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1. INTRODUCTION

Fractional calculus as a branch of mathematics that deals with derivatives and integrals of arbitrary
orders, appears frequently in researches due to its numerous applications in many fields of science and
engineering including physics [1, 2], biology [3], chemistry [4], fluid flow, electrical network, etc [5, 6].
With the help of fractional calculus, we can formulate the mathematical models of the natural phenomena
[7, 8]. Therefore, the subject of fractional differential equations has received much attention and many
papers focus on the theory [9], and their solutions [10, 11], in the last few decades. In fact, fractional
derivatives have arisen as a valuable tool for the description of memory and hereditary properties of
various materials and processes, the comprehensive reviews of fractional differential equations may be
found in [5, 6].

Delay differential equations can describe many complex processes in nature and technology [12, 13].
In fact, these equations are a special sort of functional differential equations involving past value of
the state variable [14, 15]. Functional differential equations occur often in several areas of applied
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mathematics with the delay dependent on the unknown functions [16]. These equations are nominated
functional differential equations with state-dependent delay.

Recently, study on the existence of solutions for fractional differential equations with state-dependent
delay becomes very attractive and many authors are studying on these problems. In [17], the existence
and uniqueness solution of nonlinear fractional integro-differential equations with state-dependent delay,
has been investigated on a compact interval using the measures of noncompactness technique. Hartung
[18], studied well-posedness and continuous dependence issues and differentiability of solutions with re-
spect to parameters in neutral differential equations with state-dependent delays. In [19], the existence of
solutions for a class of impulsive fractional neutral stochastic integro-differential systems with nonlocal
conditions and state-dependent delay, has been studied in Hilbert spaces. Suganya, Arjunan andTrujillo
[20] investigated the existence of solutions for impulsive fractional integro-differential equations with
state-dependent delay of the following model,

“Dx(1) = Ax(t) + f (t,Xp () Jo h(E, 8, Xp (5000 )ds) 5 1 € [0,T]—{11,12, ... m }

Ax(tk) :Ik(x(t,:)), k=1,2,..m,

X=¢0€B, O0<a<l.

They obtained their results with the help of different fixed point theorems, Banach contraction principle,
Krasnoselskii’s and Schaefer’s fixed point theorems.

In our previous paper [21], we investigated the existence of solutions for the class of fractional integro-
differential equations with time-dependent delay. Using the Krasnoselskii’s fixed point theorem, we
obtained our results for a coupled system of fractional integro-differential equations with time-dependent
delay of the following form

DY [x(1) = i (t,xp(0)] = 1'% fi(t,%p (), K1¥(t))
+F (tvyhf(;(t _S)ailhl (t,s,xs)a’s),

D [y(1) = L (t,yp0)] = 1" fa(t,yp(0), K2x(2))
+F2(t7-xl7f(§<t _S)aith(nsvys)ds)?

teJ=[0,T], xo=yo=¢ €B.

In this paper, we discuss the existence and uniqueness of solutions for a class of fractional integro-
differential equations with time-dependent delay of the following form

D* [x(1) — 8(t,.%p())] = f1 (.5, o (t — )@ Vx(s)ds)
X f5 (t7xp(t),f6h(s,xs)ds) , (1.1
xo=90€B, t€J=[0,T], O0<a<l,

where D% is the Caputo fractional derivative, fi,f> :J xBxX =X, gh:JxB— X, and p : J —
(—oo, T] are given functions satisfying some appropriate hypotheses. Also, B is a phase space of mapping
(—o0,0] into X which will be defined in the next section. For each x : (—eo,T] — X, the function x; :
(—e0,0] — X is defined by x,;(0) = x(¢ + 6) for 6 € (—o0,0], ¢ € [0,T].



EXISTENCE AND UNIQUENESS FOR SOME FRACTIONAL FUNCTIONAL-DIFFERENTIAL EQUATIONS 3

In contrast to the current outcomes, some positive aspects will be presented in this paper: First of
all, we investigate the existence and uniqueness results of solutions for a class of fractional integro-
differential equations with time-dependent delays that include the product of two nonlinear operators
f1,/>. Because of the inappropriateness of using function p(¢,x,) in the previous related works, we
replace p(t,x,) with p(¢) to obtain our results, and we present a new definition of function p(z,x;) for
the proof of the contraction mapping in our paper. Then, we implement the Banach and Krasnoselskii’s
fixed point theorems to examine model (1.1).

The structure of the paper is as follows. In Section 2, we present some preliminaries and lemmas that
be used to prove our main results. In Section 3, the existence of solutions for problem (1.1) is analyzed
under the Banach fixed point theorem and the Krasnoselskii’s fixed point theorem. In Section 4, an
example is given to illustrate our results. Finally, the paper is ended with a brief conclusion in Section 5.

2. PRELIMINARIES

In this section, we recall some preliminary components and notations which are used throughout of
this paper. These concepts can be found in [6, 22, 23].

Let X be a Banach space with the standard norm ||.||, and let C(J,X) denote the Banach space of all
continuous functions from J into X with the norm

I fllewsxy = sup [[f@)]-
0<t<T

Let L' (J,X) be the Banach space of measurable functions from J into X which are Lebesgue integrable
with the norm

£l = [ 176y

Definition 2.1. ([6]) The Riemann-Liouville fractional integral of order o > 0 of the function f €
L'(J,X) is defined as

£0) = Fgy L (=" e

where I'(.) is the Gamma function.

Definition 2.2. ([6]) The a-th Caputo fractional derivative of f € C(J,X) is defined as

t
ma = @ -1 <a<mnen
— 0

‘Df(r) =
Lemma 2.3. (Krasnoselskii’s fixed point theorem). Let X be a Banach space and let E be a bounded,
closed, convex subset of X. Let S, Sy be maps of E into X such that (S1+ S2)x € E for each x € E. If S

is a contraction mapping and S is completely continuous, then the equation
Six+Sx =x,
has at least one solution on E.

By means of the Krasnoselskii’s fixed point theorem, we will present some results for problem (1.1)
in the next section.

To describe the fractional integro-differential equations with time-dependent delay, we introduce the
phase space (B, ||.||z), which is the vector space of functions defined from (—e, 0] into X with a seminorm
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||.|| g such that the following axioms hold [23]:
(A) For every f: (—oo,T] — X with fy € Band t € J:
@D fieB,
D [Ifillp < N(2) sup [If(s)]|+M(2) | folls
0<s<t

A [LfF Ol <Rl fills

where h > 0is a constant, N € C(J,(0,00)), M : J — (0, 00) is locally bounded, and /, N, M are independent
of f(.). Also, we assume

nr = sup |[N(t)|, and my = sup |M(7)]|.
0<I<T 0<i<T

(A-1) For the function f(.) satisfies the conditions (A), the function  — f; from J into B is continuous.
(B) The space B is complete.

Remark 2.4. Condition (A)-(III) is equivalent to ||¢(0)|| < i ||¢|z-

Remark 2.5. ([22]) Let f € Band 7 < 0. The notation ( fp), represents the function defined by (fp),(0) =
fo(6+1), B € (—e0,0]. Therefore, for the function f(.) in axiom (A), we get f; = (fo):, < 0. Obviously,
(fo): is well defined for # < 0, since the domain of fy(.) is (—oo,0].

In addition, we give the following hypothesis on f;, t < 0:

(Hp) Let £(p~) ={p(r) : p(t) <0, t € J}. The function t — f; is well defined and continuous from
£(p~) into B, and there exists a continuous and bounded function J/(¢) : £(p~) — (0,0) such that, for
eacht € £(p7),

1fellp <P @) 1 foll-

Lemma 2.6. ([22]) Let f : (—o0,T] — X be the continuous function on J such that fy € B and condition
(Hy,) holds, then

1fella < (mr +572) | foll +nr sup [If(s)Il, r € L(p7) U,

0<s<t

where J/0 = supteg(pf)JfO ().
We consider the space

Q={f:(=T| =X flos €CU.X), fo=9¢ €B},

equipped with norm

9

1fllo = [lfollg+ sup [lf(z)]
0<t<T

which is a seminorm in Q.
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3. EXISTENCE AND UNIQUENESS OF THE SOLUTION

In this section, we demonstrate the existence and uniqueness theorems of solutions to problem (1.1).
To obtain the main results, we need the following assumptions:
(Hy) : g,h:J x B— X are the continuous functions, and there exist the constants g1,/; > 0 such that

lg(t,x1) =gt x)ll < g1l —xllp, g™ =supe(0)],
te

1A(t,x1) = h(t, )| < hullxr —x2llp, A" = supl|A(z,0)]].

teJ
(Hy): fi:JxBxX =X, i=1,2, are the continuous functions, and there exist the constants f;;,i =
1,2,j=1,2, such that
1fi(t,x1,31) = fi(t,x2,32) 1] < fr s — 2l g + fiz [y =y,
fi*:Sllpri(l‘,0,0)H, i=12.
teJ
Lemma 3.1. A function x € Q is a solution of problem (1.1), if it satisfies the following integral equation:
x(t) =9(0) — £(0,xp0)) +8(t,%p ()

b [ =90 (s [[s= 0@ Datnay)

X fr <s,xp(x),/osh(y,xy)d7> ds. (3.D

Proof. Assume that x is a solution of (1.1). For every ¢t € J, we have

°D* [x(t) — g(t,x5())] =i (t,x,,/ot(t_s)(al)x(s)ds>

1
X fr <t,xp(t),/0 h(s,xs)ds> .

Applying the Riemann-Liouville fractional integral operator of order ¢ on both sides, we obtain

x(t) — g(t,xp(r)) +c1

= F(la)/ot(;_s)(a—w X <f1 (s,xs,/os(s_y)(a—l)x(y)dy> f <s,xp(s),/osh(y,xy)dy)>ds.

Using the initial condition, we get
c1=—0(0)+g(0,x5)),
which implies

x(t) =9(0) — 8(0,xp0)) +&(t,%p ()

+ F(la)/ot(t—s)(a_])fl <S,XS7/OS(S—Y)(a_])x(?’)d7>

X f2 <S7-xp(s)7/0 h(’)‘x}’)d}/> ds.

Conversely, x is a solution of integral equation (3.1). This completes the proof. U
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Theorem 3.2. Suppose that conditions (Hy) and (H,) are satisfied. With the appropriate choice for
Wi, i=1,2,--- 4 and

o

A = (81”T+m

[(fripn + frops + 1) (fainr +T farhyng)]
T i T ) |
+m[(f21ﬂ2 + fa2lly +f2)(f11nT+Ef12)] <1,

problem (1.1) has a unique solution.

Proof. First, in order to prove this theorem, we need to transform problem (1.1) into a fixed point prob-
lem. Therefore, with the help of Lemma 3.1, we define the operator N : Q — Q as

¢(0) —g(0,xp(0)) +&(t,xp(1)) + ﬁfé(f —s)@=1)

Nx(r) = X (f1 (s,xs,f(f(s— y)(“‘l)x(y)dy) ) (s,xp(s),fgh(y,x},)d}/)) ds, telJ,
(])(t), re (_00’0]'
We express the function ¢(.) : (—eo,T] — R by
9(0), 1€,
o) =
¢(1), te€ (—o,0].

Let x(t) = y(t) + @(t), t € (—eo,T]. It is evident that x satisfies in equation (3.1) if and only if yo = 0.
Also, it suggests xp ;) = Yp(1) T Pp(r)s Xt =Yt + @, 1 €J, and

y(t) =—2(0,x50)) + & Yp() + Ppr))

1 t _ S B
t g =9 (A (st o [ 6= 0«0+ 9)nar)
C'(a) Jo 0

X f2 (Sayp(s) + (pp(s)7/0 h(%yY+ (Py)d?’)) ds.

Let Q= {y € Q:yo=0¢ B}, and | .|| be the seminorm in Q described by
g = Ilyollz+ sup lly@l = ¥lcyx)

0<i<T
as aresult, (Q,||.||o) is a Banach space. We define the operator N : Q — Q as follows

Ny(1) =—g(0,x5(0)) +8(t,Yp() + Ppr))

L ' _ a1 § _aa(a—1)
+F((X) /0 ([ S) (fl (Says“‘(Ps,/o (S ’Y) (y+ (P)('}’)d'}’)
X (fz (Svypcv) + ®p(s) /0 Sh(%ywr (py)d7>> ds.

It is clear that the operator N has a fixed point, if and only if N has a fixed point. Thus, the aim is to show
that N has a fixed point.

Choose
o

T
R > ||g(0,x,0))|| + s + m(fu#l + fromz + 1) (a1l + folla + f7),
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and Dy = a6 < R} Indeed, D C Q is closed, bounded and convex subset in Q. We prove
that N (Dg) C Dg. By means of the continuity of the nonlinear functions fi, f», h, and g, it can be shown

that N is continuous in Dg.
From the assumption (A)-(II) and Lemma 2.6, we get the following estimates

I35+ @il < mr Iyl -+r_sup.[ly(m)|+mr 9115 +nr [0)|
STNss

<nrR+mr H‘M|B+n7 Hq)(())” = Ui,
and

[o05)+ @09l 5 < Vo)l 5+ 100515

<(mr+7) [yoll g +nr Sup ly(m)| + (mr +J°) 9]l 5 +nr |9 (0)
STNss

<nrR+ (mp +7°) (19|15 +nr [|¢(0) = pa.
Also, we have

H/ neD y+‘P)(Y)dYH§T(:(R+||¢(0)||):

Applying (H;), we obtain

H/ h%yy+¢y)d7H<THh Y.y + )| < Tty +h*) = pa,
and
8(t,Yp0) + Por)|| < 8112+ 8" = Us.

For every y € Dg, by means of (H,) and triangle inequality, we get

‘ ;i (m + o, /Os(s —P @ (y+ <p)(y)d7> H

<A (st o [ =0 D0+ 9)mar) - <s,ojo>H
F1A(5.0.0)]

< fitllys + @sllg + fi2

< fuith + fialis + f1,

(5= 1)@ D+ o) (ndy| + £
/ |

and

f2 (Sayp(s)+¢p(s)7/0 h(Y,yy+ ‘Py)d7’> H

< ||z (sayp(s)+(pp(s)>/0 h(%)’y"‘ (PV)dy> _fZ(Saoao)H
+11/2(s,0,0)||

)
< fo1 [yo(s) + Pps) | g + 22 /0 h(y,yy—i—(py)di’"*‘fz*

< forta + foola+ f5.
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Now, we combine the above estimations to show that N(Dg) C Dg

1 t
W3Ol <l.5000) 1+ 103900+ o) + gy [ €=

1 t
_ g\ (e-1)
+F(a)/o(t )
X || f2 (s,yp(s)+<pp<s), /0 h(?’v)’}/“‘(Py)d?’)‘

ds

<||£(0,x(0))|| + 15 + (s =+ fizbiz + f1) (12 + folia+ f3)-

TOC
[(o+1)

. <R
Next, we show that N is the contraction mapping. For y(¢),z(¢) € Dg and t € [0, T], we obtain

_ 1 t
[Ny(1) =Nz(0)|| < ||g(t.yp0) + @) — 8(t2p0) + Pp(0) H+a)/0(f—s)(a_”

Y (H{fl (s 0 [ 5= 0 @+ )1
X fa <S Yo(s +<Pp(s)7/osh(%yy+ (Py)d7>}
- {fl (s,zs+<ps,/os(s—7)(“”(z+ </>)(7)d7>
X fa <svzp(s) + (pp(s)7/osh(%zy+ (PY)dY> }’ dS>
g o

<8t [[vot) = 2o [l 5+ F(a)/o (t—s)*Y
X ([ fi (s,ys+<ps,/os(s—w(““(y+ w)(v)cw) H
X { g (S,yp(s) +¢p(s)7/0sh(%y7+ (Py)d?’>

—f <s Zp(s) + <pp<s),/osh(%zY+ (Py)d7> HH
+ |: g (sazp(s) + (Pp(.v)’/osh(%z}’+ q"}’)‘h’) H
<{ | (s 0 [ =010+ 01107

0
i (st [ =D Vet o)ar) HH as)

m(fuﬂl + fialls + f1) (fainr + T fohint)

o

Io+1)

< (glnT+

_l’_

(212 + foolla + f5 ) (fring + %flz)) Iy —zllg
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since
1vs = zsllg <mr [[yo =20l g +-17 sup [ly(n)—z(n)||
0<n<s
<nr ||y —ZH
and
13009 = 2ol < (mr +7%7)) [y = 20ll +nr_sup_ [ly(m) = z(m)]
0<n<s
<nrlly—zllg-
Therefore,
[Ny =Nz[g < A lly—zlg
which under the assumption A; < 1, N is acontraction mapping. O

Finally, we deduce that N has a unique fixed point by means of the Banach fixed point theorem.
Theorem 3.3. Suppose that conditions (H)) and (H,) and
AL =nrgi <1,
are satisfied, then problem (1.1) has at least one solution.
Proof. Fort € J, we decompose N as Ni + N;, where

Niy(r) = —g(0,xp(0)) + &1, Y1) + Po(1))

and
Noy(t) = F(la) /Ot(t —s)lel) <f1 (s,ys + o, /Os(s - N+ <p)(y)dy>

X f (Sa))p(s) + (pp(s)v/o h(y,yy+ (Py)d?’>> ds.

Next, we are going to show that N1 + N, has a fixed point in Dg. We classify the proof into the following
several steps.
Step 1. Repeating arguments similar to Theorem (3.2), it can easily be proved that

(N1+N3)(Dg) C Dg.

Step 2. We are going to demonstrate that the map N is a contraction mapping. Letting y,z € Dg and
t €[0,T], we get

[Ny (1) = Niz(0)]| < ||t yp0) + @) — &(t:2p0) + Por) || < nrgilly—zllg
that is,
[Ny =Niz|g <22 lly—zlg,

where A, < 1 is given.
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Step 3. N is a completely continuous operator. The continuity of fi, f> implies that the operator N,
is continuous. Also we prove that N is uniformly bounded on Dg.

W) < g7 [ =9 (\
2 <s,yp(s> + <pp(s),/osh(y,yy+ (py)dy) H) "

(fuips + fiopa + f1) (ot + folla+ f5) = %

1 (s,ys + (ps,/OS(S— P+ ¢)(7)d7> H

X

o
E—
“I'(a+1)

Hence, ||N2y||g < 1%, and {Nay(¢) : y(r) € Dg} is uniformly bounded
Now, we prove that {N,y(r) : y(t) € Dg} is equicontinuous. For every 0 <#; <17, < T, we obtain

[N2y(22) = Noy(n1) |
< @ ) =9 = =9
<(| (st [ =m0+ o)mar) |
x| f2 (5 Yp(s +‘Pp<s>a/osh(%yy+ %)dy) H) ds
Lo

x| f2 (s Yo(s) +<pp(s>,/osh(%yy+ (Py)d7> H) ds
< [/Ot (=) — (11 —5)* ds+ [ (1 —s)“lds}

151

(s [ 5= 0Vt o) )|

><<1a)(f11l~13 + fizblo + f1) (far i1 + frola + f5)

1
:m(fnm-i-fu#z-i-ffk)(fﬂﬂl+f22!i4+f2)( 1.

p1

As t; — 1o, the right-hand side of the above inequality tends to zero. It means that {Nzy(t) y(1) € DR}
is equicontinuous. Also, the Arzela-Ascoli theorem implies that N> is a completely continuous operator.
Thus, by the Krasnoselskii’s fixed point theorem, we realize that problem (1.1) has at least one solution.
This completes the proof. U

4. APPLICATIONS

To explain the obtained analytical results, we consider the following functional equation:
t

‘D% [u(t,x) — [ o (t,s—t,x)Q1(u(s—pl(t),x))ds]

—o0

- [/;(pz(t,s—t,x)Qz(u(s,x))ds+/t(t—s)a_lu(s,x)ds}
|

l ©3(t,s —t,x)P(u(s — pi(t),x))ds +// ©4(s,7T—5,x) P (u(7,x))drds|, (4.1)
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u(t,x) =¢(1,x), t€0,T], xe[0,7], 4.2)
for0 < a < 1and ¢ € B. Let X = L?[0, ] with norm ||.||;2. We consider the phase space
0
p={o: (om0l x [ HOolgds <],
0
19115 = | _h(s) 101501

where (|95 0 = supeps.0) [|9(#) || and /2 (—e0,0] — (0, 0) is a continuous function with [ = 10 h(s)ds <
o0, Choosing h(s) = %, for s <0, 1= 1.

For (¢,¢) € [0,T] x B, we consider ¢(0)(x) = ¢(0,x),(0,x) € (—e0,0] X [0, 7], and setting u(t)(x) =
u(t,x),p(t) =t —pi(t), thus we have

$00)0 = [ 01.0.90:(6(0)())d0.
1009 Ku)() = [ 02(4,0.2)0:(0(0)()d0 + Ku(1)x),
(6.0, HO)() = [ 50,0.9R(9(0)())d0 + Ho(x),
where
Kult)(x) = [ (1= Vus)(x)ds,
1o = [ [ 0u(1.0.0m(0(0)(x))a0s
Along with these configurations, problem (4.1)-(4.2) can be written in the abstract form of the equation
! 'lljtrthermore, suppose that:

(i) The functions Q;, P,,i = 1,2, are continuous functions and ¢;(6,x), ¢.(6,x) are the continuous func-
tions in (—oo,0] x [0, 7], such that

0< 0/(01(0)(x)) ~ Ci(6:(0)() < [ & 0105, 9205, .

0< R(6:(0)() ~ P(@:(0)w)) < [ 10105, — 0205, ), ds.

(ii) The functions ¢;(¢,0,x), i =1,2,---,4, are continuous on [0,7] x (—ee,0] x [0, 7], and satisfy

/i @i(1,0,x)d6 = p;(t,x), </Onp?(t,x)dx>é = Li(t),

where L;(t) € C[J,(0,0)] and [; = sup,; |Li(t)| < oo.
(iii) The function p; : [0,T] — [0,e0) is continuous.
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Thus, under the all above conditions, we have

18(2,01) — g(2,92)(x) [,

<[

1

2 2
[ oi.0.90:(61(0) - ¢2<e>><x>de>} dx]

(ST

IN
h
3

- T YE[sO]

IN
c\:‘
R

S

=

QD

=
\

L",

s

/-\

\_/

&

QL

s

QU

D

H,—/
[\8)

0 0 5 2
01(1,0.%) [ ¢ sup ||¢1(W)¢2(W)|!L2dsd9} dx

1

[ 0 2 2
< -/0 {/w(Pl(t,e,x)dG} dx] |61 — d2llg =11 |01 — 2]l -

Therefore, hypothesis (H) holds. Similarly, we have
1/1(2, @1, Kui () — f1(2, 02, , Kua (1)) (x) |

1
2

/0” {/_i ¢2(2,60,x)02(1(6) — ¢2(9))(x)d9)}2dx]

[ 00 - Ko

2
< /0 {/M(Pz(t,e,x)/i€28 sup ||¢1(W)—¢2(V’)||L2d3d9} dx

ye(s,0]
+ [|Kuy (1) — Kua (1) ],

1

e 0 2 2
< / {/ (pz(t,G,x)dO} dx
0 —oo
= b|¢1 = @2l p+ 1" [|Kui () — Kua (1) ], »

therefore f| satisfies (H). Similarly, we can show such results for f,. All conditions of the required

161 = @215+ [|Kur () — Kua (1) ],

theorems are now fulfilled. So, we deduce that the problem (4.1)-(4.2) has a unique solution on [0, T].

5. CONCLUSION

In this work, we presented some new general sufficient conditions which certify the existence and u-
niqueness of solutions for the special class of fractional integro-differential equations with time-dependent
delay. By means of the Banach’s and Krasnoselskii’s fixed point theorems, we analyzed the desired
model which includes the product of two nonlinear operators. An example is presented to illustrate the
importance of the obtained results.
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