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Abstract. In this paper, a linearized asymptotic stability result for a Caputo-Katugampola fractional-order systems is described.
Two applications are given to demonstrate the validity of the obtained results.
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1. INTRODUCTION

The integer-order calculus is inconvenient for several physical systems whose true dynamics contain
fractional (non-integer) derivatives. To accurately model these systems, the fractional-order differential
equations are used. For example, heat transfer systems [1], financial systems [2] and electromagnetic
systems [3], have been modelled using the fractional-order calculus. Recently, the use of fractional-
order equations in the stability theory has distinctly risen [2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13], and several
works have been done in this context. There are two main methods: Lyapunov’s first method as the
method of linearization, the study of linear equations by means of Lyapunov exponents and theorems
of linearized asymptotic stability [6, 14] and Lyapunov’s second method: as the method of Lyapunov
functions [15, 16].

In this paper, we propose a Lyapunov’s first method for the zero solution of the following Caputo-
Katugampola fractional-order system of order ¢ € (0,1), p > 0:

DL x (1) = Ax() +f (x(1)), t > 10, (1.1)
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where A € R?“ and f is a locally Lipschitz continuous function satisfying that

f(0)=0,
lim £ (r) =0, (1.2)
where
Ef(r) — sup Hf(x)_f(y)H (13)
X,YEBRa (0,r) Hx—y||

The asymptotic stability of the zero solution of the linear Caputo-Katugampola fractional-order system:
CDZ;Px(t) = Ax(t) (1.4)

is known to be equivalent to the spectrum ¢(A) satisfying 6(A) C {A € C: |arg(A)| > %F|}; see [17].
It is to be demonstrated that if the zero solution of (1.4) is asymptotically stable, then the zero solution

of (1.1) is asymptotically stable which is our main result of Theorem 3.4. For the proof of the theorem,
two main steps are presented. The first step consists on the transformation of the linear part to a matrix
which is ”very close” to a diagonal matrix. The second step describes the construction of an appropriate
Lyapunov-Perron operator whose aim is to present a family of operators with the property that any
solution of the nonlinear system can be interpreted as a fixed point. Finally, an application is given to
show the validity of the theoretical result. For p = 1, Cong et al. [6] developed the Lyapunov’s first
method for the zero solution of the Caputo fractional-order differential equations of order a € (0,1).
Our results presented in this paper mainly extend the work of Cong et al. [6].

Recently, some researches investigated the Caputo-Katugampola fractional order systems. In [18],
Verma and Viswanathan investigated the Katugampola fractional calculus and fractal dimensions in
which they e studied the generalized Caputo fractional integral of a continuous function of bounded
variation defined on a closed bounded interval. In [19], Zeng et al. presented fractional differential equa-
tions of Caputo-Katugampola type and numerical solutions. A corresponding discretization technique
was proposed. They also obtained numerical solutions discussed the convergence results. The applica-
tions of the proposed derivative is essentially illustrated by chaos [6], fuzzy logic [20] and so on. Indeed,
Cong et al. [6] presented the chaos analysis and asymptotic stability of generalized Caputo fraction-
al differential equations in which the fractional Lorenz system is described and detailed. Furthermore,
Hoa, Vu and Duc [20] suggested a fuzzy fractional differential equations under the Caputo-Katugampola
fractional derivative approach.

The rest of the paper is organized as follows. Some basics of the fractional-order calculus and
necessary preliminaries are presented in Section 2. The linearized asymptotic stability for Caputo-
Katugampola fractional differential equations is given in Section 3. In Section 4, the last section, we
present two applications to the Caputo-Katugampola fractional-order systems are presented in section 4
to show the efficiency of the proposed approach.

2. PRELIMINARIES

In this section, let us revisit some basics of the fractional calculus. We adopt the notations of the
Caputo-Katugampola fractional integral and derivative from [15, 21, 22, 23].
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Definition 2.1. (Katugampola fractional integral) Given & > 0, p > 0 and an interval [a,b] of R, where
0 < a < b. The Katugampola fractional integral of a function x € L!([a,b]) is defined by

1-o | p—1
o.p _p P u(s)
foult) = (o) / (tP _Sp)lf"‘ds’

where I is the Gamma function.

Definition 2.2. (Katugampola fractional derivative) Given 0 < a < 1, p > 0 and an interval [a,b] of R,
where 0 < a < b. The Katugampola fractional derivative is defined by

t

a.p . p“ 1pd/ sp—lu(s)
Do) ==y’ @] )

a

Definition 2.3. (Caputo-Katugampola fractional derivative) Given 0 < o < 1, p > 0 and an interval |a, b]
of R, where 0 < a < b. The Caputo-Katugampola fractional derivative is defined by

D% u (1) =D u(r) — u(a)]
p% o ,d [ \[u(s)—u(a)]
F(l—a)tl pE/ o —s* O

a

Lemma 2.4. Let u : [ty,+o0) — R be a continuous function. Then, the semigroup property holds

I"‘;"If;pu(t) = I;‘fﬁ"’u(t), 0<a, 0<B,0<p.

B
Lemma 2.5. The Katugampola fractional integral of u(t) = (%) has

T(B+1) [t —aP\PT®
F(a+[5’+1)< > ) , —1<B,0<a,0<p.

Lemma 2.6. If u is a constant, then the fractional derivative of u is CDZ‘;p u(t)=0.

Since f is a locally Lipschitz continuous function, we have the existence and uniqueness of solutions of
initial value problems (1.1) (see [22]). Let x(#,x¢) denote the solution of (1.1) on its maximal interval of
existence I = [fy, tyax(X0)) With 2 < fyax(x0) < oo.

Definition 2.7. The equilibrium point x* = 0 of (1.1) is said to be
o stable if, for any € > 0, there is a = 8 (€) > 0 such that, for every ||xo|| < 8, tynax(x0) = o0 and

lx(t,x0)|| <&, Vt>1.

e asymptotically stable if it is stable and, furthermore, there exists ¢ > 0 such that for every ||xo| <c,
limy e x(2,x0) = 0.

Definition 2.8. The Mittag-Leffler function with two parameters is defined as

to ok
Eqp(z) = Z Tka+ )’

=0
where oo >0, B >0,z € C.
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Proposition 2.9. [6] Let A be an arbitrary complex number with & < |argA| < . Then, the following
statements hold:

(i) There exist a positive constant M(@, ) and a positive number t| such that

M(o,A)

’ta_lEaJx (At(x)| S W’ vt >t1.

(ii) There exists a positive constant C(o.,A) such that

ds < C(a, 7).

t>0

sup/t‘(t—s)a_1 Eqo (A (1—5)%)
0

Remark 2.10. Let A be an arbitrary complex number with %% < |argA| < 7. Then

t
p_gp\ %1 p_P\&
wf|(557) (3 (557) )
tzaa p p

p .
%, we obtain

[)(57) e (57))
G GG ))

It follows from Proposition 2.9 that

t
p_gp\ %1 p_gp\¢
wf(757) a3 (57) )
tzaa p p

We consider the following fractional differential equation

ds < C(a, 7).

Indeed, using the change of variable u =

ds

du.

ds < C(at, 1),

CDZ;pu(t) =Au(t)+h(t),u(a)=c, 0<a<1,0<p,

where h is a continuous function on [a,+oco[. The equation can be transferred to an equivalent integral
one as

u(t)=u(a)+ AL u(t)+15Ph(t), u(a) =c.

To obtain an explicit clear solution, we apply the method of the successive approximation. Set ug =
u(a) =cand

Un+1 = Uo +Maa+’pun +I:;ph(t) , 0<n,
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It follows that

u = MQ—I-AI;&puo—I—I;_’ph(l‘)
upA (tp—ap
I'a+1) p

1 k p_ P ko
_ Z uplA (t a > +I(fi’ph(t),
= U (ka+1) p

2 oAk (z‘p —aP
ETkar1)\ p

= MO+

o
> +15Ph(r)

Uy =

ko
) FALYPR(0) +1%P (1),

and

ok (tp—ap

> Zlk1+k+1 ph )

= quF(kochl) P
L Ak tP—aP
- ok <ka+1>< p )
’n—l pl-olk+) gp1

+/Z)Lk

2 k=0 T'(ak+a) (1o — sp)l—olkt)
Zn: Ak (l‘p—ap>ka
= u
&Tka+1)\ p
t
n—1 2k P o\ kD)=l

+/ P~ 1() h(s)ds

) kg;)l"(ak+a) p (s)

i 7Lk <tp—ap>ka
= u
&T(ka+1)\ p

t
P —sP\* PGP\ ok
pl
+a/< P > Z ak+a< 5 > h(s)ds.

Letting n — oo, we obtain

= w357
S e ()

Using Theorem 6.37, pp. 146 in [24] , there exists a nonsingular matrix 7 € C?*¢ transforming A into

h(s)ds

the Jordan normal form, i.e.,

T~ AT = diag (A},A,,...,A,),

where, for i = 1,2,...,n, A; = Aiidd;xd,v + niNd,vxd;a where 7); € {0, 1}, A€ {i\l,i\z,...,@}, and the
nilpotent matrix Ny, 4. is given by
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010 0 0

0 01 0 0
Nd,‘Xd; =

00 0 1

0 0 0 0

dixd;
Let § > 0. Using the transformation P; = diag (1,8,...,6% 1), we get
P7YAP = Ajidy g, + 8iNayxd;
8; € {0,8} . Therefore, by the transformation y = (TP) ' x system (1.1) becomes
Dy (1) = diag (11,2, oo ) y (1) + 1 (¥ (1)) 2.1)
where J; = l,-iddixdi fori=1,2,...,n, and

h(y) = diag (81 Na, xd, 52Ny xdys -+ OaNayxa,) ¥ (1) + (TP) ™ f (TPy). (2.2)

Remark 2.11. [6] Note that the map x — diag (81 N4, xd, , 02N, xdy s ---, 0nNa, xa,) X is @ Lipschitz contin-
uous function with Lipschitz constant §. Thus, by (1.2), we have

{ 0, if there exists 6; = &,

h(0)=0, lim¢,(r)= 0, otherwise

r—0

Remark 2.12. [6] The type of the stability of the zero solution of equations (1.1) and (2.1) are the same.
We denote by C., ([fo, +e) ,R?) the space of all continuous functions & : [fy, +e0) — R? such that
1€]leo = sup [ (1) | < ee.
1210
For any x = (x!,x?,...,x") € R? = R% x ... x R%, we define the operator
Fr: Co ([0 00) B = Cu ([t +o0) )

as follows:

(:8) () = ((F:8) (1. (F8) (1), ()" () fort € [10,+00),

where fori=1,2,...,n

(FEV () = Ed ((tp ;t{)))“h) A
JOE) (552 )

Remark 2.13. Let & € C ([to, +o0) ,R?). Then & is a solution of (2.1) with & (fp) = x if and only if it is
a fixed point of .%,.

In the next section, we will verify that .%, is well defined.
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3. LINEARIZED STABILITY OF CAPUTO-KATUGAMPOLA FRACTIONAL-ORDER SYSTEMS
In this section, we study the asymptotic stability of the system (1.1).

Proposition 3.1. Assume that 6(A) C {A € C: |arg(A)| > %E|}. Then, there exists a constant C (o, )
depending on a and A := (A1, 23...., Ay) such that, for all x € R? and & ,& € C.. ([to, +o0) ,Rd),

|7e- 28| _<clanyo(max (€. |E| )| -¢|. G.1)
and
I7E < s (x,- (- )) 1
+C(0,2) (1) €] (32)

Proof. Fori=1,2,...,n, we have

i

ey~ (#8) 0

< ty(max(|g]...
/t<tp _Sp>06—1
p
fo

< o(mar(12.

g)l)) lle-g].~
(57

e-¢]..

It follows from Remark 2.10 that

ey (#E)

f)eian

£[.))lle-¢].

C(o,A) =max{C(et,A1),C(a,A2),....,C(0t,A;)}.
On the other hand, for & = 0, we have

(F.0) (1) = Eq <<tp ;tg ) aJl-> X

Using (3.1), we obtain (3.2). This completes the proof. O

Thus
|7e-7&

< Clo ) by (max (JE]..|

where

Remark 3.2. It follows from Proposition 3.1 that .%, is well-defined.

Up to now, we have found that the Lyapunov-Perron operator is well-defined and Lipschitz continu-

ous. Note that the Lipschitz constant C (o, A) is independent of the constant § which is hidden in the

coefficients of system (2.1). From now on, we choose and fix the constant & as follows 6 := S

2004
Lemma 3.3. Take r > 0 such that
q:=C(a,A)l,(r) <1, (3.3)
and set
. r(1—q) . (3.4)

maxi<ij<p Sllptzz0

£ (2 (%55)")
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LetBc, (0,7) := {& € Cw ([to,+°0) ,RY) : |||, < r} . Then, for any x € Bga (0,r*) , we have Zy (Bc.. (0,r)) C
Bc.. (0,r) and

|7 -8

’ Sq"é_é“ ’ véaéeBCm(Oar)'
Proof. Let x € R? with ||x|| < r* and let & € Bc_ (0,r). It follows from (3.2) that

P —P\*
E<x( °)>\uxu
P

+C (ot A) b () €]
< (I—g)rtqr=r

Z <
|7l < max sup

Hence .%, (B¢, (0,r)) C Bc., (0,r) . For any x € Ba (0,7") and 5,5 € B¢, (0,r), it follows from (3.1) and
(3.3) that

~

[ERLES:

IN

C(a,A),(r)

e g

e-g].

‘ oo

IN

The proof is completed. 0

Consider system (1.1) CDtoi’p x(t) =Ax(t)+ f(x(¢)), t > to. We now in a position to state the main
0
result of this paper.

Theorem 3.4. Assume that 6(A) C {A € C: |arg(A)| > %GE|} and the nonlinear term f is a locally
Lipschitz continuous function satisfying (1.2). Then, the zero solution of (1.1) is asymptotically stable.

Proof. In view of Remark 2.12, it is sufficient to prove the asymptotic stability for the zero solution of
system (2.1). To this end, let r* be defined as in (3.4). Let x € Bga (0,r*). Using the Banach fixed
point theorem and Lemma 3.3, there exists a unique fixed point & € Bc_ (0,r) of .%,. This point is
also a solution of (2.1) with the initial condition & (fy) = x. The zero solution 0 is stable, since the
initial value problem for equation (2.1) has a unique solution. To complete the proof of the theorem,

we have to demonstrate that the zero solution O is attractive. Let x = (xl,xz, ,x”) € Bpa (0,7*) and

E@r) = ((é)l ), (E)*(1),....(&)" (t)) be the solution of (2.1) which satisfies & (fp) = x. From Lemma
3.3, we see that ||&||., <r. Letb:=limsup||& (¢)|| thus b € [0,r]. Let € > 0. Then, there exists T (€) > o
f—yo0

such that

s @l <b+e, Vi=T(e).
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Using Proposition 2.9 (i), we get

] [(757) e (757 ) s

T(e)

. M(OZ 7Ll) _
< h' 1 /7’ Py
- ze[rzf)le}x H ))H ll;‘iiilp <zpsp>a+1s *
o p

pUIM (k) oy
< h' li /— P=d
< e [WE0)tmsup [ BT R0

p “M(a, ;)
< n (& ()1 / =0.
< max [[A (€ (1)) timsup a+1 du

. : P 1P\
Thus, it follows from the fact that &' (r) = (%,&)' (r) and tlim Eq <7L,- < 5 0 > ) = 0 that
—yo0

timsup /()] = timsup | / (”’;S”)aIEM((f”;S”)a)sPW(&(s))dsH
T{e)

< Up(r)C(o, M) (b+e).

Therefore,

S
IN

max{ligrisgp“gl (1)
< 0()C(0) (b+e).

) -otimsupl” 0]

Letting € — 0, we find
b</{,(r)C(a,A)b.

From the assumption ¢, (r)C(a,A) < 1, we obtain that b = 0. This ends the proof. O

4. APPLICATIONS

4.1. Fractional-order Lorenz system. To illustrate the theoretical result and to show its effectiveness,
the generalized fractional-order Lorenz System is given as an example. Such system can be written as:

CD[Oi'pxl (1) =a(x;(t) —x2 (1)),
Dt* xz(t):bxl (t)—x1 (I)X3(l)—CX2(I), “4.1)
CDI+ x3(t) =x1(t)x2(t) —dxs (1),

where a,b,c and d are parameters and ¢, p are the fractional-orders. It can be rewritten as

CDZ;Px (1) =Ax(1)+g(x(1)),
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a —a 0 0
where x = (xl,xg,x3)T A= b —c 0 and g(x) = | —xjx3 |.Letus consider a =—8,b=
0 0 —d X1X2

26,c =—7,d =3,00 = 0.9, and p = 1.2 We design the linear state feedback controller as u = BKx and
select

B=| 1 andK:(o 50 o).
0

The eigenvalue of the matrix A + BK are A; = —2.8229, A, = —48.1771 and A3 = —3, which make
larg (A;)| > SF, i€ {1,2,3}. Thus, according to Theorem 3.4, the zero solution of the closed-loop system

CDEPx (1) = Ax(1) + g (x(1)) + Bulr),

is asymptotically stable.

4.2. Fractional-order Lotka-Volterra system. In this subsection, we investigate the problem of the
stablization by the linear feedback of the following generalized fractional-order system

CDfi'pxl (1) =x (h+ax1 —i—bxz),
0

4.2
CDZ;pxz(t):xz(—r—l—cxl), 4.2)

where the parameters 4 and r are positive. This system can be rewritten as follows

DEPx(1) = Ax () + f (x(1)),

h 0 2 +b
where x = (x1,x)" ,A = ) and f (x) = ( o+ b
0 —r CcX1X2
We design the linear state feedback controller as u = BKx .The linear part of the closed-loop system
is given by
—h 0
A+BK =
( —2h —r )
1
with B = | and K = ( —2h 0 ) The eigenvalue of A+ BK are A; = —h and A; = —r, which

make the |arg(A;)| > &F, for i = 1,2. According to Theorem 3.4, the zero solution of the closed-loop
system is asymptotically stable.

5. CONCLUSION

In this paper, we described a linearized asymptotic stability result for a Caputo-Katugampola fractional-
order system. An application is given to demonstrate the validity of the proposed results. For the proof,
we proposed two main steps. The first step consists on the transformation of the linear part to a matrix.
The second step describes the construction of an appropriate Lyapunov-Perron operator. Two applica-
tions are also given to show the validity of the theoretical result.
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