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DYNAMIC BEHAVIORS OF AN AMENSALISM SYSTEM WITH DENSITY DEPENDENT
BIRTH RATE

YIQIN WANG
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Abstract. In this paper, an amensalism system with density dependent birth rate is proposed and studied The system admits
four nonnegative equilibria. We show that all of the four equilibria are globally attractive under some suitable assumption. The
birth rate of species plays an important role on the dynamic behaviors of the system.
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1. INTRODUCTION

The aim of this paper is to investigate the dynamic behaviors of the following amensalism system with
density dependent birth rate

dx
dt

= x
( b11

b12 + x
−b13−a11x−a12y

)
,

dy
dt

= y
( b21

b22 + y
−b23−a22y

)
,

(1.1)

where bi j, i = 1,2, j = 1,2,3,a11,a12 and a22 are all positive constants, and x(t),y(t) are the density of
the first and second species at time t, respectively. Here, we make the following assumptions:

(1)
b11

b12 + x
is the birth rate of the first species, which is density dependent;

(2) b13 is the death rate of the first species, and a11 is the density dependent coefficients of the first
species;

(3)
b21

b22 + y
is the birth rate of the second species;

(4) b23 is the death rate of the second species, and a22 is the density dependent coefficients of the
second species;

(5) The relationship between two species is amensalism.
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Amensalism, which means that a species inflicts harm to the other species without any costs or benefits
received by the other, has recently been studied by many scholars; see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13] and the references therein. The stability of the equilibrium [7, 8, 9, 10, 11], the existence of the
positive periodic solution [6], the extinction of the species [5], the influence of the cover [11, 12], and
the influence of the functional response [13] have been extensively studied.

In [7], Zhu and Chen studied the following more general amensalism model

dx1

dt
= x1

(
b1−a11x1−a12x2

)
,

dx2

dt
= x2

(
b2−a22x2

)
.

(1.2)

They showed that if b1a22 > b2a12, then system (1.2) admits a unique positive equilibrium (x∗1,x
∗
2), which

is globally attractive. If b1a22 < b2a12, then the boundary equilibrium (0, b2
a22

) is globally attractive.
In [10], Chen proposed the following non-selective harvesting Lotka-Volterra amensalism model in-

corporating partial closure for the populations:

dN1

dt
= r1N1

(
1− N1

P1
−u

N2

P1

)
−q1EmN1,

dN2

dt
= r2N2

(
1− N2

P2

)
−q2EmN2,

(1.3)

where u,ri,Pi, i = 1,2 are all positive constants, ri(Pi) represents the intrinsic growth rate (environmental
carrying capacity) of the i-th species, E is the combined fishing effort used to harvest and m(0 < m < 1)
is the fraction of the stock available for harvesting. Chen showed that, based on the fraction of the stock
available for harvesting, the system maybe extinctive, partial survival or two species coexist in a stable
state. Wu [9] proposed the following nonlinear amensalism model

dN1

dt
= r1N1

(
1−
(N1

P1

)α1−u
(N2

P1

)α2
)
,

dN2

dt
= r2N2

(
1−
(N2

P2

)α3
)
,

(1.4)

where u,ri,Pi, i = 1,2,α j, j = 1,2,3 are all positive constants. By using the differential inequality theory,
Wu investigated the stability property of the equilibria of system (1.4). In [11], Xie, Chen and He
considered a two species amensalism model with a partial cover for the first species to protect it from the
second species. The model is as follows

dx
dt

= a1x(t)−b1x2(t)− c1(1− k)x(t)y(t),
dy
dt

= a2y(t)−b2y2(t),
(1.5)

where ai,bi, i= 1,2 and c1 are all positive constants, k is a cover provided for the species x, and 0< k < 1.
They showed that the conditions which ensure the local stability of E2(0, a2

b2
) is enough to ensure its

global stability. The positive equilibrium exists. And it is globally stable. In [12], Wu, Zhao and Lin
further proposed a two species amensalism model with Holling II functional response and a partial cover
for the first species. The author showed that the dynamic behaviors of the system is similar to that of
system (1.4). Wu [13] also studied the dynamic behaviors of a two species amensalism model with non-
monotonic functional response. It bring to our attention that, in the above systems, they are assumed that



AN AMENSALISM SYSTEM WITH DENSITY DEPENDENT BIRTH RATE 3

the intrinsic growth rate of the species are constants, for example, if we do not consider the relationship
between the two species, then, the equation of the first species, in system (1.3), takes the form

dx
dt

= x
(

b1−a11x
)
, (1.6)

where b1 is the intrinsic growth rate, and a11 is the density dependent coefficients. System (1.6) could be
revised as

dx
dt

= x
(

b11−b13−a11x
)
, (1.7)

where b11 is the birth rate of the species and b13 is the death rate of the species. Brauer and Castillo-
Chavez [14], Tang and Chen [15], Berezansky, Braverman and Idels [16] showed that, in some cases,
the density dependent birth rate of the species is more suitable. If we take the famous Beverton-Holt
function [16] as the birth rate, then system (1.7) should be revised to

dx
dt

= x
( b11

b12 + x
−b13−a11x

)
. (1.8)

Similarly, the second species could be expressed as follow

dy
dt

= y
( b21

b22 + y
−b23−a22y

)
. (1.9)

In the study of the dynamic behaviors of the ecosystem, the stability, persistent and extinction are the
most important topics, see [3, 4, 15, 16] and the references cited therein. For system (1.1), it is natural
to investigate the extinct and stability property of the system. Also, it is natural to find out the influence
of the density dependent birth rate. The rest of the paper is organized as follows. In Section 2, we in-
vestigate the stability property of the equilibria of system (1.1). In Section 3, we present some numerical
simulations to show the feasibility of the main results. Finally, we end this paper by a briefly discussion.

2. GLOBAL STABILITY

The following Lemma, which is due to Chen et al. [17], plays an important role in this paper.

Lemma 2.1. Consider the following equation

dy
dt

= y
( a

b+ y
−d− ey

)
. (2.1)

If a > bd, then the unique positive equilibrium y∗ of system (2.1) is globally asymptotically stable.

Now, we are in a position to consider the existence and stability property of the equilibria of system
(1.1). If

b21

b22
> b23, (2.2)

then
b21

b22 + y
−b23−a22y = 0 (2.3)

admits a unique positive solution y∗, where

y∗ =
−(b23 +a22b22)+

√
(b23 +a22b22)2−4a22(b23b22−b21)

2a22
. (2.4)

If
b11

b12
> b13, (2.5)
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then
b11

b12 + x
−b13−a11x = 0 (2.6)

admits a unique positive solution x∗, where

x∗ =
−(b13 +a11b12)+

√
(b13 +a11b12)2−4a11(b13b12−b11)

2a11
. (2.7)

If
b11

b12
> b13 +a12y∗, (2.8)

then
b11

b12 + x
−b13−a11x−a12y∗ = 0. (2.9)

admits a unique positive solution

x∗∗ =
−((b13 +a12y∗)+a11b12)+

√
∆

2a11
, (2.10)

where

∆ =
(
(b13 +a12y∗)+a11b12

)2
−4a11

(
(b13 +a12y∗)b12−b11

)
. (2.11)

The equilibrium of system (1.1) is determined by the equation

x
( b11

b12 + x
−b13−a11x−a12y

)
= 0,

y
( b21

b22 + y
−b23−a22y

)
= 0.

(2.12)

The system always admits a boundary equilibrium A1(0,0). If (2.5) and

b21

b22
< b23 (2.13)

hold, then system (1.1) admits the nonnegative boundary equilibrium A2(x∗,0), where x∗ is defined by
(2.7). If (2.2) and

b11

b12
< b13 +a12y∗ (2.14)

hold, then system (1.1) admits the nonnegative boundary equilibrium A3(0,y∗). Assume that (2.2) and
(2.8) holds. Then system (1.1) admits the unique positive equilibrium A4(x∗∗,y∗), where x∗∗ is defined
by (2.10) and y∗ is defined by (2.4). In view of the stability property of the above four nonnegative
equilibria, we have the following result.

Theorem 2.2. (1) If (2.2) and (2.8) holds, then system (1.1) admits a unique positive equilibrium
A4(x∗∗,y∗), which is globally asymptotically stable;
(2) If (2.2) and (2.14) holds, then the boundary equilibrium A3(0,y∗) is globally attractive;
(3) (2.5) and (2.13) holds, then the boundary equilibrium A2(x∗,0) is globally attractive;
(4) If

b11 < b12b13 (2.15)

and (2.13) holds, then the boundary equilibrium A1(0,0) is globally attractive.
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Proof. (1) It is obvious that x∗∗ and y∗ satisfy the equations

b11

b12 + x∗∗
−b13−a11x∗∗−a12y∗ = 0,

b21

b22 + y∗
−b23−a22y∗ = 0.

(2.16)

Consider the Lyapunov function

V1(x,y) =
a11a22

a2
12

(
x− x∗∗− x∗∗ ln

x
x∗∗

)
+

1
4

(
y− y∗− y∗ ln

y
y∗

)
. (2.17)

It is easy to see that V1 is zero at the positive equilibrium A4(x∗∗,y∗) and is positive for all other positive
values of x,y. Applying (2.16), the time derivative of V1 along the trajectories of (1.1) is

D+V1(t) =
a11a22

a2
12

(x− x∗∗)
( b11

b12 + x
− b11

b12 + x∗∗

+a11x∗∗+a12y∗−a11x−a12y
)

+
1
4
(y− y∗)

( b21

b22 + y
− b21

b22 + y∗
+a22y∗−a22y

)
= −a11a22

a2
12

b11

(b12 + x)(b12 + x∗∗)
(x− x∗∗)2

−a2
11a22

a2
12

(x− x∗∗)2− a11a22

a12
(x− x∗∗)(y− y∗)

−1
4

b21

(b22 + y)(b22 + y∗)
(y− y∗)2− 1

4
a22(y− y∗)2

= −a11a22

a2
12

b11

(b12 + x)(b12 + x∗∗)
(x− x∗∗)2

−1
4

b21

(b22 + y)(b22 + y∗)
(y− y∗)2

−a22

[a11

a12
(x− x∗∗)+

1
2
(y− y∗)

]2
.

(2.18)

It then follows from (2) that D+V1(t)< 0 strictly for all x,y> 0 except the positive equilibrium A4(x∗∗,y∗),
where D+V1(t) = 0. Thus, V1(x,y) satisfies Lyapunov’s asymptotic stability theorem [18], and the posi-
tive equilibrium A4(x∗∗,y∗) of system (1.1) is globally asymptotically stable.

(2) Inequality (2.14) implies that, for enough small positive constant ε ,

b11

b12
< b13 +a12(y∗− ε). (2.19)

It follows from Lemma 2.1 and (2.2) that the system

dy
dt

= y
( b21

b22 + y
−b23−a22y

)
(2.20)

admits a unique positive equilibrium y∗, which is globally asymptotically stable, that is,

lim
t→+∞

y(t) = y∗. (2.21)

Hence, for ε satisfies (2.19), there exists an enough large T1 > 0 such that

y∗− ε < y(t)< y∗+ ε for all t ≥ T1. (2.22)
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For t > T1, it follows from (2.22) and the first equation of (1.1) that

dx
dt
≤ x

( b11

b12 + x
−b13−a11x−a12(y∗− ε)

)
≤ x

(b11

b12
−b13−a12(y∗− ε)

)
.

(2.23)

Hence,

x(t)≤ x(T1)exp
{(b11

b12
−b13−a12(y∗− ε)

)
(t−T1)}→ 0 as t→ 0. (2.24)

(3) For ε > 0 enough small, it follows from (2.5) that

b11

b12
> b13 +a12ε. (2.25)

Therefore,
dy
dt

= y
( b21

b22 + y
−b23−a22y

)
≤ y

(b21

b22
−b23

)
.

(2.26)

Hence,

y(t)≤ y(0)exp
{(b21

b22
−b23

)
t
}
→ 0 as t→ 0. (2.27)

Therefore, for ε > 0 enough small, there exists an enough large T2 > 0, such that

y(t)< ε for all t ≥ T2. (2.28)

For t > T2, it follows from the first equation of (1.1) that

dx
dt
≤ x

( b11

b12 + x
−b13−a11x

)
. (2.29)

Consider the equation
du
dt

= u
( b11

b12 +u
−b13−a11u

)
. (2.30)

From (2.5) and Lemma 2.1, we see that system (2.30) admits a unique positive equilibrium x∗, which is
globally asymptotically stable. From (2.29) and the differential inequality theory, one has

limsup
t→+∞

x(t)≤ x∗. (2.31)

For t > T2, we also have
dx
dt
≥ x

( b11

b12 + x
−b13−a11x−a12ε

)
. (2.32)

Consider the equation
dv
dt

= v
( b11

b12 + v
−b13−a11v−a12ε

)
. (2.33)

Using Lemma 2.1, we see that system (2.33) admits a unique positive equilibrium v∗(ε), which is globally
asymptotically stable, where

v∗(ε) =
−
(
(b13 +a12ε)+a11b12

)
+
√

∆1

2a11
(2.34)

and

∆1 =
(
(b13 +a12ε)+a11b12

)2
−4a11

(
(b13 +a12ε)b12−b11

)
.
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From (2.32) and the differential inequality theory, one has

liminf
t→+∞

x(t)≥ v∗(ε). (2.35)

It follows that

v∗(ε)≤ liminf
t→+∞

x(t)≤ limsup
t→+∞

x(t)≤ x∗. (2.36)

Notethat ε is enough small positive constant, and v∗(ε)→ x∗ as ε → 0. Setting ε → 0 in (2.36) leads to

lim
t→+∞

x(t) = x∗. (2.37)

(4) Under the assumption (2.13), we can find that

y(t)→ 0 as t→ 0. (2.38)

From the first equation of (1.1) and (2.15), we also have

dx
dt
≤ x

( b11

b12 + x
−b13−a11x

)
≤ x

(b11

b12
−b13

)
.

Hence

x(t)≤ x(0)exp
{(b11

b12
−b13

)
t
}

as t→ 0.

This ends the proof of Theorem 2.2. �

3. NUMERIC SIMULATIONS

In this section, we consider the following four examples.

Example 3.1.
dx
dt

= x
( 1

1+ x
−2− x−5y

)
,

dy
dt

= y
( 1

1+ y
−2−2y

)
.

(3.1)

In this system, corresponding to system (1.1), we take b11 = b12 = a11 = b21 = b22 = 1,b13 = b23 = 2,
a22 = 2, a12 = 5. Since b11 < b12b13 and b21 < b22b23, it follows from Theorem 2.2 (4) that boundary
equilibrium A1(0,0) is globally asymptotically stable.

Example 3.2.
dx
dt

= x
( 4

1+ x
−2− x−5y

)
,

dy
dt

= y
( 1

1+ y
−2−2y

)
.

(3.2)

In this system, corresponding to system (1.1), we take b11 = 4,b12 = a11 = b21 = b22 = 1,b13 = b23 = 2,
a22 = 2, a12 = 5. Since b11 > b12b13 and b21 < b22b23, it follows from Theorem 2.2 (3) that boundary
equilibrium A2(0.5615,0) is globally asymptotically stable.
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FIGURE 1. Dynamic behaviors of system (3.1) with the initial condition
(x(0),y(0)) = (1,0.3),(0.4,2),(1,1),(1,2) and (1,0.5), respectively.

FIGURE 2. Dynamic behaviors of system (3.2) with the initial condition
(x(0),y(0)) = (1,0.3),(0.4,2),(1,1),(1,2) and (1,0.5), respectively.

4. DISCUSSION

Recently, many scholars have studied the dynamic behaviors of the ammensalism model. All these
results are based on the traditional Logistic model. Specially, Zhu and Chen [7] showed that system (1.2)
admits a unique positive equilibrium which is globally asymptotically stable or the first species will be
driven to extinction while the second species is globally asymptotically stable to its steady-state. In this
paper, we showed that the birth rate of the species maybe density dependent, and proposed the system
(1.1). In Theorem 2.2, we showed that, under some suitable assumptions, all of the four equilibria maybe
globally asymptotically stable, that is, the dynamic behaviors of the system becomes complicated with
the density dependent birth rate. For example, both species could be driven to extinction or the second
species will be driven to extinction while the first species is globally asymptotically stable, as shown in
Example 3.1 and 3.2. Such kinds of phenomena are first time observed. We could control the dynamic
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behaviors of the system by adjust the birth rate of the species, and this may be useful in exploit natural
resources.
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