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Abstract. This paper deals with the general n-species Lotka-Volterra competition systems with pure distributed time delays.
Based on the construction of the multiple Lyapunov functional, some new sufficient conditions on the global attractivity of the
system are established.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we investigate the following general n-species Lotka-Volterra competitive systems with
pure distributed time delays

n o m 0
%i(1) = xi(0)[ri(t) = Y. Y ain(t) kiji(s)x;(t+s)ds], i=1,2,---n, (1.1
j=1i=1 —Tijl
where x;(r) (i=1,2,---,n) represent the density of n competitive species x; (i = 1,2) at time ¢, respec-
tively, 7,;; >0 (i,j=1,2,,--- ,n,l =1,2,--- ,m) are constants and 7;;; (i,j=1,2,,---,n,l =1,2,--- ,m)

maybe +oo. Throughout this paper, for system (1.1), we introduce the following hypotheses.
(H1) Functions r;(¢)(i = 1,2,---,n) are bounded continuous defined on R} = [0, +co], and a;j(¢

)
)

(i,j=1,2,---,n,1=1,2,--- ,m) are bounded continuous and nonnegative on R,.. Delay kernels k;; (s
(i,j=1,2,---,n,1=1,2,--- ,m) are nonnegative integrable functions on [—1;;, 0] satisfying ffw kiji(s)ds
=1.
(H2) Foreach (i=1,2,---,n, 1 =1,2,--- ,m), there exist constants 1; > 0, and A;; > 0 such that
t+1; t+Aqt
lim inf ri(s)ds >0, lim inf/ a;ii(s)ds > 0.
t—>o0 t t—>o0 t
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In this paper, for system (1.1) we consider the solution with the following initial condition
xi(t)=¢i(t) Vte[-1,0],i=1,2,--n,

where ¢;(¢t) (i = 1,2,---,n) are nonnegative continuous functions defined on [—7,0] satisfying ¢;(0) >
0(i=1,2)and T = max{7j;,i,j=1,2,---,n, [ =1,2,--- ;m}.

Both with the variable time delays and distributed time delays of system (1.1) were discussed in [1].
In 2015, Muhammadhaji Mahemuti and Teng [1] established the sufficient conditions on the existence
of periodic solutions for system (1.1) by using the Mawhin’s continuation theorem. In the theory of
mathematical biology, system (1.1) is very important mathematical model which describe multiple-time
n-species interactional population dynamics in a non-autonomous environment. As we known, one of
the most famous models for dynamics of population is the Lotka-Volterra competition system. In re-
cent years, population dynamical competition systems have been studied extensively (see [1]-[14] and
the references therein) and some of them are described as autonomous or non-autonomous non-delayed
differential equations; see [2]-[6] and the references therein. But most of them are on the dynamics of
population Lotka-Volterra competition systems with delays, which are useful for the control of the pop-
ulation of mankind, animals and the environment [7]-[14]. For example, Lv, Yan and Lu [7] considered
the following competitor-competitor-mutualist Lotka-Volterra systems with pure delays

a(r) = xi(t)(ri(e) —an(@)x (6 — (7))

—alz( Jx2(r = T12(1)) + @13 (1)x3 (1 — T13(1)))
X2(1) = xa(t)(ra(t) —an1 (0)x1 (1 — 721 (1)) (1.2)
—azz(f) xo(t = Taa(t)) + a3 (t)x3 (1 — 723(1))), '
)'63(1‘): ( )+a31 xl(l‘—’L'31( )

)

+a32( )x2(t — T32(1)) — az3(t)x3(t — T33(1))) .
They obtained sufficient conditions on the existence and global attractivity of positive periodic solution
for system (1.2) by means of the Krasnosselsii’s fixed point theorem and the construction of the Lyapunov
functional. In 1999, Fan, Wang and Jiang [9] studied the following non-autonomous n-species Lotka-
Volterra competitive systems with pure continuous time delays

¥(1) = y(t) [ri(t) — iaij(t))’j(t_fij(t))}a i=12-,n (1.3)

j=1
By using the method of the coincidence degree and the Lyapunov functional, some sufficient conditions
on the existence and global attractivity of positive periodic solutions are established for system (1.3).
In 2011, Yan and Liu [12] studied the following non-autonomous n-species Lotka-Volterra competitive
systems with feedback controls and multiple time delays

yi(t) = bi(y Zau )y;(t izbuk = Tijk(1))

j=lk=

- i i/ ciji(t, T)y;(T)dT — di(t)ui(t) — ei(t)ui(r — 0;(1))], (1.4)
j k=17 e

3

—_

(1) = —0g(0)ui(r) + Bi(0)xi(t) + %i()xi(r = &i(2)), i=1,2,---,n
By employing the fixed point index theory on cones, the necessary and sufficient condition for the global
existence of the positive periodic solution of the systems is obtained for system (1.4), and by constructing
a suitable Lyapunov functional, the sufficient conditions for the global asymptotic stability of the positive
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periodic solution of the system are given. Systems (1.2) and (1.3) are pure delayed systems, however,
the authors have not considered the global attractivity of the system for pure delay case. As far as we
know, studies on the global attractivity of Lotka-Volterra systems with pure delays have not been fully
investigated. In this paper, we study system (1.1). Based on the construction of the multiple Lyapunov
functional, we establish some new sufficient conditions which guarantee the pure delayed system is
globally attractive. Our results improved the corresponding results in [1].

Lemma 1.1. Ser R" = {(x1,x2,--- ,x,(t)) : x; > 0,i =1,2,--- ,n} is positively invariant for system (1.1).
We consider the following nonautonomous logistic equation

dx(t)
— =x(t)(a(t) —b(t)x(1)), (1.5)

where the functions a(r) and b(t) are bounded continuous on R

Lemma 1.2. [6] Suppose that there are constants 11 > 0, A > 0 such that
41
lim inf a(s)ds >0, hm 1nf/ s)ds > 0.

t—roo t

Then, there exist constants M > m > 0 such that
m < liminfx(z) < limsupx(r) <M
t—oo t—yoo

a(t)

for any positive solution x(t) of Eq. (1.5), where M = tlim sup 0]
— 00

2. MAIN RESULTS

Theorem 2.1. If assumptions (HI1) and (H2) hold, then there exist positive constants M;(i = 1,2,--- ,n)
such that
lim supx; (1) < M;.

[—ro0
for any positive solution x;(t) of system (1.1)

Proof. Let (x1(t),x2(t),--- ,x,(¢)) be a solution of system (1.1). Foreach i € {1,2,--- ,n}, we have
dxi(t) 0

i = SO0~ L Yano) [ kalo)aio+5)ds o

< V,'(l‘)xi(l) for >0.
Hence, for any r > 0, 6 <0 and t+ 0 > 0, integrating from 7 4 0 to ¢ on both sides of (2.1) produces
146
xi(t+0) > xi(t) exp/ ri(s)ds. (2.2)
t

Therefore, for any ¢ > 7, from (2.2) and the ith equation of system (1.4), we have

d)ZEt) = Za”l /Tul ul(s)xi(t+S)dS]

S Zalll CXP/ dexl ))

Since, for any t > 7 and s € [—1,0],

t+s
/ r(0)do > —tr,
t
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we have
dﬁft) < xi()[ri() = bi Y i (1) (1)),
I=1

fort > 7, where b; = exp(—tr}") and r}’ = sup, [ ;.. {ri(t)}. Letting

m

=b; Y aii(1)
=1
we consider the following auxiliary equation
dy;(t
yc’lf ) — 30 () — at)i(0). (23)

From condition (H2) and Lemma 1.2, there exist constants X; > O such that
}gg supy;(t) < %;.
for any positive solution y;(¢) of Eq. (2.3). Let y/(r) be solution of Eq. (2.3) with initial conditions
yi(7) = xi(7). In view of the comparison theorem, we have
xi(t) <yi(t) for t>1.
Finally, we have

lim supx;(1) < %; =: M;.

t—ro0

This completes the proof of this Theorem.

The following result is on the global attractivity of system (1.1).

Theorem 2.2. Assume that assumptions (H1) and (H2) hold. Further, if the following assumption (H3)
holds
(H3) There exist constants W; >0 (i = 1,2, ,n) such that

liminfL;(t) >0, i=1,2,--- ,n,
t—o0

where

UL 0
Li(t) = Z.uzaul Z Z“j/r kj,-l(s)aj,-l(t —S)ds
jil

=1 i#j,j=11=

m 0 t—s n
_Zui/ k,',-l(s)/ aiil(n)dnds[ri(t)—i—MjZ Za,-jl(t)]
=1 —Tiil t j=li=1
—2s5 n 0
—KiM; Z _ Kin(s / aju(n)dnds[ Y.y, / _ Ki(s)aji(t = s)ds],
“Tjt j=11=1""Tji

then system (1.1) is globally attractive.

Proof. Assume that x*(t) = (x7(¢),x5(¢), -+ ,x;;(¢)) and x(¢) = (x1(t),x2(¢),- - - ,x,(2)) are any two posi-
tive solutions of system (1.1). From Theorem 2.1, there exist positive constants T and M;(i = 1,2,--- ,n)
such that, forallt > T,
0<x;(t),x(t) <M;, i=1.2,-- n (2.4)
Let
Vi (t) = |Inx; (¢t) —Inx;(1)|, i=1,2,--,n.
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Calculating the upper right derivation of V;; (¢) along system (1.1) for i = 1,2,--- ,n, we have

DV (1) = sign(x; Zanz B [kzzz(S)(X§ (t-+5) = xj(t +5))ds
~Y Y / Kij () (" (¢ +5) —x;(2 + 5))ds]

i#j,j=11=1

= sign(x?(t)—xi(t))[—iaiﬂ(t)( +Za”l 711]{,,1 )

<[ 0 - s)duds — Y Y a0 kiﬂ<s><x;<r+s> ~ x4 5))ds]

I+s i#j,j=11=1

= Sign(x;'k (t) _xi(t)) [ g:laul(t)( + Zaul o kul )

n o m 0

" < Z‘ Z ij1(u /T-]kiﬂ(s)xj(u—i—s)ds] —x;i(u) [ri(u)

k,ﬂ( )xl(u—i—s)ds])dtds— Z Za,ﬂ / kiji(s)

—Tijt i#j,j=11=1

x(xj(t+s) —xj(t+5))ds]

m n mn 0
=sign(X?(t)—xz'(t))[—;am(t)(x?‘(t)—xz-(t))— Y, Yau) [ kials)

i#j,j=11=1 —Tijt

(2.5)

0

X (% (t+5) —x;(t +5))ds + ; a;i(t) kiir(s) /[H <(xl* (u) —x;(u))

)— i ia,’ﬂ(u) /O kijl(s)xj(u—l—s)ds] —l—xlyf(u)[— i Zaiﬂ(u)
j=1I=1 ~Tiji j=1i=1

0
X kiji(s)(x; (u+s) —xj(u—i—s))ds])duds]

—Tijt

IN

_Zaztl ‘+ Z Zaul kijl(s)

i#j,j=11=1 —Tijt

><|xj(t+s)—xj(t—i-s)]ds—i-lzziaiil(t) —r,-,-,kiil(s) /tﬂ <|xi (u) — x;(u)]

n m 0 n m
+Y Yauw) [ kip(s)xi(u+s)ds] +x7 @) [ Y Y ainw)
j=1i=1 —Tijt j=1i=1
0
X kiﬂ(s)|x;(u+s)—xj(u—i—s)\ds])duds.
—Tijl

Define

= Y Y[ kijl(s)/t;aiﬂ(e—s)]xj(@)—xj(9)|d9ds
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+ klll / / alll ( ) X[(M)‘
—Tiil n+s

u —I—ZZ aiji(u k,ﬂ( )xj(u+s)ds] +x7( ZZ aiji(u
j=1i=1 j=1li=1

7771/1

0
X kiji(s)|x;(u+s) —xj(u+s)\ds]>dudnds, i=1,2,---,n

—Tijl
Calculating the upper right derivative of V;; (t) + Vi2(t), we find from (2.5) that

m

V( +V12 < Zaul xt |+ Z Z/ kl]l al]l )dS

i#j,j=11=1""Tj

t—s
’X |+Z . kul /t ai[[(ﬂ)(.x;k(l‘)—xi(l”
— il
+ZZ aiji(t / kiji(s)x;(t+s) ds —|—x ZZ aiji(t
J=11=1 —Tijt ==
0
x kiﬂ<s>|x;<r+s>—x,-<t+s>ds]>dnds
—Tiji

(2.6)

S*Zaul —xi(t)|+ Z Z/ ,]1 a,ﬂtfs)ds

i#j,j=11=1""Tjl

t—s
x| (¢ (1) + Z kul / aiu(n)dnds|ri(t) + M, Z Zaul
—Tiil t ] 1=
n m
X ’xi ( xz | +M Z/ kul / (l”[ dndS Z Zal]l
Tiil j:1121
0
X | kit (s)]x5 (e +5) —xj(1 +5)|ds].
—Tiji

Define
Vi(t) = Vi (¢) + Vo (1) + Vi3 (1),

where

=M; Z/r,,, kiit (s / </uu_zsam(n)dn> [2”: i“ijl(f)

—S

0
X kl-jl(s)a,-ﬂ(u—s)]x;(u) —xj(u)\ds]duds, i=1,2,---,n.

—Tijt

Calculating the upper right derivative of V;(z), we find from (2.6) that
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<Za,,1 —xi(t)| + Z Z/ kiji(s)aiji(t —s)ds

i#j,j=11=1""Tjl

i) 5O+ 1 [ ko) [ autmandslre) 1,3 3]
X’xi( xz +M Z/T; ul / azil(n>dnds[iiaijl(t)

[ kp(s)an(o —8)ds] 50) —x;0).

—Tiji

Finally, we define a Lyapunov function as follows

— im(r)

Calculating the upper right derivation of V(¢), we find from (2.7) that

D+V(t) < —ZLi(t)|x,’-‘(t) —xi(t)] Vt>T,
i=1
where

m 0
I=1 —Tjit

i#j,j=11=

- Z.“Ll kul /ttsaiil(n)dnds[ri( ) M] i iaiﬂ([)]

—Tiil

m 0 t—2s 0
—uM; Yy / . kjjl(s)/t ajji(n)dnds[ ). Z/ kjit(s)aju(t —s)ds].
1=17~Tjjl =S j
From assumption (H3), there exist constants L > 0 and Ty > T such that, for all t > Ty,
Li(t)>L>0, i=12,---,n

Integrating from Tj to ¢ on both sides of (2.8), we find from (2.9) that

ZLyx (s))ds <V(Ty), t>Tp.
Ty =

It follows that

[ (o -atas< " =0

Hence, V (¢) is bounded on [T, +o<). Then

/ (Y L) (s) — xi(s) ) ds < oo.

i=1

2.7)

(2.8)

(2.9)

From Theorem 2.1, we can obtain that (x](z) —x;(t))(i = 1,2,---,n) and their derivatives are remain
l

bounded on [Ty, +e0). Therefore, Y7 | |x}(¢) — x;(¢)| is uniformly continuous on [0,+ec). From the

Barbalats lemma, it follows that

Jim Y15 (1) ()] =0
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Hence,
tgrllw(xf(t)—x[(t)):Q i=1,2,--,n.
This completes the proof of this Theorem. 0

3. AN APPLICATION

In this section, as an application of the main results in this paper, we consider the following non-
autonomous single species system with pure distributed delays

2 m 0
x(t) =x(t)[r(t) — Z{ Z a;(t) . kir(s)x;(t + s)ds], (3.1

i=1i=1 —
where x(7) represent the density of single species x at time ¢, respectively, 7; >0 (i=1,2,/=1,2,--- ,m)
is a constant and 7y (i, j = 1,2,/ =1,2,--- ;m) maybe +oo. For system (3.1), we introduce the following

hypotheses.

(H4) Function r(¢) is bounded continuous defined on Ry = [0, 40|, and a;(¢) (i=1,2,1=1,2,--- ,m)
are bounded continuous and nonnegative on R . Delay kernels k;(s) (i=1,2,l =1,2,--- ,m) are non-

negative integrable functions on [—1;,0] satisfying ff’rﬂ kii(s)ds = 1.
(H5) For each (I =1,2,---,m), there exist constants 17; > 0,4;; > 0 such that

t+Mo t+Ay
lim inf r(s)ds >0, tlim inf/ ay(s)ds > 0.
—o0 t

t—roo t

On the bundedness and global attractivity of system (3.1) we have the following results.
Corollary 3.1. If (H4) and (H5) hold, then there exists a positive constant M such that

limsupx(r) <M

[—roo
for any positive solution x(t) of system (3.1)

Corollary 3.2. Assume that (H4) and (H5) hold. Further suppose that the following (Hg) holds
(H6) There exist a constant L > 0 such that

liminfL(¢) >0

t—ro0

where

L(t) = Z uall Z u kz[ azl (l‘ — s)ds

=1 —Ti

m 0 t—s 2 m
~Yu [ kuls) [ au(mdnds[ra) MY Y a(0)
m t—2s 2 m
_‘uMZ 0 kll(s)/ 2 all dnds ZZ/ . a,l l‘—S)dS]

=17 —Tu I=s i=11=1

Then system (3.1) is globally attractive.
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4. DISCUSSION

In this paper, one class of general non-autonomous n-species Lotka-Volterra competition systems with
pure distributed time delays are proposed and analyzed to study the effect of distributed time delays on
the global attractivity of the system. By means of the construction of the multiple Lyapunov functional,
we have obtained the sufficient conditions for the global attractivity of the system. The purpose of
the construction of the multiple Lyapunov functional is to produce non-delayed terms in the system so
that we can control the delayed terms by non-delayed terms. From the conditions of Theorem 2.2 and
Corollary 3.2, we can see that the distributed time delays have effect on the global attractivity of the
system, and further from conditions (H3) and (H6) we can see that the upper bounds M;(i = 1,2,--- ,n)
and M are very useful to construction of the Lyapunov functional.

We have a interesting future work that is to study the following general non-autonomous n-species
Lotka-Volterra cooperative systems with pure distributed time delays

xi(t) = Z a;i(t kiil(s)xi(l +5)ds

—Tiil

4.1
+ Z Za,ﬂ kijl(S)Xj(t+S)dS], i=1,2,---,n,
i#j,j=11= —Tijt
System (4.1) was discussed in [15], the authors in [15] established the sufficient conditions on the exis-
tence of periodic solutions for system (4.1) by using the Mawhin’s continuation theorem. For the global
attractivity of system (4.1), we introduce the following assumption (H7)
(H7) There exist constants y; > 0 (i = 1,2,---,n) such that

liminfG;(t) >0, i=1,2,---,n
f—o0

where
m n n 0
1) = Z Yiii(t) — Z Z Y kjl-z(s)aﬁl (t—s)ds
=1 i#j,j=11=1 —Tjil
m 0 t—s n o m
- Z Y; kiil(s)/ a;;(n)dnds [r, t)+M; Z Za,ﬂ ]
=1 YT t j=ll=
m 0 t—2s n
—}/jM]’fZ/ kjﬂ(s)/ ajj(n)dnds ZZ/ kji(s)aji t—s)ds]
=17 =Tjj t=s j=li=1""Tji
and M; (i =1,2,---,n) are the upper bounds of solutions x;(¢)(i = 1,2,--- ,n) in system (4.1). However,

the most difficult part in this study is to find the upper bounds for the solutlons x()(i=1,2,---,n).
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