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1. INTRODUCTION

The theory of fractional order differential equations is growing rapidly. Recently, much attention has
been paid to the study of the existence of positive solutions of fractional order differential equations
satisfying initial and boundary conditions; see [1, 2, 3, 4, 5, 6, 7, 8] and the references therein. The
multi-point boundary value problems for ordinary differential equations appear in a variety of areas of
applied mathematics, physics and engineering. For instance, many problems in the theory of elastic
stability can be handled by multi-point problems; see [9] and the references therein.

In [10], Dou, Li and Liu studied the existence of solutions to the four-point fractional order boundary
value problem

D%u(t) = f(t,u(t),D"u(t)), t € (0,1),
u(0) =u'(0) =0,
u(1) = au(n) + bu(nz),
where @ € (2,3), 4 >0, —p>1,0<a,b<1,0<n <M< l,andan® ' +bmm¢ ' < 1.

Recently, Prasad et al. [11] investigated the existence of multiple positive solutions for a system of
fractional order differential equations. Inspired and motivated by those previous works, in this paper, we
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are concerned with the existence of at least one positive solution for a coupled system of fractional order
differential equations

Dlix(t) + fi (t,x(t),y(t)) =0, 1€ (0,1), (1.1)

Dyt + 2 (1,(1),5(6) ) = 0, 1 € (0,1), (1.2)
satisfying the boundary conditions

x(0) =0, §iDyEx(1) = A + 01 Dix (&), (1.3)

y(0) =0, &LDEy(1) = Ao+ Dty (&), (1.4)

where Dgl and Dy} are the standard Riemann—Liouville fractional order derivatives, m3 € (0,1), m; €
(1,2, mj—m3—1>0, 0<& <& < 1and A; is a parameter for j =1,2.

Under sufficient conditions on functions f; and f>, we establish the existence of at least one positive
solution to a coupled system of fractional order boundary value problem (1.1)-(1.4) by utilizing fixed
point theorems of the cone expansion and the compression of functional type due to Avery, Henderson
and O’Regan [12]. By a positive solution of (1.1)-(1.4), we mean (x(t),y(t)) € (C[O7 1] x €0, 1])

satisfying (1.1)-(1.4) with x(¢), y(¢) > 0, for all ¢ € [0,1] and (x(t),y(t)) # (0,0). Before stating our
main results, we make precise assumptions throughout the paper:

(A1) fi,/>:[0,1] x R*? — R+ are continuous,

B2

é 1+m3—m2 )

(]
511+m3—m1 )
1 1 1 1
(A3) @y, P,, P}, P; are positive constants such that &, + & + a’f + CITZ <1.

The rest of the paper is organized as follows. In Section 2, we present some definitions and background

(A2) §;,; are positive constants such that {; > and §; >

results. For sake of convenience, we also state a fixed point theorem for our main results. In Section
3, we construct the Green functions for the associated fractional order boundary value problems and
estimate the bounds for these Green functions. In Section 4, we establish the existence results of at least
one positive solution of the system of fractional order boundary value problem (1.1)-(1.4). Finally, in
Section 5, as an application, we give an example to illustrate our result.

2. PRELIMINARIES

In this section, we recall some definitions and properties of the fractional calculus. We also state a
fixed point theorem of cone expansion and compression of functional type due to Avery, Henderson,
O’Regan [12].

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P C E is called a cone if it
satisfies the following conditions:

()xeP, A>0= Ax€ P,

(i) xeP, —xe P=x=0.

Every cone P C E induces an ordering in E given by x <y if and only if y—x € P.
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Definition 2.2. Let P be a cone in the real Banach space B. A map o : P — [0, ) is said to be nonnegative
continuous concave functional on P if & is continuous and

o(Ax+(1=A)y) = Aax) + (1= A)a(y),
forall x,y € Pand A € [0,1].

Definition 2.3. Let P be a cone in the real Banach space B. A map 3 : P — [0, o) is said to be nonnegative
continuous convex functional on P if f is continuous and

B(Ax+(1-2)y) SABE)+(1-1)BO),
forall x,y € Pand A € [0,1].

Property 2.4. [12] Let P be a cone in a Banach space E and let & be a bounded open subset of E
with 0 € Q. A continuous functional o : P — [0,0) is said to satisfy Property P1 if one of the following
conditions hold:

(a) ais convex, o(0) =0, a(x) # 0 if x # 0 and infcpryo @ (x) > 0,

(b) « is sublinear, a(0) =0, a(x) # 0 if x # 0 and inf,cpryq 0t(x) > 0,

(¢) «ais concave and unbounded.

Property 2.5. [12] Let P be a cone in a Banach space E and let Q be a bounded open subset of E
with 0 € Q. A continuous functional  : P — [0,0) is said to satisfy Property P2 if one of the following

conditions hold:

(a) B is convex, B(0) =0, B(x) #0ifx#0,
(b) B is sublinear, B(0) =0, B(x) # 0 ifx # 0,
(© Blx+y) = Bx)+B(y) forallx,y € P, B(0) =0, B(x) #0 if x # 0.

The approach utilized on the existence results in this paper is the following fixed point theorem of the
cone expansion and the compression of functional type due to Avery, Henderson and O’Regan’s [12],
which generalized the functional compression fixed point theorems of Anderson and Avery [13] and Sun
and Zhang [14].

Theorem 2.6. [12] Let Q1,Q, be two bounded open sets in a Banach Space E such that 0 € Q1 and
Q) C Q in E. Suppose that T : PN (Q\Q1) — P is a completely continuous operator, o, and B are
non-negative continuous functional on P, and one of the two conditions holds:
(i) a satisfies Property 2.4 with o.(Tx) > o.(x), for all x € PN dQy and B satisfies Property 2.5 with
B(Tx) < B(x), forall x € PNIy,
(i) B satisfies Property 2.5 with B(Tx) < B(x), for all x € PN JQ and a satisfies Property 2.4 with
o(Tx) > a(x), for all x € PN Iy, is satisfied.
Then T has at least one fixed point in PN (Q\Q).

3. GREEN FUNCTIONS AND BOUNDS

In this section, we construct the Green functions for the associated fractional order boundary value
problems and estimate the bounds for these Green functions, which are needed to establish ou main
results.
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Lemma 3.1. Let Ay =T'(my).#, #0.If hi(t) € C[0,1], then the fractional order boundary value problem
Dylx(t)+hy(t) =0, 1€ (0,1), 3.1

satisfying boundary conditions (1.3), has a unique solution

1 o mp—1
) = [ Grlo,s)h sy AT
0 1

where Gi(t,s) is the Green’s function for boundary value problem (3.1), and (1.3) and is given by

Gi(t,s) _{ Gll(tas)a 0§t§s§ él < 1,

1€0.8] GIZ(tvs)7 0<s< min{t’él} < 1’
Grleos) = 3.2)

Gi(t.5) _{ Gi3(t,s), 0<max{r,&} <s<lI,
CE T Gults), 0<&<s<i<l,
Gul(t,s) :A11 :Cltml_](l — syl gy _s)ml—m3—1]7
Gualt,s) :All :Cltmlil(l =) — (e —s)™M T = vu™ T (& —s)’"l*mrl},
Gis(t,5) :A11 :Cltml_] (1 _s)l111—m3—]:|7
Gualt,s) =[G (1= (o),

My =8 —HEMTT
Proof. Let x(t) € C[0, 1] be the solution of fractional order boundary value problem (3.1) and (1.3). An

equivalent integral equation for (3.1) is given by

Lt—sym! -1 -2
t)=— [ ———hy(s)d ™ M=,
x(1) /0 ) 1(8)ds + ¢ 4+

Using the boundary conditions (1.3), one can get ¢c; = 0 and

1 5
Al[g / (1= )™~y (s)ds — B / (& — sy (s)ds | +
_ 1 0 0
= Alr(ml —m3)lm'71
Aq '

Hence the unique solution of the problem given by (3.1) and (1.3) is

&
x(t):;[gl /0 (1= sy (s)ds— o, /O (&1 — sy™ ="y (5)ds

n 7L]F(m1 — m3)t’"1’1
Ay

_/Ot M\ (t _s)ml_’"3_1h1(s)ds]

M F(m1 — m3)tm' -1
Ay '

_ /0 G5 (s)ds +
0

Lemma 3.2. Assume that condition (Az) is satisfied. Then the Green’s function Gi(t,s) given in (3.2) is
nonnegative, for all t,s € [0,1].
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Proof. Consider the Green’s function G (z,s) given by (3.2). Let 0 <7 < s < &; < 1. Then

1
Gll(t,s) = A—l [Cltmﬁl(l _s)m1fm371 _ ﬁ]tmﬁl(gl _s)m17m371:|

tm|—1 -
> A Cl(l—S)m“mrl—ﬁl(ﬁl—éls)m'fmrl]
m=lr my—mz—1 my—mz—1 my—m3z—1
=[G g (1 sy
1 L
tmlil [ my—m3—1 my—m3—1
= A _Cl—ﬁlél }(l—s) 1=
O L5 20
— 7Sm—m\— > .
Al | 1 =

Letting 0 < s < min{t,él} <1, we have

1
Glz(t,S) — KI [Cltml_l(l 7S)m1—m3—1 7%1 (l’ 7s)m1—1 o ﬁltml_l(él 7s)m|—m3—1]

1
> n [Cltmfl(] _S>m17m371 _%1 (l—s)mlil _ ﬁ]lm171<€1 _é:ls)mlfm371:|
1

—% m;—1 my—mz—1 my—1
= [t g
> % |:tm1—1(1 _S)ml—m3—1 _ (t —ts)m1_1:|

Ay
'//ltmlfl(l _ s)mlfl
= Al

[(1 ) 1} > 0.
Letting 0 < max {t,él} <s <1, we have
1 mp—1 my—m3z—1
Gis(t,s) = E[glt (1—s)ym=m } > 0.

Letting 0 < & <5<t <1, we have

1
G14([’s) = Zl [leml_] (1 _s)ml—m3—1 —//ll(l—S)ml_]]

tmlfl

Al [Cltml—l(l _S)ml—mg—l —.//1(1‘—5)””_1]

- tm171(1 _S)mlfl
= Al

[gl(l ) ///1} > 0.

O
Lemma 3.3. Assume that condition (A3) is satisfied. Then the Green’s function G|(t,s) given in (3.2)
satisfies the inequalities

(Hl) Gl(t,S) < Gl(l,S),Vl’,S € [Oal]a
(H2) Gi(t,s) > ™ 'G(1,s),t € [1,1],5 € [0, 1].
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Proof. Consider the Green’s function G (z,s) given by (3.2). Letting 0 <7 < s < & < I, we have

8G11(t,s) _ (ml - 1) [Cltml_z(l _S)ml—mg—l _ ﬁltml_Q(él _s)ml—m3—1:|

ot Ay
—1
> (ml ) [Cltml_Z(l _S)ml—m3—1 - ﬁltml_z(él o é]S)ml_"B_l}
A
(ml — l)tmliz mp—m3—1
= 7 — 3 > (.
A [///1(1 5) ] >0

Letting 0 < s < min{t,él} < 1, we have

aGlZ(t’s) _ (ml - 1) m—2 my—mz—1 m—2 my—2 my—mz—1
B = [Cltl (1—s)™M=m= g, (¢ — s)y™ =2 — ™M =2(E; — s)m—m }
S (m—1)
Z A
o (ml - l)tml_z'%l my—mz—1 my—2
_ x [(1—s)1 =l (1 —g)m ]zo.

[Cltm] 72(1 _S)m|fm3fl o %1 (t _ts)m|72 o 191tm172(§1 o éls)m|fm3fl]

Letting 0 < max {7, } <s < 1, we have

aG13<l,S) . (m1 — 1)
ot N Aq

G2 (1 —sym ] >0,

Letting 0 < & < s <t <1, we have

8Gl4(t7s) — (ml — 1) [Cltm172(1 _s)m17m371 —%1(1‘—5‘)’”]72]

ot Ap
_ my—2
> (m All)tl {Cl(l —s)mmel (1 —S)ml*z]
_ mp—2
= (mlAl)tl [Cl(l —s)™"™ — 1| (1 _S)er > 0.
1

Therefore Gy(z,s) is increasing in ¢, which implies Gy (z,s) < G(1,s). Letting 0 <t < s < & < 1 and
t € [1,1], we have

1
G]](Z,S) _ K] {C]l’n171(1 _s)m17m371 _ ﬁltmlfl((g’l _S)m17m371}
:l‘mlilGll(l,s) > TmlilGll(l,S).
Letting 0 < s <min{7,& } < 1and € [7,1], we have

1
Gult.s) = 4 [ e AT L T (TR

tmlfl

A G () (6

= tml_lGlz(l,S) > Tml_]Glz(l,S).

>

Letting 0 <max {z,£;} <s<1landt € [r,1], we have

1
G13<t75) = Xl [Cltmrl(l _s)mlfmzfl] — tmlflGB(l’s) > Tm171G13(1,S).
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Letting0 < &) <s<r<landr € [1,1], we have

1
Ga(t,s) = Xl [Cltml—l(l _s)m1—m3—1 — M (t —S)m‘_l

> "M 1Gry(1,5) > T Gla(l,s),
1
where 7 € (0, 1) satisfies / Gi(1,s)ds > 0. O
T
Lemma 3.4. Let Ay =T'(my). 4> # 0. If hy(t) € C[0, 1], then the fractional order boundary value problem
D2y(t) +ha(t) =0, 1 € (0,1), (3.3)

satisfying the boundary conditions (1.4), has a unique solution

lzr(mz — m3)t’"2’1
Ay ’

1

y(0) = [ Galts)hs)ds+
where G,(t,s) is the Green’s function for the boundary value problem (3.3), and (1.4) and is given by
oGl G22(tas)> Oésgmin{t7§2} <1,

Ga(t,s) = (34
Gao(t,s) { G23(I,S), 0 < max {t7§2} <s< 17

Gales) _{ Gai(t,s), 0<t<s<&<1,

SCR Gul(t,s), 0<&H<s<r<l,

Gai(t,5) =A12 :Czt’”fl(l — syl gy l(E —S)mzfmsfl]j

Gn(t,s) :A12 :Cztmz_l(l —s)mmm T s (1 —s)™ T — 9™ (&, *s)m2—M3—1} ’
Ga(t,s) :Alz :Cztmz’l(l _S)mrngq]7

Garlt5) =[G (1 -9yt e,

,%2 :C2 — 192&512_’"3_1.

Proof. Since the proof is similar to Lemma 3.1, we omit the proof here. g

Lemma 3.5. Assume that condition (Az) is satisfied. Then the Green’s function Ga(t,s) given in (3.4) is
nonnegative, for allt,s € [0,1].

Proof. Since the proof is similar to Lemma 3.2, we omit the proof here. O

Lemma 3.6. Assume that condition (A;) is satisfied. Then the Green’s function G,(t,s) given in (3.4)
satisfies the inequalities

(Hl*) GZ(tas) < G2<1as)a forall I,s € [071]7
(H2*) Ga(t,s) > 171Gy (1,5), forallt € [t,1],s € [0,1].

Proof. Since the proof is similar to Lemma 3.3, we omit the proof here. U
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4. MAIN RESULTS

In this section, we establish the existence of at least one positive solution to the system of fractional
order boundary value problem (1.1)-(1.4) by using the fixed point theorem of the cone expansion and
the compression of functional type due to Avery, Henderson and O’Regan [12], which generalized the
functional compression fixed point theorems of Anderson-Avery [13] and Sun-Zhang [14].

We consider the Banach space % = & x &, where & = {x 1x € C[0, 1]} equipped with the norm
| (e, 9) I = Ilxllo + llyllo, for (x,y) € 28 and we denote the norm by ||x||o = max,c[o 1] [x()|. Define a cone
P C P by

P = {(x,y) € A :x(t),y(t) are nonnegative and increasing on [0, 1]

and min [x(1) +y(1)] > nll(x,y)\l},

where I = [7,1] and
n =min{7t™ "' 7"} 4.1)

1 1
%:min{/ Gl(l,s)ds,/ Gz(l,s)ds}
0 0
1 1
@:max{/ nGl(l,s)ds,/ nGz(l,s)ds},
n n

where 1 is given in (4.1). Let us define two continuous functionals & and 8 on the cone & by

o(x,y) = I{IGIIII{‘X‘ + ‘y‘} and

Let

and

Blxy) = max { x|+ | } =x(1) +3(1) = | o)

It is clear that at(x,y) < B(x,y) for all (x,y) € &. We denote the operators <7 : & — &, o : P — &
and defined by
M (my —m3)em—1
Ay ’
),zr(mz — m3)l‘m2_l
Ay '

A (x,y)( / G1(t,5) fi (5, x(5),y(s))ds+

b (x,y)(t / Ga(t,5)f>(s,x(s),y(s))ds +

Theorem 4.1. Suppose that there exist positive real numbers r, R with r < NR and A; <
rAj < RAj

@[ (mj—m3) CID*F( j—m3)
(C1) f](t X y) > 2 nrj,teland (x,y) € [r,R],

(€2) f(t,x,y) < g5, 1 €[0,1] and (x,y) € [0,R].

Then the system of fractional order boundary value problem (1.1)-(1.4) has at least one positive and

such that f;, j = 1,2 satisfies the following conditions:

nondecreasing solution, (x*,y*) satisfying r < o(x*,y*) with B(x*,y*) <R.
Proof. Define the completely continuous operator &7 : & — % by

M(XQ}) = (M(xay)v%(x)y))'
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It is obvious that a fixed point of 7 is the solution of the fractional order boundary value problem
(1.1)-(1.4). We seek a fixed point of .o7. First, we show that &7 : & — Z. Let (x,y) € &. Clearly,
1 (x,y)(t) > 0 and <A(x,y)(t) > 0 for ¢ € [0,1]. Also, for (x,y) € 2,

T A
. (x, ) o < /01Gz(l,s)fz(s,X(S),Y(S))dH M(HZ;W’
and
_—— /0 Gla,s)fl(s,x<s>,y<s>)ds+M("“ otk
> pm-l UOIGI(l,s)fl (s,x(5),y(s))ds+ Mr(mAll m3)]

=11 (x,y)]o-
Similarly, milrmfz(x, v)(t) > |94 (x,y)llo. Therefore
te

min {4 (x.)(0) +-4(29) (1)} = A (5.l -+ L 5.9 o
= 77||(»‘2f1 (x,y),;zfz(x,y))H
=1l (x,y)|.

Hence </(x,y) € & and &/ : & — 2. Moreover, & is a completely continuous. Let Q; = {(x,y) :
a(x,y) <r}and Q; = {(x,y): B(x,y) <R}.Itis easy to see that 0 € &, and Q;, Q, are bounded open
subsets of &. Letting (x,y) € Q, we have

r>a(x,y) = min{x(t) +y()} = n{|xl|+ Iyl } = nB(x.y).
Thus R > % > B(x,y), i.e., (x,y) € Qa, 50 Q) C Q.

Claim 1. If (x,y) € ZN0JQ, then a (e (x,y)) > a(x,y). To see this, let (x,y) € 2N JLQ;. Then
R=B(x,y) > [x(s) +y(s)] > a(x,y) =r, for s € I. It follows from (C1), Lemma 3.3 and Lemma 3.6 that

a(ﬂ(x,y)(t)) min [/ Gj(t,s)f;(s,x(s),y(s))ds + =

tel
j=

A F( I’}13)lmf
Aj

v

| —

/nlnGj(laS)fj(S,X( ),y(s))ds+ AF(mJ_mﬁ}

Aj

Vv

h
i[/nlnGj(l,s)fj(s,x(s),y(s))ds]

1

> .n’"@/ nGi(l, s)ds+ff@/ NGa(1,5)ds

_l’_

N~ l\)\

=r=a(xy).

NN
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Claim 2. If (x,y) € 2 NJQy, then (< (x,y)) < B(x,y). To see this, let (x,y) € 2N IQ,. Then
[x(s) +y(s)] < B(x,y) =R, fors € [0,1]. It follows from (C2), Lemma 3.3 and Lemma 3.6 that

AL (mj — m3)}

B( (x.7) )—maXZ[/ 50:8)15(5,(5),y(9)ds + ==

= Z [/o Gi(1,9);(3(5)y(s)) s+ =)

J

R
/Gl lsds—i-ff/ Gzlsds—l-f-i-g

Clearly, o satisfies Property 2.4 (c¢) and B satisfies Property 2.5 (a). Therefore the condition (i) of
Theorem 2.6 is satisfied and hence .7 has at least one fixed point (x*,y*) € 22N (Q,\Q1), i.e., the
system of fractional order boundary value problem (1.1)-(1.4) has at least one positive and nondecreasing

solution (x*,y*) satisfying r < ot(x*,y*) with B(x*,y*) <R. O

Theorem 4.2. Suppose there exist positive real numbers r, R with r < R and
A; A;

Aj < o < ! such that f;, j = 1,2 satisfies the following conditions:

DL (m; —m3 ) ~ ®il(mj—m3)
(C3) fi(t,x,y) < g-. %, forallt € [0,1] and (x,y) € [0,r],
R

(C4) fJ(t X y) % t el and (x,y) € [R, n].
Then the system of fractional order boundary value problem (1.1)-(1.4) has at least one positive and
nondecreasing solution, (x*,y*) satisfying r < B(x*,y*) with a(x*,y*) <R
Proof. Let Q3 = {(x,y) : B(x,y) <r} and Q4 = {(x,y) : at(x,y) < R}. We have 0 € Q3 and Q3 C Q4
with Q3 and Q4 are bounded open subsets of &

Claim 1. If (x,y) € 22N 09Qs, then (o (x,y)) < B(x,y). To see this, let (x,y) € PN IQ3. Then
[x(s) +y(s)] < B(x,y) =r, fors € [0,1]. It follows from (C3), Lemma 3.3 and Lemma 3.6 that

ﬁ(»@f(xy )—maXZ[/G (t,9)f;(s,x(s), ())ds+kr(mAfjm3)}

Sg [/0 G;(1,9)f;(s.x(s), 3(s ))dHW]
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Claim 2. If (x,y) € 2 N9Qy, then a (< (x,y)) > a(x,y). To see this, let (x,y) € &N 9Q4. Then
R

E (x Y) > B(x,y) > [ (s) +y(s)} > o(x,y) =R, for s € I. Tt follows from (C4), Lemma 3.3 and

Lemma 3.6 that

a(sz/(xy = min ; [/ Gj(t,s)fi(s,x(s), (s))ds—l—ljr(mj ;m3)tmjl]

tel = j

AL(mj—m3)
05 (55(0) 5+ =)

v

™ 1 M"’

\

v

[/ NG;(1,5)f(s5,x(s), )’(S))ds]

1 R 1 S (1
2n<€ NG s)ds+ Cg/ NGa(1,5)ds
§+E—R o(x,y).

272 oY

Clearly o satisfies Property 2.4 (c) and f satisfies Property 2.5 (a). Therefore the condition (ii) of
Theorem 4.1 is satisfied. Hence .27 has at least one fixed point (x*,y*) € 2N (Q4\Q3), i.e., the system of
fractional order boundary value problem (1.1)-(1.4) has at least one positive and nondecreasing solution

(x*,y*) satisfying r < B(x*,y*) with a(x*,y*) <R. O
5. AN EXAMPLE

In this section, we demonstrate an example to support our main results. Consider the system of

fractional order boundary value problem
DyEx(t) + fi(t,x,y) =0
Dy?y(t) + f2(1.x,y) =0, 1€ (0,1), (5.2)

satisfying the boundary conditions

(5.1)

-~
m
—
=
[—y
~—

11 1
—5 Db (l):ll—|—7—D8'+7x(f),
11 1 1
¥(0) =0, =D7y(1) = Ao+ 25 D47y(5 ).

(5.3)

where A1, A, are parameters, and

o tx+y) 11277

filtxny) = =557+, (79’ -
2 (x+ 1le— Xty

fZ(ta-xay): (5 y)+ 12 .

Clearly fi, f» are continuous and increasing on [0,0). By direct calculations, 1 = 0.0824, ¢ = 17.8461
1 1 1

1 1
and Z = 1362.3124. If we choose r = 8, R = 100 and(;ﬁ1 @ZST:E;:Z,thenr<nRandfj,

for j = 1,2, satisfies

1 r
e f(t,x,y) >0.0356 = 2 g€ [0.25,1] and (x,y) € [8,100],
e f(t,x,y) <1.4009 = N %, t €10,1] and (x,y) € [0,100].
J
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Then all the conditions of Theorem 4.1 are satisfied. Thus, for A; < 117.6798, 4, < 258.1466, the system
of fractional order boundary value problem (5.1)-(5.3) has at least one positive solution.
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