
J. Nonlinear Funct. Anal. 2018 (2018), Article ID 28 https://doi.org/10.23952/jnfa.2018.28

EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR A CLASS OF
FUNCTIONAL-INTEGRAL EQUATIONS WITH FRACTIONAL DERIVATIVE AND

TIME-DEPENDENT DELAY

KAZEM NOURI∗, MARJAN NAZARI, BAGHER KERAMATI, LEILA TORKZADEH

Department of Mathematics, Faculty of Mathematics, Statistics and Computer Sciences,
Semnan University, P. O. Box 35195-363, Semnan, Iran

Abstract. This paper presents the existence and uniqueness theorems of solutions for a class of fractional integro-differential
equations with time-dependent delay. The Banach fixed point theorem and the Krasnoselskii’s fixed point theorem are applied
to establish our results. An example is provided to illustrate the effectiveness of the obtained results.
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1. INTRODUCTION

Fractional calculus as a branch of mathematics that deals with derivatives and integrals of arbitrary
orders, appears frequently in researches due to its numerous applications in many fields of science and
engineering including physics [1, 2], biology [3], chemistry [4], fluid flow, electrical network, etc [5, 6].
With the help of fractional calculus, we can formulate the mathematical models of the natural phenomena
[7, 8]. Therefore, the subject of fractional differential equations has received much attention and many
papers focus on the theory [9], and their solutions [10, 11], in the last few decades. In fact, fractional
derivatives have arisen as a valuable tool for the description of memory and hereditary properties of
various materials and processes, the comprehensive reviews of fractional differential equations may be
found in [5, 6].

Delay differential equations can describe many complex processes in nature and technology [12, 13].
In fact, these equations are a special sort of functional differential equations involving past value of
the state variable [14, 15]. Functional differential equations occur often in several areas of applied
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mathematics with the delay dependent on the unknown functions [16]. These equations are nominated
functional differential equations with state-dependent delay.

Recently, study on the existence of solutions for fractional differential equations with state-dependent
delay becomes very attractive and many authors are studying on these problems. In [17], the existence
and uniqueness solution of nonlinear fractional integro-differential equations with state-dependent delay,
has been investigated on a compact interval using the measures of noncompactness technique. Hartung
[18], studied well-posedness and continuous dependence issues and differentiability of solutions with re-
spect to parameters in neutral differential equations with state-dependent delays. In [19], the existence of
solutions for a class of impulsive fractional neutral stochastic integro-differential systems with nonlocal
conditions and state-dependent delay, has been studied in Hilbert spaces. Suganya, Arjunan andTrujillo
[20] investigated the existence of solutions for impulsive fractional integro-differential equations with
state-dependent delay of the following model,

cDαx(t) = Ax(t)+ f
(
t,xρ(t,xt),

∫ t
0 h(t,s,xρ(s,xs))ds

)
, t ∈ [0,T ]−{t1, t2, ..., tm},

∆x(tk) = Ik(x(t−k )), k = 1,2, ...m,

x0 = φ ∈ B, 0 < α < 1.

They obtained their results with the help of different fixed point theorems, Banach contraction principle,
Krasnoselskii’s and Schaefer’s fixed point theorems.

In our previous paper [21], we investigated the existence of solutions for the class of fractional integro-
differential equations with time-dependent delay. Using the Krasnoselskii’s fixed point theorem, we
obtained our results for a coupled system of fractional integro-differential equations with time-dependent
delay of the following form

cDα
[
x(t)− l1(t,xρ(t))

]
= I1−α f1(t,xρ(t),K1y(t))
+F1(t,yt ,

∫ t
0(t− s)α−1h1(t,s,xs)ds),

cDα
[
y(t)− l2(t,yρ(t))

]
= I1−α f2(t,yρ(t),K2x(t))
+F2(t,xt ,

∫ t
0(t− s)α−1h2(t,s,ys)ds),

t ∈ J = [0,T ], x0 = y0 = φ ∈ B.

In this paper, we discuss the existence and uniqueness of solutions for a class of fractional integro-
differential equations with time-dependent delay of the following form

cDα
[
x(t)−g(t,xρ(t))

]
= f1

(
t,xt ,

∫ t
0(t− s)(α−1)x(s)ds

)
× f2

(
t,xρ(t),

∫ t
0 h(s,xs)ds

)
,

x0 = φ ∈ B, t ∈ J = [0,T ], 0 < α ≤ 1,
(1.1)

where cDα is the Caputo fractional derivative, f1, f2 : J×B×X→ X, g,h : J×B→ X, and ρ : J →
(−∞,T ] are given functions satisfying some appropriate hypotheses. Also, B is a phase space of mapping
(−∞,0] into X which will be defined in the next section. For each x : (−∞,T ]→ X, the function xt :
(−∞,0]→ X is defined by xt(θ) = x(t +θ) for θ ∈ (−∞,0], t ∈ [0,T ].
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In contrast to the current outcomes, some positive aspects will be presented in this paper: First of
all, we investigate the existence and uniqueness results of solutions for a class of fractional integro-
differential equations with time-dependent delays that include the product of two nonlinear operators
f1, f2. Because of the inappropriateness of using function ρ(t,xt) in the previous related works, we
replace ρ(t,xt) with ρ(t) to obtain our results, and we present a new definition of function ρ(t,xt) for
the proof of the contraction mapping in our paper. Then, we implement the Banach and Krasnoselskii’s
fixed point theorems to examine model (1.1).

The structure of the paper is as follows. In Section 2, we present some preliminaries and lemmas that
be used to prove our main results. In Section 3, the existence of solutions for problem (1.1) is analyzed
under the Banach fixed point theorem and the Krasnoselskii’s fixed point theorem. In Section 4, an
example is given to illustrate our results. Finally, the paper is ended with a brief conclusion in Section 5.

2. PRELIMINARIES

In this section, we recall some preliminary components and notations which are used throughout of
this paper. These concepts can be found in [6, 22, 23].

Let X be a Banach space with the standard norm ‖.‖, and let C(J,X) denote the Banach space of all
continuous functions from J into X with the norm

‖ f‖C(J,X) = sup
0≤t≤T

‖ f (t)‖ .

Let L1(J,X) be the Banach space of measurable functions from J into X which are Lebesgue integrable
with the norm

‖ f‖L1 =
∫

J
‖ f (t)‖dt.

Definition 2.1. ([6]) The Riemann-Liouville fractional integral of order α > 0 of the function f ∈
L1(J,X) is defined as

Iα f (t) =
1

Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ,

where Γ(.) is the Gamma function.

Definition 2.2. ([6]) The α-th Caputo fractional derivative of f ∈C(J,X) is defined as

cDα f (t) =
1

Γ(n−α)

∫ t

0
(t− τ)n−α−1 f (n)(τ)dτ, n−1 < α < n, n ∈ N.

Lemma 2.3. (Krasnoselskii’s fixed point theorem). Let X be a Banach space and let E be a bounded,
closed, convex subset of X. Let S1, S2 be maps of E into X such that (S1 +S2)x ∈ E for each x ∈ E. If S1

is a contraction mapping and S2 is completely continuous, then the equation

S1x+S2x = x,

has at least one solution on E.

By means of the Krasnoselskii’s fixed point theorem, we will present some results for problem (1.1)
in the next section.

To describe the fractional integro-differential equations with time-dependent delay, we introduce the
phase space (B,‖.‖B), which is the vector space of functions defined from (−∞,0] into X with a seminorm
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‖.‖B such that the following axioms hold [23]:
(A) For every f : (−∞,T ]→ X with f0 ∈ B and t ∈ J:

(I) ft ∈ B,

(II) ‖ ft‖B ≤ N(t) sup
0≤s≤t

‖ f (s)‖+M(t)‖ f0‖B ,

(III) ‖ f (t)‖ ≤ h‖ ft‖B ,

where h> 0 is a constant, N ∈C(J,(0,∞)), M : J→ (0,∞) is locally bounded, and h,N,M are independent
of f (.). Also, we assume

nT = sup
0≤t≤T

|N(t)| , and mT = sup
0≤t≤T

|M(t)| .

(A-1) For the function f (.) satisfies the conditions (A), the function t→ ft from J into B is continuous.
(B) The space B is complete.

Remark 2.4. Condition (A)-(III) is equivalent to ‖φ(0)‖ ≤ h‖φ‖B .

Remark 2.5. ([22]) Let f0 ∈B and t < 0. The notation ( f0)t represents the function defined by ( f0)t(θ)=

f0(θ +t), θ ∈ (−∞,0]. Therefore, for the function f (.) in axiom (A), we get ft = ( f0)t , t < 0. Obviously,
( f0)t is well defined for t < 0, since the domain of f0(.) is (−∞,0].

In addition, we give the following hypothesis on ft , t < 0:
(H f0) Let L(ρ−) = {ρ(t) : ρ(t)< 0, t ∈ J}. The function t→ ft is well defined and continuous from

L(ρ−) into B, and there exists a continuous and bounded function J f0(t) : L(ρ−)→ (0,∞) such that, for
each t ∈ L(ρ−),

‖ ft‖B ≤ J f0(t)‖ f0‖B .

Lemma 2.6. ([22]) Let f : (−∞,T ]→ X be the continuous function on J such that f0 ∈ B and condition
(H f0) holds, then

‖ ft‖B ≤ (mT + J f0)‖ f0‖B +nT sup
0≤s≤t

‖ f (s)‖ , t ∈ L(ρ−)∪ J,

where J f0 = supt∈L(ρ−) J f0(t).
We consider the space

Ω =
{

f : (−∞,T ]→ X, f |[0,T ] ∈C(J,X), f0 = φ ∈ B
}
,

equipped with norm

‖ f‖
Ω
= ‖ f0‖B + sup

0≤t≤T
‖ f (t)‖ ,

which is a seminorm in Ω.



EXISTENCE AND UNIQUENESS FOR SOME FRACTIONAL FUNCTIONAL-DIFFERENTIAL EQUATIONS 5

3. EXISTENCE AND UNIQUENESS OF THE SOLUTION

In this section, we demonstrate the existence and uniqueness theorems of solutions to problem (1.1).
To obtain the main results, we need the following assumptions:

(H1) : g,h : J×B→ X are the continuous functions, and there exist the constants g1,h1 > 0 such that

‖g(t,x1)−g(t,x2)‖ ≤ g1 ‖x1− x2‖B , g∗ = sup
t∈J
‖g(t,0)‖ ,

‖h(t,x1)−h(t,x2)‖ ≤ h1 ‖x1− x2‖B , h∗ = sup
t∈J
‖h(t,0)‖ .

(H2) : fi : J×B×X→ X, i = 1,2, are the continuous functions, and there exist the constants fi j, i =
1,2, j = 1,2, such that

‖ fi(t,x1,y1)− fi(t,x2,y2)‖ ≤ fi1 ‖x1− x2‖B + fi2 ‖y1− y2‖ ,

f ∗i = sup
t∈J
‖ fi(t,0,0)‖ , i = 1,2.

Lemma 3.1. A function x∈Ω is a solution of problem (1.1), if it satisfies the following integral equation:

x(t) =φ(0)−g(0,xρ(0))+g(t,xρ(t))

+
1

Γ(α)

∫ t

0
(t− s)(α−1) f1

(
s,xs,

∫ s

0
(s− γ)(α−1)x(γ)dγ

)
× f2

(
s,xρ(s),

∫ s

0
h(γ,xγ)dγ

)
ds. (3.1)

Proof. Assume that x is a solution of (1.1). For every t ∈ J, we have

cDα
[
x(t)−g(t,xρ(t))

]
= f1

(
t,xt ,

∫ t

0
(t− s)(α−1)x(s)ds

)
× f2

(
t,xρ(t),

∫ t

0
h(s,xs)ds

)
.

Applying the Riemann-Liouville fractional integral operator of order α on both sides, we obtain

x(t)−g(t,xρ(t))+ c1

=
1

Γ(α)

∫ t

0
(t− s)(α−1)×

(
f1

(
s,xs,

∫ s

0
(s− γ)(α−1)x(γ)dγ

)
. f2

(
s,xρ(s),

∫ s

0
h(γ,xγ)dγ

))
ds.

Using the initial condition, we get

c1 =−φ(0)+g(0,xρ(0)),

which implies

x(t) =φ(0)−g(0,xρ(0))+g(t,xρ(t))

+
1

Γ(α)

∫ t

0
(t− s)(α−1) f1

(
s,xs,

∫ s

0
(s− γ)(α−1)x(γ)dγ

)
× f2

(
s,xρ(s),

∫ s

0
h(γ,xγ)dγ

)
ds.

Conversely, x is a solution of integral equation (3.1). This completes the proof. �



6 K. NOURI, M. NAZARI, B. KERAMATI, L. TORKZADEH

Theorem 3.2. Suppose that conditions (H1) and (H2) are satisfied. With the appropriate choice for
µi, i = 1,2, · · · ,4, and λ1

λ1 = (g1nT +
T α

Γ(α +1)
[( f11µ1 + f12µ3 + f ∗1 )( f21nT +T f22h1nT )]

+
T α

Γ(α +1)
[( f21µ2 + f22µ4 + f ∗2 )( f11nT +

T α

α
f12)])< 1,

problem (1.1) has a unique solution.

Proof. First, in order to prove this theorem, we need to transform problem (1.1) into a fixed point prob-
lem. Therefore, with the help of Lemma 3.1, we define the operator N : Ω→Ω as

Nx(t) =


φ(0)−g(0,xρ(0))+g(t,xρ(t))+

1
Γ(α)

∫ t
0(t− s)(α−1)

×
(

f1
(
s,xs,

∫ s
0 (s− γ)(α−1)x(γ)dγ

)
. f2
(
s,xρ(s),

∫ s
0 h(γ,xγ)dγ

))
ds, t ∈ J,

φ(t), t ∈ (−∞,0].

We express the function ϕ(.) : (−∞,T ]→ R by

ϕ(t) =


φ(0), t ∈ J,

φ(t), t ∈ (−∞,0].

Let x(t) = y(t)+ϕ(t), t ∈ (−∞,T ]. It is evident that x satisfies in equation (3.1) if and only if y0 = 0.
Also, it suggests xρ(t) = yρ(t)+ϕρ(t), xt = yt +ϕt , t ∈ J, and

y(t) =−g(0,xρ(0))+g(t,yρ(t)+ϕρ(t))

+
1

Γ(α)

∫ t

0
(t− s)(α−1)

(
f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)
× f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

))
ds.

Let Ω̂ = {y ∈Ω : y0 = 0 ∈ B} , and ‖.‖
Ω̂

be the seminorm in Ω̂ described by

‖y‖
Ω̂
= ‖y0‖B + sup

0≤t≤T
‖y(t)‖= ‖y‖C(J,X) ,

as a result, (Ω̂,‖.‖
Ω̂
) is a Banach space. We define the operator N : Ω̂→ Ω̂ as follows

Ny(t) =−g(0,xρ(0))+g(t,yρ(t)+ϕρ(t))

+
1

Γ(α)

∫ t

0
(t− s)(α−1)

(
f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)
×
(

f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

))
ds.

It is clear that the operator N has a fixed point, if and only if N has a fixed point. Thus, the aim is to show
that N has a fixed point.

Choose

R≥
∥∥g(0,xρ(0))

∥∥+µ5 +
T α

Γ(α +1)
( f11µ1 + f12µ3 + f ∗1 )( f21µ2 + f22µ4 + f ∗2 ),



EXISTENCE AND UNIQUENESS FOR SOME FRACTIONAL FUNCTIONAL-DIFFERENTIAL EQUATIONS 7

and DR =
{

y ∈ Ω̂ : ‖y‖
Ω̂
≤ R

}
. Indeed, DR ⊆ Ω̂ is closed, bounded and convex subset in Ω̂. We prove

that N(DR)⊆DR. By means of the continuity of the nonlinear functions f1, f2, h, and g, it can be shown
that N is continuous in DR.

From the assumption (A)-(II) and Lemma 2.6, we get the following estimates

‖ys +ϕs‖B ≤ mT ‖y0‖B +nT sup
0≤η≤s

‖y(η)‖+mT ‖φ‖B +nT ‖φ(0)‖

≤ nT R+mT ‖φ‖B +nT ‖φ(0)‖= µ1,

and ∥∥yρ(s)+ϕρ(s)
∥∥

B ≤
∥∥yρ(s)

∥∥
B +
∥∥ϕρ(s)

∥∥
B

≤(mT + Jy0)‖y0‖B +nT sup
0≤η≤s

‖y(η)‖+(mT + Jφ )‖φ‖B +nT ‖φ(0)‖

≤nT R+(mT + Jφ )‖φ‖B +nT ‖φ(0)‖= µ2.

Also, we have ∥∥∥∥∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

∥∥∥∥≤ T α

α
(R+‖φ(0)‖) = µ3.

Applying (H1), we obtain∥∥∥∥∫ s

0
h(γ,yγ +ϕγ)dγ

∥∥∥∥≤ T
∥∥h(γ,yγ +ϕγ)

∥∥≤ T (µ1h1 +h∗) = µ4,

and ∥∥g(t,yρ(t)+ϕρ(t))
∥∥≤ g1µ2 +g∗ = µ5.

For every y ∈ DR, by means of (H2) and triangle inequality, we get∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)∥∥∥∥
≤
∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)
− f1(s,0,0)

∥∥∥∥
+‖ f1(s,0,0)‖

≤ f11 ‖ys +ϕs‖B + f12

∥∥∥∥∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

∥∥∥∥+ f ∗1

≤ f11µ1 + f12µ3 + f ∗1 ,

and ∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)∥∥∥∥
≤
∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)
− f2(s,0,0)

∥∥∥∥
+‖ f2(s,0,0)‖

≤ f21
∥∥yρ(s)+ϕρ(s)

∥∥
B + f22

∥∥∥∥∫ s

0
h(γ,yγ +ϕγ)dγ

∥∥∥∥+ f ∗2

≤ f21µ2 + f22µ4 + f ∗2 .



8 K. NOURI, M. NAZARI, B. KERAMATI, L. TORKZADEH

Now, we combine the above estimations to show that N(DR)⊆ DR

∥∥Ny(t)
∥∥≤∥∥g(0,xρ(0))

∥∥+∥∥g(t,yρ(t)+ϕρ(t))
∥∥+ 1

Γ(α)

∫ t

0
(t− s)(α−1)

+
1

Γ(α)

∫ t

0
(t− s)(α−1)

∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)∥∥∥∥
×
∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)∥∥∥∥ds

≤
∥∥g(0,xρ(0))

∥∥+µ5 +
T α

Γ(α +1)
( f11µ1 + f12µ3 + f ∗1 )( f21µ2 + f22µ4 + f ∗2 ).

Thus,
∥∥Ny

∥∥
Ω̂
≤ R.

Next, we show that N is the contraction mapping. For y(t),z(t) ∈ DR and t ∈ [0,T ], we obtain

∥∥Ny(t)−Nz(t)
∥∥≤ ∥∥g(t,yρ(t)+ϕρ(t))−g(t,zρ(t)+ϕρ(t))

∥∥+ 1
Γ(α)

∫ t

0
(t− s)(α−1)

×
(∥∥∥∥{ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)
× f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)}
−
{

f1

(
s,zs +ϕs,

∫ s

0
(s− γ)(α−1)(z+ϕ)(γ)dγ

)
× f2

(
s,zρ(s)+ϕρ(s),

∫ s

0
h(γ,zγ +ϕγ)dγ

)}∥∥∥∥ds
)

≤ g1
∥∥yρ(t)− zρ(t)

∥∥
B +

1
Γ(α)

∫ t

0
(t− s)(α−1)

×
([∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)∥∥∥∥
×
{∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)
− f2

(
s,zρ(s)+ϕρ(s),

∫ s

0
h(γ,zγ +ϕγ)dγ

)∥∥∥∥}]
+

[∥∥∥∥ f2

(
s,zρ(s)+ϕρ(s),

∫ s

0
h(γ,zγ +ϕγ)dγ

)∥∥∥∥
×
{∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)
− f1

(
s,zs +ϕs,

∫ s

0
(s− γ)(α−1)(z+ϕ)(γ)dγ

)∥∥∥∥}]ds
)

≤ (g1nT +
T α

Γ(α +1)
( f11µ1 + f12µ3 + f ∗1 )( f21nT +T f22h1nT )

+
T α

Γ(α +1)
( f21µ2 + f22µ4 + f ∗2 )( f11nT +

T α

α
f12))‖y− z‖

Ω̂
,
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since

‖ys− zs‖B ≤mT ‖y0− z0‖B +nT sup
0≤η≤s

‖y(η)− z(η)‖

≤nT ‖y− z‖
Ω̂
,

and ∥∥yρ(s)− zρ(s)
∥∥

B ≤
(

mT + J(y0−z0)
)
‖y0− z0‖B +nT sup

0≤η≤s
‖y(η)− z(η)‖

≤nT ‖y− z‖
Ω̂
.

Therefore, ∥∥Ny−Nz
∥∥

Ω̂
≤ λ1 ‖y− z‖

Ω̂
,

which under the assumption λ1 < 1, N is acontraction mapping. �

Finally, we deduce that N has a unique fixed point by means of the Banach fixed point theorem.

Theorem 3.3. Suppose that conditions (H1) and (H2) and

λ2 = nT g1 < 1,

are satisfied, then problem (1.1) has at least one solution.

Proof. For t ∈ J, we decompose N as N1 +N2, where

N1y(t) =−g(0,xρ(0))+g(t,yρ(t)+ϕρ(t)),

and

N2y(t) =
1

Γ(α)

∫ t

0
(t− s)(α−1)

(
f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)
× f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

))
ds.

Next, we are going to show that N1+N2 has a fixed point in DR. We classify the proof into the following
several steps.

Step 1. Repeating arguments similar to Theorem (3.2), it can easily be proved that

(N1 +N2)(DR)⊆ DR.

Step 2. We are going to demonstrate that the map N1 is a contraction mapping. Letting y,z ∈ DR and
t ∈ [0,T ], we get∥∥N1y(t)−N1z(t)

∥∥≤ ∥∥g(t,yρ(t)+ϕρ(t))−g(t,zρ(t)+ϕρ(t))
∥∥≤ nT g1 ‖y− z‖

Ω̂
,

that is, ∥∥N1y−N1z
∥∥

Ω̂
≤ λ2 ‖y− z‖

Ω̂
,

where λ2 < 1 is given.
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Step 3. N2 is a completely continuous operator. The continuity of f1, f2 implies that the operator N2

is continuous. Also we prove that N2 is uniformly bounded on DR.∥∥N2y(t)
∥∥≤ 1

Γ(α)

∫ t

0
(t− s)α−1

(∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)∥∥∥∥
×
∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)∥∥∥∥)ds

≤ T α

Γ(α +1)
( f11µ3 + f12µ2 + f ∗1 )( f21µ1 + f22µ4 + f ∗2 ) = η ∗ .

Hence,
∥∥N2y

∥∥
Ω̂
≤ η∗, and

{
N2y(t) : y(t) ∈ DR

}
is uniformly bounded

Now, we prove that
{

N2y(t) : y(t) ∈ DR
}

is equicontinuous. For every 0≤ t1 ≤ t2 ≤ T , we obtain∥∥N2y(t2)−N2y(t1)
∥∥

≤ 1
Γ(α)

∫ t1

0
[(t2− s)α−1− (t1− s)α−1]

×
(∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)∥∥∥∥
×
∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)∥∥∥∥)ds

+
1

Γ(α)

∫ t2

t1
(t2− s)α−1

(∥∥∥∥ f1

(
s,ys +ϕs,

∫ s

0
(s− γ)(α−1)(y+ϕ)(γ)dγ

)∥∥∥∥
×
∥∥∥∥ f2

(
s,yρ(s)+ϕρ(s),

∫ s

0
h(γ,yγ +ϕγ)dγ

)∥∥∥∥)ds

≤
[∫ t1

0
[(t2− s)α−1− (t1− s)α−1]ds+

∫ t2

t1
(t2− s)α−1ds

]
× 1

Γ(α)
( f11µ3 + f12µ2 + f ∗1 )( f21µ1 + f22µ4 + f ∗2 )

=
1

Γ(α +1)
( f11µ3 + f12µ2 + f ∗1 )( f21µ1 + f22µ4 + f ∗2 )(t

α
2 − tα

1 ).

As t1→ t2, the right-hand side of the above inequality tends to zero. It means that
{

N2y(t) : y(t) ∈ DR
}

is equicontinuous. Also, the Arzela-Ascoli theorem implies that N2 is a completely continuous operator.
Thus, by the Krasnoselskii’s fixed point theorem, we realize that problem (1.1) has at least one solution.
This completes the proof. �

4. APPLICATIONS

To explain the obtained analytical results, we consider the following functional equation:

cDα

[
u(t,x)−

∫ t

−∞

ϕ1(t,s− t,x)Q1(u(s−ρ1(t),x))ds
]

=

[∫ t

−∞

ϕ2(t,s− t,x)Q2(u(s,x))ds+
∫ t

0
(t− s)α−1u(s,x)ds

]
×
[∫ t

−∞

ϕ3(t,s− t,x)P1(u(s−ρ1(t),x))ds +
∫ t

0

∫ s

−∞

ϕ4(s,τ− s,x)P2(u(τ,x))dτds
]
, (4.1)
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u(t,0) = u(t,π) = 0, t ∈ [0,T ],

u(t,x) = φ(t,x), t ∈ [0,T ], x ∈ [0,π], (4.2)

for 0 < α ≤ 1 and φ ∈ B. Let X = L2[0,π] with norm ‖.‖L2 . We consider the phase space

B =

{
φ : (−∞,0]→ X ,

∫ 0

−∞

h(s)‖φ‖[s,0] ds < ∞

}
,

‖φ‖B =
∫ 0

−∞

h(s)‖φ‖[s,0] ds,

where ‖φ‖[s,0] = supt∈[s,0] ‖φ(t)‖ and h : (−∞,0]→ (0,∞) is a continuous function with l =
∫ 0
−∞

h(s)ds <
∞. Choosing h(s) = e2s, for s < 0, l = 1

2 .
For (t,φ) ∈ [0,T ]×B, we consider φ(θ)(x) = φ(θ ,x),(θ ,x) ∈ (−∞,0]× [0,π], and setting u(t)(x) =

u(t,x),ρ(t) = t−ρ1(t), thus we have

g(t,φ)(x) =
∫ 0

−∞

ϕ1(t,θ ,x)Q1(φ(θ)(x))dθ ,

f1(t,φ ,Ku(t))(x) =
∫ 0

−∞

ϕ2(t,θ ,x)Q2(φ(θ)(x))dθ +Ku(t)(x),

f2(t,φ ,Hφ)(x) =
∫ 0

−∞

ϕ3(t,θ ,x)P1(φ(θ)(x))dθ +Hφ(x),

where

Ku(t)(x) =
∫ t

0
(t− s)(α−1)u(s)(x)ds,

Hφ(x) =
∫ t

0

∫ 0

−∞

ϕ4(t,θ ,x)P2(φ(θ)(x))dθds.

Along with these configurations, problem (4.1)-(4.2) can be written in the abstract form of the equation
(1.1).

Furthermore, suppose that:
(i) The functions Qi,Pi, i = 1,2, are continuous functions and φ1(θ ,x), φ2(θ ,x) are the continuous func-
tions in (−∞,0]× [0,π], such that

0≤ Qi(φ1(θ)(x))−Qi(φ2(θ)(x))≤
∫ 0

−∞

e2s ‖φ1(s, .)−φ2(s, .)‖L2
ds,

0≤ Pi(φ1(θ)(x))−Pi(φ2(θ)(x))≤
∫ 0

−∞

e2s ‖φ1(s, .)−φ2(s, .)‖L2
ds.

(ii) The functions ϕi(t,θ ,x), i = 1,2, · · · ,4, are continuous on [0,T ]× (−∞,0]× [0,π], and satisfy

∫ 0

−∞

ϕi(t,θ ,x)dθ = pi(t,x),
(∫

π

0
p2

i (t,x)dx
) 1

2

= Li(t),

where Li(t) ∈C[J,(0,∞)] and li = supt∈J |Li(t)|< ∞.
(iii) The function ρ1 : [0,T ]→ [0,∞) is continuous.
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Thus, under the all above conditions, we have

‖g(t,φ1)−g(t,φ2)(x)‖L2

≤

[∫
π

0

{∫ 0

−∞

ϕ1(t,θ ,x)Q1(φ1(θ)−φ2(θ))(x)dθ)

}2

dx

] 1
2

≤

[∫
π

0

{∫ 0

−∞

ϕ1(t,θ ,x)
∫ 0

−∞

e2s ‖φ1(s, .)−φ2(s, .)‖L2
dsdθ

}2

dx

] 1
2

≤

∫ π

0

{∫ 0

−∞

ϕ1(t,θ ,x)
∫ 0

−∞

e2s sup
ψ∈[s,0]

‖φ1(ψ)−φ2(ψ)‖L2
dsdθ

}2

dx

 1
2

≤

[∫
π

0

{∫ 0

−∞

ϕ1(t,θ ,x)dθ

}2

dx

] 1
2

‖φ1−φ2‖B = l1 ‖φ1−φ2‖B .

Therefore, hypothesis (H1) holds. Similarly, we have

‖ f1(t,φ1,Ku1(t))− f1(t,φ2, ,Ku2(t))(x)‖L2

≤

[∫
π

0

{∫ 0

−∞

ϕ2(t,θ ,x)Q2(φ1(θ)−φ2(θ))(x)dθ)

}2

dx

] 1
2

+

[∫
π

0
{Ku1(t)(x)−Ku2(t)(x)}2 dx

] 1
2

≤

∫ π

0

{∫ 0

−∞

ϕ2(t,θ ,x)
∫ 0

−∞

e2s sup
ψ∈[s,0]

‖φ1(ψ)−φ2(ψ)‖L2
dsdθ

}2

dx

 1
2

+‖Ku1(t)−Ku2(t)‖L2

≤

[∫
π

0

{∫ 0

−∞

ϕ2(t,θ ,x)dθ

}2

dx

] 1
2

‖φ1−φ2‖B +‖Ku1(t)−Ku2(t)‖L2

= l2 ‖φ1−φ2‖B + l∗ ‖Ku1(t)−Ku2(t)‖L2
,

therefore f1 satisfies (H2). Similarly, we can show such results for f2. All conditions of the required
theorems are now fulfilled. So, we deduce that the problem (4.1)-(4.2) has a unique solution on [0,T ].

5. CONCLUSION

In this work, we presented some new general sufficient conditions which certify the existence and u-
niqueness of solutions for the special class of fractional integro-differential equations with time-dependent
delay. By means of the Banach’s and Krasnoselskii’s fixed point theorems, we analyzed the desired
model which includes the product of two nonlinear operators. An example is presented to illustrate the
importance of the obtained results.
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