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Abstract. In this paper, we study the existence of nontrivial solutions for Kirchhoff type fractional differential equations. By
using the symmetric Mountain Pass Theorem, Morse theory in combination with local linking arguments and the Clark’s The-
orem, we give some new criteria to guarantee that the Kirchhoff type fractional differential problems have nontrivial solutions.
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1. INTRODUCTION

The aim of this paper is to establish the existence of nontrivial solutions for the following Kirchhoff
type fractional differential problem:

(a+ A (i (1-eDEu (O +b(0) a0 )ar) )

(:D% (DU (0) +b(e)u(t) ) = Flt,u(r), 1€ R (.0

uec H*(R),
where o € (1/2,1), ,D% and _..D{ are the right and left inverse operators of the corresponding Liouville-
Weyl fractional derivatives of order o respectively, H*(R) is the classical fractional Sobolev space, u €
R, constantsa > 0,1 >0,7>0, f € C(RxR,R) and b: R — R. Under more relaxed assumptions on
b(t) and f(t,u), we first prove the existence of a nontrivial solution for problem (1.1) by using symmetric
Mountain Pass Theorem. Then we prove the existence of at least two nontrivial solutions for problem
(1.1) by using Morse theory in combination with local linking arguments. Finally, by using the Clark’s
Theorem, the existence results of at least k distinct pairs of solutions are obtained. Some recent results
from the literature are extended.
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Fractional differential equations have been receiving great interest recently. This is due to both the
intensive development of the theory of fractional calculus itself and the applications of such constructions
in various scientific fields such as physics, chemistry, biology, economics, control theory, signal and
image processing, biophysics, blood flow phenomena, aerodynamics, fitting of experimental data, etc.,
see [1, 2, 3,4, 5, 6, 7] and the references therein. In recent years, there has been a growing interest in the
study of fractional differential equations with Liouville-Weyl fractional derivatives, for more details and
examples, we refer the reader to a series of papers [8, 9, 10, 11, 12, 13] and the references cited therein.

Recently, Chen and Zhu [14], studied the existence of positive solutions to p-Kirchhoff-type problem

T
<a+)‘(fRN <W”|p+b’”|p)dx> ) (—Apu+blulP~2u) = |u|"2u+ulul?%u, xeRN,

(1.2)
u € WHP(RN) u(x) > 0,

where a,b >0, A, T>0 U R, 1<p<N,p<g<m<p*= %. They show the existence result by
using the Nehari manifold method. Also, many authors are interested in p-Kirchhoff type problems, see,
for instance, [15, 16, 17, 18, 19, 20, 21] and references therein.

In this paper, motivated by the above papers, we attempt to apply the Mountain Pass Theorem, Morse
theory in combination with local linking and Clark’s Theorem to study the existence and multiplicity of
solutions to problem (1.1).

In view of our problem, we assume that b(7) and f(¢,u) satisfy the following hypotheses:

(B) b: R — (0,+00) is continuous such that

(B1) by = inf,cr b(t) >0,

(B2) There exists ry > 0 such that, for any M > 0

m({t e (y—ro,y+ro) /b(t) <M}) —0as |y| — oo.

(f1) fe C(RxR,R) and |f (r,u)| < C (1 + \u]pfl) for some 2 < p < oo, where C is a positive constant.
(f2) f (t,u) = o (Jul) as |u| — O uniformly in ¢ € R.
(f3) There exist 4 > 2(t+ 1) and r > 0 such that

inf  F(t,u) >0,

teR, |u|=r
and
WF (t,u) < f(t,u)uforallt e Rand |u| >r,
where F(r,u) = [ f(t,s)ds.
(f4) f e C(RxR,R), and there exist 1 < p; < p2 < --- < ppy <2and ¢(t) € L=n (R,R™) such that

F ()] < 2 pici(0)JulP ™, ¥ (t,u) € R X R.

(f5) There exist m; > 0, 0 < my < % (A is defined in Theorem 2.7), 1 < ¥ < 2 and small constants
0 < r < ry such that
milult < F(t,u) <my|ul*, r<|u| <ry, ae.t eR.
(f6) F(t,—u) = F(t,u),V(t,u) e RxR.
Our main results read as follows.

Theorem 1.1. Assume that the conditions (B) and (f1)-(f3) hold. Then problem (1.1) has a nontrivial
solution.
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Theorem 1.2. Assume that the conditions (B), (f4) and (f5) hold, then problem (1.1) has at least two

nontrivial solutions.

Theorem 1.3. Assume that the conditions (B) and (f4)-(f6) hold, then problem (1.1) has at least k distinct

nontrivial solutions.

In Section 2, we give preliminary facts and provide some basic properties which are needed later. In
Section 3, we prove our main results (Theorems 1.1, 1.2 and 1.3).

2. PRELIMINARIES

In this section, we present some basic concepts and lemmas that we need in the sequel, and we refer
the reader to [1, 5, 8, 22, 23] for basic fractional calculus.

Definition 2.1. [1] The left Liouville-Weyl fractional derivatives of order 0 < o < 1 on the whole axis
R is defined by

_D%u(x) = F(loia)/om”(x)g;‘ff_é)dg. @.1)

We first define the Fourier transform. Let u(x) be defined on (—oo,00). Then the Fourier transform
u(w) of u(x) is defined by

For 0 < a < 1, we give the relationship between classical fractional Sobolev space H*(R) and I%_,(R),
where the fractional Sobolev space H*(R) is defined by

H®) =G (®) 1,
with the norm
2 241
[Jull g = ([lallz2 + [ulg) 2, 2.2)
and semi-norm
Jul g = |[Iw|* ]2 -
Also, we can define
H*R)={uec*(R): |w|*ue L*(R)}.

In what follows, we introduce the fractional space in which we will construct the variational framework
of problem (1.1). Let

X% = {u EH*R): /]R (|,me‘u(t)]2+b(t)|u(t)\2) dt < 00} )
Then X ¢ is a reflexive and separable Hilbert space with the inner product
e = [ (CeDfule)- D)+ b(u(e)v(0) dr,
and the corresponding norm
lulfe = (ot uxe.

Similar to proofs of Lemma 2.1, Lemma 2.2 and Theorem 2.1 in [9], we can get the following lemmas.
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Lemma 2.2. [9] Suppose b satisfies (B). Then the space X% is continuously embedded in H*(R).
Lemma 2.3. ([9]) Suppose b satisfies (B). Then the imbedding of X* in L*(R) is continuous and compact.
Lemma 2.4. ([9]) If o > % then H*(R) C C(R) and there is a constant ¢ = cq such that

sup [u(x)| < clullq, (2.3)

x€R

From Lemma 2.4, we find that there exists a constant ¢, > 0 such that ||u||, < cq [|u]|ya -

Remark 2.5. From Lemma 2.4, we know that if u € H*(R) with § < a < 1, then u € L?(R) for all
p € [2,00). The reason is

-2 2
[P dx <l

Remark 2.6. From Remark 2.5 and Lemma 2.3, it is easy to verify that the imbedding of X% in L”(R) is
also compact for p € (2,0). Hence, for all 2 < p < o, the imbedding of X% in L”(R) is continuous and
compact, which together with Lemma 2.4 implies that, for all p € [2,0), there exists ¢, > 0 such that

el zr () < Cp [[ullxa - 2.4

Now, we consider the eigenvalue problem

DE(_Du(t)) +b(t)u(t) = Au, tE€R,
ue H*R).

Theorem 2.7. [11, Theorem 1] Suppose that (B) holds. Then each eigenvalue of (2.5) is real and if
repeatting each eigenvalue according to its multiplicity, we have 0 < A1 < A < A3 <...and A — >~ as

(2.5)

k — 0. And Ay can be characterized as

y Ji (1D 4+ b(0) ()
uex®\ o) T u()Pdt

A = (2.6)

Furthermore, there exists an orthogonal basis {wi};_, of X%, where wy € X% is an eigenfunction corre-
sponding to A fork=1,2,....

Definition 2.8. We say that ¢ satisfies the Palais-Smale condition (PS)-condition if for any sequence
{u,} C X which ¢@(u,) is bounded and ¢'(u,) — 0 as n — oo possesses a convergent subsequence.

Definition 2.9. Let ¢ : X — R be differentiable and ¢ € R. We say that ¢ satisfies the (PS).-condition if
the existence of a sequence {u, } C X such that

o(uy) = ¢, o' (u,) =0
as n — oo, implies that c is a critical value of ¢.
Remark 2.10. It is clear that the (PS)-condition implies the (PS).-condition for each ¢ € R.

Definition 2.11. Let X be a real Banach space and ¢ € C!(X,R). K = {u € X : ¢/(u) = 0}, then the qth
critical group of @ at an isolated critical point u € K with ¢(u) = ¢ is defined by
Cy(@,u):=H,(o°NU, 0 NU\{u}), g € NU{0},

where @ = {u € X : ¢(u) <c}, where U is a neighborhood of u, containing the unique critical point,
H,(-,-) stands for the gth singular relative homology group with integer coefficients.
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We say that u € X is a homological nontrivial critical point of ¢ if at least one of its critical groups is
nontrivial.
Now, we present the following Theorems that will be used later.

Theorem 2.12. [24] Let X be a Banach space and ¢ € C'(X,R). Assume that there exist ug € X, u; € X
and a bounded open neighborhood Q of ugy such that u; € X\Q and

inf > max (@ (uo), p(u1))-

LetT'={g € C([0,1],X) : g(0) = uo,g(1) = u1 } and ¢ = infger max,c (o 1] P(g(s)). If ¢ satisfies the (PS).-
condition, then c is a critical value of ¢ and ¢ > max (¢ (up), ¢(u1)).

Theorem 2.13. [25] Assume that ¢ has a critical point u = 0 with ¢(0) = 0. Suppose that ¢ has a local
linking at O with respect to X =V ®&W, K = dimV < oo, that is, there exists p > 0 small such that

@) <0, ueV, |lul| < p;
@(u) >0, uecW, 0<|[ul] <p.

Then Cy. (9,0) 2 0. Hence 0 is a homological nontrivial critical point of @.

Theorem 2.14. [25] Let X be a real Banach space and let ¢ € C'(X,R) be bounded from below and
satisfy the (PS)-condition. If ¢ has a critical point that is homological nontrivial and is not a minimizer

of @, then @ has at least three critical points.

Theorem 2.15. [26] Let ¢ € C'(X,R) with @ even, satisfying (PS)-condition and bounded from below.
Assume that ¢(0) = 0. There is a set K C X such that K is homeomorphic to S=' by an odd map, where
S/=1 denotes the j-dimensional unit sphere, and supg @ < 0. Then @ has at least j distinct pairs of

critical points.

A weak solution of problem (1.1) is a critical point of the following functional
o) = & [ (1-btuF -0 dr s 5 ([ (Lepiuf e b i) ar)
2 Jr 20+ 1) \Ur
—/RF (t,u(t))dt, 2.7)
forall u € X%,

Lemma 2.16. Assume that (B), (1) and (f2) ( or (B) and (f4)) hold. Then ¢ € C'(X% R) and
(@) = (a+a( [ (IeDfu)P +b0) o) )ar))
. / (CeDEult) —DEv(e) +b(O)u(e)(1) )dt - / Fu))wnd,  (2.8)
R R

forall u,v € X%

Proof. First we suppose that the conditions (B), (f1) and (f2) hold. Set y/(u) = [ F(t,u(t))dt. According
to (2.7), it suffices to show that w € C' (X% R),

<ly'(u),v>:/Rf(t,u(t))v(t)dt, Yu,ve X%,
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To prove ¢ € C'(X%,R) and (2.8), First, we show the existence of the Gateaux derivative of . For
€ >0, by (f1) and (f2), we find that there is c(g) > 0 such that

\f(tu)| < elu]+c(e)|u! (2.9)
and
Fw)] < Sl + Le(e)ul? 2.10)
9 —_ 2 p .

for all (r,u) € R x R. For any u,v € X* and 0 < |u| < 1, by the mean value theorem and (2.9), we find
that there exists 0 < 6 < 1 such that

Pl +ou(r) = MO uv) = Fitu()

v(r)
and
Pleat) ) P o
= |f(u(@)+0uv())|-[v(r)]
< (elu() +Ouv(r)| +c(e)lu(t) + Ouv(t)["~") - [v(r)]
< elu(n)]- (o) |+ e )P+ ee) (207 (Ju@) ™+ @) P) ) - i)
= eluln)]- ()| +e ()P +27 (o) (u)P " o (e)] + ()7
The Holder inequality implies that
g(t) := e u(®)|- V(1) + € V(1) +27 " c(e) (Iu(t)l‘”*1 : \V(I)IHV(f)Ip) e L'(R).
Then, by the Lebesgue’s Dominated Convergence Theorem, we have
/ _ gy Yt w) — ()
<l//(u),v> = ;}HO*' m
[ Flu) () Fleut)
u—0* JR u
:ﬂli_)rgh/ftu )+ 0uv(t))v(t)dt = /ftu
Hence, from (2.7), one can get
(P(LH-#V)—(P( ) (2.12)

- 2 / ul—ooD"‘ 42 Dffu(r) - =DEv(e) + b(e) (IO + 2u(0)v(0) ) ) i

+2u(f+1) ( /R (IwDfu(0) 4 1 |-Dv(0) P+ 20— Dfult) D410

£000) (Ju() P+ 2 o) P+ 200)v0) )tr)

(/ (1ot +sar?)ar) |

/ 1)+ pv( ))—F(nu(ﬂ)d

R

t.
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Letting 4 — 0™, we obtain (2.8).
Next, we show that y/(-) : X* — (X%)* is continuous. Assume that u, — u in X*. By (2.4) and
Remark 2.6, one has u,, — u in L”(R). Note that

W () =¥ ()| y« = sup

/R ( £t 0y) — f(t,u))vdt

viI<t
< sup [ |f(t,un) = f(2,u)] - |v]dt (2.13)
[v<1/R
and
2 A
|f(tu)| < e lul+c(e) [ul” ™" = e |u|> +c(e) [u] 7,
where p’ = ]%. By the Holder inequality, Theorem A.4 in [27], we have
‘f(taun) —f(f,ld)| — 07
sup [ |f(t,un)— f(t,u)|-|v|dt — 0, as n — oo. (2.14)
Ivil<1/R
Hence

H‘l’l(un) - ‘I/(M)Hxa — 0.

This shows that Y’ is continuous. This completes the proof. The proof of this lemma with the conditions
(B) and (f4) is similar and we omit it here. O

Lemma 2.17. Suppose that (fl) and (f2) hold. Then y(u) = [ F(t,u(t))dt is weakly continuous on X“.

Proof. Let {u,} C X* converge weakly to u in X%. Then {u,} is bounded in X*. Note that X% is a
reflexive Banach space. Passing to a subsequence (for simplicity denoted again by {u, }) if necessary, by
Remark 2.6, we may assume that

u, —u, weaklyin X%,
(2.15)
u, — u, strongly in L”(R), 2 <p <oo.

It follows that
d
a(F(t,u—Fs(un —u))) = (up — ) £ (¢, u+ 5(up — 1)),

This implies that

Flt, 1) — F(t,u) — /01 F(tyu+5(ttn—10)) - (1t — 0)ds. (2.16)
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From (2.9), (2.16) and Holder inequality, we can get

W (un) — y(u)| (2.17)
/R<F(t,un)—F(t,u)>dt
= ‘/R(/Olf(t,u—i—s(un—u))~(un—u)ds)dt

1
< // F (st 4 5(1t — 1)) - |t — u| disdt
RJO
1
< // (‘& -5 — )|+ (@) [t — )"~ )+ — | s
RJO
1
< // (&l + s tn — ) + (2 p) (™" 57ty — ™) ) -ty — ] s
RJO
1 _ _
< [ (el 5 ita =)+ el p) (™" ity = ™) ) - — s
1 _ _
— e [ (lul 5 =)o~ +-cCe,p) [ (™" 4 fua =)
R 2 R
< |up — u| dt
1
< el + 5wl ) ow — s+ cre(e. p) o~

where c(g, p) is a positive constant and c; is independent of € and n. Since by (2.15),
[lun = ull, =0, ||t — ul|, =0
as n — oo, one has

HW(”n) - II/(M)”Xa —0asn— oo,

This shows that y is weakly continuous on X%. This completes the proof. O

3. PROOF OF THE MAIN RESULTS

In this section, we will prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. To complete the proof, we
need the following lemmas.

Lemma 3.1. If (B) and (f4) hold, then @ is bounded from below and satisfies the (PS)-condition.

Proof. By (f4), we have

|F(t,u)] <Z ci(t) |ul, V(r,u) e RxR. (3.1

By (B1) and the Holder inequality, we get
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[ ety
R

[ e fuo)|a
R

(/R\ci(t)\Z‘zwdz>z_2pi </R (wﬁ yu(t)|pi),3idt>”zi

Pi

b lel o, ([ o0t Par)

leill 2 flulle- (3.2)

on

I
—_

Y [alpa <

i=1

I
0-1s

[N

IN
™

Il
-

N‘E

Il

Il
—

by

pi
2

(g E

<

—_

In view of (2.7), (3.1), (3.2) and Holder inequality, one can get

¢(u)
_ ;/L(LwD?uOﬂ2+bOﬂuO)F>dt+2(;11)</;(LwD3u0ﬂ2+bg)W0ﬂz>m>r+1
- /R F(t,u(t))dt

a, o A r+1 /
= - a F(t,

a
> ﬂw%—/memm
R
a - .
> Sl - Y, [ clut)a
i=17/R
a _bi
> Sl = Loy el (33

which implies that @(u) — oo, as ||u||x« — oo, because a >0, A >0, 7>0and 1 < p; <2 (i =
1,2,...,m). So, ¢ is bounded from below.

Next, we prove that @ satisfies the (PS)-condition. To this end, we assume that {u, } is a (PS)-sequence
of ¢ such that {¢(u,)} is bounded and ¢'(u,) — 0, as n — oo. Then, it follows from (3.3) that there
exists a constant ¢ > 0 such that

a AL/} .
> @) > Sllunlze =Y by lleill 2 [lwnll¥e- (3.4)
i=1 g
Consequently, it follows from (2.4) that there exists a constant ¢4 > 0 such that

[tn|l2 < callun|lxe < ¢, n€N. (3.5)

This implies that {u, } is bounded. Since {u,} C X* is bounded and X* is a reflexive Banach space and
so by passing to a subsequence (for simplicity denoted again by {u,}) if necessary, by Remark 2.6, we
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may assume that

u, — u, weaklyin X%,

(3.6)
u, — u, strongly in LP(R), 2 < p < oo.
On the other hand, for any given € > 0, by (f1) , we can choose R, > 0 such that
2-p;
2 2
(/ |c,-(t)|21’idt> <ei=12,...m. 3.7)
[t|>Re
It follows from (3.6) that there exists ny > 0 such that
/ |u, —ul?dt < €%, for n> ny. (3.8)
[t|<Re¢

Thus, by (f4), (3.5), (3.8) and the Holder inequality, for any n > ng, one has

[ 1) = £l —uldr
[t|<Re

1

2 % ) 2
< ([ vt —swaba) ([ n-uta)
s € </M<R 2(|f(t,un)|2+|f(z,u)|2) dt>2
7 2 m 2 :
< g|:/|| R ((ZP;C, ’Mn’P,1> +<Zpici(1)|u|pil> )dt]z
= i=1
) < el (Il "+ a3 )>>
i=1
= <sz leill> <”"1)+||u||§(m—1>>> | .
=1

Also, for n € N, (f4), (3.5), (3.7) and Holder inequality imply that

[ ) = el —dar < Ypi e (™ ™) (ol

< zzp,/ O] (lal” + )
= 2 ([ el [ eolla)
|t|>Re
2—-p;
2
< 2 ,/ |ci 2p,d[ (u Pi+upi>
< 2% n( [ a0l Fa) " (g g
< 2¢ Y pi( -+ )
i=1
1 .
< 2Y p cp"—l—Hqu‘). (3.10)
i=1
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Since € is arbitrary, we find that (3.9) and (3.10) imply that
lim (f(z,u,,) —f(z,u)) (ity — u) dt = 0. (3.11)
n—eo JR
Then by (2.8) (similar to the proof of Lemma 3.3), one has
oa(1) <(P Up) (P/(u>>Mn - ”>

/ (1Dt — )+ b0 [ty — )

| (/ (s +b()|u\2)dt>r

/ DD (g — )+ b{t)u(ty — ) ) dr

_ </ <|_°<,Df‘u,,\2+b(t) |un|2> dt)T
R
- /R (DSt Dty — ) b0t (t — ) ) |
- [ (s = £0.) - (=)
= allu, — ul[3e
—A [ ]| 35 '/R <,wD,au ,oon‘(un—u)+b(t)u(un—u)>dt
il [ (Dt D it =) +5(0 it — ) ) |
- [ (st = £e.) - (=)
= allu, — ul[3a
—A [ ]| 35 -/R <_°°D,au _MDf‘(un—u)+b(t)u(un—u)>dt
il [ (Dt D it =) +50 it — ) ) |
- /R (F(ts) = £0.)) - (0 — ) . (3.12)
Hence, by the boundedness of {u,} and the weak convergence of {u, }, we get
Al /R (LD Dty — ) + b0l — ) ) s
—y\unyy,%z./R(_me‘un _wax(un—u)—}—b(t)un(un—u))dt} 0, as n—soo.  (3.13)

Thus, by using (3.11), (3.12) and (3.13), we have that ||u, — u||x« — 0. Therefore, ¢ satisfies the (PS)-
condition. The proof is complete. O

Lemma 3.2. If conditions (B) and (f4)-(f5) hold, then there exists ko € N such that Cy,(¢,0) 2 0.

Proof. By (2.7), one can easily check that functional ¢ satisfies ¢(0) = 0. It follows from (f4) and (2.8),
we can get (¢@'(0),v) =0 Vv € X% so ¢'(0) = 0. Consequently, the zero function is a critical point of ¢.
So we only need to prove that ¢ has a local linking at 0 with respect to X%*. From Theorem 2.7, X% has
a countable orthogonal basis {w;}. Set ¥, = span{wy,ws,...w;} and Z; = Ykl. Then X* =Y, ® Z;.



12 ELHAM TAYYEBI, NEMAT NYAMORADI

We divide the proof into the following two steps.
Step 1. Take u € Y;. Since Y; is finite dimensional, we have that for given rg, there exists 0 < p < 1 small
such that u € Y, ||u|lye < p — |u(t)] <ro,t € R.For0<r<ryletQ ={reR:|u(t)|<r}, Q=
{teR:r<|u(t) <ro}and Q3 = {t €R: |u(t)| > ro}. Then R = J3_, Q;. For the sake of simplicity,
let H(t,u(t)) = F(t,u(t)) —my |u(t)|”. Hence, we can get

_ [ F(u@))dr = —/le|u(t)|7dt—/RH(t,u(t))dt

R
—/mlyu(z)vdt— (/Q+ [+ Q3>H(t,u(t))dt

/m1 |u(t) ]Ydt—/ H(t,u(t))dt

= —m Huyy;—/g H(t,u(t))dt. (3.14)

by (2.7), (3.14) and (f5), we have

IN

o) = & [ (1eputof +bo o)t g ([ (1epfutor oo oP)ar)

(t+1
—/F(t,u(t))dt
R
_ a2 A (T+1) /
= 3l gy Wl = [ F ot

a, 2 A (T+1) y /
< = " _ _
< 5 WelRt gy Il = = [ Gt

for all u € ;.
that [ H(t,u(t))dt — 0asr— 0. Since 1 <y <2, we have ¢(u) <0, for all u € ¥} with [Ju[[y« <p.

is equivalent to ||u|y«, we find

Step 2. Take u € Z;. Using Remark 2.6, we have that for given ry, there exists 0 < p < 1 small such that
ueZy, llullya <p—lu(t) <ro, t €R.

Then, (2.6), (2.7) and (f5) imply that

o) = % [ (e o0l it 5 2 ([ (bt o P ar)

- [ Futer

R

= SRt gy R [ F et
> Sl [ Feue)ar

> Sl —ms [ fulo) P

> 5 lule = 5 lullke =o.

Therefore, @(u) > 0, for all u € Z; with |ju||x« < p. Consequently, by Theorem 2.13, 0 is a homological
nontrivial critical point of ¢. This completes the proof. U
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Now, we need the following lemma to prove of Theorem 1.1.

Lemma 3.3. Suppose that (B), (fl) and (2) hold, and {u, } C X* is a bounded sequence with ¢'(u,) — 0.
Then {u,} has a convergent subsequence.

Proof. Note that {u,} C X% is bounded and X* is a reflexive Banach space. Passing to a subsequence
(for simplicity denoted gain by {u, }) if necessary, by Remark 2.6, we may assume that

u, —u, weaklyin X%,
(3.15)
up, — u, strongly in LP(R), 2 < p <oo.

Note that

(@ () — @' ()t —1) = a R(|,°°D;X(un—u)|2+b(z)|un—u|2)dt

2 </R(]_me‘u\2+b(t)\u2)dt>r

|
/ (,wD,au — oD (1t — 1) + b(t)u(uy, — u))dt

R
- (/R <|—°°D;xun|2 +b(r) |un|2> dt) '
./R (_ooDzaun —ooD¥ (uy — 1) + b(t) (4, — u))dt ]
_/R (f(t7”n) —f(t,u)) - (up —u)dt
= alluy—ul3a
—* [ HMH?‘X '/R (*“’Dta” —ooD¥ (tty — ) + b(t)u(uy — u))dt
=l /R (*WD? oD (tty — ) b ()t (u — u))dt }
— [ (F) = 1020) G = ).
It follows that

a””n_”H?«% = <‘Pl(”n)_‘l)/(”)a”n_”>
2 [ ul /R (DU Dt~ ) + b1l — ) ) s

- H”n”?fa ‘/R <_me‘un —ooD{ (uy — 1) + D( ) uy (uy —u))dt}
+/R(f(t7un)—f(t,u)>-(un—u)dt- (3.16)

=

Set X% = {u € [2(R): _..D% € LX(R) } with the norm ||ul|g, = (fR (y _D%u(t)]* + \u(t)]Q) dt)
By (B1), we have

1

minf1 1)l < (| (1-oDfu)P+00) )P ) ) = e
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Then the imbedding X® < X% is continuous. By the continuity of the imbedding X% < X%, one has

u, — uin X%. Hence,
/R | oD% (1 — u)|*dt + /R |t —u|*dt — 0, as n — oo,
By the boundedness of {u,} in X%, we can get
Al /R (Dfu Dy — )+ b0y — w) )
— {35 - /R (,mD,aun —ooD (ty — ) + b(t )t (1t — u))dt} —0, as n—o.  (3.17)

Moreover, by (2.9), for any € > 0, one has

f(tun) = f(tu) ) - (g —u)dr| < (Jutn] + [u]) + (&) (utal "™+ [ulP™1) ) [t — |t
R R

IN

e (Hotally + el )l — sl + <€) lltn — ],

—1 —1
(a5 + ™)

< ecalun —ully +e3e(e) [lun —ull

where ¢, and c¢3 are independent of € and n. In view of (3.15), one can get

/R (f(t,un) —f(t,u)) (g —u)dr — 0, as n—s . (3.18)

Note that ¢’ (u,) — 0. Using (3.16), (3.17) and (3.18), we have that ||u, — ul||y« — 0. This completes the
proof. U

Proof of Theorem 1.1. We shall apply Theorem 2.12 to ¢. We know that X* is a Banach space and
¢ € C'(X* R) (see Lemma 2.16).
By (f3), similar to Lemma 2.3 in [20], there exists a constant ) > 2(7 + 1) such that 7 < u, and

F(t
fim (1)
|| —>o0 ‘M|n

= +oo, uniformly in t € R. (3.19)

Consequently,

F(t,u)
[te] =00 |u|2(’f+1)

= 4o, uniformly in ¢ € R. (3.20)

Hence, for any 0 < € < % (C; appears in (2.4)), by (2.4), (2.7) and (2.10), for small p > 0,
2

o) = % [ (1-DruF +o0 Pt 5 s ([ (1P o o))
—/RF(t,u(t))dt
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= Sl s G = [ F (e
> S ullfe— [ Flu(0)ds

>l — Sl

> fH ||Xo,—5 u ||Xa—c(;C” e

= (a Cre) |lullza — p)CPH [y

1
> I (a—Cgs) H””)zfa

for all u € By, where By = {u € X* : ||u||ya < p}. Therefore,

(a—C3e) p*:=B >0. (3.21)

I,

®los, =

Therefore,

®los,nz, > B > 0. (3.22)

Moreover, for any finite dimensional subspace X% C X, there is a positive integer number m such that
X% C Y,,. Since all norms are equivalent in a finite dimensional space, there is a constant y > 0 such that

||MH17 Z ’}/HMHXD‘ ’ Vu € Ym-
o3

m, there exists a

Take 0 # up € Y. In view of (f1) and (3.20), we can get, for any My >
constant C(My,) such that

F(t,u0) > My|uo>™D — C(My) |uo|?. (3.23)

So, by (2.4) and (3.23), we have
2

ax
oCu) = T [ (l-eDfu () +b(0) luo(0) ) d

o 2(T+1) T+1

+ 2(m)(/R (|—othauo(f)|2+b(f)|M0(Z)!2)dt> - | et ar
2 2(t+1)
ax ), Ax (t+1) 1) 1) 2

< 55 o+ 5y ol ™ = Mo ol +-COMy o
ax? 5 A2+l

1 1
< 5 luolle+ Y MDD a5 4 C ) e

20t+1) oI5
A
2(t+1)

ax? 1
< ol 2 (s M P ) Y+ O GRle

for all u € Y,,. Consequently, there is a large r; > 0 such that ¢ < 0 on X ®\B,,. Consequently, there is a
point e € X% with |[e||y« > p such that ¢(e) < 0. Moreover, we know that ¢(0) = 0. Consequently, by
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(3.22), we have

?los,nz, > 0=max(¢(0),¢(e)).
Now, we prove that ¢ satisfies the (PS)-condition. Indeed, if we have a sequence {u,} C X% such that
{9(u,)} is bounded and ¢'(u,) — 0, we need to prove that {u, } possesses a convergent subsequence. By
Lemma 3.3, we know that it is sufficient to prove that {u, } is bounded in X*. If {u,} is unbounded in X%,

we can assume that ||u,||xe — +oo. Setting v, = W we have [|[v, |y« = Land [[va[|, < cp[[vallxe =cp
for each 2 < p < o. Note that
2 (t+1
(@ () t) _ uallze o lalle ™ e f (e
et Yo et Yo et Yo 14 ¥
Letting n — oo, we obtain from 11 > 2(7t+ 1) that
TR EAGLILTrS
norte Huona

Since X is a reflexive Banach space and ||v, ||y« = 1, passing to a subsequence, by (2.4), there is a point
v € X% such that {v, } converges weakly to v in X%, that it converges to v in L”(R) and that v, (t) — v(t)
fora.e.r € R, where 2 < p <o, Set Q = {r € R:v(r) # 0}. If meas(Q) > 0, then |u,(t)| — +oo for a.e.
t € Q. By (fl) and (f2) there are positive constants b, and b3 such that

F(t,uw)u> by |u) — by |ul*, ¥ (r,u) e RxR. (3.24)

Hence by (3.24), we have
ft “n “n n anﬂg
> by 1) — by 2
| nHXOf [[utn [ xe

Consequently,
t
f WW&zmmM:/me>0
"_>+°° R nHXa Q

This is a contradiction. Hence meas(Q) = 0. Therefore, v(r) = 0 for a.e. t € R. Moreover, by (f1)-(f3),

since i > 2(7+1) > 2 and p > 2, there is a constant b4 > 0 such that
1

:Lf(t,u)u—F(t,u) > —¢€ <;+‘L1L) u* —c(€) (N —1—11)) ul? > —by |ul® (3.25)

for all (f,u) € R x R. Consequently, by (3.25), we have

L, 1 1 fR(lf(tvun)un—F(l,Mn)>dt
L e ) e

11 1 ,
> < - ) a—by———||uy]|5 -
2 p (|24

Letting n — oo, since ||uy||ya — +oo, we obtain 0 > (% - ﬁ) a. Sincea >0,A>0,7>0and u >

1

””nHXa

2(t+1) > 2, this implies 0 > (% - ﬁ) a, that it is a contradiction. So, {u, } is bounded in X*. Therefore,
by Lemma 3.3, ¢ satisfies the (PS)-condition. This completes the proof.

Proof of Theorem 1.2. We apply Theorem 2.14 to ¢. By Lemma 2.16, ¢ € C' (X% R). Lemma 3.1
shows that @ satisfies the (PS)-condition and is bounded from below. By Lemma 3.2, there exists kg € N
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such that Gy, (¢,0) 2 0. Consequently, by Theorem 2.13, 0 is a homological nontrivial critical point of
¢ but not a minimizer. By Theorem 2.14, we get that problem (1.1) has at least two nontrivial solutions.
The proof is complete.

Proof of Theorem 1.3. We apply Theorem 2.15 to ¢. By (f6) and (2.7), one can easily check that
functional ¢ is even and satisfies ¢(0) = 0. By Lemma 2.16, ¢ € C' (X* R). Lemma 3.1 shows that ¢
satisfies the (PS)-condition and is bounded from below. For p > 0, let K =S, = {u € Y; : ||ul/ya = p}-.
So, as shown in the proof of Lemma 3.2,

a, 2 A 2(1+1) n /
<= at+ w = - ,
0 ) < 5 o+ 5 Bl =l = [ Bt

for all u € ;. Note that the norms on ¥; are equivalent to each other, ||u||, is equivalent to |[u[|y. and
Jo, H(t,u(t))dt — 0 as r — 0. Since 1 >2(7+ 1), we have @(u) <0, for all u € ¥; with ||ul|x« < p.
If p > 0 is small enough, one has supg ¢(u) < 0. By the definition of Y;, we have dim (¥;) = k Using
Theorem 2.15, we have that ¢ has at least k distinct pairs of critical points. Therefore, problem (1.1) has
at least k distinct pairs of solutions. The proof is complete.
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