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EXISTENCE RESULTS FOR A CLASS OF SECOND ORDER DIFFERENTIAL
EQUATIONS WITH NONLINEAR DERIVATIVE DEPENDENCE
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Abstract. We establish multiplicity results for nontrivial solutions of the quasilinear second order differential equation on a
compact interval [a,b]⊂ R,{

−(pi−1)|u′i(x)|pi−2u′′i (x) = λFui(x,u1, . . . ,un)hi(x,u′i), x ∈ (a,b),
ui(a) = ui(b) = 0,

for 1≤ i≤ n, under appropriate hypotheses. Indeed, using a consequence of the local minimum theorem due to Bonanno and,
the mountain pass theorem, we investigate the existence of two solutions for the problem under some algebraic conditions with
the classical Ambrosett-Rabinowitz condition on the nonlinear terms. Moreover, by combining two algebraic conditions on the
nonlinear terms, and employing two consequences of the local minimum theorem due to Bonanno, we guarantee the existence
of two solutions for the scalar case of the problem. Applying the mountain pass theorem given by Pucci and Serrin, we ensure
the existence of the third solution for our problem.
Keywords. Dirichlet problem; Nonlinear derivative dependence; Multiple solution; Variational method; Critical point theory.

2010 Mathematics Subject Classification. 34B15.

1. INTRODUCTION

In this paper, we study the following quasilinear system{
−(pi−1)|u′i(x)|pi−2u′′i (x) = λFui(x,u1, . . . ,un)hi(x,u′i), x ∈ (a,b),
ui(a) = ui(b) = 0,

(1.1)

for 1≤ i≤ n, where pi > 1 for 1≤ i≤ n, λ > 0, a,b ∈ R with a < b, F : [a,b]×Rn→ R is measurable
with respect to x, for all u ∈ Rn, continuously differentiable in u, for almost every x ∈ [a,b], satisfies
sup|ξ |≤a |F(·,ξ )| ∈ L1([a,b]) for any a > 0, F(x,0, . . . ,0) = 0 for all x ∈ [a,b], Fti is continuous in [a,b]×
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Rn for i= 1, . . . ,n, hi : [a,b]×R→ [0,+∞) is bounded and continuous with mi := inf(x,t)∈[a,b]×R hi(x, t)>
0 for 1≤ i≤ n. Here, Fti denotes the partial derivative of F with respect to ti.

The study of multiplicity of solutions is an important mathematical subject which is also interesting
from the practical point of view because the physical processes described by boundary value problems for
differential equations exhibit, generally, more than one solution. For example, certain chemical reactions
in tubular reactors can be mathematically described by a nonlinear two-point boundary value problem
with interest in seeing if multiple steady-states to the problem exist. For a treatment of chemical reactor
theory and multiple solutions, we refer the readers to [1, Section 7] and references therein.

In recent years, many authors have studied the existence of nontrivial solutions for Laplacian systems
and p-Laplacian systems; see [2, 3, 4, 5, 6, 7, 8, 9, 10] and the references therein. Usually authors change
the problem into a critical point problem of the corresponding energy functional and then apply critical
point theory or variational methods. Or they change it into a fixed point problem of the corresponding
compactly continuous mapping and then apply the topological degree theory or the method of lower
and upper solutions. For instance, Costa and Magalhaes [3] unified the cooperative and noncooperative
Laplacian systems, and they got the existence of nontrivial solutions via the variational approach. In [2]
Conti, Terracini and Verzini dealt with a competitive Laplacian system and they established the existence
of positive solutions by the Nehari procedure, critical point theory, and topological degree theory. In
[5, 6], the authors studied the sublinear p-Laplacian systems, and they obtained the existence of positive
solutions by the method of lower and upper solutions and Leray-Schauder degree theory, respectively. In
[10], Zhang and Zhang considered the existence of nontrivial solutions for nonlinear Laplacian systems
and p-Laplacian systems applying the direct variational method. Employing a recent three critical points
theorem of Ricceri [11], the existence of at least three solutions for system (1.1) containing a perturbation
term was discussed in [4], while in [7], the existence of at least three distinct solutions for the system
(1.1) was established based on two critical points theorems.

The main features of this paper are as follows. First, using a consequence of the local minimum
theorem due to Bonanno, and the mountain pass theorem, we discuss the existence of two nontrivial
solutions in the space W 1,p1

0 ([a,b])×W 1,p2
0 ([a,b])× . . .×W 1,pn

0 ([a,b]) for system (1.1) by combining an
algebraic condition on F with the classical Ambrosetti-Rabinowitz condition:

(AR): there exist ν > max{pi; 1≤ i≤ n} and R > 0 such that

0 < νF(x, t)≤
n

∑
i=1

tiFti(x, t) for all |t| ≥ R and for all x ∈ [a,b], t = (t1, . . . , tn).

The role of (AR) is to ensure the boundness of the Palais-Smale sequences for the Euler-Lagrange func-
tional associated to the problem. This is very crucial in the applications of the critical point theory.
Second, we obtain an existence result of three nontrivial solutions combining two algebraic conditions
employing two consequences of the local minimum theorem due to Bonanno, which guarantees the ex-
istence of two local minima for the Euler-Lagrange functional, and applying the mountain pass theorem,
as given by Pucci and Serrin (see [12]), to ensure the existence of the third critical point for the scaler
case of the system.

For existence results for multiple solutions for second order differential equations with nonlinear de-
rivative dependence, we refer to [13, 14, 15, 16] and the references therein. For more details on Theorem
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2.1, we refer the readers to [17, 18], where the theorem has already been applied to nonlinear second-
order differential equations problems. We also refer to [19, 20, 21] in which, Theorems 2.1 and 2.2 along
with the mountain pass theorem have been successfully employed to ensure multiple solutions for some
boundary value problems. We also refer the reader to the papers [22, 23] in which based on variational
methods and critical point theory, the existence of multiple solutions for boundary value problems was
discussed. For a thorough account on the subject, we also refer the readers to [24, 25].

2. PRELIMINARIES

Our main tools are Theorems 2.1 and 2.2 of this section, which are consequences of the existence
result of a local minimum theorem for differentiable functionals [26, Theorem 3.1]. This is inspired by
the Ricceri’s variational principle (see [27]).

For a given non-empty set X , and two functionals Φ,Ψ : X → R, we define the following functions

ϑ(r1,r2) = inf
v∈Φ−1(r1,r2)

supu∈Φ−1(r1,r2)
Ψ(u)−Ψ(v)

r2−Φ(v)
,

ρ1(r1,r2) = sup
v∈Φ−1(r1,r2)

Ψ(v)− supu∈Φ−1(−∞,r1)
Ψ(u)

Φ(v)− r1
,

for all r1,r2 ∈ R, r1 < r2, and

ρ2(r) = sup
v∈Φ−1(r,∞)

Ψ(v)− supu∈Φ−1(−∞,r) Ψ(u)

Φ(v)− r
,

for all r ∈ R.

Theorem 2.1. [26, Theorem 5.1] Let X be a real Banach space. Let Φ : X →R be a sequentially weakly
lower semicontinuous, coercive, and continuously Gâteaux differentiable function whose Gâteaux deriv-
ative admits a continuous inverse on X∗. Let Ψ : X→R be a continuously Gâteaux differentiable function
whose Gâteaux derivative is compact. Assume that there are r1,r2 ∈ R, r1 < r2, such that ϑ(r1,r2) <

ρ1(r1,r2). Then, setting Iλ := Φ−λΨ, for each λ ∈ ( 1
ρ1(r1,r2)

, 1
ϑ(r1,r2)

), there is u0,λ ∈ Φ−1(r1,r2) such
that Iλ (u0,λ )≤ Iλ (u), ∀u ∈Φ−1(r1,r2) and I′

λ
(u0,λ ) = 0.

Theorem 2.2. [26, Theorem 5.3] Let X be a real Banach space. Let Φ : X→R be a continuously Gâteaux
differentiable function whose Gâteaux derivative admits a continuous inverse on X∗. Let Ψ : X → R be
a continuously Gâteaux differentiable function whose Gâteaux derivative is compact. Fix infX Φ < r <
supX Φ and assume that ρ2(r) > 0, and for each λ > 1

ρ2(r)
, the functional Iλ := Φ− λΨ is coercive.

Then, for each λ ∈ ( 1
ρ2(r)

,+∞), there is u0,λ ∈Φ−1(r,+∞) such that Iλ (u0,λ )≤ Iλ (u), ∀u ∈Φ−1(r,+∞)

and I′
λ
(u0,λ ) = 0.

3. MAIN RESULTS

Let X be the Cartesian product of n Sobolev spaces W 1,p1
0 ([a,b]), W 1,p2

0 ([a,b]), . . . , and W 1,pn
0 ([a,b]),

i.e., X =W 1,p1
0 ([a,b])×W 1,p2

0 ([a,b])× . . .×W 1,pn
0 ([a,b]), equipped with the norm

|| (u1,u2, . . . ,un) || =
n

∑
i=1
||u′i||pi ,
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where

||u′i||pi =

(∫ b

a
|u′i(x)|pidx

)1/pi

, i = 1, ...,n.

Since pi > 1 for i = 1, ...,n, X is compactly embedded in (C([a,b]))n. By a classical solution of system
(1.1), we mean a function u = (u1, . . . ,un) such that, for i = 1, . . . ,n, ui ∈C1[a,b], u′i ∈ AC[a,b], and ui(x)
satisfies (1.1) a.e. on [a,b]. We say that a function u = (u1, . . . ,un) ∈ X is a weak solution of system (1.1)
if

n

∑
i=1

∫ b

a

(∫ u′i(x)

0

(pi−1)|τ|pi−2

hi(x,τ)
dτ

)
v′i(x)dx−λ

∫ b

a

n

∑
i=1

Fui(x,u1(x), . . . ,un(x))vi(x)dx = 0

for every v = (v1, . . . ,vn) ∈ X . Using standard methods, we see that a weak solution of (1.1) is indeed a
classical solution (see [4, Lemma 2.2]).

In the sequel, let
p = min{pi; 1≤ i≤ n},
p = max{pi; 1≤ i≤ n},

mi := inf
(x,t)∈[a,b]×R

hi(x, t)> 0, for 1≤ i≤ n,

Mi := sup
(x,t)∈[a,b]×R

hi(x, t), for 1≤ i≤ n,

M := max{Mi; 1≤ i≤ n}
and

M := min{mi; 1≤ i≤ n}.
Then, M ≥Mi ≥ mi ≥M > 0 for each i = 1, ...,n. Put

Hi(x, t) =
∫ t

0
(
∫

τ

0

(pi−1)|δ |pi−2

hi(x,δ )
dδ )dτ

for 1≤ i≤ n and for all (x, t) ∈ [a,b]×R. For all ϑ > 0, we denote by Q(ϑ) the set{
(t1, . . . , tn) ∈ Rn :

n

∑
i=1

|ti|pi

pi
≤ ϑ

}
. (3.1)

For a given non-negative constant c and a given positive constant d with 2pc
(b−a)p∗−1 pM 6= D1(d), put

ad(c) :=

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx−

∫ b−β

a+α
F(x,d, . . . ,d)dx

2pc
(b−a)p∗−1 pM −D1(d)

,

where

p∗ =

{
p if b−a≥ 1,
p if 0 < b−a < 1,

and

D1(d) :=
n

∑
i=1

(∫ a+α

a
Hi(x,

d(pi−1)(x−a)pi−2

α pi−1 )dx+
∫ b

b−β

Hi(x,−
d(pi−1)(b− x)pi−2

β pi−1 )dx
)
.

We now formulate our main result as follows.

Theorem 3.1. Suppose either p ≥ 2 or p < 2. Assume that there exist a nonnegative constant c1 and

four positive constants α , β , c2 and d with α +β < b−a and c1 <
(b−a)p∗−1 pM

2p D1(d)< c2 such that

(a1) F(x, t1, . . . , tn)≥ 0 for each (x, t1, . . . , tn) ∈ ([a,a+α]∪ [b−β ,b])× [0,d]n;
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(a2) ad(c2)< ad(c1);
(a3) Fti(x,0, · · · ,0) 6= 0, 1≤ i≤ n for all x ∈ [a,b] and there exist ν > p and R > 0 such that

0 < νF(x, t)≤
n

∑
i=1

tiFti(x, t) for all |t| ≥ R and for all x ∈ [a,b], t = (t1, . . . , tn).

Then, for each λ ∈
(

1
ad(c1)

, 1
ad(c2)

)
, system (1.1) admits at least two nontrivial classical solutions u∗ and

u∗∗, with u∗ such that

2pc1

(b−a)p∗−1 pM
<

n

∑
i=1

(∫ a+α

a
Hi(x,u∗(x))dx+

∫ b

b−β

Hi(x,u∗(x))dx
)
<

2pc2

(b−a)p∗−1 pM
.

Proof. We will apply Theorem 2.1. To this end, take the functionals Φ,Ψ : X → R defined by

Φ(u) =
n

∑
i=1

∫ b

a
Hi(x,u′i(x))dx (3.2)

and

Ψ(u) =
∫ b

a
F(x,u1(x), . . . ,un(x))dx (3.3)

for each u = (u1, . . . ,un) ∈ X . It is well known that Ψ is a Gâteaux differentiable functional and se-
quentially weakly lower semicontinuous whose Gâteaux derivative at the point u ∈ X is the functional
Ψ′(u) ∈ X∗ given by

Ψ
′(u)(v) =

∫ b

a

n

∑
i=1

Fui(x,u1(x), . . . ,un(x))vi(x)dx

for every v = (v1, . . . ,vn) ∈ X , and Ψ′ : X → X∗ is a compact operator. Moreover, Φ is a Gâteaux
differentiable functional whose Gâteaux derivative at the point u ∈ X is the functional Φ′(u) ∈ X∗ given
by

Φ
′(u)(v) =

n

∑
i=1

∫ b

a

(∫ u′i(x)

0

(pi−1)|τ|pi−2

hi(x,τ)
dτ

)
v′i(x)dx

for every v = (v1, . . . ,vn) ∈ X . Furthermore, Lemma 2.1 of [4] implies (Φ′)−1 : X∗ → X exists and is
continuous, and since Φ′ is monotone, Φ is sequentially weakly lower semicontinuous. Choose r1 =

2pc1
(b−a)p∗−1 pM , r2 =

2pc2
(b−a)p∗−1 pM and w = (w1, . . . ,wn) with

wi(x) =


1

α pi−1 d(x−a)pi−1 if a≤ x < a+α,

d if a+α ≤ x≤ b−β ,
1

β pi−1 d(b− x)pi−1 if b−β < x≤ b,
(3.4)

for 1 ≤ i ≤ n. From (3.2) and the condition c1 < (b−a)p∗−1 pM
2p D1(d) < c2, we obtain r1 < Φ(u1) < r2.

Moreover, taking into account that 0 < M ≤ hi(x, t) ≤M for each (x, t) ∈ [a,b]×R and for i = 1, . . . ,n,
we see from (3.2) that

1
M

n

∑
i=1

||u′i||
pi
pi

pi
≤Φ(u)≤ 1

M

n

∑
i=1

||u′i||
pi
pi

pi
for all u = (u1, . . . ,un) ∈ X . (3.5)

Since for 1≤ i≤ n,

max
x∈[a,b]

|ui(x)| ≤
(b−a)

pi−1
pi

2
||u′i||pi
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for each ui ∈W 1,pi
0 ([a,b]) (see [28]), we have

max
x∈[a,b]

n

∑
i=1

|ui(x)|pi

pi
≤ (b−a)p∗−1

2p

n

∑
i=1

||u′i||
pi
pi

pi
(3.6)

for each u = (u1,u2, . . . ,un) ∈ X . This, for each r2 > 0, along with (3.5), ensures that

Φ
−1(]−∞,r2[)⊆

{
u ∈ X ;max

n

∑
i=1

|ui(x)|pi

pi
≤ c2 for each x ∈ [a,b]

}
,

and it follows that

sup
u∈Φ−1(]−∞,r2[)

Ψ(u)≤
∫ b

a
sup

(t1,...,tn)∈Q(c2)

F(x, t1, . . . , tn)dx.

Moreover, since 0≤ wi(x)≤ d for each x ∈ [a,b] and for 1≤ i≤ n, the assumption (a1) ensures that∫ a+α

a
F(x,

1
α p1−1 d(x−a)p1−1, . . . ,

1
α pn−1 d(x−a)pn−1)dx

+
∫ b

b−β

F(x,
1

β p1−1 d(b− x)p1−1, . . . ,
1

β pn−1 d(b− x)pn−1)dx≥ 0.

So,

Ψ(w)≥
∫ b−β

a+α

F(x,d, . . . ,d)dx.

It follows that

ϑ(r1,r2) ≤
supu∈Φ−1(]−∞,r2[)

Ψ(u)−Ψ(w)

r2−Φ(w)

≤
∫ b

a sup(t1,...,tn)∈Q(c2)
F(x, t1, . . . , tn)dx−Ψ(w)

r2−Φ(w)

≤
∫ b

a sup(t1,...,tn)∈Q(c2)
F(x, t1, . . . , tn)dx−

∫ b−β

a+α
F(x,d, . . . ,d)dx

2pc2
(b−a)p∗−1 pM −D1(d)

= ad(c2).

On the other hand, by the same reasoning as before, one has

ρ1(r1,r2) ≥
Φ(w)− supu∈Φ−1(]−∞,r1[)

Ψ(u)

Φ(w)− r1

≥
Ψ(w)−

∫ b
a sup(t1,...,tn)∈Q(c1)

F(x, t1, . . . , tn)dx

Φ(w)− r1

≥
∫ b

a sup(t1,...,tn)∈Q(c1)
F(x, t1, . . . , tn)dx−

∫ b−β

a+α
F(x,d, . . . ,d)dx

2pc1
(b−a)p∗−1 pM −D1(d)

= ad(c1).

Therefore, from Assumption (a2) one has

ϑ(r1,r2)< ρ1(r1,r2).
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Hence, applying Theorem 2.1, for each λ ∈
(

1
ad(c1)

,
1

ad(c2)

)
, the functional Φ−λΨ admits at least

one critical point u∗ which is a local minimum such that r1 < Φ(u∗)< r2, that is,

2pc1

(b−a)p∗−1 pM
<

n

∑
i=1

(∫ a+α

a
Hi(x,u∗(x))dx+

∫ b

b−β

Hi(x,u∗(x))dx
)
<

2pc2

(b−a)p∗−1 pM
.

Now, we prove the existence of the second local minimum distinct from the first one. To this end, we
must show that the functional Φ−λΨ satisfies the hypotheses of the mountain pass theorem. Clearly,
the functional Φ− λΨ is of class C1 and (Φ− λΨ)(0) = 0. From the first part of the proof, we can
assume that u∗ is a strict local minimum for Φ−λΨ in X . Therefore, there is ρ > 0 such that

inf
‖u−u∗‖=ρ

(Φ−λΨ)(u)> (Φ−λΨ)(u∗).

Now, choosing any u ∈ X \{0}, from (3.5) and (a3), one has

(Φ−λΨ)(tu)≤ 1
M

n

∑
i=1

||tu′i||
pi
pi

pi
−λ

∫ b

a
F(x, tu1(x), . . . , tun(x))dx

≤ 1
M

n

∑
i=1

t pi ||u′i||
pi
pi

pi
−λC1tν

n

∑
i=1

∫ b

a
|ui(x)|νdx+C2(b−a)−→−∞

as t → +∞ for some C1,C2 > 0, since ν > p. So the condition [29, (I2), Theorem 2.2] is verified.
Moreover, standard computations show that Φ−λΨ satisfies the (P-S) condition. Hence, the classical
theorem of Ambrosetti and Rabinowitz ensures a critical point u∗∗ of Φ−λΨ such that

(Φ−λΨ)(u∗∗)> (Φ−λΨ)(u∗).

Moreover, since Fti(x,0, · · · ,0) 6= 0, 1≤ i≤ n for all x ∈ [a,b], we see that u≡ 0 is not a solution of (1.1),
so u∗∗ is nontrivial. Since the critical points of the functional Φ−λΨ are classical solutions of (1.1), we
find the desired result. This completes the proof. �

The following result is an immediate consequence of Theorem 3.1.

Corollary 3.2. Suppose either p ≥ 2 or p < 2. Assume that there exist two positive constants c and
d with D1(d) < 2pc

(b−a)p∗−1 pM such that Assumptions (a1) and (a3) in Theorem 3.1 hold. Furthermore,
suppose that

(a4)

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

c
< 2p

(b−a)p∗−1 pM

∫ b−β

a+α
F(x,d, . . . ,d)dx

D1(d)
.

Then, for every λ ∈

(
D1(d)∫ b−β

a+α F(x,d,...,d)dx
,

2pc
(b−a)p∗−1 pM∫ b

a sup(t1,...,tn)∈Q(c) F(x,t1,...,tn)dxx

)
, system (1.1) admits at least two non-

trivial classical solutions u∗ and u∗∗, with u∗ such that

0 <
n

∑
i=1

(∫ a+α

a
Hi(x,u∗)dx+

∫ b

b−β

Hi(x,u∗)dx
)
<

2pc
(b−a)p∗−1 pM

.
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Proof. The conclusion follows from Theorem 3.1 by taking c1 = 0 and c2 = c. Indeed, from the assump-
tions, one has

ad(c) <

(
1− D1(d)

2pc
(b−a)p∗−1 pM

)∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

2pc
(b−a)p∗−1 pM −D1(d)

=

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

2pc
(b−a)p∗−1 pM

<

∫ b−β

a+α
F(x,d, . . . ,d)dx

D1(d)
= ad(0).

In particular, one has

ad(c)<

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

D1(d)
.

Hence, Theorem 3.1 ensures the result. �

Now, we present an application of Theorem 2.2 which we will use to obtain multiple solutions.

Theorem 3.3. Suppose either p ≥ 2 or p < 2. Assume that there exist two positive constants c and d
with 2pc

(b−a)p∗−1 pM < D1(d) such that

(b1) F(x, t1, . . . , tn)≥ 0 for each (x, t1, . . . , tn) ∈ ([a,a+α]∪ [b−β ,b])× [0,d]n;
(b2)

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx <

∫ b−β

a+α
F(x,d, . . . ,d)dx;

(b3)
(b−a)p∗ pM

p2p limsup|t1|→+∞,..., |tn|→+∞

F(x,t1,...,tn)

∑
n
i=1
|ti |

pi
pi

<
∫ b

a sup(t1 ,...,tn)∈Q(c) F(x,t1,...,tn)dx
2pc

(b−a)p∗−1 pM

uniformly with respec-

t to x ∈ [a,b].

Then, for each λ > λ , where

λ =
D1(d)− 2pc

(b−a)p∗−1 pM∫ b−β

a+α
F(x,d, . . . ,d)dx−

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

,

system (1.1) admits at least one nontrivial classical solution ū such that
n

∑
i=1

(∫ a+α

a
Hi(x, ū(x))dx+

∫ b

b−β

Hi(x, ū(x))dx
)
>

2pc
(b−a)p∗−1 pM

.

Proof. Let Φ and Ψ be as in (3.2) and (3.3), respectively. Let us employ Theorem 2.2 to our functionals.
The functionals Φ and Ψ satisfy all regularity assumptions required in Theorem 2.2. Moreover, from
(b3) there exist two constants γ, η ∈ R with

0 < γ <

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

2pc
(b−a)p∗−1 pM

,

such that

(b−a)p∗ pM
p2p F(x, t1, . . . , tn)≤ γ

n

∑
i=1

|ti|pi

pi
+η for all x ∈ [a,b] and for all (t1, . . . , tn) ∈ Rn.
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Fix u = (u1, . . . ,un) ∈ X . Then

F(x,u1(x), . . . ,un(x))≤
p2p

(b−a)p∗ pM
(γ

n

∑
i=1

|ui(x)|pi

pi
+η) for a.e. x ∈ [a,b]. (3.7)

So, for any fixed λ > λ , from (3.2), (3.3), (3.5), (3.6) and (3.7), we have

Φ(u)−λΨ(u) =
n

∑
i=1

∫ b

a
Hi(x,u′i(x))dx−λ

∫ b

a
F(x,u1(x), . . . ,un(x))dx

≥ 1
pM

n

∑
i=1
||u′i||pi

pi
−λγ

p2p

(b−a)p∗ pM

n

∑
i=1

∫ b

a

|ui(x)|pi

pi
dx−λ

p2p

(b−a)p−1 pM
η

≥ 1
pM

n

∑
i=1
||u′i||pi

pi
−λγ

p2p

(b−a)p∗ pM
(b−a)p∗

p2p

n

∑
i=1
||u′i||pi

pi
−λ

p2p

(b−a)p−1 pM
η

=
1

pM
(1−λγ)

n

∑
i=1
||u′i||pi

pi
−λ

p2p

(b−a)p−1 pM
η

≥ 1
pM

(1−
γ

2pc
(b−a)p∗−1 pM∫ b

a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx
)

n

∑
i=1
||u′i||pi

pi

− λ
p2p

(b−a)p−1 pM
η .

Thus
lim

‖u‖→+∞

(Φ(u)−λΨ(u)) = +∞,

which means the functional Φ−λΨ is coercive. Put

r =
2pc

(b−a)p∗−1 pM

and w = (w1, . . . ,wn) with

wi(x) =


1

α pi−1 d(x−a)pi−1 if a≤ x < a+α,

d if a+α ≤ x≤ b−β ,
1

β pi−1 d(b− x)pi−1 if b−β < x≤ b.

Arguing as in the proof of Theorem 3.1, we obtain that

ρ2(r)≥
∫ b−β

a+α
F(x,d, . . . ,d)dx−

∫ b
a sup(t1,...,tn)∈Q(c) F(x, t1, . . . , tn)dx

2pc
(b−a)p∗−1 pM −D1(d)

.

So, from our assumptions, it follows that ρ2(r) > 0. Hence, Theorem 2.2 ensures that the functional
Φ−λΨ admits at least one local minimum ū ∈ X such that

n

∑
i=1

(∫ a+α

a
Hi(x, ū(x))dx+

∫ b

b−β

Hi(x, ū(x))dx
)
>

2pc
(b−a)p∗−1 pM

.

Since the critical points of the functional Φ−λΨ are classical solutions of (1.1), we have the desired
conclusion. �

As an application of the results, we consider the problem{
−(p−1)|u′(x)|p−2u′′(x) = λα(x)g(u)h(u′), x ∈ (a,b),
u(a) = u(b) = 0

(3.8)
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where p > 1, λ > 0, α ∈ L1 ([a,b]) such that α(x)≥ 0 a.e. x ∈ [a,b], α 6≡ 0, g : R−→R is a nonnegative
continuous function and h : R→]0,+∞[ is a bounded and continuous function with m := inft∈R h(t)> 0
and M := supt∈R h(t).

We introduce the functions G : R→ R and H : R→ R, respectively, as follows

G(t) =
∫ t

0
g(ξ )dξ for all t ∈ R

and

H(t) =
∫ t

0
(
∫

τ

0

(p−1)|δ |p−2

h(δ )
dδ )dτ

for all t ∈ R.
Now, we point out the following existence results, as consequences of Theorem 3.1, Corollary 3.2 and

Theorem 3.3, respectively.
For a given non-negative constant c and a given positive constant d, with 2pc

(b−a)p−1 pM 6= D2(d), put

bd(c) :=
‖α‖L1([a,b])G((pc)

1
p )−‖α‖L1([a+α,b−β ])G(d)

2pc
(b−a)p−1 pM −D2(d)

,

where

D2(d) :=
∫ a+α

a
H(

d(p−1)(x−a)p−2

α p−1 )dx+
∫ b

b−β

H(−d(p−1)(b− x)p−2

β p−1 )dx.

Theorem 3.4. Assume that there exist a nonnegative constant c1 and four positive constants α , β , c2

and d with α +β < b−a and c1 <
(b−a)p−1 pM

2p D2(d)< c2 such that

(a5) bd(c2)< bd(c1);
(a6) g(0) 6= 0 and there exist ν > p and R > 0 such that for all |t| ≥ R,

0 < νG(t)≤ tg(t).

Then, for each λ ∈
(

1
bd(c1)

, 1
bd(c2)

)
, problem (3.8) admits at least two positive classical solutions u∗ and

u∗∗, with u∗ such that

2pc1

(b−a)p−1 pM
<
∫ a+α

a
H(u∗(x))dx+

∫ b

b−β

H(u∗(x))dx <
2pc2

(b−a)p−1 pM
.

Remark 3.5. Since α(x) ≥ 0 a.e. x ∈ [a,b], α 6≡ 0, g : R −→ R is nonnegative and h : R→]0,+∞[ is
positive, assuming g(0) 6= 0, and taking the strong maximum principle (see, for instance, [30, Theorem
11.1]) we observe that the solutions of the problem (3.8) are positive.

Corollary 3.6. Suppose that Assumption (a6) in Theorem 3.4 holds. Assume that there exist two positive
constants c and d with D2(d)< 2pc

(b−a)p−1 pM such that

G((pc)
1
p )

c
<

2p‖α‖L1([a+α,b−β ])

(b−a)p−1 pM‖α‖L1([a,b])

G(d)
D2(d)

. (3.9)

Then, for each λ ∈

 D2(d)
‖α‖L1([a+α,b−β ])G(d)

,

2pc
(b−a)p−1 pM

‖α‖L1([a,b])G((pc)
1
p )

 , problem (3.8) admits at least two

positive classical solutions u∗ and u∗∗, with u∗ such that

0 <
∫ a+α

a
H(u∗(x))dx+

∫ b

b−β

H(u∗(x))dx <
2pc

(b−a)p−1 pM
.
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Theorem 3.7. Assume that there exist two positive constants c and d with 2pc
(b−a)p−1 pM < D2(d) such that

(b4) ‖α‖L1([a,b])G((pc)
1
p )< ‖α‖L1([a+α,b−β ])G(d);

(b5) limsup|t|→+∞

G(t)
|t|p ≤ 0.

Then, for each λ > λ ′, where

λ ′ =
D2(d)− 2pc

(b−a)p−1 pM

‖α‖L1([a+α,b−β ])G(d)−‖α‖L1([a,b])G((pc)
1
p )
,

problem (3.8) admits at least one positive classical solution ū such that∫ a+α

a
H(ū(x))dx+

∫ b

b−β

H(ū(x))dx >
2pc

(b−a)p−1 pM
.

Theorem 3.8. Assume that Assumption (a6) in Theorem 3.4 holds and

lim
t−→0+

g(t)
|t|p−1 =+∞. (3.10)

Then, for λ ∈ (0,λ ∗) , where λ ∗ =

2p

(b−a)p−1 pM

‖α‖L1([a,b])
supc>0

c

G((pc)
1
p )

, problem (3.8) admits at least two posi-

tive classical solutions u∗ and u∗∗, with u∗ such that

0 <
∫ a+α

a
H(u∗(x))dx+

∫ b

b−β

H(u∗(x))dx <
2pc

(b−a)p−1 pM
.

Proof. For fixed λ ∈ (0,λ ∗), there exists a positive constant c such that

λ <

2pc
(b−a)p−1 pM

‖α‖L1([a,b])G((pc)
1
p )
.

Moreover, by the condition (3.10), one has limt−→0+
G(t)
|t|p

= +∞. Therefore, we can choose a positive

constant d satisfying D2(d)< 2pc
(b−a)p−1 pM such that

1
λ‖α‖L1([a+α,b−β ])

<
G(d)
D2(d)

.

Hence, from Corollary 3.6 we have the conclusion. �

We here present the following example to illustrate the result of Theorem 3.8.

Example 3.9. Consider the problem{
−2|u′(x)|u′′(x) = λe−x(1+u8)(2+ sinu′), x ∈ (0,1),
u(0) = u(1) = 0.

(3.11)

Let α(x)= e−x for all x∈ [0,1], g(t)= 1+t8 and h(t)= 1+sin t for all t ∈R. It is clear that limt→0+
g(t)
t2 =

+∞ and Assumption (a6) in Theorem 3.4 is satisfied. Note that p = 3 and M = 3, by applying Theorem

3.8, for every λ ∈
(

0,
8

9(1− e−1)
supc>0

c
3
√

3c+3c3

)
problem (3.11) has at least two positive classical

solutions.

Now, by combining Corollary 3.6 and Theorem 3.7, we have the following theorem for the existence
of three positive solutions for problem (3.8).
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Theorem 3.10. Assume that g(0) 6= 0 and

limsup
|t|−→+∞

G(t)
|t|p
≤ 0. (3.12)

Moreover, assume that there exist four positive constants c, d, c and d with

(b−a)p−1 pM
2p D2(d)< c≤ c <

(b−a)p−1 pM
2p D2(d)

such that (3.9) in Corollary 3.6, Assumption (b4) in Theorem 3.7, and

G((pc)
1
p )

c
<

2p

(b−a)p−1 pM‖α‖L1([a,b])

‖α‖L1([a+α,b−β ])G(d)−‖α‖L1([a,b])G((pc)
1
p )

D2(d)−
2pc

(b−a)p−1 pM

(3.13)

are satisfied. Then, for each λ ∈Λ=

max

{
λ ′,

D2(d)
‖α‖L1([a+α,b−β ])G(d)

}
,

2pc
(b−a)p−1 pM

‖α‖L1([a,b])G((pc)
1
p )

, where

λ ′ is given as in Theorem 3.7, problem (3.8) admits at least three positive classical solutions.

Proof. First, from (3.13), we see that Λ 6= /0. Fix λ ∈ Λ. Using Corollary 3.6, we obtain the first positive
solution u∗ with

0 <
∫ a+α

a
H(u∗(x))dx+

∫ b

b−β

H(u∗(x))dx <
2pc

(b−a)p−1 pM
,

which is a local minimum for the functional Φ− λΨ. Theorem 3.7 guarantees the second positive
solution with ∫ a+α

a
H(ū(x))dx+

∫ b

b−β

H(ū(x))dx >
2pc

(b−a)p−1 pM
.

Hence, using the mountain pass theorem as given by Pucci and Serrin ([12]), we have the desired result.
�

We now present the following consequence of Theorem 3.10.

Theorem 3.11. Assume that g(0) 6= 0,

limsup
|t|−→0+

G(t)
|t|p

=+∞ (3.14)

and

limsup
|t|−→+∞

G(t)
|t|p

= 0. (3.15)

Furthermore, assume that there exist two positive constants c and d with 2pc
(b−a)p−1 pM < D2(d) such that

G((pc)
1
p )

c
<

2p‖α‖L1([a+α,b−β ])

(b−a)p−1 pM‖α‖L1([a,b])

G(d)
D2(d)

. (3.16)

Then, for each

λ ∈

 D2(d)
‖α‖L1([a+α,b−β ])G(d)

,

2pc
(b−a)p−1 pM

‖α‖L1([a,b])G((pc)
1
p )

 ,

problem (3.8) admits at least three positive classical solutions.
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Proof. We easily see that (3.15) implies the condition (b5) of Theorem 3.7. Moreover, by choosing d
small enough and c= c, we observe that (3.9) in Corollary 3.6 follows from (3.14), as well as Assumption
(b4) in Theorem 3.7, and (3.13) from (3.16). Hence, Theorem 3.10 yields the desired result. �

Finally, as an example, we give the following result which is particular case of Theorem 3.11.

Theorem 3.12. Let g : R→ R be a nonnegative continuous function such that g(0) 6= 0,

lim
t→0+

g(t)
t

=+∞ and lim
t→+∞

g(t)
t

= 0.

Let h : R→]0,+∞[ be a bounded and continuous function with m := inft∈R h(t)> 0 and M := supt∈R h(t)
such that 8

M < D3, where D3 :=
∫ 8

0 (
∫

τ

0
1

h(δ )dδ )dτ−
∫ 0
−8(
∫

τ

0
1

h(δ )dδ )dτ . Furthermore, suppose that∫ √2

0
g(ξ )dξ <

4
MD3

∫ 2

0
g(ξ )dξ .

Then, for each

λ ∈

(
D3

2
∫ 2

0 g(ξ )dξ
,

2

M
∫√2

0 g(ξ )dξ

)
,

the problem {
−u′′(x) = λg(u)h(u′), x ∈ (0,1),
u(0) = u(1) = 0

admits at least three positive classical solutions.

Proof. Choosing p = 2, a = 0, b = 1, α(x) = 1 for all x ∈ [0,1], c = 1, and d = 2, we observe that all
hypotheses of Theorem 3.11 are satisfied. Hence the conclusion follows immediately. �

REFERENCES

[1] R.P. Agarwal, H.B. Thompson, C.C. Tisdell, On the existence of multiple solutions to boundary value problems for second
order ordinary differential equations, Dyn. Syst. Appl. 16 (2007), 595-609.

[2] M. Conti, S. Terracini, G. Verzini, Nehari’s problem and competing species systems, Ann. Inst. H. Poincare Anal. Non
Lineire 19 (2002), 871-888.

[3] D.G. Costa, C.A. Magalhaes, A variational approach to subquadratic perturbations of elliptic systems, J. Differential
Equations 111 (1994), 103-122.

[4] J.R. Graef, S. Heidarkhani, L. Kong, A critical points approach for the existence of multiple solutions of a Dirichlet
quasilinear system, J. Math. Anal. Appl. 388 (2012), 1268-1278.

[5] D.D. Hai, R. Shivaji, An existence result for a class of p-Laplacian systems, Nonlinear Anal. 56 (2004), 1007-1010.
[6] D.D. Hai, H. Wang, Nontrivial solutions for p-Laplacian systems, J. Math. Anal. Appl. 330 (2007), 186-194.
[7] S. Heidarkhani, J. Henderson, Multiple solutions for a Dirichlet quasilinear system containing a parameter, Georgian

Math. J. 21 (2014), 187-197.
[8] S. Heidarkhani, Y. Tian, Multiplicity results for a class of gradient systems depending on two parameters, Nonlinear Anal.

73 (2010), 547-554.
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