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Abstract. In this paper, the existence of positive solutions is considered for differential equations involving the Riemann-
Liouville fractional derivative and the Caputo fractional derivative with p-Laplacian operators. Based on the monotone iter-
ative technique, we obtain the existence of positive solutions for boundary value problems. Approximation of solutions is
investigated. An example is also provided to illustrate the effectiveness of the main results.
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1. INTRODUCTION

Fractional derivatives play an important role in the modeling of different physical and natural phe-
nomena, such as, fluid mechanics, control systems and many other branches of engineering. Recently,
there are many results on the Riemann-Liouville fractional differential equations with p-Laplacian (see
[1]-[6]) and the Caputo fractional differential equations with p-Laplacian operators (see [7]-[16]).

In [1], Han, Lu and Zhang studied the existence of positive solutions for the following problem with
the generalized p-Laplacian operator:

DE (o (DS u(t))) = Af(u(r)), 0 <t <1,
u(0) =/ (0) = /(1) = 0, $(DFu(0)) = ($ (DG u(1))) =0,

where2 < <3, 1< <2, DS‘+ and Dg+ are the Riemann-Liouville fractional derivatives. Based on the
properties of the Green’s function and the Guo-Krasnosel’skii fixed point theorem on cones, some new
existence results of at least one or two positive solutions are obtained for the boundary value problem.
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In [7], Chen, Liu and Hu investigated the existence of solutions by the coincidence degree for the

Caputo fractional p—Laplacian equation

D} 9p(DEx(r)) = £(1,x(1), D§.x(1)), 0 <1 < 1,
D(()x+x(0) — D(()erx(l) — 0,
where D§+ and D§, are the Caputo fractional derivatives, 0 < o, <l and I < a+f <2, ¢,(s) =
Is|P=2s, p> 1, f:[0,1] x R> = R is continuous. They used Lu = D€+¢p(D8‘+x(I)) with D{. x(0)
D{.x(1) = 0 and obtained dimKerL = 1.
Motivated by the above works, we investigate the existence of positive solutions for fractional differ-

ential equation:

[¢p(cDo+u(t))] ( u(t)), 1 € (0,1),
[%(CDmu( MO =0,i=01, m—1,
0p(°D§ u(1)) = (1.1)
u<>(0):0,1:2,3, -,m,
| /(1) =afy h(e)u (1)dr, w(0) = b L H(eyulo)a
where l <n<a<n+1l,1<m<B<m+1 andm+n+1< o+ <m+n+2, ¢,(u)=|ul’"2u, p>1.
Dg+ is the Riemann-Liouville fractional derivative, “D{y; is the Caputo fractional derivative. A function

u(t) is a positive solution of the boundary value problem (1.1) if and only if u(¢) satisfies the boundary
value problem (1.1), and u(¢) > 0 for 7 € [0, 1]. We use the monotone iterative technique to obtain the
existence of positive solutions for boundary value problem (1.1). To the best of our knowledge, there are
no results on the existence of positive solutions for mixed fractional p-Laplacian differential equations
via the monotone iterative technique.

In this paper, we always suppose the following conditions are satisfied:

(Hy) h(t) : [0,1] — [0,00) with h € C[0,1] and f(¢,u) : [0,1] X [0,00) — [0,0) is continuous;

(Hy)a>0,b>0,0<alf)h(t)dt <1,0<b[)h(t)d <1,and

1 1
(a—l)/ th(t)dt>/ h(t)dt > 0.
0 0
2. PRELIMINARIES

To show the main result of this paper, we give the following some basic definitions, which can be
found in [18, 19].

Definition 2.1. The fractional integral of order & > 0 of a function y : (0, 4o0) — R is given by

0) = Fgs [ (=) v

provided that the right side is pointwise defined on (0, +c), where

—+oo
[No) = / e x* dx.
0

Definition 2.2. For a continuous function y : (0,+) — R, the Caputo derivative of fractional order
a > 0 1is defined as

DES) = g ) =9 5 5

['(n—
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where n = [a] + 1, provided that the right side is pointwise defined on (0, +co).

Definition 2.3. For a continuous function y: (0,+e0) — R, the Riemann-Liouville derivative of fractional
order o > 0 is defined as

Dg,y(t) = 1"(;1105) <(;1t>” /ot(f—s)"alﬂs)d&

where n = [o] + 1, provided that the right side is pointwise defined on (0, 4-0).

The following lemmas play an important role in this paper.

Lemma 2.4. The boundary value problem (1.1) is equivalent to the following equation:

where

_[l—afo h)dD(a—1)  [I—afy h(1)d]T(a—1)

do =d,

u(t) = do+dyt — /t(z — )% y(s)ds,

(@) Jo

bloth(t)dr b fy h(t) Jo(t —5)*'v(s)dsdt
1—b [y h(r)ds [1—b fy h(1)de]T(cx)

Jo(L=9)"v(s)ds  afyh(t) Jo(t —5)*>v(s)dsds

/Hsr (t,u(t ))dr)

H(s,T) = =%~

0, (s) is the inverse function of ¢, (s), a.e., P,(s) = |s[?72s

I(B) (s—sf)ﬁfl, 0<s<7t<I.

p g

Proof. FromD op(€ D0+u(t))] f(t,u(t)), we get

¢, (‘D% u(r) W t—r B=1r(r u(t))dt+ et +eptP 2+ ey tP
0
In view of [, (°Dg, u(0 N =0,i=0,1,---,m—1,wegetcy=---=cui1 =0, ie.,
1 t
c - _ ~\B-1 B—1
(D5 ult)) = /0 (t — )P~ F(2,u(1))dT+ 1P,
Condition ¢, (“Df u(1)) = 0 implies that
Cl=——=—< -1 f(T,u(t))dr
=g ) - et

It follows that

Hence,

Letting

)

1 (s—st)f1—(s—t)f-1 0o<t<s<1,

Lol —q ur)eco,1].

2.1)

(2.2)

(2.3)

2.4)

(2.5)
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we arrive at
1 ! a—1 2
u(t) = ——— t—s v(s)ds+do+dit +dot” +---+dut".
(0= ~Fgy J, =9 Vs dot it +do
Conditions u/)(0) =0, j=2,--- ,n, imply thatdy = --- = d,, = 0, i.e.,
(1) = —— /t(t ) y(s)ds+ do + dyt
U(t) = ——=—= -5 v(s)ds ,
which in turn yields that
)=~ [ =) P(s)ds +d
u = F(Oc—l) A s v(s)ds 1.

Condition «'(1) = a [, h(¢)u (t)dr implies that

JoU=)"2v(s)ds  afyh(t) Jo(t —s)* 2v(s)dsdt
[1—afyh@)d)D(a—1)  [1—afy h(t)d)T(a—1)

From u(0) = b [y h(r)u(t)dz, we get

bfoth(t)dt b Jyh(t) Jo(t—s)*v(s)dsdt
"= b [l n(r)dr 1—b n()dT(a)

The proof is complete.
Lemma 2.5. The function u(t) € C[0, 1] defined by (2.1) is non-decreasing and non-negative.

Proof. Since

ut) = do—i—d]t—l/ot(t—s)“lv(s)ds,

I'(a)
we find that
oy Jo(t =5)*"2v(s)ds
W(0) = == T(o—1)
_ JoU=5)2v(s)ds  afyh(t) fo(t—s)"2v(s)dsdt  Jo(t —5)%2v(s)ds
[l—afyh(t)dT(a—1)  [1—af) h(t)dT(a—1) (o —1)
L= 2(s)ds  [1(t—s)% 2v(s)ds
> = (ot —1) - (o —1) 20.

Hence, we obtain that u(¢) is non-decreasing. It follows that n%rh u(t) = u(0). Since
te|0,

Jo=9)%2v(s)ds  afy ht) fy(t —5)*>v(s)dsdt
[1—afyh()d)D(a—1)  [I—afy h(t)de]T (o —1)

2 (1=5)220(s)ds
IMNa—1) ’

d =

v
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we find that
W0) = dp—d bfoth(t)dt b Jyh(t) Jo(t —s)*'v(s)dsds
T T hr)ar [1— b h(r)dr]T(at)
_ b Jot h(t)de Jy(1=5)*"2v(s)ds b Jy h(t)dt Jy (1—s)*"v(s)ds
- [1—b [y h(r)ds] (e —1) [1—b fy h(1)de]T ()
b [(e=1) fyt h(t)dt — [y h(t)de] 1
T hdE e /0 (1—5)% y(s)ds > 0. (2.6)

The proof is complete. 0

Lemma 2.6. [17] The function H(s,t) defined by (2.5) is continuous on [0, 1] x [0, 1] and satisfies

P11 —s5)t(1 —1)f~! 7(1—1)B-1
r(p) SHED = TrEy)

3. MAIN RESULTS

fors,7 € [0,1].

Let the Banach space E = CJ[0, 1] be endowed with the norm ||u|| = rr}ax] |u(2)|. Define the cone P by
ref0,1

P={u€E, u(t) > 0}. And define the operator 7 : P — E,
1 t
Tu(t) = d dz——/ t—5)% u(s)ds. 3.1
ult) = do i = o [ 0=97 ) G
where dy, d;, v(s) are defined by (2.2)-(2.4). Obviously, u(t) is a solution of problem (1.1) if and only if
u is a fixed point of T'.

Theorem 3.1. Assume that there exists r > 0 such that
(CI) f(t,u1) < f(t,u2), VO<t <1, 0<u; <up <ry
(C2) max,c(o,1) f(£,7) < M, where

M= (rL)HM—l >0, (3.2)

B(2,B)
1 1
L=]1 —a/ h(r)dd][1 —b/ h(1)ddT(cx).
Jo 0
Then problem (1.1) has two positive solutions w* and v* such that
0<w <0<V <r

w* = lim wy, v = lim v.
k—>+o0 k—r o0

wie=Twg_1, vg=Tv1, k=1,2,---.

Proof. The proof is split into three steps.
Step 1. We prove that T : P — P is completely continuous.
For any u € P, we find from (2.6) that

Tu(t) > Tu(0) =do > 0.
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It follows that T : P — P. Obviously, T is continuous for the continuity of f(¢,u). Let Q C P be
bounded, that is, there exists a positive constant &, for any u € Q, u(r) < 8. For any u € Q, we take
)L = maX0§t§170§u§5 f(l, lxi) —+ 1. It fOHOWS that

Ws) = ¢q< /0 1H(s,f)f(7:,u(7:))df>
L) ()

fé(l —5)% 1y(s)ds
['(a)
(

_ ( Jo(U=5)2v(s)ds  afyh(r) fé(t—s)o‘_zv(s)dsdt> { b )t h(r)de }
1 1 1 +1
[1—afyh(dD(a—1)  [1—afy h(r)d]T(a—1) 1=b [y h(z)dt
7bf01 h(t) [o(t — )% 1v(s)dsdt B Jo(1—35)%"1v(s)ds
[1—b f) h(t)de] T () I'(a)
Jo (1 =5)%2y(s)ds b [yt h(t)dt
= ([l—afolh(t)dt]l“(a—l)>{l—bfolh(t)dt+ }
AB(2,B)\?"! 1
= (F(B - 1)) ([1 —afy h(r)d][1 =b [, h(r)dt]r(a))

Hence, T(Q) is uniformly bounded.

Therefore, we get

Tu(t) = do+dit—

Next, we prove that 7 (Q) is equicontinuous. For each u € Q, if 0 <t; <1, < 1, then

|[(Tu)(12) — (Tu)(11)]

* 2(1—5)*Ty(s)ds
= |dit; — (1 )(a) v(s)ds —ditr + o' F)(a) ()d‘
< dl‘ﬁ—lz\—i-]fl(l li)a) ()ds_ 52(1_;)2_)1V(S)ds‘

2(1 —5)% y(s)ds
< difn —n|+ = a an) (s)d
g1,
()52
where
o = RO s ayh) ol =) () dsar

[1—afyh()dD(a—1)  [L—af) h(t)dT(a—1)

AB(2,B)\ ¢! 1
= <F(ﬁ—1)> [1—a [y h()de]T(ar)
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Therefore, T(Q) is equicontinuous. Applying the Arzeld — Ascoli theorem, we conclude that T is a
completely continuous operator.

Step 2. Let P, ={u € P: 0 < ||u| <r}, then we prove T : P, — P,.

For any u € P,, one has

Jo (1 =5)% 1u(s)ds
I'a)

< Jo=9)%2v(s)ds  afy h(t) fg(t—s)azv(s)dsdt> { b [}t h(t)dt N 1}
[1—afyh()df)T(a—1) [l —afy h(t)df]T (o —1) 1—b [y h(t)dr

b Jo k() Jolt —5)* " v(s)dsdt  fy (1—5)%'v(s)ds
1—b fol h(t)dr]T () I'(a)

( Jo (1= 5)*2v(s)ds >{ byt h(t)dt +1}
l—afo )de)0(oc—1)) L1 —b [} h(t)de
MB(2,)\ " Jo (1= 5)%"2ds b [}t h(r)de
: <F(ﬁ ) ([l—afolh(t)dt]l“(a—1)>{1—bf01h(t)dt+1}
1 1
< ) [1—afy h(1)dt]T(a) 1—b [y h(r)ds

- (f(%%_ﬁf))"‘lel N (Mﬁl)q_lr< 4 (3.3)

Consequently, we get that T : P, — P,.

Tu(r) < T(l) do+dy —

IN

Step 3. We prove that w* and v* are two positive solutions of problem (1.1).

q—1
Note that wy(r) = (M]‘frl) r. It is obvious, wo(r) € P,. Let wiy1(t) = Twi(t), k =0,1,2,---.

Since T : P, — P,, we get wi(t) € P,. In view of (3.3), we get Twy(t) < (MASIH )’1 1r = wy(t), that is,
wi(t) < wp(t), Using the definition of 7', we obtain
wa(t) = Twi (1) < Two(t) = wi(r).
By induction, we obtain
W1 () <wy(t), k=0,1,2,---

Thus, we get w* € P, such that w, — w*. Applying the continuity of 7 and wyy1(t) = Twyi(t), we get
w*(t) = Tw*(t). Hence, w*(t) is a positive solution of problem (1.1). Note that vo(¢) = 0. It is obvious,
vo(t) € Py. Let vey1(t) = Twe(t), k=0,1,2,---. Since T : P, — P,, we get that v(¢) € P,. In view of
Lemma 2.2, we get Tvo(t) > 0 =vy(t), that is, vi(t) > vo(z). From the definition of 7, we obtain

Vz(l) = Tvl(t) > TVO(t) = V1(t).
By induction, we obtain

Vk+1(t) > Vk(t), k= 0, 1,2,‘ ..
Thus, we get v* € P, such that vy — v*. Applying the continuity of 7 and vy, 1(t) = Tvi(t), we get
v¥(t) = Tv*(¢). Hence v*(¢) is a positive solution of problem (1.1). O
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Remark 3.2. The positive solutions w*(¢) and v*(¢) of problem (1.1) in Theorem 3.1 may coincide, and
in this case, problem (1.1) has a positive solution in P,.

Finally, we give a simple example to explain the main theorem.

Example 3.3. For problem (1.1), let « =2.6, B =29, a=10, b=9, p=1.5, r =10, h(t) =
0.1z, f(¢,u) = 5cost +sint +tu. From a direct calculation, we get

1
g=3, / h(t)ds = 0.05, L = 0.393147, M = 20.568088.
0

max f(¢,r) <5+14+10=16 <M.
t€l0,1]

Then all the conditions of Theorem 3.1 are satisfied. Hence, we get that the problem has two positive

solutions w* and v*.
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