological dual of X and let d be the metric
induced by norm || - ||. Let (-,-) be the dual pair between X and X* and let CB(X) (respectively 2X) be
the family of all nonempty closed and bounded subsets (respectively, all non empty subsets) of X. The
generalized duality mapping J, : X — 2% is defined by

Jox) = { £ € X (e ) = Il 7)) = el o v e x,

where g > 1 is a constant. In particular, J; is the usual normalized duality mapping. It is well known that
Jg(x) = ||x]|77 12 (x), Vx(# 0) € X. In the sequel, we assume that X is a real Banach space such that J, is
single-valued. If X = H, a real Hilbert space then J, becomes the identity mapping on X. The modulus
of smoothness of X is the function px : [0,00) — [0, c0) defined by

[+ 01+ [lx =l
pe(t)=sop{ T <y <.
A Banach space X is said to be uniformly smooth if limpr(t) = 0; X is said to be g-uniformly smooth if

t—0
there exists a constant ¢ > 0 such that px () < ct9, g > 1. Note that J, is single-valued, if X is uniformly
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smooth. In the study of characterstic inequalities in g-uniformly smooth Banach spaces, Xu [23] proved

the following lemma.

Lemma 2.1. Let g > 1 be a real number and let X be a real uniformly smooth Banach space. Then X is

g-uniformly smooth if and only if there exists a constant ¢, > 0 such that
X+ < [1xl17+ gy, Jg(x)) +cqllyll?,  Vx,y € X.

Definition 2.2. A mapping A : X — X is said to be

(i) accretive if
(Ax —Ay,Jy(x—y)) >0, Vx,y € X;

(ii) strictly accretive if
(Ax —Ay,Jy(x—y)) >0, Vx,y € X,

and the equality holds if and only if x = y;
(iii) &-strongly accretive if there exists a constant § > 0 such that

(Ax = Ay, Jg(x=y)) = 8lx = y[|9, Yx,y € X;
(iv) B-relaxed accretive if there exists a constant 3 > 0 such that
(Ax = Ay, Jy(x=y)) = (=B)[lx=yl?, Vx,y € X;
(v) u-cocoercive if there exists a constant ¢ > 0 such that
(Ax— Ay, Jy(x—y)) = ullAx—Ay[|?, Vx,y € X;
(vi) y-relaxed cocoercive if there exists a constant ¥ > 0 such that
(Ax = Ay, Jy(x =) = (=7)[[Ax = Ay[|?, Vx,y € X;
(vii) o-Lipschitz continuous if there exists a constant ¢ > 0 such that
|Ax = Ay|| < oflx =], Vx,y € X;
(viil) m-expansive, if there exists a constant 17 > 0 such that
|Ax —Ay[| = nllx—yl|, Vx,y € X;
if n =1, then it is expansive.

Definition 2.3. Let H : X x X — X and A, B : X — X be three single-valued mappings. Then

(i) H(A,-) is said to be u;-cocoercive with respect to A if there exists a constant y; > 0 such that

(H(Ax,u) — H(Ay,u),Jy(x —¥)) > [ Ax — Ay]|7, Vx,y,u € X;

(ii) H(-,B) is said to be y;-relaxed cocoercive with respect to B if there exists a constant 7, > 0 such
that
(H (u,Bx) — H (u,By),Jy(x—y)) = (=1)||Bx = By||, Vx,y,u € X;

(iii) H(A,B) is said to be symmetric cocoercive with respect to A and B if H(A, ) is cocoercive with
respect to A and H(+,B) is relaxed cocoercive with respect to B;

(iv) H(A,-) is said to be a;-strongly accretive with respect to A if there exists a constant ¢; > 0 such
that
(H(Ax,u) — H(Ay,u),Jg(x—y)) = au[|x =y, Vx,y,u € X;
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(v) H(-,B) is said to be f3;-relaxed accretive with respect to B if there exists a constant §; > 0 such
that
(H (u, Bx) — H (u, By), Jg(x = y)) = (=By)[|x = ||, ¥V x,y,u € X;
(vi) H(A,B) is said to be symmetric accretive with respect to A and B if H(A,-) is strongly accretive
with respect to A and H (-, B) is relaxed accretive with respect to B;
(vii) H(A,-) is said to be &;-Lipschitz continuous with respect to A if there exists a constant & > 0
such that
[1H (Ax, u) — H(Ay,u)|| < Gi[lx—yl[, Vx,y,u € X;
(viii) H(-,B) is said to be &,-Lipschitz continuous with respect to B if there exists a constant &, > 0
such that
|1 (u, Bx) — H (u, By)[| < &alx—yl|, Vi, y,u € X.

Definition 2.4. Let f, g : X — X be two single-valued mappings and let M : X x X — 2X be a multi-valued
mapping. Then

(i) M(f,-) is said to be a-strongly accretive with respect to f, if there exists a constant & > 0 such

that
(u—v,Jy(x—y)) > otf|x—y[|4, Vx,y,w € X and Vu € M(f(x),w), ve M(f(y),w);

(ii) M(-,g) is said to be B-relaxed accretive with respect to g, if there exists a constant # > 0 such
that
(1= vdg(x=)) = (—B)llx —¥[17, Vx,yow € X and Vuu € M(w,g(x)),v € M(w,g(»));

(iii) M(f,g) is said to be symmetric accretive with respect to f and g, if M(f,-) is strongly accretive
with respect to f and M(+,g) is relaxed accretive with respect to g.

Definition 2.5. Let A,B,f,g: X — X and H : X X X — X be the single-valued mappings. Let M :
X x X — 2X be a multi-valued mapping. The mapping M is said to be H (-, -)-co-accretive with respect to
A,B, f and g, if H(A, B) is symmetric cocoercive with respect to A and B, M(f, g) is symmetric accretive
with respect to f and g and (H(A,B) + AM(f,g))(X) =X, for every A > 0.

Lemma 2.6. [24] Let A,B,f,g: X — X and H : X X X — X be the single-valued mappings. Let M :
X x X — 2% be an H(-,-)-co-accretive mapping with respect to A, B, f and g. Let A be N-expansive and B
be o-Lipschitz continuous such that o > B, > yand n > ©. Then the mapping [H(A,B)+AM(f,g)] !
is single-valued, for all A > 0.

Definition 2.7. [24] Let A,B,f,g: X — X and H : X x X — X be the single-valued mappings. Let
M : X x X — 2% be an H(-,-)-co-accretive mapping with respect to A, B, f and g. The resolvent operator

RI;,S{/}'()” : X — X is defined by

R () = [H(A,B) + AM(f,)] " (1), Yu e X, 4> 0. @.1)

Note that the resolvent operator RIZ("') , defined in (2.1) is 6-Lipschitz continuous, where

,M(',')

1

= Xa—p)+ (uni—yo1)

(2.2)
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3. GENERALIZED YOSIDA APPROXIMATION OPERATORS

In this section, we define the generalized Yosida approximation operator associated to H(-,-)-co-
accretive mappings and discuss some of its properties.

Definition 3.1. The generalized Yosida approximation operator Jﬂw() % X — X is defined as
) =1 [I—RH("') }(u) YueX, A>0 3.1)
l71‘4('7') A] A’vM() ! ’ ’ )

where, [ is the identity mapping on X and RIZ,%}(),-) is the resolvent operator defined by (2.1).

Lemma 3.2. Let A,B,f,g: X — X and H : X X X — X be the single-valued mappings. Suppose that
M : X x X — 2% is an H(-,-)-co-accretive mapping with respect to A, B, f and g. Let A be N-expansive
and let B be o-Lipschitz continuous such that o« > B, >y and 1 > o©. Then the generalized Yosida

approximation operator Jfgw’() ) defined in (3.1) is

(i) k-Lipschitz continuous,
(ii) ¢-strongly monotone;
1

1(1_9)’921 and A > 0.

1
where x = —(1+0), ¢ = —
U+ =7 (@—B)+ (un'— 707

A

Proof. (i). Let u,v be any given points in X. It follows from the definition of the generalized Yosida
approximation operator and the Lipschitz continuity of resolvent operators that

i =250 = 3 [0 = RSy 0] = [0 = R0
< % :Hu —v||+ HRIZS}()-,-)(“) — Rt ) }
g%:HM—VH"FeH”_vH}

- %(I—FG)HM_VH’

1.e.,

55 ) = ) )] < e — vl

Thus, generalized Yosida approximation operator Jf;/[()

(ii) Let u,v be any given points in X. Using the definition of the generalized Yosida approximation

) is k-Lipschitz continuous.

operator, we get

(B w0 =050 g =)
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Now using the Lipschitz continuity of resolvent operators, we have
H(, H(-, 1
(T w0 =0 0)dyu=v) ) = =11 = Ou— ]|

(1= 6)lu— v,

=) —

1.e.,
(I ) =T ), dy =)y > v

Thus, generalized Yosida approximation operator Jﬂw())

proof. U

is g-strongly monotone. This completes the

4. CONVERGENCE OF THE GENERALIZED YOSIDA APPROXIMATION OPERATOR

In this section, we discuss the convergence of the generalized Yosida approximation operator associ-
ated to H(-,-)-co-accretive mapping. We also illustrate an example to support the convergence result.
Let M : X x X — 2% be a multi-valued mapping. The graph of the mapping M is defined by

graph(M) = {((x,y),2) : 2 € M(x,y)}.

Definition 4.1. [24] Let A,B,f,g: X — X and H : X X X — X be the single-valued mappings. Let
My, M : X x X — 2% be H(-,-)-co-accretive mappings, for n =0,1,2,--- . The sequence {M,} is said to
be graph convergence to M, denoted by M, GM, if for every <( f (x),g(x)),z) € graph(M), there exists
a sequence {(f(x,),8(xx)),zn} € graph(M,) such that

f(xn) = f(x),8(x,) — g(x) and z, — z as n — oo.

Theorem 4.2. [24] Let A,B, f,g: X — X be the single-valued mappings and let M, M : X x X — 2%
be H(-,-)-co-accretive mappings with respect to A,B, f and g. Let H : X x X — X be a single-valued
mapping such that

(i) H(A,B) is & -Lipschitz continuous with respect to A and &,-Lipschitz continuous with respect to
B;
(ii) f is T-expansive.
Then M, gM, if and only if

R?L,M,,(~7

S =R (), vue X4 >0,

where

R () = [H(A,B)+ AM,(f,8)] ™" (w), and R} ) () = [H(A,B)+ AM(f,g)] ™" (u).

In the following theorem, we establish the relationship between the convergence of the generalized
Yosida approximation operator and the graph convergence for the H (-, -)-co-accretive mapping.

Theorem 4.3. Let A, B, f,g: X — X be the single-valued mappings and let M,,,M : X x X —2X be H(-,-)-
co-accretive mappings with respectto A,B, f and g. Let H : X X X — X be a single-valued mapping such
that the conditions (i) and (ii) of the Theorem 4.2 hold. Then M, GM, if and only if

A‘Mﬂ(' )(x) _>JAI,{(7) (X),VXGX,A >O7

*M('v')
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where

H(-, H(-- H(-, H(-,
J)HS\/[")(.,.)(X) = [I_R;L(A/[n)(.?.)} (x),]l75‘4(?7‘)(x) = [I_R,17(1|/1().7.)] (x),

and RZ(J{/};)(-J ’RZ(I‘./}.()<,-) are same as defined in Theorem 4.2.

Proof. Suppose that M, Q>M . For any given x € X, let

=T (@) and z =15 ().

. 1 .
Then z = ngé().’_)(x) =— [1 - RZ(M().,_)} (x). It follows that

x—Az= Ry A/}.(.ﬁ.)(x) =[H(A,B) —i—lM(f,g)]*l(x),
which implies that

H(A,B)(x—Az) + AM(f,g)(x —Az) =x

1

ie. 5 = H(A,B)(x—A2)] € M(f(x—22),g(x— 22))

or

((f(x— Az),g(x—A72)), %(x—H(A(x— )Lz),B(x—lz)) € graph(M).

Then by the definition of graph convergence, there exists a sequence { ( f (z@),g(z@)) , yﬁl} € graph(M,,)
such that

F(Z) = f(x—22),8(2)) — g(x—Az) and Y, — %(x—H(A(x— Az),B(x — 7Lz)> asn—s oo, (4.1)

Since y,, € M, (f(z@),g(z@)), we have

H(A(Z,).B()) + A3}, € [H(AB) + M (£,8)| (2)):
It follows that

7 =R [ (A B ) + 4]

= (=225 ) [ (A .BE)) + 2.
which implies that

Note that
len —2ll = 9550, =]
= |l + gz
= [l 0+ 2 (A, BE)) +4,
S LI CIEAN CA) R I A

< |l =g [ (a8 ) + v
1

+ HIH<A(Z£,),B(Z;)) e iZZ‘ZH'
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Using the Lipschitz continuity of the generalized Yosida approximation operator, we get

len—zll < Kllx— H(AG,).B(&3) = )|+ || (A1), B0 ) +4— 4
+H%Z§,—%x+z
= (x4 ) | — HAE). B@)) ~ 5% | + 412, — x4 2]
= (x+1) [r—H@AE). BE)) + H(AB)(x—Az) — H(A,B) (x—22) -
+5 Iz — x+ Az||
< (H%) x—H(A,B)(x—A2) — Ay,
~H(A().B() )| + 12—+

(4.2)

+(x+4) HH(A,B)(x— Az)

Since H is &;-Lipschitz continuous with respect to A and &-Lipschitz continuous with respect to B, we
have

1H(A,B)(x— A2) — H(A(}) Bz) | = [IH(AG—22), Blx— A2)) — H(A(2}),B(z,))|
< (A= 22).Bx = 22)) = HAG=22.BE)]
HIH (A~ A2),B(2,)) — H(A(Z,), BE)]

< (& +&) v —Az—7)|

Thus, it follows from (4.2) and (4.3) that

ln—zll < (x+1)
# (et

1f(zp) = fx=A2)]| = 7]z, — (x = Ag)[| = 0. (4.5)

|~ H (A= 22). B~ 22) ~ 2,
)§1+§2 ﬂ”‘x Az—72,

4.4)

Since f is T-expansive, we have

Since f(z,) = f(x— Az) as n — oo. By (4.5), we have z,, — x — Az as n — oo. Also from (4.1), we have
Yo 1 (x—H(A(x— lz),B(x—lz))) as n — oo. Thus, it follows from (4.4) that ||z, —z|| — 0 as n — oo,

which implies that

H

T @) = ) ().

()
M (-, AM(-,)
Conversely, suppose that

J 5V’n)( )( )ijgw())(x), VxeX,A>0.

For any ((f(x),g( ), y> € graph(M), we have y € M(f( ) g(x)), which in turn implies

H(AG), B(x)) + Ay € [H(A,B) + AM(f,8)| (¥):

Hence
=R [HAC),B) + Av] = [1= A0 [1H(AG), B@) + 2] 4.6)
Letting
= [I_)“Jfgvl)()} [H(A(x),B(x)) + Ay], 4.7)
we have

% {H(A(x%B(x)) — H(A(x4), B(xa)) + ly} €M, (f(xn)yg(xn)> :
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1

Lety, = T H(A(x),B(x)) — H(A(x,),B(xy)) +ly} . Note that

I =3l = || £ 1H @A) Bx) —H(AG), Bow) + 23] -
= {|HAw@. ()~ H(AE), B |

Then by using the same argument as in (4.3), we get

(Ei+&)
A

1y, =yl < [l — x]|. (4.8)

From (4.6) and (4.7), we have
o=l = || (1= A7 | A, B0 + ] = [ = A5 | B (A B) + 4]
- AH [Jfg/() —Jﬁ)().,)} [H(A(x), B(x)) + Ay] H

Since J;, 5\4)( )= Jfgw())’ we have ||x, — x|| = 0 as n — co. From (4.8), we have ||y, —y|| — 0 as n — oo,

Hence M, Q>M This completes the proof. O

Remark 4.4. One can easily verify that the convergence of the resolvent operator R/I(M)( A (M() )
H(:,) H(:,)

and the convergence of generalized Yosida approximation operator J, - ()~ S M () are equivalent, if
and only if M, g)M .

)—>R

Example 4.5. Letting X = R?, we define the inner product by

((x1,%2), (V1,y2)) = X131 +X2y2, V(x1,%2), (y1,y2) € R?.

Let A, B : R? — R? be the mappings defined by

X] X
A(x17x2) == (%)Zz)u \V/(thz) S sz

3 2

B(x1,x2) = (—xl,—ixz), V(x1,x) € R

Let H : R? x R? — R? be a mapping defined by H(A(x),B(x)) = A(x) + B(x), Vx € R%. Then for any
u € R2, we have

(H(A(x),u) —H(A(y),u),x —y) = (A(x) —A(y),x —¥)
< 1 (xz—yz))a(xl—yl,xz—m)>
1
— 3¢

(x1 —y1)? +1(X2—)’2)2,

4

and

= (31— 30032, (501 -3), 3o —)) )
= Sy e -,
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which imply that
1 1
<H(A(X),u) _H(A(y)au)ax_y> = g(xl —)’1)2+ 4()62—)’2)2
_ 48()61 —y1)2+36(x2 _y2>2
144
_ 3[16(x1 —y1)2+12(x2 —yz)z}
144
_ 2 _ 2
> 3[16(x1 ¥1)”+9(2—y2) }
144
=3l A(x) AW,
i.e.,

(H(A(x),u) —H(A(y),u),x—y) = 3] A(x) —AQ) |
Hence, H (A, B) is 3-cocoercive with respect to A and

(H(u,B(x)) — H(u,B(y)),x—y) = (B(x) = B(y),x—y)

= <(— (x1 —y1),—%(Xz —yz)>,(X1 —y1, X2 —y2)>

=- [(Xl —y1)*+ é(xz —yz)z} ;

2
and
1B(x) = B)|I> = (B(x) — B(»), B(x) = B())
= <(—(X1 —yl)’—%(xz—m))a <—(X1 —yl)v—%(xz—yz)»
= (=) )
which imply that
(H (0, B(0) — (B, x— ) =~ (0= 0)* 4 3 (0~ 12)?]
A 1) +6(x —y)?
N 4
o _[A0n=31)? 490 —yz)z}
=7 4
= (=1)|IB(x) = BG)|1*,

(H(u,B(x)) —H(u, B(y)),x—y) = (=1)|[B(x) = B(y)]|*.
Hence, H(A,B) is 1-relaxed cocoercive with respect to B. Thus, H(A, B) is symmetric cocoercive with
respect to A and B. Now, we show the symmetric accretivity of M(f,g). Let f,g : R> — R? be the
single-valued mappings such that

1 1
flx,x) = <§x1 —x2,X1 + gxz), V(x1,x) € R?,

1 1 1 1
glx1,x) = (g)ﬂ + 352~ 3% + 1x2>’ V(x1,x2) € R2.
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Let M : R? x R?x — IR? be a mapping defined by M(f(x),g(x)) = f(x) — g(x). Now, for any w € R?,
(M(f(x),w) =M(f(y),w),x=y) = {f(x) = f(y),x =)
= (30— (2 =)ol )+ 3 (- 12)),
(x1 = y1,22 —yz)>
=[5l =+ 300 —222],

and Hx—yH2 = ((x1 —y1,02 —y2), (x1 —=y1,020 — y2)) = (% —y1)2 + (x —yz)z, which imply that

(M7 () w) = MUFO), )5 3) = 30— )+ 3 (2 =32
> %[(m —yi)*+ (0 *y2)2]
= 3l

v =3) > 5 eI, Vi, y € B € MF(0),w) and v € M), ).
Hence, M(f,g) is L-strongly accretive with respect to f and
(M50 ~Mn 800 5=3) = () g0 5—)
=~ {(56n =)+ 30 —32). 31 -n)
(02 - >)< >mm—nw
[ (X2 —=»2) ] ,

_l’_

FN.
_

and
llx = yl1* = ((x1 —y1,%2 —y2), (¥1 = y1,%2 —y2)) = (x1 —y1)* + (x2 — y2)%,
which implies that

J00 -]

> [ tm -0+ ()]

(M (w,8() ~MOw,8(3)) x —3) = =[5 = y1)*+

1
= —3lx—IP,
1.e.,

1
<M_V7-x_y> > _gux_sza Vx, ye Rzau EM(W,g(X)) and v EM(Wug(y))
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Hence, M(f,g) is %—relaxed accretive with respect to g. Thus, M(f,g) is symmetric accretive with respect
to f and g. Also for any x € R?, we have

[H(A,B) +AM(f,8)|(x) = H(A(x), B(x)) + AM(f (x),8(x))

= (—%xh—éxz) +l<1X1 g iXHLLXZ)

e S
= [(6‘5)“‘?@’ ?“*(ﬁ‘z) }

It can be easily verify that the vector on right hand side generates the whole R?, i.e
[H(A,B)+AM(f,g)](R*) = R?, VA > 0.

Hence, M is H(-,-)-co-accretive with respect to A, B, f and g.
Now, we show M, Q)M . Let

1 1 1 2
fl) = (Exl —x2—|—;7x1 +§X2+;>,

1 1 1 1 1 2
g(xn) = (gXl + g.xz"‘ ;,—g)q + sz-l- ;)

Then
4 1 1 4 1 2 2)

1
V() = M (f (), 8000)) = f(00) — g(on) = <6x1 — It nton ).

Since,
1 1 1 2 1 1
'}i_rgf(xn) :r}l_ffolo [Exl_x2+£axl+§x2+2] (2 12, X1+ 220 x2),
1 1 1 n 1 n 1 1 n 1 n 2. 1 n 1 1 n 1
lim g(x,) = lim [3)61 T TNt g nj] = (gxl 3%, 73X 4X2)

we have lim f(x,) = f(x), lim g(x,) = g(x) as n — oo. Also,
n—soo n—soo

lim y, = hm
n—soo

(1 4,1 14 1 +2 2)

63T T a3t T n2
0 a4

= (8961 - §X27 3X1 + ﬁm) fx) —g(x),

which shows that lim f(x,) = f(x), lim g(x,) = g(x) and lim y, — y as n — o and hence, M, GM as
n—reo n—oo n—oo —
n— oo,

Finally, we show that Jfgw)() 5 Jfgw()) ) as M, g}M . Now for any A = 1, the resolvent operators are
given by
H(-\r -
RIC) () = [H(A,B)+ AM, (£.8)] (3

[(A(x) +B(x)) + (f(x) — g(x))] " (%),
1 1 4 7 2 2yN\71°!
<—*X1—*X2+ *xl_*x2+;—?):|

236

1 54 54 84 84

- —{(—42}(1 +48x2——+—), (—48x1 —18x2+———>}
85 n n? n n?
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and
R () = [H(AB) + AM(f,2)] ' (x)
~ [(Ax +Bx) (fx g0)] 7! (@),

{( g
X1 — xz, 3x1 6x2

== [( 42x, —|—48x2) (—48x1 — 18x2)]

For A = 1, the generalized Yosida approximation operators are given by

H(-) 1 H(-)
Do) =7 [’ LYRYARE J ()

1 54 54 1 84 84
- 42 + 481y — 2 ) = ( 48x) — 181y + - — 7)}
[xl 35 ( x1 +48x; —|— ~ 35 8x1 8xy + )

1 54 54 84 84
[(127x1 48X2+f——),(48x1+103x2——+—)}
~ 85 n n2 w2

and

|
- [xl — —(—42)61 +48x2),x2 - g(—48xl — 18x2>}

1
== [127)51 — 48xy,48x; + 103x2} :

which show that

55 () =I5 )] =0, as n— eo.

Thus, we have

H(-

(,') H(v)
J,pMn(.),.)(x) = M) (x), as M, GM.

5. A SYSTEM OF THE GENERALIZED YOSIDA INCLUSIONS AND EXISTENCE RESULT

This section begins with the formulation of a system of the generalized Yosida inclusions and we
discuss the existence of the unique solution. Let for each i = 1,2;X; be a g;-uniformly smooth Banach
spaces equipped with norms ||.||;. Let A;, By, fi, gi, P : X; — X; and N;, F; : Xy x Xo — Xi3 H; : X X X; — X; be
the single-valued mappings. Let Q; : X; — 2% be the multi-valued mappings. Let M : X; x X; — 2%! be an
H; (-,-)-co-accretive mapping with respect to Ay, By, f; and g; and M5 : X, x X» — 2% be an Hy(,-)-co-
accretive mapping with respect to A,, B>, f> and g». We consider the following system of the generalized
Yosida inclusions (in short: SGYI): Find (x,y) € X; x Xa,u € Qi1(x),v € Q»(y) such that

{ 0€ s, e opatony @) FL(PL), ) + My (i (x), 81 (x),
P

(
A () ) +M2(f2(y),82(y))-

(5.1)
0 € T3 Nt gaioy 0) ol

Special CaseS°
Hz(',')

()
O TN e 00 Tt )6
variational inclusions (5.1) of Ahmad er al. [24].

()= 0, then SGYI (5.1) coincides with the system of generalized
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Hl('ﬂ') H2<'7') — H() — — 3 3 3
(2) IfJ/th1 (gl(-),fz(y))’JﬂLz,Nz(fl ().0() = J?L,M ,F1,Fb =0, f1, f>,81,82 =1, the identity mappings and
My (-,-),Ma(-,-) = M(-), then SGYI (5.1) reduces to the following Yosida inclusion problem.
Find x € X such that
0e ;) (@) +M(x). (5.2)
Problem (5.2) was studied in [12].
3) If J/I;E\;I") =T, where T : X — X is a mapping, then problem (5.2) further reduces to variational
inclusion problem (10) of Li and Huang [25].
Note that for suitable choices of mappings involved in the formulation of SGYI (5.1), one can obtain

many problems existing in the literature.

Definition 5.1. A mapping F : X; X X, — X; is said to be (B, y)-mixed Lipschitz continuous, if there
exist constants § > 0,7 > 0 such that

||F(X1,y1) _F(x27y2)||i < BH'xl —X2||1 +’}/||yl —y2H27VX1ax2 6X17y17y2 € Xp. (53)

Lemma 5.2. For any (x,y) € X; X Xa,u € Q1(x),v € Q2(y); (x,y) is a solution of SGYI (5.1), if and only
if (x,y) satisfies

X = R 1o I (A1 (0, B () = AP (P, v) = ATy 0, o) ()
g

(
— gBL) Hy(Ay(y). Bo(v)) — AaFs (1, Py (y)) — Apg20)
Y = R (o). 1o 2 (A2(9), B2 () = AP (4, P2(y) = A2 ) (1 1) gy O]

where A1 and Ay > 0 are constants.
Proof. One can prove the lemma easily by using the definition of resolvent operators. g

Theorem 5.3. For eachi= 1,2, let X; be a g;-uniformly smooth Banach space equipped with norms ||.||;.
Let A;,B;, fi,8i : Xi — X; be the single-valued mappings such that A; be N;-expansive, B; is 0;-Lipschitz
continuous and f; is T;-Lipschitz continuous. Let H; : X; X X; — X; be a symmetric cocoercive mapping
with respect to A; and B; with constants L; and ¥;, respectively and (v;, 8;)-mixed Lipschitz continuous.
Let P, : X; — Xi;N; : X1 X X5 — X; be the single-valued mappings and let Q; : X; — 2% pe 9-Lipschitz
continuous multi-valued mappings with constants l@Qi. Let Fy : X1 X X5 — E| be pi-strongly accretive
mapping in the first argument, A, -Lipschitz continuous in the second argument and N, -Lipschitz contin-
uous with respect to Py in the first argument and let F, : X| X X, — Xo be p)-strongly accretive mapping
in the second argument, Ap,-Lipschitz continuous in the first argument and Sg,-Lipschitz continuous with
respect to Ps in the second argument. Let My : X; x X; — 2%1 be an H| (+,+)-co-accretive mapping with
respect to A1,B1, f1 and g, and M, : Xo X Xp — 2%2 be an H,(+,-)-co-accretive mapping with respect to
Az, By, f> and g>. Suppose that there exist constants Ay, A, > 0 satisfying

{ ki=14L +922’21’F2A’DQ1 +H1 <1;

(5.4)
ko =b+ 61 AR Ap,, + 2T <1,

where

Iy =64 ”’\1/1 —qi(un{" —=nof") +cg (vi+8) + ‘1\1/1 —Mqip1 +cg A NE + Aymy ]

L =6, §/ L= q2(ony® = 1205%) +cq, (V2 + 82)%2 + </ L= hagapa + g, 37 Sg + Aamal;

1 1
0 = D6 = :
YT (o =B+ (win?—miol)’ 2 Ja(on— o) + (tnd — 1o
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1 1
andm; = —(14+6y), — (14 6,). In addition, the following conditions hold
A ~ 2
H
i ooy @ =T o @I < G = AO2) o, (5.5)
Hy (-,
130 Nz fl x1) gz(>>(Y)_fo,z(vz()fl(xz),gz(o)(Y)H <Ol filx1) = filx2) Il (5.6)

Then SGYI (5.1) has a unique solution.

Proof. Tt is clear from (2.2) and Lemma 3.2 that resolvent operators Rﬁ&?(w) and Rlﬂf,gi/};)(-7») are 0,
and 6,-Lipschitz continuous, respectively and generalized Yosida approximation operators g ()( ) and
JZZ/(WZ)() are k] and k»-Lipschitz continuous, respectively, where
1
01 = q1 qry >
Ai(oq = Br) + (ny' —rioy')
1
6, =

Ao(0r = B2) + (u2n® —1oy’)
and x1 = %1(1 +91),K2 = %2(1 +92).
Next, we define a mapping T : X; X Xo — X1 X X» by

T(xvy) = (N(x,y),S(x,y)),V(x,y) € X1 x X, (5.7

where N : X; x Xo — X1, §: X1 X Xo> — X are the single-valued mappings defined by
H
N(xy) =R o n o AL (),Bi(x) = M (PU(x),v) = Adi ) )] A >0, (5.8)

S063) = R )0 (4200, B2 3) = B Pa (s Py 09) = 2203 o) O] P2 > 0. (59)

)—
Using (5.8) and Lipschitz continuity of resolvent operator R 151/1)( ) we have

||N(X1,Y1) N(x2,y2)]1

= IR 1 41 0B ) = BB 0)0) = M0 ) 0]
1\

Rzlwgl() o (41 32) B3 (62)) = 1 (P (52)2v2) = A3 )y )1
< O1[|H (A1 (x1), B1(x1)) — Hi (A1 (x2),B1(x2)) — A (F1(Pr(x1),v1) — Fi(Pi(x2),v1)) ||
+91M||F1(P1(X2) vi) = F1(P1(x2),v2)]1

+01 A4 ||J /11 N1 gl() ()1))( 1) Jflll(vl()gl ):2(02)) ( 2l
< 91[HH1(A1(X1) Bi(x1)) —Hi(A1(x2),B1(x2)) — (x1 —x2) |1
(o1 —x2) = A (F1 (P (x1),v1) — Fi(Pr(x2),v1)) 1]

+91M||F1(P1(x2) vi) = Fi(Pr(x2),v2) 1
H (ﬂ)
FOMI () ) =Ty (o @2

(5.10)

It follows from Lemma 2.1, symmetric cocoercivity and (vy, 8; )-mixed Lipschitz continuity of H; that

[H1(A1(x1),B1(x1)) = Hi(A1(x2),B1(x2)) — (x1 —x2)[|{'
< et = x|l —qi{Hi(A1(x1),B1(x1)) — Hi (A1 (x2), B1 (x2)),
o (x1 = x2))1 + cq [H1 (A1 (x1), Bi (x1)) — Hi (A1 (x2), Bi (x2)) [ (5.11)
< foer =22l = qu (ua A1 (1) = Ar ()|
—N|Bi(x1) = Bi(2)[[{") +cq, (vi +81)% [lx1 —x2[".
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Since A is n;-expansive and B; is o7-Lipschitz continuous, we have

| Hi (A1 (x1),B1(x1)) — Hi (A1 (x2),B1(x2)) — (x1 —x2) [|]"
<[ =g =nof") +cg (vi +8)4 1 — x2|{'

which implies that

[Hi (A1 (x1),Bi(x1)) —Hi(A1(x2),B1(x2)) — (x1 —x2)[[1
< "{/1 —qi (N —nof") +cq (vi+ 810 ||x1 —x2|1.

(5.12)

Since Fj is pi-strongly accretive and N, -Lipschitz continuous with respect to P in the first argument,
we find from Lemma 2.1 that

(et —x2) = A (Fi(Pr(x1),v1)  —Fi(Pr(x2),v)[I{!
< lxr =1 = Xigi (Fy (Pr(x1),v1) — Fi (P (x2), 1),
Jgr (x1 =x2))1 + g A | Fi (Pr (x1),v1) = Fi(Pr(x2),vi)|IT!
< (1=igip1 +cq A'NED [Ix1 — x|

(5.13)

which implies that

[[(x1 = x2) = A (Fi(Pr(x1),v1) = Fr (Pu(x2),vi)) [0 < 4/ 1= Aigipr + e A{'NE I —xa 1. (5.14)

Also, Fy is Ag-Lipschitz continuous in the second argument and Q is Z-Lipschitz continuous with
constant )LDQz’ we have

1F1(Pr(x2),v1) = Fi(Pr(x2),v2) [l < Ag [[vi =vall - < A5 2(Q2(01), Q2(y2))

(5.15)
< AR Apy, [y1 = y2lf2.

('7')

Using the Lipschitz continuity of Jfll M) condition (5.5) and T»-Lipschitz continuity of f>, we have

H /11 Nl fz()l))<x1) J7L11N1(81()fz(yz))(xz)H1

= 172810000 1) =I5 0 ) (2)

ul AlN1<)g1<'>,fz<y1>>(x1)—Jff,ﬁ}k)gl L hoay @I

< 12 W ter 05000 D) =Tl 2y @2 (5.16)
* lll(vl()gl()fz(yl))(xl) JZ]I(\G()gl ), (7)) (XZ)HHl

< K1 llx1 —xall1 + S| 2(01) — 2(02) 12
< ki|lx1 —x2|[1 + R wa2lly1 — y22-

Using (5.12),(5.14),(5.15) and (5.16), (5.10) becomes

[N(x1,31) =N(x2, )l < 61 "\1/1 —qi(iun{' —nof") +eq (vi+ )
+ "{/1 —Mq1p1+ cq A" NE + Ak xn — 2 (5.17)
+[601 41 A, ADQZ + 0|y —y2l2-
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Now, using (5.9) and Lipschitz continuity of resolvent operator RI)LJZZ,;.}Z)(-,») , we have
”S(xl,yl) S(x2,y2)l2
|| lez (£2() ())[HZ(AZ(YI)aB2(y1))_A2F2(”17P2()’1)) A2 121(\’2( filxi).g ())( )]
R e )%mwmmmwbm%mm>hhumemm
< 92HH2(A2(y1)aBz( 1)) — Ha(A2(y2), B2(y2)) — Ao (Fa (ur, P2 (1)) — Fa(ur, P2 (32))) |12
+9212\\F2(M1=P2(y2)) F(u2, P2(y2))]]2
+02|J 12 Nz fl(xl)gz())(yl) lel(Vz()fl(xz)gz (2)]l2
< 61| Ha(A2(y1),B2(y1)) — Hz(Az(h),Bz(yz)) 1 =y2)l2
01 =y2) = L2 (Fa(ur, (1)) — Fa(ur, P2(y2))) 2]
+9212HF2(M1aP2(y2))—Fz(uzJ’z(yz))Hz

HZ 5" Hz(,)
+622 | 22,N; fl(xl)gz())(yl) leNz(fl(xz)gz (2)ll2

(5.18)

Using the same arguments (5.11)-(5.16) as used for mapping N, we have

1S(x1,31) = S(x2,3) |2 < 6] q§/1 — (P —pod) +cg,(va+ &) %
+ qi/l—qung—l-cqzlyslqp;+AZK2]||)’1 -2 (5.19)
+[0:22248,Ap,, + B111]|lx1 — 221

It follows from (5.17) and (5.19) that
IN(x1,y1) =N(x2,3) |1 +[[SCx1,31) = S(x2,32) ]2
<ki|lx1 —x2f[1 +kallyr —y2|l2 (5.20)
< max {ki, k2 }(|lx1 —xall1 + [[y1 = y2[12),

where
g 19 .
ki =1+ 6:AApAp, + 01713 521)
ky = b+ 01 AR Apy, + Do,
and
L=6i[%/1—qi(un —no!") +cq (vi+61)7 + "\1/1 —Mqip1 +cg A NE + Aixal;
b= 6, (/ L= @2 (pony® — 1205°) +cq, (V2 + &) 2 + </ 1= hagapa + g, A3°Sp, + Aaka].
Now, we define a norm .|| on X; x X, by
Je )l = s+ I, Viw,y) € X % Xo. (5.22)

It is easy to see that (X; X Xa,||.||«) is a Banach space. Hence, from (5.7), (5.20) and (5.22), we have

(T (e, y1) =T (x2,y2) [« < max {ki, ko }| (x1,1) — (x2,y2)][+- (5.23)

Since max {kj,k2} < 1 by condition (5.4), we find from (5.23) that T is a contraction mapping. Hence
by Banach Contraction mapping Principle, there exists a unique point (x,y) € X; X X, such that

T(xvy) = (xvy)'

Thus, we have

() )
x= Ry (o L ALR), B @) = MF (L)) = A ) @),

Y=RE) L e [H2(A2(0),B2(3)) = MaFa(u, Pa(y)) = M o oo ().
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Hence by Lemma 5.2, (x,y) is a unique solution of SGYI (5.1). This completes the proof. U
Next, we suggest the following iterative algorithm to discuss the convergence analysis of SGYI (5.1).

Algorithm 5.4. For any (xo,yo) € X; x Xa, compute the sequence {(x,,y,)} € X; x X, by the following
iterative scheme:

S = R 00 B A1 060) B () = 20 PGt ) = 203 i, )y (o)l (5:29)
(

Ynt+1 = RIZ;S‘.,}.Z)H(&(‘)JZ(.))[H2(A2()’n)732()7n)) — LB (un, P2 (yn)) — AaJ. p NZ)fl( ):82(- ))(yn)] (5.25)

where n=0,1,2,---;A1,A, > 0 are constants.

Theorem 5.5. Let, for eachi= 1,2, X; be a g;-uniformly smooth Banach spaces. Let the mappings A;, B;,
fi, &i, Hi, Fi, P,, Qi, N; and M; be same as in Theorem 5.3. Let Mj, : X; x X; — 2% be Hi(-,-)-co-accretive
mappings and Ny, : X1 X Xo — X; be the single-valued mappings such that Mmg)Mi and the condition
(5.4) holds. Then the approximate solution (x,,y,) generated by Algorithm 5.4 converges strongly to
unique solution (x,y) of SGVI (5.1).

Proof. 1t follows from Algorithm 5.4 and Theorem 5.3 that

Hx,m—le
= R oo oy [ (A (60) B (50)) = A Fi (P () v) = M ()]
Rllmg() ())[H1<A1<>,Bl< ) = M (Px),v) = i @
<[RSS oo o [ (AT (), B (350)) = A (P (), vi) M;x;j(gl()
Rﬁlalf(gl() ) HH A1 (50, B1 (60) = M (P (xa)vn) = g0 »( Ol (5.26)
R TH (A1 (), B (x0) — mm(xn) ) = I e @]

- Zlﬁul)(gl() ())[HI(AI() 1(x)) () ) )Ll‘])qgvl (g1(- )( |

F(P
< an+ !!R;L]‘ﬁj,)(g,() ) (A1 (), 1( W) =M (B, V") }‘1 N1 (12)) )]

() ()
—RM‘,Mmglc),fl(-))[Hl(Al( %) B1(x)) = M (P (x),v) = My ()fz(y))(x)]Hl’

where

N

an = H /1, Mlngg, fl(.))[Hl (A1 (xn), B1 (xn)) = MFL (P (X)) = M 7L1,§V1n(g1()fz(yn))<x")]

H (

(5.27)
Rll,Ml(gl(')afl('))[Hl (AI(Xn)aBl(Xn)) —llFl (Pl (Xn),Vn) 2«1 )«175\/13((21() fz(yn))(x")]Hl

and
H)’n+1 sz
= IR ) o) 24200, B2 () — Ao, Po ) — o T gy )]
lejg@)(fz(i),gz(.))[Hz(Az(y),Bz(Y))—leZ(M,Pz( DR VPN )
<R ooy 2 (A2(50), Ba () — Ao (t, Pa () — 2o M,(szmn) ax() )]
R A200) B2 ) — B0 B3~ ol 528)
R a2 (A2(5). Ba(3)) — Ao Fa (1t Pa(3)) — xzfgg;><f, a() )]
R’;;;;jm() ([ (A200), B (3)) = MaFa(w, B(y) = A3 ]2
< by +IR 2,343(&(‘)&(.))[H2<A2<yn>,Bz<yn>> — 22 (t, Pa(yn)) — Az ey O]
R e 2 (A2(0), Ba(9) = (1 Pa(y) — Aad i) )ygz(‘)g M2,

—

Xn

(o

2 A
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where

by = HRMHM(Z (0 et [H2 (A2 (), B2 (3)) = MaFa(atn, Po(yn)) = ATy o ()]
2

(5.29)
Rt [ (A2000). Baow) = Mo, Pa(yn)) = Moy o O] 2

By using similar arguments from (5.10)-(5.17), we obtain that

” /11M1 (810):.2()) [Hl(Al(x")’Bl(xn))_AIFI(Pl(xn)’V") M /111(\/13(g1()f2( ))( )]
R bt e, 0 D (410, Ba () = A (PLCx),v) = a3t )y 0

< hJxn = x[[1 + [6141 AR Apy, + D2 Ta]|[yn — ||2-
(5.30)
Also using the same arguments from (5.18)-(5.19), we have
HRAZ Ma(fo(-),82(-) [HZ(AZ(yn)aBZ(Yn)) - AQFZ(umPZ(yn)) ) Zzgv;n)(fl( ),82(- ))( )]
R0 a0 2 (A420),Ba) = Moo, Py(3) = ATy 1,y )2
< blyn = yll2 + [624245Apy, + D171 ][[x0 — X][|1-

(5.31)
From (5.26)-(5.31), we have
< max {ki, ko }([|xn — x[|1 + [y = yl[2) + a@n + bn-
Since (X; x Xa,]|.||«) is a Banach space as defined by (5.22), we have
[Goust ) = @l =6 =0 Omer =)l = ot =+ e =¥l g5
< max {ki, k2 } (|| (xn, yn) — (x,3)[[4) + @ + D
It follows from (5.27), (5.29) and Theorem 4.2 that
an,b, — 0, as n — oo, (5.34)

Thus, from (5.4), (5.32), (5.33) and (5.34), one has

| (a1, Yn41) = (6, 3) ||« — 0 as n — oo.

Hence {(x,,y,)} converges strongly to the unique solution (x,y) of SGYI (5.1). This completes the
proof. g
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