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Abstract. In this paper, we study the existence of nontrivial solutions for Kirchhoff type fractional differential equations. By
using the symmetric Mountain Pass Theorem, Morse theory in combination with local linking arguments and the Clark’s The-
orem, we give some new criteria to guarantee that the Kirchhoff type fractional differential problems have nontrivial solutions.
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1. INTRODUCTION

The aim of this paper is to establish the existence of nontrivial solutions for the following Kirchhoff
type fractional differential problem:

(
a+λ

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ)

·
(

tDα
∞ (−∞Dα

t u(t))+b(t)u(t)
)
= f (t,u(t)), t ∈ R,

u ∈ Hα(R),

(1.1)

where α ∈ (1/2,1), tDα
∞ and −∞Dα

t are the right and left inverse operators of the corresponding Liouville-
Weyl fractional derivatives of order α respectively, Hα(R) is the classical fractional Sobolev space, u ∈
R, constants a > 0, λ > 0 , τ ≥ 0, f ∈C (R×R,R) and b : R→ R. Under more relaxed assumptions on
b(t) and f (t,u), we first prove the existence of a nontrivial solution for problem (1.1) by using symmetric
Mountain Pass Theorem. Then we prove the existence of at least two nontrivial solutions for problem
(1.1) by using Morse theory in combination with local linking arguments. Finally, by using the Clark’s
Theorem, the existence results of at least k distinct pairs of solutions are obtained. Some recent results
from the literature are extended.
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Fractional differential equations have been receiving great interest recently. This is due to both the
intensive development of the theory of fractional calculus itself and the applications of such constructions
in various scientific fields such as physics, chemistry, biology, economics, control theory, signal and
image processing, biophysics, blood flow phenomena, aerodynamics, fitting of experimental data, etc.,
see [1, 2, 3, 4, 5, 6, 7] and the references therein. In recent years, there has been a growing interest in the
study of fractional differential equations with Liouville-Weyl fractional derivatives, for more details and
examples, we refer the reader to a series of papers [8, 9, 10, 11, 12, 13] and the references cited therein.

Recently, Chen and Zhu [14], studied the existence of positive solutions to p-Kirchhoff-type problem
(

a+λ

(∫
RN

(
|∇u|p +b|u|p

)
dx
)τ)

(−∆pu+b|u|p−2u) = |u|m−2u+µ|u|q−2u, x ∈ RN ,

u ∈W 1,p(RN),u(x)> 0,
(1.2)

where a,b > 0, λ ,τ ≥ 0 µ ∈ R, 1 < p < N, p < q < m < p∗ = pN
N−p . They show the existence result by

using the Nehari manifold method. Also, many authors are interested in p-Kirchhoff type problems, see,
for instance, [15, 16, 17, 18, 19, 20, 21] and references therein.

In this paper, motivated by the above papers, we attempt to apply the Mountain Pass Theorem, Morse
theory in combination with local linking and Clark’s Theorem to study the existence and multiplicity of
solutions to problem (1.1).

In view of our problem, we assume that b(t) and f (t,u) satisfy the following hypotheses:
(B) b : R→ (0,+∞) is continuous such that
(B1) b1 = inft∈R b(t)> 0,
(B2) There exists r0 > 0 such that, for any M > 0

m({t ∈ (y− r0,y+ r0)/b(t) ≤M}) → 0 as |y| → ∞.

(f1) f ∈C (R×R,R) and | f (t,u)| ≤C
(

1+ |u|p−1
)

for some 2 < p < ∞, where C is a positive constant.
(f2) f (t,u) = o(|u|) as |u| → 0 uniformly in t ∈ R.
(f3) There exist µ > 2(τ +1) and r > 0 such that

inf
t∈R,|u|=r

F (t,u)> 0,

and

µF (t,u)≤ f (t,u)u for all t ∈ R and |u| ≥ r,

where F(t,u) =
∫ u

0 f (t,s)ds.

(f4) f ∈C (R×R,R), and there exist 1 < p1 < p2 < · · ·< pm < 2 and ci(t) ∈ L
2

2−pi (R,R+) such that

| f (t,u)| ≤ Σ
m
i=1 pici(t) |u|pi−1 , ∀(t,u) ∈ R×R.

(f5) There exist m1 > 0, 0 < m2 <
aλ1
2 (λ1 is defined in Theorem 2.7), 1 < γ < 2 and small constants

0 < r < r0 such that

m1 |u|γ < F(t,u)≤ m2 |u|2 , r ≤ |u| ≤ r0, a.e. t ∈ R.

(f6) F(t,−u) = F(t,u), ∀(t,u) ∈ R×R.
Our main results read as follows.

Theorem 1.1. Assume that the conditions (B) and (f1)-(f3) hold. Then problem (1.1) has a nontrivial
solution.
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Theorem 1.2. Assume that the conditions (B), (f4) and (f5) hold, then problem (1.1) has at least two
nontrivial solutions.

Theorem 1.3. Assume that the conditions (B) and (f4)-(f6) hold, then problem (1.1) has at least k distinct
nontrivial solutions.

In Section 2, we give preliminary facts and provide some basic properties which are needed later. In
Section 3, we prove our main results (Theorems 1.1, 1.2 and 1.3).

2. PRELIMINARIES

In this section, we present some basic concepts and lemmas that we need in the sequel, and we refer
the reader to [1, 5, 8, 22, 23] for basic fractional calculus.

Definition 2.1. [1] The left Liouville-Weyl fractional derivatives of order 0 < α < 1 on the whole axis
R is defined by

−∞Dα
x u(x) =

α

Γ(1−α)

∫
∞

0

u(x)−u(x−ξ )

ξ α+1 dξ . (2.1)

We first define the Fourier transform. Let u(x) be defined on (−∞,∞). Then the Fourier transform
û(w) of u(x) is defined by

û(w) =
∫

∞

−∞

e−ix·wu(x)dx.

For 0 < α < 1, we give the relationship between classical fractional Sobolev space Hα(R) and Iα
−∞(R),

where the fractional Sobolev space Hα(R) is defined by

Hα(R) =C∞
0 (R)

‖.‖
α ,

with the norm

‖u‖
α
= (‖u‖2

L2 + |u|2α)
1
2 , (2.2)

and semi-norm

|u|
α
=
∥∥|w|α û

∥∥
L2 .

Also, we can define

Hα(R) =
{

u ∈ L2(R) : |w|α û ∈ L2(R)
}
.

In what follows, we introduce the fractional space in which we will construct the variational framework
of problem (1.1). Let

Xα =

{
u ∈ Hα(R) :

∫
R

(
|−∞Dα

t u(t)|2 +b(t)|u(t)|2
)

dt < ∞

}
.

Then Xα is a reflexive and separable Hilbert space with the inner product

〈u,v〉Xα =
∫
R
(−∞Dα

t u(t) ·−∞Dα
t v(t)+b(t)u(t)v(t))dt,

and the corresponding norm

‖u‖2
Xα = 〈u,u〉Xα .

Similar to proofs of Lemma 2.1, Lemma 2.2 and Theorem 2.1 in [9], we can get the following lemmas.
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Lemma 2.2. [9] Suppose b satisfies (B). Then the space Xα is continuously embedded in Hα(R).

Lemma 2.3. ([9]) Suppose b satisfies (B). Then the imbedding of Xα in L2(R) is continuous and compact.

Lemma 2.4. ([9]) If α > 1
2 , then Hα(R)⊂C(R) and there is a constant c = cα such that

sup
x∈R
|u(x)| ≤ c‖u‖

α
, (2.3)

From Lemma 2.4, we find that there exists a constant cα > 0 such that ‖u‖
∞
≤ cα ‖u‖Xα .

Remark 2.5. From Lemma 2.4, we know that if u ∈ Hα(R) with 1
2 < α < 1, then u ∈ Lp(R) for all

p ∈ [2,∞). The reason is ∫
R
|u(x)|p dx≤ ‖u‖p−2

∞
.‖u‖2

L2 .

Remark 2.6. From Remark 2.5 and Lemma 2.3, it is easy to verify that the imbedding of Xα in Lp(R) is
also compact for p ∈ (2,∞). Hence, for all 2≤ p < ∞, the imbedding of Xα in Lp(R) is continuous and
compact, which together with Lemma 2.4 implies that, for all p ∈ [2,∞), there exists cp > 0 such that

‖u‖Lp(R) ≤Cp ‖u‖Xα . (2.4)

Now, we consider the eigenvalue problemtDα
∞(−∞Dα

t u(t))+b(t)u(t) = λu, t ∈ R,

u ∈ Hα(R).
(2.5)

Theorem 2.7. [11, Theorem 1] Suppose that (B) holds. Then each eigenvalue of (2.5) is real and if
repeatting each eigenvalue according to its multiplicity, we have 0 < λ1 ≤ λ2 ≤ λ3 ≤ . . . and λk→ ∞ as
k→ ∞. And λ1 can be characterized as

λ1 = inf
u∈Xα\{0}

∫
R

(
|−∞Dα

t u(t)|2 +b(t)|u(t)|2
)

dt∫
R |u(t)|2dt

. (2.6)

Furthermore, there exists an orthogonal basis {wk}∞
k=1 of Xα , where wk ∈ Xα is an eigenfunction corre-

sponding to λk for k = 1,2, . . ..

Definition 2.8. We say that ϕ satisfies the Palais-Smale condition (PS)-condition if for any sequence
{un} ⊂ X which ϕ(un) is bounded and ϕ ′(un)→ 0 as n→ ∞ possesses a convergent subsequence.

Definition 2.9. Let ϕ : X →R be differentiable and c ∈R. We say that ϕ satisfies the (PS)c-condition if
the existence of a sequence {un} ⊂ X such that

ϕ(un)→ c, ϕ
′(un)→ 0

as n→ ∞, implies that c is a critical value of ϕ .

Remark 2.10. It is clear that the (PS)-condition implies the (PS)c-condition for each c ∈ R.

Definition 2.11. Let X be a real Banach space and ϕ ∈C1(X ,R). K = {u ∈ X : ϕ ′(u) = 0}, then the qth
critical group of ϕ at an isolated critical point u ∈ K with ϕ(u) = c is defined by

Cq (ϕ,u) := Hq (ϕ
c∩U,ϕc∩U \{u}) , q ∈ N∪{0},

where ϕc = {u ∈ X : ϕ(u)≤ c}, where U is a neighborhood of u, containing the unique critical point,
Hq(·, ·) stands for the qth singular relative homology group with integer coefficients.
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We say that u ∈ X is a homological nontrivial critical point of ϕ if at least one of its critical groups is
nontrivial.
Now, we present the following Theorems that will be used later.

Theorem 2.12. [24] Let X be a Banach space and ϕ ∈C1(X ,R). Assume that there exist u0 ∈ X, u1 ∈ X
and a bounded open neighborhood Ω of u0 such that u1 ∈ X\Ω and

inf
∂Ω

ϕ > max(ϕ(u0),ϕ(u1)) .

Let Γ= {g ∈C([0,1] ,X) : g(0) = u0,g(1) = u1} and c= infg∈Γ maxs∈[0,1] ϕ(g(s)). If ϕ satisfies the (PS)c-
condition, then c is a critical value of ϕ and c > max(ϕ(u0),ϕ(u1)) .

Theorem 2.13. [25] Assume that ϕ has a critical point u = 0 with ϕ(0) = 0. Suppose that ϕ has a local
linking at 0 with respect to X =V ⊕W, K = dimV < ∞, that is, there exists ρ > 0 small such that{

ϕ(u)≤ 0, u ∈V, ‖u‖ ≤ ρ;
ϕ(u)> 0, u ∈W, 0 < ‖u‖ ≤ ρ.

Then Ck (ϕ,0)� 0. Hence 0 is a homological nontrivial critical point of ϕ .

Theorem 2.14. [25] Let X be a real Banach space and let ϕ ∈ C1(X ,R) be bounded from below and
satisfy the (PS)-condition. If ϕ has a critical point that is homological nontrivial and is not a minimizer
of ϕ , then ϕ has at least three critical points.

Theorem 2.15. [26] Let ϕ ∈C1(X ,R) with ϕ even, satisfying (PS)-condition and bounded from below.
Assume that ϕ(0) = 0. There is a set K ⊂ X such that K is homeomorphic to S j−1 by an odd map, where
S j−1 denotes the j-dimensional unit sphere, and supK ϕ < 0. Then ϕ has at least j distinct pairs of
critical points.

A weak solution of problem (1.1) is a critical point of the following functional

ϕ(u) =
a
2

∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt +
λ

2(τ +1)

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ+1

−
∫
R

F (t,u(t))dt, (2.7)

for all u ∈ Xα .

Lemma 2.16. Assume that (B), (f1) and (f2) ( or (B) and (f4)) hold. Then ϕ ∈C1(Xα ,R) and〈
ϕ
′(u),v

〉
=

(
a+λ

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ)

·
∫
R

(
−∞Dα

t u(t) −∞Dα
t v(t)+b(t)u(t)v(t)

)
dt−

∫
R

f (t,u(t))v(t)dt, (2.8)

for all u,v ∈ Xα .

Proof. First we suppose that the conditions (B), (f1) and (f2) hold. Set ψ(u) =
∫
RF(t,u(t))dt. According

to (2.7), it suffices to show that ψ ∈C1(Xα ,R),

〈ψ ′(u),v〉=
∫
R

f (t,u(t))v(t)dt, ∀ u,v ∈ Xα .
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To prove ϕ ∈ C1(Xα ,R) and (2.8), First, we show the existence of the Gateaux derivative of ψ . For
ε > 0, by (f1) and (f2), we find that there is c(ε)> 0 such that

| f (t,u)| ≤ ε|u|+ c(ε)|u|p−1 (2.9)

and

|F(t,u)| ≤ ε

2
|u|2 + 1

p
c(ε)|u|p (2.10)

for all (t,u) ∈ R×R. For any u,v ∈ Xα and 0 < |µ|< 1, by the mean value theorem and (2.9), we find
that there exists 0 < θ < 1 such that

f (t,u(t)+θ µv(t)) =
F(t,u(t)+µv(t))−F(t,u(t))

µv(t)
,

and ∣∣∣∣F(t,u(t)+µv(t))−F(t,u(t))
µ

∣∣∣∣ (2.11)

= | f (t,u(t)+θ µv(t))| · |v(t)|

≤
(
ε|u(t)+θ µv(t)|+ c(ε)|u(t)+θ µv(t)|p−1) · |v(t)|

≤ ε |u(t)| · |v(t)|+ ε |v(t)|2 + c(ε)
(

2p−1
(
|u(t)|p−1 + |v(t)|p−1

))
· |v(t)|

= ε |u(t)| · |v(t)|+ ε |v(t)|2 +2p−1c(ε)
(
|u(t)|p−1 · |v(t)|+ |v(t)|p

)
.

The Hölder inequality implies that

g(t) := ε |u(t)| · |v(t)|+ ε |v(t)|2 +2p−1c(ε)
(
|u(t)|p−1 · |v(t)|+ |v(t)|p

)
∈ L1(R).

Then, by the Lebesgue’s Dominated Convergence Theorem, we have〈
ψ
′(u),v

〉
= lim

µ→0+

ψ(u+µv)−ψ(u)
µ

= lim
µ→0+

∫
R

F(t,u(t)+µv(t))−F(t,u(t))
µ

dt

= lim
µ→0+

∫
R

f (t,u(t)+θ µv(t))v(t)dt =
∫
R

f (t,u(t))v(t)dt.

Hence, from (2.7), one can get

ϕ(u+µv)−ϕ(u)
µ

(2.12)

=
a
2

∫
R

(
µ |−∞Dα

t v(t)|2 +2−∞Dα
t u(t)−∞Dα

t v(t)+b(t)
(

µ |v(t)|2 +2u(t)v(t)
))

dt

+
λ

2µ(τ +1)

[(∫
R

(
|−∞Dα

t u(t)|2 +µ
2 |−∞Dα

t v(t)|2 +2µ−∞Dα
t u(t)−∞Dα

t v(t)

+b(t)
(
|u(t)|2 +µ

2 |v(t)|2 +2µu(t)v(t)
))

dt
)τ+1

−
(∫

R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ+1 ]

−
∫
R

F(t,u(t)+µv(t))−F(t,u(t))
µ

dt.
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Letting µ → 0+, we obtain (2.8).
Next, we show that ψ ′(·) : Xα → (Xα)∗ is continuous. Assume that un → u in Xα . By (2.4) and

Remark 2.6, one has un→ u in Lp(R). Note that

∥∥ψ
′(un)−ψ

′(u)
∥∥

Xα = sup
‖v‖≤1

∣∣∣∣∫R
(

f (t,un)− f (t,u)
)

vdt
∣∣∣∣

≤ sup
‖v‖≤1

∫
R
| f (t,un)− f (t,u)| · |v|dt (2.13)

and

| f (t,u)| ≤ ε |u|+ c(ε) |u|p−1 = ε |u|
2
2 + c(ε) |u|

p
p′ ,

where p′ = p
p−1 . By the Hölder inequality, Theorem A.4 in [27], we have

| f (t,un)− f (t,u)| → 0,

sup
‖v‖≤1

∫
R
| f (t,un)− f (t,u)| · |v|dt→ 0, as n→ ∞. (2.14)

Hence

‖ψ ′(un)−ψ
′(u)‖Xα → 0.

This shows that ψ ′ is continuous. This completes the proof. The proof of this lemma with the conditions
(B) and (f4) is similar and we omit it here. �

Lemma 2.17. Suppose that (f1) and (f2) hold. Then ψ(u) =
∫
RF(t,u(t))dt is weakly continuous on Xα .

Proof. Let {un} ⊂ Xα converge weakly to u in Xα . Then {un} is bounded in Xα . Note that Xα is a
reflexive Banach space. Passing to a subsequence (for simplicity denoted again by {un}) if necessary, by
Remark 2.6, we may assume thatun ⇀ u, weakly in Xα ,

un→ u, strongly in Lp(R), 2≤ p < ∞.
(2.15)

It follows that

d
ds

(
F(t,u+ s(un−u))

)
= (un−u) f (t,u+ s(un−u)),

This implies that

F(t,un)−F(t,u) =
∫ 1

0
f (t,u+ s(un−u)) · (un−u)ds. (2.16)
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From (2.9), (2.16) and Hölder inequality, we can get

|ψ(un)−ψ(u)| (2.17)

=

∣∣∣∣∫R
(

F(t,un)−F(t,u)
)

dt
∣∣∣∣

=

∣∣∣∣∫R
(∫ 1

0
f (t,u+ s(un−u)) · (un−u)ds

)
dt
∣∣∣∣

≤
∫
R

∫ 1

0
| f (t,u+ s(un−u))| · |un−u|dsdt

≤
∫
R

∫ 1

0

(
ε |u+ s(un−u)|+ c(ε) |u+ s(un−u)|p−1

)
· |un−u|dsdt

≤
∫
R

∫ 1

0

(
ε(|u|+ s |un−u|)+ c(ε, p)(|u|p−1 + sp−1 |un−u|p−1)

)
· |un−u|dsdt

≤
∫
R

(
ε(|u|+ 1

2
|un−u|)+ c(ε, p)(|u|p−1 + |un−u|p−1)

)
· |un−u|dt

= ε

∫
R

(
|u|+ 1

2
|un−u|

)
· |un−u|dt + c(ε, p)

∫
R

(
|u|p−1 + |un−u|p−1

)
· |un−u|dt

≤ ε

(
‖u‖2 +

1
2
‖un−u‖2

)
‖un−u‖2 + c1c(ε, p)‖un−u‖p ,

where c(ε, p) is a positive constant and c1 is independent of ε and n. Since by (2.15),

‖un−u‖p→ 0, ‖un−u‖2→ 0

as n→ ∞, one has

‖ψ(un)−ψ(u)‖Xα → 0 as n→ ∞.

This shows that ψ is weakly continuous on Xα . This completes the proof. �

3. PROOF OF THE MAIN RESULTS

In this section, we will prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. To complete the proof, we
need the following lemmas.

Lemma 3.1. If (B) and (f4) hold, then ϕ is bounded from below and satisfies the (PS)-condition.

Proof. By (f4), we have

|F(t,u)| ≤ Σ
m
i=1ci(t) |u|pi , ∀ (t,u) ∈ R×R. (3.1)

By (B1) and the Hölder inequality, we get
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m

∑
i=1

∫
R

ci(t) |u(t)|pi dt ≤
m

∑
i=1

∫
R

ci(t)
b(t)

pi
2

b
pi
2

1

|u(t)|pi dt

=
m

∑
i=1

b−
pi
2

1

∫
R
|ci(t)|b(t)

pi
2 |u(t)|pi dt

≤
m

∑
i=1

b−
pi
2

1

(∫
R
|ci(t)|

2
2−pi dt

) 2−pi
2
(∫

R

(
b(t)

pi
2 |u(t)|pi

) 2
pi dt

) pi
2

=
m

∑
i=1

b−
pi
2

1 ‖ci‖ 2
2−pi

(∫
R

b(t) |u(t)|2 dt
) pi

2

≤
m

∑
i=1

b−
pi
2

1 ‖ci‖ 2
2−pi
‖u‖pi

Xα . (3.2)

In view of (2.7), (3.1), (3.2) and Hölder inequality, one can get

ϕ(u)

=
a
2

∫
R

(
|−∞Dα

t u(t)|2 +b(t)|u(t)|2
)

dt +
λ

2(τ +1)

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ+1

−
∫
R

F(t,u(t))dt

=
a
2
‖u‖2

Xα +
λ

2(τ +1)
‖u‖2(τ+1)

Xα −
∫
R

F(t,u(t))dt

≥ a
2
‖u‖2

Xα −
∫
R

F(t,u(t))dt

≥ a
2
‖u‖2

Xα −
m

∑
i=1

∫
R

ci(t)|u(t)|pidt

≥ a
2
‖u‖2

Xα −
m

∑
i=1

b−
pi
2

1 ‖ci‖ 2
2−pi
‖u‖pi

Xα , (3.3)

which implies that ϕ(u)→ +∞, as ‖u‖Xα → ∞, because a > 0, λ > 0, τ ≥ 0 and 1 < pi < 2 (i =
1,2, . . . ,m). So, ϕ is bounded from below.

Next, we prove that ϕ satisfies the (PS)-condition. To this end, we assume that {un} is a (PS)-sequence
of ϕ such that {ϕ(un)} is bounded and ϕ ′(un)→ 0, as n→ ∞. Then, it follows from (3.3) that there
exists a constant c > 0 such that

c≥ ϕ(un) ≥
a
2
‖un‖2

Xα −
m

∑
i=1

b−
pi
2

1 ‖ci‖ 2
2−pi
‖un‖pi

Xα . (3.4)

Consequently, it follows from (2.4) that there exists a constant c4 > 0 such that

‖un‖2 ≤ c4‖un‖Xα ≤ c, n ∈ N. (3.5)

This implies that {un} is bounded. Since {un} ⊂ Xα is bounded and Xα is a reflexive Banach space and
so by passing to a subsequence (for simplicity denoted again by {un}) if necessary, by Remark 2.6, we
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may assume that un ⇀ u, weakly in Xα ,

un→ u, strongly in Lp(R), 2≤ p < ∞.
(3.6)

On the other hand, for any given ε > 0, by ( f4) , we can choose Rε > 0 such that(∫
|t|>Rε

|ci(t)|
2

2−pi dt
) 2−pi

2

< ε, i = 1,2, . . . ,m. (3.7)

It follows from (3.6) that there exists n0 > 0 such that∫
|t|≤Rε

|un−u|2dt < ε
2, f or n≥ n0. (3.8)

Thus, by (f4), (3.5), (3.8) and the Hölder inequality, for any n≥ n0, one has∫
|t|≤Rε

| f (t,un)− f (t,u)| |un−u|dt

≤
(∫
|t|≤Rε

| f (t,un)− f (t,u)|2 dt
) 1

2
(∫
|t|≤Rε

|un−u|2 dt
) 1

2

≤ ε

(∫
|t|≤Rε

| f (t,un)− f (t,u)|2 dt
) 1

2

≤ ε

(∫
|t|≤Rε

2
(
| f (t,un)|2 + | f (t,u)|2

)
dt
) 1

2

≤ ε

[∫
|t|≤Rε

2
(( m

∑
i=1

pici(t) |un|pi−1

)2

+

(
m

∑
i=1

pici(t) |u|pi−1

)2)
dt
] 1

2

≤ 2ε

(
m

∑
i=1

p2
i ‖ci‖2

2
2−pi

(
‖un‖2(pi−1)

2 +‖u‖2(pi−1)
2

)) 1
2

≤ 2ε

(
m

∑
i=1

p2
i ‖ci‖2

2
2−pi

(
c2(pi−1)+‖u‖2(pi−1)

2

)) 1
2

. (3.9)

Also, for n ∈ N, (f4), (3.5), (3.7) and Hölder inequality imply that∫
|t|>Rε

| f (t,un)− f (t,u)| |un−u|dt ≤
m

∑
i=1

pi

∫
|t|>Rε

|ci(t)|
(
|un|pi−1 + |u|pi−1

)(
|un|+ |u|

)
dt

≤ 2
m

∑
i=1

pi

∫
|t|>Rε

|ci(t)|
(
|un|pi + |u|pi

)
dt

= 2
m

∑
i=1

pi

(∫
|t|>Rε

|ci(t)| |un|pi dt +
∫
|t|>Rε

|ci(t)| |u|pi dt
)

≤ 2
m

∑
i=1

pi

(∫
|t|>Rε

|ci(t)|
2

2−pi dt
) 2−pi

2 (
‖un‖pi

2 +‖u‖pi
2

)
≤ 2ε

m

∑
i=1

pi

(
‖un‖pi

2 +‖u‖pi
2

)
≤ 2ε

m

∑
i=1

pi

(
cpi +‖u‖pi

2

)
. (3.10)
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Since ε is arbitrary, we find that (3.9) and (3.10) imply that

lim
n→∞

∫
R

(
f (t,un)− f (t,u)

)
(un−u)dt = 0. (3.11)

Then by (2.8) (similar to the proof of Lemma 3.3), one has

on(1) =
〈
ϕ
′(un)−ϕ

′(u),un−u
〉

= a
∫
R

(
|−∞Dα

t (un−u)|2 +b(t) |un−u|2
)

dt

−λ

[ (∫
R

(
|−∞Dα

t u|2 +b(t) |u|2
)

dt
)τ

·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−
(∫

R

(
|−∞Dα

t un|2 +b(t) |un|2
)

dt
)τ

·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]

−
∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt

= a‖un−u‖2
Xα

−λ

[
‖u‖2τ

Xα ·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−‖un‖2τ

Xα ·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]

−
∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt

= a‖un−u‖2
Xα

−λ

[
‖u‖2τ

Xα ·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−‖un‖2τ

Xα ·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]

−
∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt. (3.12)

Hence, by the boundedness of {un} and the weak convergence of {un}, we get

λ

[
‖u‖2τ

Xα ·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−‖un‖2τ
Xα ·

∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]
→ 0, as n→ ∞. (3.13)

Thus, by using (3.11), (3.12) and (3.13), we have that ‖un−u‖Xα → 0. Therefore, ϕ satisfies the (PS)-
condition. The proof is complete. �

Lemma 3.2. If conditions (B) and (f4)-(f5) hold, then there exists k0 ∈ N such that Ck0(ϕ,0)� 0.

Proof. By (2.7), one can easily check that functional ϕ satisfies ϕ(0) = 0. It follows from (f4) and (2.8),
we can get 〈ϕ ′(0),v〉= 0 ∀v ∈ Xα , so ϕ ′(0) = 0. Consequently, the zero function is a critical point of ϕ .
So we only need to prove that ϕ has a local linking at 0 with respect to Xα . From Theorem 2.7, Xα has
a countable orthogonal basis {wi}. Set Yk = span{w1,w2, . . .wk} and Zk = Y⊥k . Then Xα = Yk⊕Zk.
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We divide the proof into the following two steps.
Step 1. Take u∈Yk. Since Yk is finite dimensional, we have that for given r0, there exists 0 < ρ < 1 small
such that u ∈ Yk, ‖u‖Xα ≤ ρ → |u(t)| < r0, t ∈ R. For 0 < r < r0, let Ω1 = {t ∈ R : |u(t)|< r}, Ω2 =

{t ∈ R : r ≤ |u(t)| ≤ r0} and Ω3 = {t ∈ R : |u(t)|> r0}. Then R =
⋃3

i=1 Ωi. For the sake of simplicity,
let H(t,u(t)) = F(t,u(t))−m1 |u(t)|γ . Hence, we can get

−
∫
R

F (t,u(t))dt = −
∫
R

m1 |u(t)|γ dt−
∫
R

H(t,u(t))dt

= −
∫
R

m1 |u(t)|γ dt−
(∫

Ω1

+
∫

Ω2

+
∫

Ω3

)
H(t,u(t))dt

≤ −
∫
R

m1 |u(t)|γ dt−
∫

Ω1

H(t,u(t))dt

= −m1 ‖u‖γ

γ
−
∫

Ω1

H(t,u(t))dt. (3.14)

by (2.7), (3.14) and (f5), we have

ϕ (u) =
a
2

∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt +
λ

2(τ +1)

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ+1

−
∫
R

F (t,u(t))dt

=
a
2
‖u‖2

Xα +
λ

2(τ +1)
‖u‖2(τ+1)

Xα −
∫
R

F (t,u(t))dt

≤ a
2
‖u‖2

Xα +
λ

2(τ +1)
‖u‖2(τ+1)

Xα −m1 ‖u‖γ

γ
−
∫

Ω1

H(t,u(t))dt

for all u ∈ Yk. Since the norms on Yk are equivalent to each other, ‖u‖
γ

is equivalent to ‖u‖Xα , we find
that

∫
Ω1

H(t,u(t))dt→ 0 as r→ 0. Since 1 < γ < 2, we have ϕ(u)≤ 0, for all u ∈ Yk with ‖u‖Xα ≤ ρ .

Step 2. Take u ∈ Zk. Using Remark 2.6, we have that for given r0, there exists 0 < ρ < 1 small such that

u ∈ Zk, ‖u‖Xα ≤ ρ → |u(t)|< r0, t ∈ R.

Then, (2.6), (2.7) and (f5) imply that

ϕ (u) =
a
2

∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt +
λ

2(τ +1)

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ+1

−
∫
R

F (t,u(t))dt

=
a
2
‖u‖2

Xα +
λ

2(τ +1)
‖u‖2(τ+1)

Xα −
∫
R

F (t,u(t))dt

≥ a
2
‖u‖2

Xα −
∫
R

F(t,u(t))dt

≥ a
2
‖u‖2

Xα −m2

∫
R
|u(t)|2 dt

>
a
2
‖u‖2

Xα −
a
2
‖u‖2

Xα = 0.

Therefore, ϕ(u)> 0, for all u ∈ Zk with ‖u‖Xα ≤ ρ . Consequently, by Theorem 2.13, 0 is a homological
nontrivial critical point of ϕ . This completes the proof. �
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Now, we need the following lemma to prove of Theorem 1.1.

Lemma 3.3. Suppose that (B), (f1) and (f2) hold, and {un}⊂Xα is a bounded sequence with ϕ ′(un)→ 0.
Then {un} has a convergent subsequence.

Proof. Note that {un} ⊂ Xα is bounded and Xα is a reflexive Banach space. Passing to a subsequence
(for simplicity denoted gain by {un}) if necessary, by Remark 2.6, we may assume thatun ⇀ u, weakly in Xα ,

un→ u, strongly in Lp(R), 2≤ p < ∞.
(3.15)

Note that〈
ϕ
′(un)−ϕ

′(u),un−u
〉

= a
∫
R

(
|−∞Dα

t (un−u)|2 +b(t) |un−u|2
)

dt

−λ

[ (∫
R

(
|−∞Dα

t u|2 +b(t) |u|2
)

dt
)τ

·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−
(∫

R

(
|−∞Dα

t un|2 +b(t) |un|2
)

dt
)τ

·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]

−
∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt

= a‖un−u‖2
Xα

−λ

[
‖u‖2τ

Xα ·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−‖un‖2τ

Xα ·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]

−
∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt.

It follows that

a‖un−u‖2
Xα =

〈
ϕ
′(un)−ϕ

′(u),un−u
〉

+λ

[
‖u‖2τ

Xα ·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−‖un‖2τ

Xα ·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]

+
∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt. (3.16)

Set X̃α =
{

u ∈ L2(R) : −∞Dα
t u ∈ L2(R)

}
with the norm ‖u‖X̃α =

(∫
R

(
| −∞Dα

t u(t)|2 + |u(t)|2
)

dt
) 1

2
.

By (B1), we have

min{1,b1} · ‖u‖X̃α ≤
(∫

R

(
| −∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
) 1

2

= ‖u‖Xα .
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Then the imbedding Xα ↪→ X̃α is continuous. By the continuity of the imbedding Xα ↪→ X̃α , one has
un ⇀ u in X̃α . Hence, ∫

R
|−∞Dα

t (un−u)|2 dt +
∫
R
|un−u|2 dt→ 0, as n→ ∞.

By the boundedness of {un} in Xα , we can get

λ

[
‖u‖2τ

Xα ·
∫
R

(
−∞Dα

t u −∞Dα
t (un−u)+b(t)u(un−u)

)
dt

−‖un‖2τ

Xα ·
∫
R

(
−∞Dα

t un −∞Dα
t (un−u)+b(t)un(un−u)

)
dt
]
→ 0, as n→ ∞. (3.17)

Moreover, by (2.9), for any ε > 0, one has

∣∣∣∣∫R
(

f (t,un)− f (t,u)
)
· (un−u)dt

∣∣∣∣ ≤ ∫
R

(
ε(|un|+ |u|)+ c(ε)(|un|p−1 + |u|p−1)

)
· |un−u|dt

≤ ε

(
‖un‖2 +‖u‖2

)
‖un−u‖2 + c(ε)‖un−u‖p

·
(
‖un‖p−1

p +‖u‖p−1
p

)
≤ ε c2 ‖un−u‖2 + c3c(ε)‖un−u‖p ,

where c2 and c3 are independent of ε and n. In view of (3.15), one can get

∫
R

(
f (t,un)− f (t,u)

)
· (un−u)dt→ 0, as n→ ∞. (3.18)

Note that ϕ ′(un)→ 0. Using (3.16), (3.17) and (3.18), we have that ‖un−u‖Xα → 0. This completes the
proof. �

Proof of Theorem 1.1. We shall apply Theorem 2.12 to ϕ . We know that Xα is a Banach space and
ϕ ∈C1(Xα ,R) (see Lemma 2.16).

By (f3), similar to Lemma 2.3 in [20], there exists a constant η > 2(τ +1) such that η < µ , and

lim
|u|→∞

F(t,u)
|u|η

=+∞, uniformly in t ∈ R. (3.19)

Consequently,

lim
|u|→∞

F(t,u)

|u|2(τ+1) =+∞, uniformly in t ∈ R. (3.20)

Hence, for any 0 < ε < a
C2

2
(C2 appears in (2.4)), by (2.4), (2.7) and (2.10), for small ρ > 0,

ϕ (u) =
a
2

∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt +
λ

2(τ +1)

(∫
R

(
|−∞Dα

t u(t)|2 +b(t) |u(t)|2
)

dt
)τ+1

−
∫
R

F (t,u(t))dt
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=
a
2
‖u‖2

Xα +
λ

2(τ +1)
‖u‖2(τ+1)

Xα −
∫
R

F (t,u(t))dt

≥ a
2
‖u‖2

Xα −
∫
R

F(t,u(t))dt

≥ a
2
‖u‖2

Xα −
ε

2
‖u‖2

2−
c(ε)

p
‖u‖p

p

≥ a
2
‖u‖2

Xα −
ε

2
c2

2 ‖u‖
2
Xα −

c(ε)
p

Cp
p ‖u‖

p
Xα

=
1
2
(
a−C2

2ε
)
‖u‖2

Xα −
c(ε)

p
Cp

p ‖u‖
p
Xα

≥ 1
4
(
a−C2

2ε
)
‖u‖2

Xα

for all u ∈ Bρ , where Bρ = {u ∈ Xα : ‖u‖Xα < ρ}. Therefore,

ϕ|∂Bρ
≥ 1

4
(
a−C2

2ε
)

ρ
2 := β > 0. (3.21)

Therefore,

ϕ|∂Bρ∩Zk ≥ β > 0. (3.22)

Moreover, for any finite dimensional subspace X̂α ⊂ Xα , there is a positive integer number m such that
X̂α ⊂Ym. Since all norms are equivalent in a finite dimensional space, there is a constant γ > 0 such that

‖u‖
η
≥ γ ‖u‖Xα , ∀u ∈ Ym.

Take 0 6= u0 ∈ Ym. In view of (f1) and (3.20), we can get, for any Mη >
λ‖u0‖

2(τ+1)
Xα

(τ+1)‖u0‖η

Xα γη
, there exists a

constant C(Mη) such that

F(t,u0)≥Mη |u0|2(τ+1)−C(Mη)|u0|2. (3.23)

So, by (2.4) and (3.23), we have

ϕ (xu0) =
ax2

2

∫
R

(
|−∞Dα

t u0 (t)|2 +b(t) |u0(t)|2
)

dt

+
λx2(τ+1)

2(τ +1)

(∫
R

(
|−∞Dα

t u0 (t)|2 +b(t) |u0(t)|2
)

dt
)τ+1

−
∫
R

F (t,u0(t))dt

≤ ax2

2
‖u0‖2

Xα +
λx2(τ+1)

2(τ +1)
‖u0‖2(τ+1)

Xα −Mηx2(τ+1) ‖u0‖2(τ+1)
2(τ+1)+C(Mη)x2‖u‖2

2

≤ ax2

2
‖u0‖2

Xα +
λx2(τ+1)

2(τ +1)
‖u0‖2(τ+1)

Xα −Mηx2(τ+1)
γ

2(τ+1) ‖u0‖2(τ+1)
Xα +C(Mη)C2

2x2‖u‖2
Xα

≤ ax2

2
‖u0‖2

Xα + x2(τ+1)
(

λ

2(τ +1)
−Mηγ

2(τ+1)
)
‖u0‖2(τ+1)

Xα +C(Mη)C2
2x2‖u‖2

Xα

for all u ∈ Ym. Consequently, there is a large r1 > 0 such that ϕ < 0 on X̃α\Br1 . Consequently, there is a
point e ∈ Xα with ‖e‖Xα > ρ such that ϕ(e)< 0. Moreover, we know that ϕ(0) = 0. Consequently, by
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(3.22), we have
ϕ|∂Bρ

⋂
Zk > 0 = max(ϕ(0),ϕ(e)) .

Now, we prove that ϕ satisfies the (PS)-condition. Indeed, if we have a sequence {un} ⊂ Xα such that
{ϕ(un)} is bounded and ϕ ′(un)→ 0, we need to prove that {un} possesses a convergent subsequence. By
Lemma 3.3, we know that it is sufficient to prove that {un} is bounded in Xα . If {un} is unbounded in Xα ,
we can assume that ‖un‖Xα →+∞. Setting vn =

un
‖un‖Xα

, we have ‖vn‖Xα = 1 and ‖vn‖p ≤ cp ‖vn‖Xα = cp

for each 2≤ p < ∞. Note that

〈ϕ ′(un),un〉
‖un‖η

Xα

= a
‖un‖2

Xα

‖un‖η

Xα

+λ
‖un‖2(τ+1)

Xα

‖un‖η

Xα

−
∫
R f (t,un)undt
‖un‖η

Xα

.

Letting n→+∞, we obtain from η > 2(τ +1) that

lim
n→+∞

∫
R

f (t,un)un

‖un‖η

Xα

dt = 0.

Since Xα is a reflexive Banach space and ‖vn‖Xα = 1, passing to a subsequence, by (2.4), there is a point
v ∈ Xα such that {vn} converges weakly to v in Xα , that it converges to v in Lp(R) and that vn(t)→ v(t)
for a.e. t ∈R , where 2≤ p < ∞. Set Ω = {t ∈ R : v(t) 6= 0}. If meas(Ω)> 0, then |un(t)| →+∞ for a.e.
t ∈Ω. By (f1) and (f2) there are positive constants b2 and b3 such that

f (t,u)u≥ b2 |u|η −b3 |u|2 , ∀ (t,u) ∈ R×R. (3.24)

Hence by (3.24), we have ∫
R

f (t,un)un

‖un‖η

Xα

dt ≥ b2 ‖vn‖η

η
−b3

‖vn‖2
2

‖un‖η−2
Xα

.

Consequently,

0 = lim
n→+∞

∫
R

f (t,un)un

‖un‖η

Xα

dt ≥ b2 ‖v‖η

η
=
∫

Ω

|v|η dt > 0.

This is a contradiction. Hence meas(Ω) = 0. Therefore, v(t) = 0 for a.e. t ∈ R. Moreover, by (f1)-(f3),
since µ > 2(τ +1)> 2 and p > 2, there is a constant b4 > 0 such that

1
µ

f (t,u)u−F(t,u)≥−ε

(
1
2
+

1
µ

)
|u|2− c(ε)

(
1
µ
+

1
p

)
|u|p ≥−b4 |u|2 (3.25)

for all (t,u) ∈ R×R. Consequently, by (3.25), we have

1

‖un‖2
Xα

[
ϕ(un)−

1
µ

〈
ϕ
′(un),un

〉]
≥

(
1
2
− 1

µ

)
a+

∫
R

(
1
µ

f (t,un)un−F(t,un)
)

dt

‖un‖2
Xα

≥
(

1
2
− 1

µ

)
a−b4

1

‖un‖2
Xα

‖un‖2
2 .

Letting n→ +∞, since ‖un‖Xα → +∞, we obtain 0 ≥
(

1
2 −

1
µ

)
a. Since a > 0, λ > 0, τ ≥ 0 and µ >

2(τ +1)> 2, this implies 0≥
(

1
2 −

1
µ

)
a, that it is a contradiction. So, {un} is bounded in Xα . Therefore,

by Lemma 3.3, ϕ satisfies the (PS)-condition. This completes the proof.

Proof of Theorem 1.2. We apply Theorem 2.14 to ϕ . By Lemma 2.16, ϕ ∈ C1 (Xα ,R). Lemma 3.1
shows that ϕ satisfies the (PS)-condition and is bounded from below. By Lemma 3.2, there exists k0 ∈N
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such that Ck0(ϕ,0) � 0. Consequently, by Theorem 2.13, 0 is a homological nontrivial critical point of
ϕ but not a minimizer. By Theorem 2.14, we get that problem (1.1) has at least two nontrivial solutions.
The proof is complete.

Proof of Theorem 1.3. We apply Theorem 2.15 to ϕ . By (f6) and (2.7), one can easily check that
functional ϕ is even and satisfies ϕ(0) = 0. By Lemma 2.16, ϕ ∈C1 (Xα ,R). Lemma 3.1 shows that ϕ

satisfies the (PS)-condition and is bounded from below. For ρ > 0, let K = Sρ = {u ∈ Yk : ‖u‖Xα = ρ}.
So, as shown in the proof of Lemma 3.2,

ϕ (u)≤ a
2
‖u‖2

Xα +
λ

2(τ +1)
‖u‖2(τ+1)

Xα −m1 ‖u‖η

η
−
∫

Ω1

H(t,u(t))dt

for all u ∈ Yk. Note that the norms on Yk are equivalent to each other, ‖u‖
γ

is equivalent to ‖u‖Xα and∫
Ω1

H(t,u(t))dt → 0 as r→ 0. Since η > 2(τ + 1), we have ϕ(u) ≤ 0, for all u ∈ Yk with ‖u‖Xα ≤ ρ .
If ρ > 0 is small enough, one has supK ϕ(u) < 0. By the definition of Yk, we have dim(Yk) = k Using
Theorem 2.15, we have that ϕ has at least k distinct pairs of critical points. Therefore, problem (1.1) has
at least k distinct pairs of solutions. The proof is complete.
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	1. Introduction
	2. Preliminaries
	3. Proof of the main results
	References

