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Abstract. Using a variant fountain theorem, we prove the existence of infinitely many homoclinic solutions of a class of
fourth-order differential equations u(*) (x) + wu” (x) + a(x)u(x) = f(x,u(x)), Vx € R, where a € C(R,R) may be negative on a
bounded interval and F (x,u) = [ f(x,t)dr is superquadratic at infinity in the second variable but does not need to satisfy the
known Ambrosetti-Rabinowitz superquadratic growth condition.
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1. INTRODUCTION
We consider the nonperiodic fourth-order differential equation
u’(x)+ou (x)+ax)ulx) = f(xux S .
D (x) + ou” (x) + a(x)u(x) = £(x,u(x)), Vx €R, (1.1)

where @ is a constant, a € C(R,R) and f € C(R x R,R). It is known that the mathematical modeling of
many important problems in different research fields such as mechanical engineering, control systems,
and economics leads naturally to solutions of nonlinear differential equations. In particular, fourth order
differential equations such as (1.1) have been put forward as a mathematical model for the study of the
pattern formation in physics and mechanics, for example, the well-known extended Fisher-Kolmogorov
equation proposed by Coullet ef al. [1] in the study of phase transitions, the fourth-order elastic beam
equation in describing a large class of elastic deflection [2], the Swift-Hohenberg equation which is a
general model for the pattern-forming process derived in [3] to describe random thermal fluctuations in
the Boussinesque equation and in the propagation of lasers [4]. As usual, we say that a solution u# of
equation (1.1) is homoclinic (to 0) if u(x) — 0 as x — +eo. In addiction, if u # 0, then u is called a
nontrivial homoclinic solution. During the previous years, the existence and multiplicity of homoclinic
solutions for (1.1) have been extensively investigated via the critical point theory and variational methods.
From the beginning, most of them treated the case where a(x) and f(x,u) are either independent of x or
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periodic in x, see [5, 6, 7, 8, 9] and the references cited therein. In this kind of problems, the function a
plays an important role. Compared with the case of a(x) and f(x,u) being periodic in x, there are less
literatures available for the case where a(x) and f(x,u) are nonperiodic in x, see [10, 11, 12, 13, 14,
15, 16, 17, 18]. We notice that, for the case that equation (1.1) is not periodic, the following coercive
condition on a is often needed to obtain the existence of homoclinic solutions:

(4%) a : R — R is a continuous function, and there exists a constant ag such that

0<ap<a(x) — +ooas x| — oo

and

o < 2+/ap,
which is used to establish the corresponding compact embedding lemmas on suitable functional spaces,
see [10, 11, 15, 16]. Most of these known results were obtained for the case where F (x,u) = [y f(x,t)dt
is superquadratic at infinity in u and satisfies the usual assumption

F(t,u)
E

=0 uniformly fort € R. (1.2)
lu|—0 |u
In this case, the well-known Ambrosetti-Rabinowitz superquadratic condition was usually assumed on
F,see [8,9, 14, 18] and the references therein.
In this paper, we study the existence of infinitely many homoclinic solutions for (1.1) in the case where
a is unnecessarily required to be positive, and F satisfies some weak superquadratic conditions at infinity
with respect to u. More precisely, we make the following assumptions:

(o) lim a(x) = oo

e[ —eo

(H;) There exist constants ¢ > 0 and v > 2 such that

£ Orw)] < e(ful +u"71), V(x,u) € RxR;

F
fim o1

| —eo |uf?

(H>) = +oo, uniformly for x € R;

(H3) There exists a constant ¢ > 1 such that

OF (x,u) > F(x,su), V(s,x,u) € [0,1] x Rx R,
where F (x,u) = f(x,u)u —2F (x,u);
(Hy) F(x,—u) =F(x,u), ¥(x,u) € RxR.

Our main result reads as follows.

Theorem 1.1. Assume that (<7) and (H\) — (Hy) are satisfied. Then system (1.1) possesses a sequence
of nontrivial homoclinic orbits (uy) satisfying

;/R[u;;(x)z - a)ulk(x)2 + a(x)uy (x)*]dx — /RF(x, uy(x))dx — +oo as k — oo.
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Remark 1.2. In our assumptions, a is unnecessarily positive. in addition, the well-known Ambrosetti-
Rabinowitz superquadratic condition is not required in our result. There are functions a and F which
satisfy all the conditions in Theorem 1.1 but do not satisfy the corresponding conditions in the references
mentioned above for the superquadratic case. For example, let

a(x) = |x| -1,
u|ul
1+ |u|
Then a simple computation shows that they satisfy (<) and (H;) — (Hs). However, a does not satisfy

S e u) = 2uln(1+ |uf) +

the positivity condition and the Ambrosetti-Rabinowitz superquadratic condition does not hold for F.

2. VARIATIONAL SETTING AND PRELIMINARIES

To prove our main result via the critical point theory, we need to establish the variational setting for
(1.1). In the following, we shall use ||.||, to denote the norm of L*(IR) for any s € [2,]. Let H*(R) be
the Sobolev space with inner product and norm given respectively by

< U,y >p= /R[u”(x)v”(x) + 1 (x)V' (x) + u(x)v(x)]dx

and 1
Jull e =< u,u >,
for all u,v € H*(R).

Lemma 2.1 ([7], Lemma 8). Assume that a satisfies (<%)). Then there exists a constant b > 0 such that
/ ' (x)% — ou' (x)> +a(x)u(x)?]dx > b |ul?n, Vu e H*(R).
R

By Lemma 2.1, we define

E= {u e H*(R)/ /R [ (x)? — ou (x)? + a(x)u(x)?)dx < oo}
with the inner product
<u,v>= /R[u”(x)v”(x) — ou' (x)V'(x) + a(x)u(x)v(x)]dx

and the corresponding norm

!/

= (" (02 = @1 ()2 + a)ux?))

It is easy to verify that E is a Hilbert space.

=

In order to prove our result, the following compactness result is necessary.

Lemma 2.2 ([15], Lemma 2.2). Assume that a satisfies (<%). Then E is compactly embedded in L*(R)
forall s € [2,00|. Moreover, for all s € [2,00], there exists Ny > 0 such that

llutll sy < M5 |lull,  Vu€eE. 2.1

Next, we shall use the following variant fountain theorem established by Zou [19].
Let E be a Banach space with norm ||.|| and E = @ jenX; with dimX; < oo for any j € N. Set ¥ =
&b_Xj and Z; = &7, X;. Consider a family of functionals &, € C'(E,R) of the type

P, (u) =A(u) —AB(u), u€ E, A €[1,2].
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Lemma 2.3. (Variant fountain theorem) [19] Assume that the functionals ®), satisfy
(a) @, maps bounded sets into bounded sets for all A € [1,2] and

D) (—u) =Dy (u) forall (A,u) €[1,2]XE

(b) B(u) > 0 for all u € E and A(u) — o0 or B(u) — +oo as ||u|| — ooy
(c) There exist py > ry > 0 such that for all A € [1,2]

op(A)=inf Dy (u)>Pr(A)= max Dy(u).

UEZy, |lull=re u€¥y,[lull=px
Then
0y (A) < &(A) = inf max D, (y(u)), VA € [1,2],

yel'y u€By
where

By ={ueYy/|ull <pi} and Ty = {y € C(Bx.E)/vis odd, Yop, = id} .

Moreover, for almost every A € [1,2), there exists a sequence (uk,(A))men such that

SggHui(MH < oo, @ (uk (1)) — 0, @ (uh (1)) — E(X) as m —> oo,

3. PROOF OF THEOREM 1.1

First, note that (<7), (H)) and (H,) imply that there exists a constant ap > 0 such that a(x) = a(x) +
2ap > ag for all x € R, ® < 2,/ag and F (x,u) = F (x,u) +ag |u> > 0 for all (x,u) € R x R. Consider the
following fourth-order system

u® (x) + ou” (x) + a(x)u(x) = f(x,u(x)), Vx € R. 3.1

Then (3.1) is equivalent to (1.1). Moreover, it is easy to check that hypotheses (H;) — (Hy) still hold for
F (x,u) provided that those hold for F(x,u) and function & satisfies (<%). In what follows, we always
assume without loss of generality that a satisfies (<), F(¢,x) > 0 for all (x,u) € R x R and F(x,u)
satisfies (Hy) — (Hs). Here f(x,u) = f(x,u) + 2aou.

Consider the variational functional & associated to system (1.1):

2/ — ou )2+a(x)u(x)2]dx—/ F(x,u(x))dx
R
defined on the Hilbert space E introduced in Section 2. Set
= / F(x,u)dx, u€E.
R

Lemma 3.1. Assume (<) and (H;) are satisfied. Then y € C'(E,R) and y' : E — E* is compact,
and ® € C'(E,R). Moreover, for all u,v € E

! u)v:/Rf(x,u)vdx, (3.2)

and

D' (u)y =< u,v> —/Rf(x, u)vdx. (3.3)
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Proof. By (H;), for any s € [0,1] and u,v € E, we have
|f(eyu+sv)v| < c(lutsv]+ |u+sv]* ) |y
< clful+ v+ 2" (fu" "+ ] (3.4)
< 2 {lul o]+ 2+ Jul T ]+ V)]

The Holder’s inequality implies

—1 —1
/R(IMIIVHIM\” Dt < lfully vl + [leelly " IV - (3.5

Using (3.4), (3.5), the Mean Value Theorem and Lebesgue’s Dominated Convergence Theorem, we get,
for all u,v € E, that

— 1
lim YUEV V@) / / £(x,u+ sv)vdsdx
RJO

s—0 S s—0

= / fx,u)vdx = J(u,v).
R
Moreover, it follows from (2.1), (H;) and (3.5) that

)| < [ 1] vl

< [ (] + u* " s

(3.6)

-1

< c(llully Il + llll v V1)
-1

< (3 [lull +n {lul| ") (vl

Therefore, J(u,.) is linear and bounded, and J(u, .) is the Gdteaux derivative of y at u.

Next, we prove that J(u,.) is weakly continuous in u. To this end, we first claim that if u, — u in E,
then f(x,u,) — f(x,u) in L>(R). Arguing indirectly, by Lemma 2.2, we may assume that there exists a
subsequence (u,, ) such that

Uy, — u both in L*(R) and L>Y"(R) and u,, —> ua.e. in R as k —s oo (3.7)
and
[ 1£Gm) = flxdx > &0, Ve N (3.8)
R

for some positive constant &. By (3.7) and up to a subsequence if necessary, we can assume that
Yooy un, —ull;2 <ooand Y [lup, —ull ;201 < oo. Let w(x) = Y2 |un, (x) — u(x)| for all x € R. Then
w € L>(R) N L2V=1(R). By (H), there holds for all k € N and x € R

£ Crttn) — )P < (Gt 1 f ()]
< 2(1f (x, ) )|* + | f(x0) )
< 2[(Jtmg |+t |~ (fae] + ] 1))
e [ e e e
< 22¢{(Jun, — ul + )2+ (Jtn, — u] + )20 4 [u? 4 )
< 222l — el + ) + 227 (ot — PV 4 JuPYD) V)

< e (w4 Jul + w7 4 P,
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where ¢ is a positive constant. Combining this with (3.7), Lebesgue’s Dominated Convergence Theorem
implies
tim [ [fCcum) ~ fx)l*dx =0,
k—roo JR
which contradicts to (3.8). Hence the claim above is true.
Now, suppose that u,, — u in E. Then f(x,u,, ) — f(x,u) in L>(R). By Holder’s inequality and
(2.1), we have
19003) =1 ) g = sup [ (FCx,) = )

[vll=1
< 712(/]R () — £ x,u)| > dx)T — 0 as n — .

This means that u — J(u, .) is weakly continuous and then it is continuous in E. Therefore y € C!(E,R)
and (3.2) is verified. Furthermore, ¥’ is compact by the weak continuity of ¥’ since E is reflexive. Due
to the form of @, (3.3) is also verified and ® € C!(E,R).

Finally, let u € E be a critical point of ®. A standard argument shows that u € C*(R,R) and satisfies
equation (1.1). The proof of Lemma 3.1 is completed. O

In order to apply the variant fountain theorem to our main result, we choose an orthonormal basis
(€n)nen of E and let X; = span {ej} for all j € N. Define ¥ and Z; by

Y, = EBI;:1XJ', Zy = @;-O:ka

and the functionals A, B and ®, on our working space E by

Alw) = 3 P B = y(w) = [ Flxud, 400 = A~ ABGw),

forall (A,u) € [1,2] x E. Assumption (H;) implies that @, maps bounded sets to bounded sets uniformly
for A € [1,2]. Note that F(x,—u) = F(x,u). So we have ®; (—u) = &, (u) for all (A,u) € [1,2] X E.
Thus condition a) of Lemma 2.3 holds. Since F(x,u) > 0 for all (x,u) € R x R, it is clear that condition
b) is also satisfied. To verify condition c), we need to establish the three following lemmas.

Lemma 3.2. Suppose that (%) holds. Then, for any p € [2,00],

I,(ky=sup |lul|,, — Oask —> oo. 3.9
uEZk:HMHZI
Proof. Itis clear that 0 < [,(k+ 1) < [,(k), so that [,,(k) — [, as k —» oo. For every k > 1, there exists
uy. € Zj such that ||ug|| = 1 and |Jug||,, > 31,(k). Forany v € E, let v = Y., vie;. By the Cauchy-Schartz
inequality, one has

< Ug, Z vie; >
i=1

‘< Mk,V>| =

< Uy, Z vie; >
i=k+1

oo
Y ve

i=k+1

< Jug|

< Z il |lei]] — 0 as k — oo,
i=k+1
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which implies that u; — 0. Without loss of generality, Lemma 2.2 implies that u; — 0 in L?>(RR). Thus
we have proved that fp = 0. The proof of Lemma 3.2 is completed. g

Lemma 3.3. Assume that (<%)) and (H)) are satisfied. Then there exist a positive integer ko and a
sequence ry — +oo as k — oo such that

ox(A)= inf @ (u) >0, Vk > k. (3.10)

UEZy,||u||l=r

Proof. From (H)) and the fact that F'(x,u) > 0, we have

1
®; (1) > = ||ul? —2/ F(x,u)dx
2 R

3.11)
L2 2
> 5 llll” = 2e(llullzz + llullz), v (A, u) € [1,2] < E.
Combining (3.9) and (3.11) yields
1
Pa(u) 2 5 ][> = 2¢15 (k) ]| > = 2¢2y (k) [|ue]| ¥ , ¥(A,u) € [1,2] X E. (3.12)
In view of (3.9), there exists an integer kg such that
1
2cl3 (k) < 27k ko. (3.13)
For any k > ko, let us define
Iy = (18cl§(k))ﬁ. (3.14)

Since v > 2, one has r, —> +o as k — . From (3.12), (3.13) and (3.14), we deduce that, for all
k > ko,
1 2 1 2 1 2—vV.V __ 1

inf @ (u) > ~rf — 1t — < =-r>0 3.15
ueZkl,r|l\uH:1 2 (u) > ST 1Tk~ gk Tk = g'k >0, (3.15)
which completes the proof of Lemma 3.3. O

Lemma 3.4. Assume that (<)), (H,) and (Hy) are satisfied. Then, for any k > ko, there exists py > ry
such that

BuAd)= max @y (u) <0,
UEY,||ul|=px
where kg is the positive integer obtained in Lemma 3.3.

Proof. First, we claim that for any finite-dimensional subspace F C E, there exists a constant & > 0 such
that

meas({x € R/ |u(x)| > & ||u||}) > €, Yu € F\{0}. (3.16)

In not, for any n € N, there exists u, € F\ {0} such that

meas( € B/l > 1l P <

Letting v, = HZ—':H € F, one has ||v,|| = 1 and

meas({xER/|vn(x)| > ’11}) < %,VneN. (3.17)
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Since F is finite-dimensional, up to a subsequence if necessary, we may assume v, — vg in E for some
vo € E. Evidently, ||vo|| = 1. Since any two norms on F are equivalent, we have

/ [V —vo|dx — 0 as n — oo. (3.18)
R

The fact that ||vo|| = 1 implies ||vo||,. > 0. By the definition of ||. ||, -, there exists a constant & > 0 such
that

meas({x € R/ |vo(x)| > }) > . (3.19)

Otherwise, for each fixed n € N and m > n, we have
1
—

meas({x€ B/ = 1) < meast{x e R/ 2 L) <

Letting m — oo, we obtain meas({t € R/ |vo(x)| > 1}) = 0. Consequently,

b

< ;meas({x € R/ vo(x)| = :l}) —0,

0 < meas({x € R/ |vo(x)| # 0})

= meas(U,_, {x eR/|vo(x)| >

S| =

which yields vy = 0 and contradicts ||vo|| = 1. Then (3.19) holds. For any n € N, let
1
A, = {x eER/|vu(x)] < n} Ao ={xeR/|vo(x)| >} .
Then for n large enough, by (3.17) and (3.19), we have

meas(A,NAg) > meas(Ag) —meas(Ay,) > 8 — — >

SE

S| =

Consequently, for n large enough, there holds

/|vn—vo|dx2/ [V — vo| dx
R AnNAg

> [ (ol =l > (&

1) (AnNAg) > % >0

— —)meas — .

n " 0/ ="y

This is in a contradiction to (3.18). Therefore (3.16) holds. Now, note that for any k£ € N, Y} is finite-
dimensional. So there exists a constant & > 0 such that

meas(AX) > g, Yu € ;)\ {0}, (3.20)

where
Ay = {x e R/ [u(x)| > & |lull}

for all k € Nand u € Y\ {0}. By (H,), for any k € N, there exists a constant R; > 0 such that

2

u
Pl 2 15,
k

Vx € R and |u| > Ry. (3.21)
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Combining (3.20) with (3.21), for any k € N and A € [1,2], we have

1
() < 5 lul* = | Flvupd
R
1 2 |”‘2
< 3 ]| ?d
| k (3.22)
2 2
< 5 lull® = & llull” meas(Aq)
&
1 1
< 5 P = > = =3
for all u € ¥, with |Ju| > Ié—:. For any k > ko, choose p; > max {rk, IS—:} . Hence, (3.22) implies
1
pr(A) = max @ (u) < —p;.
UEYy,[|ull=px 2
The proof of Lemma 3.4 is completed. O

Consequently, Lemmas 3.2, 3.4 show that condition c) of Lemma 2.3 is satisfied for all kK > ky. By the
above, all the conditions of Lemma 2.3 hold for all k > k. Therefore, for any k > ko and A € [1,2], there
exists a sequence (#%(1)),en C E such that

sug H”ﬁ(l)” < oo, CIDI/I(MI,CL(A)) — 0and @, (b (L)) — E(A) as n — oo, (3.23)
ne

where

Sk(A) = inf sup @ (y(u)), VA € [1,2]
yerkuEBk

with By = {u € ¥/ ||ul| < pi} and Ty = {y € C(By,E)/v is odd, Ypp, = id }. From (3.14) and Lemma
2.3, we infer that

ék(l) € [akagk]a Vk > k07 A€ [172]7 (324)

— 2
where ék = maxyecp, P1(u) and @y = %k —> o0 as k — oo. In view of (3.23), for any k > kg, we can
choose a sequence A, — 1 and the corresponding sequences (u% (4,)) satisfying

sup Huﬁ(l@” < oo and dDI/ln (Ul (X)) — 0 as m — oo, (3.25)
meN

Lemma 3.5. For any n € N and k > ko, there exists u],‘, € E such that

lim X (A,) =uf inE. (3.26)

u
Moo M

Proof. Throughout this proof and for the sake of simplicity, we shall let u,, = u* (A,) for m € N. Without
loss of generality, we may assume by (3.23) that
Uy — U AS T — (3.27)
for some u € E. Using (3.3), we get
et —ul|* = @), () (i — ) — @ (1) (st — 1)
(3.28)
A [ (Fttn) = f (5,0 (1 — )

By (3.23), one has
CI);L”(um)(um —u) —>0asm — oo, (3.29)
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Moreover (3.27) yields
@)y (1) (U — 1) — 0 as m — oo. (3.30)

Now, by (2.1) and Holder’s inequality, we have

) = 1050) - )
S(/le(x,um)— (x,u)|>dx) 7 ( /|um—u| dx)? (3.31)
<ol [ 1 rt) = £t} ) = ]
As in the proof of Lemma 3.1, by passing to a subsequence if necessary, we may assume that
/R |f (x, ttm) — f(x,u)|* dx — 0 as m — oo
Hence (3.31) implies
/R(f(x,um)—f(x,u))(um—u)dx—>0asm—>0<>. (3.32)

Combining (3.28), (3.29), (3.30) and (3.32) yields u,, — u as m — oo in E. The proof of Lemma 3.5
is completed. U

Note that (3.23) and (3.24) imply
@), (up) =0, By (uy) € [04x,&,], Vn € Nand k > ko. (3.33)
Lemma 3.6. For any k > ko, the sequence (uﬁ) neN obtained above is bounded.

Proof. For notational simplicity, we set u, = uX for all n € N. Assume indirectly that (u,) is unbounded.
By going to a subsequence if necessary, we may assume that

||tn|| — o0 and v, = e N (3.34)

””nH

By Lemma 2.2 and (3.34), without loss of generality, we have
v, — v both in L*(R) and L¥ (R) and v,(x) — v(x) a.e. x € R as n — oo. (3.35)
Case . v=0. Let (s,) be a sequence such that

D, (Sattn) = S1;1[(2)1)1(] D, (suy), Vn e N, (3.36)

For R > 0, let w, = 2v/Rv,. By (3.35), we have
Wp — 2V/Rv = 0 both in L*(R) and L' (R), (3.37)

which with (H;) implies

‘ /R F(x, wy)dx

SC/(|wn|2+\wn|v)dx—>0asn—>oo. (3.38)
R
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Note that (3.34) implies that 0 < ”‘F < 1 for n large enough. This together with (3.36) and (3.38) implies

al

D@y, (snitn) = Py, (wn)
1 2
=5 || || —ln/ F(x,w;,)dx
R
> 2R—2/ F(x,w,)dx >R
R
for n large enough. Since R is arbitrarily, it follows that

lim ®; (syu,) = +oo. (3.39)

n—-soo

Since ®;, (0) =0 and ®;, (u,) € [0k, &), one has s, €]0, 1] in (3.36) for n large enough. Therefore
d
0= sn%(q)ln)(sun)h:sn = CI),An (Sn”n)snun- (3.40)
Combining (3.33), (3.39) and (H3) yields

1
D, (up) — ECID () up =

)
=
=

3

)dx

sl ol

\%\

v

I?(x,snwn)dx

1
(@), (Spttn) — ECDZIH(snun)snun]

Q\HQ\H

D, (Sutty) —> +o0asn — oo,

a contradiction with (3.33).
Case II. v # 0. The set A = {x € R/v(x) # 0} has a positive measure. By (3.34), it holds that

lup(x)| —> 0 as n — oo, Vx € A. (3.41)
Combining (3.35), (3.41) and (H;), Fatou’s lemma implies

1 D, A F(x,uy)
N R
R lu|

B 2

2 g

Z/|Vn’2F(x’uzn)dx—>°°asn_>°°v
A |1t

which provides a contradiction with (3.33) and (3.34). The proof of Lemma 3.6 is completed. O

Finally, using the similar arguments in the proof of Lemma 3.5, (3.33) and Lemma 3.6, we can show
that for any k > ko, the sequence (u!),cry possesses a strong convergent subsequence with the limit u*
being a critical point of ® = ®;. Since O — o0 as k — oo and ®(u¥) € [@y, &, ] for all k > ko, we find
that & has infinitely many critical points. Consequently, (1.1) has infinitely many nontrivial homoclinic
solutions.
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